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A new general relative sequential compactness criterion for scalarly integrable
functions is presented. The novel feature of this result is the fact that it deals with
a strong form of pointwise Cesaro-convergence (almost everywhere), which is
stronger than the usual types of weak convergence. Applications of the main result
include extensions of a classical weak compactness criterion for abstract L,-spaces
and a recent relative sequential compactness criterion of Prohorov type for transi-
tion probabilites. The main result can also be seen as an abstract version of a
famous theorem of Komlds, which is also essential for its proof. © 1990 Academic

Press, Inc.

1. INTRODUCTION

Let (7,7, u) be an arbitrary measure space, and let E be some
topological vector space. A sequence { f,,} of functions f,,: T — E is defined
to K-converge almost everywhere on T to a function f,: T E if for every
subsequence { f,,.} of {f,} there exists a null set Ne 7 (i.e, u(N)=0) such
that

N |-
D=

Sul2) = fo(2) for every te T\N. (1.1)

i=1
In case the topology (say t) on E must be specified, we shall also speak
of 7-K-convergence ae., etc. Because of its subsequence character
K-convergence a.e. is obviously a topological notion.
A famous result of Komlos [14], derived by means of a rather delicate
truncation argument, involving martingale convergence, says the following:

THEOREM (Komlbs). Suppose that {¢,} is a sequence of integrable
Sunctions ¢,: T — R such that

supj 16 dit < +o0.
k T
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Then {¢,} has a subsequence which K-converges a.e. to an integrable
Sunction ¢, T — R.

In [1d] this result was extended in two ways to functions {¢,} which
take their values in a Banach space E. One of these extensions requires E
to be reflexive, and in the other one the set {#,(¢)} = E must be relatively
weakly compact for almost every re T (in both cases one deals with
o(E, E')-K-convergence a.e.). Different extensions of Komlos' result
to infinite dimensions were given in [10, 167]; there one studies norm-
K-convergence a.e. Obviously, conditions of a much stronger nature must
then be imposed, since £ must at least have the Banach-Saks property.
In this connection mention should be made of a remarkable result by
J. Bourgain [2, 9], which says that the validity of Komlos’ result for norm-
K-convergence is equivalent to L% having the Banach-Saks property and
also equivalent to L having the weak Banach-Saks property, but not
equivalent to E having the Banach-Saks property (see also [15] for the
latter observation).

The proofs in [1d] depend on a diagonal method, whereby the above
scalar version of Komids® theorem is applied repeatedly, plus the intro-
duction of a countable collection of linear continuous functionals which
separates the points of E. The purpose of the present paper is to show how
these ideas can be used in a much more general setup, and then lead to
a new, very general criterion for relative sequential compactness for
K-convergence a.c. in spaces of scalarly integrable functions (Theorem 2.1).
As an immediate consequence, a concomitant criterion for relative
sequential “weak” compactness in those spaces is obtained in Corollary 2.2.
The latter criterion is also new, but much more standard in nature.

The power of these criteria is demonstrated by four applications. The
first application, Theorem 3.2, gives extensions of Komlods’ theorem which
go slightly further than the above-mentioned extensions in [1d]. The
second application, Theorem 4.1, furnishes a new relative weak compact-
ness criterion for L'-spaces. Among other things, this criterion generalizes
a well-known result due to Diestel [8a] (Corollary 4.2). The third applica-
tion, Theorem 5.1, extends a recent criterion for relative narrow sequential
compactness in a space of transition probabilities [la, Ic]. Finally,
Theorem 6.1, a fourth application of Theorem 2.1 and Corollary 2.2, gives
a criterion for relative weak sequential compactness in a generalized Kothe
space, which forms the sequential counterpart to a result of Castaing and
Valadier [4, V.13]. For more applications along the lines of this paper,
found after this paper was written, we refer to [le].
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2. MAIN RESULT

Let (T, 7, p) be an arbitrary measure space, and E a convex subset of
a Hausdorff topological vector space. Any function from TxE into
(— o0, +00] is be called integrand. An integrand g: Tx E— (— 0, + 0] is
said to be respectively convex, affine, (sequentially) lower semicontinuous,
(sequentially) continuous, or (sequentially) inf-compact if for every te T
the function g(z, -) on E has the corresponding property (recall that g(z, -)
is (sequentially) inf-compact on E if for every e R the set of all xe E such
that g(z, x) < f8, is (sequentially) compact). Thus, these adjectives refer only
to the behavior of the integrand in its second variable.

Let h: TxE— [0, +o0] be given nonnegative convex sequentially
inf-compact integrand and let < be a set of affine sequentially continuous
integrands a: Tx E— R. A function f: T — E is defined to be o/-scalarly
measurable if

t —a(t, f(1)) is measurable on T for every ae .

We require that all integrands ae </ have the following property (B)
with respect to h: there exist C >0 and an integrable function ¢: T— R
(these may depend on a) such that

(B) la(t, x)| < Ch(t, x) + ¢(t) on Tx E.

A subset D of E is defined to be countably separated by of if there exists
a countable subset {a;} of o/ such that for every te T and every pair of
points x, ye D

a;(t,x)=a;(t, y) for j=1,2,.. implies that x = y.

We recall the definition of outer integration: the outer integral over
(T, 7, u) of a (possibly nonmeasurable) function ¥ : T'— (—o0, + 0] is
defined by

fT‘p dp ;= inf {L¢ du:¢: T — Rintegrable, y <¢}

(the infimum over the empty set is + oo by convention). For more details
we refer to, e.g.,, [1a, Appendix].

Our main result, a criterion for relative sequential compactness for
K-convergence a.e., can now be stated (recall below that clco is used to
denote closed convex hulls).

THEOREM 2.1. Suppose that all elements of the collection &/ of affine
sequentially continuous integrands have property (B) with respect to the
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convex sequentially inf-compact integrand h. Let {f,} be a sequence of
o -scalarly measurable functions f,: T — E such that

*

supLh(z,fk(t))u(dt)< +o0. (2.1)

Suppose also that there exists a null set Ne 7 such that

() clco \J fil T\N) is countably separated by o/ . (2.2)

p=1 kzp

Then {f,} has a subsequence {f,,} which K-converges a.e. to an s-scalarly
measurable function f,: T — E satisfying

* *

[RADY (ds) < sup J. A felo)) ) < +eo, (2.3)

Proof. 1t follows directly from the definition of outer integration that
for every ke N there exists an integrable function from T into R, for
convenience to be denoted—perhaps somewhat oddly—as t — ag(t, fi(?)),
such that

*

J. e Sy wdn = | aolt, £u(0)) i),

ao(t, fil(t) 2 h(t, fi(1)) 20 on T. (24)

Let {a;} c o/ be the countable subset which figures in the definition of
(2.2). By property (B) and (2.1)

supf la,(1, fu(D)l wdt) < +o00  for j=0,1,2...
k T

We follow an obvious diagonal method, by successively applying Komlos’
theorem to suitably chosen subsequences of {a;(-, fi(-)):keN} for
Jj=0,1,2,... This yields the existence of a sequence {¢;} of integrable
functions ¢,: T— R, and a subsequence {f,,} of {f,} such that for every

subsequence {f,,} of {f,.}

lim%Zaj(t,fmi(t))-—-qﬂj(t) for j=0,1,2,..ae.inT.  (25)
" 1

i~

Denote by M the union of N and the exceptional set for (2.5) if {f,,} itself
is taken to be the subsequence of interest. Define s, :=(1/n) X7 _, f,.. Fix
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te T\M; then it follows from convexity of the function #(s,-) and
(2.4)-(2.5) that

1 n
lim sup A(z, 5,(¢)) <lim sup; Z ao(t, (1)) < do(t) < +00.  (2.6)
n n m=1
By sequential inf-compactness of A(¢, -) this implies that there exist y,e F
and a (t-dependent) subsequence {s, ()} of {s,(r)} such that s, (1) - y,.
Note that this implies that y,e(),clco s, fi{ T\N). By (2.5) and
affinity and sequential continuity of the function 4,(¢, -) on E it follows that

a;(t, y,)=¢,(1) for j=1,2,... (2.7)

But at the same time this argument shows that every limit point y, of
{s,(t)} must satisfy the above identity. Suppose we had s,(t) » y,.
Then there would be an open neighborhood V of y, and a subsequence
{s,(t)} of {s,(1)} such that 5, ()¢ V for g=1,2,... But by (2.6) and
sequential inf-compactness of 4(z, -) on E the subsequence {s,,q(t)} would
have a further subsequence converging to a point z,e(E\V)n
[N,clcoUks , fi(T\N)]. By (2.7) we would have

alt,z,)=¢;(t)=a,t, y,) for j=1,2,..,

which, by condition (2.2), would imply that y,=z,¢ V. This contradiction
shows that s,(t) - y,. Now we define f,: T— E by f,(t) ;== y, for te T\M.
On M we set f, equal to some arbitrary but fixed constant in E. This gives
that f, is «/-scalarly measurable, since for every ae o/

a(t,f*(t))=]im% Z a(t, £,(t)) on T\M.

Note that by convexity and sequential lower semicontinuity of A(t, -) for
every teT, it follows from (2.6) that A(s, f,(1)) < do(?) ae. By (2.5) this
means that £, satisfies (2.3).

Now let {f,.} be an arbitrary subsequence of {f,,}. Then the argument
above can be repeated for s, :=(1/n) X.7_, f,,.. This gives that there is a
null set M’ such that for every te T\M' there exists y, e cl co U, fi( T\N)
such that s/(¢) - y, and

alt, y)=¢,(1) for j=1,2, ...

By (2.2), (2.7) it follows that y; = f, (¢) for every te T\(M u M’). Thus, we
have proved that {f,,} K-converges a.. to f,. |

An immediate consequence of Theorem 2.1 is as follows. We shall say
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that an integrand a € &/ has the growth property (G) with respect to 4 if for
every ¢ >0 there exists an integrable function ¢,: T— R such that

(G) Ja(t, x)| <eh(t, x)+ ¢,(t) on TxE

Slightly more generally, we define an integrand g: Tx E— (— o0, + 0] to
have the growth property (G') with respect to h if for every £ > 0 there exists
an integrable function ¢,: T — R such that

(G') max(0, —g(t, x))<eh(t, x)+ ¢.(2) on TxE,

COROLLARY 2.2. The K-convergent a.e. subsequence {f,} of {f.} in
Theorem 2.1 is such that, for every ae o/ having growth property (G),

lirﬁnjra(t,f,,,(t) w(dr) ja(z £,(0)) u(dr)

and, more generally,
*

nmminfjr a(t, (1)) #(dz)zj (1, £,(0)) uldr) (2.8)

for each convex sequentially lower semicontinuous integrand g: Tx E —
(— oo, +00] having growth property (G').

Proof. Let o be the left side of (2.8); if a equals + oo we are done. If
not, there is a subsequence {f,, } of {f,.} such that o =lim, «;, where every
o, := ¥ g(t, f,,(¢)) u(dr) is finite. By convexity and sequential lower semi-
continuity of g(z, -) it follows that

lim inf;ll— En: g(t, [ (1)) = g(1, f,(1) ae in T. (2.9)

For every ie N there exists an integrable function ¢;: T— R such that
¢:(t) = g(t, £, (1)) on T, with ;= { ¢, du. By the growth property (G) we
get, for every >0,

&)+ ehi(t)= —o.(t) forall teT, ieN,
where we denote h;(t) :=ay(t, f,,,(¢)) (see the proof of Theorem 2.1). Note

that k(1) = h(t, f,,(1))=0. Let us set 6 := sup,-jrh,- du (o is finite by (2.1)).
We can apply Fatou’s lemma, which gives

N .. :
a+eo=lim- Y a,-+aa>11mmf'[ Y (¢:+¢h,)du
n n,_y n T

T B
>j liminf= ¥ (¢, +¢h;) dy.
Toon R
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Since

9:(t) 2

1

Y &t fr (1),
i=1

S )=

I ™M=

[ | =

S (i) + k(1)) >
i=1

X |-

i

the desired inequality (2.8) follows from the above by (2.9), letting ¢ go to
zero. For every ae o/ satisfying (G), both a and —a satisfy (G’). The
inequality (2.8) therefore holds for both g=a and g= —a, with outer
integration replaced by ordinary integration. |

3. APPLICATIONS: EXTENSIONS OF KOMLOS’ THEOREM

Here we present two very direct application of Theorem 2.1, which lead
to two different extensions of Komlos’ theorem (cf. [1d]). In this section E
is a Banach space, the norm of which we denote by |-||. As before,
(7, 7, u) stands for an arbitrary measure space. Recall that a function
J: T— E is said to be strongly measurable if it is the pointwise limit a.e. in
the norm |-| of a sequence of finite-valued measurable functions;
moreover, f is said to be Bochner-integrable if [, ||f]| du< +oo [8b, 17].
The following technical lemma is important in connection with the
countable separability condition (2.2) and the sequential nature of our
inf-compactness condition for 4.

Lemma 3.1. Ler {f,} be a sequence of strongly measurable functions
from T into the Banach space E. Suppose that E is equipped with a
Hausdorff locally convex topology t not finer than the norm topology.
Then there exists a null set NeJ such that the following hold for
D :=clco |, fo(T\N):

(a) D is | -||-separable.
(b) D is a Suslin space for the relative topology .

(c) There exists a countable subset {x} of the topological dual of
(E,7) which separates the points of D (that is {x,x;>=<{y,x;> for
j=1,2, .. implies that x =y for every pair x, y€ D).

Proof. From the definition of strong measurability it is evident that
there exists a nul set Ne 7 such that the set |, f,(T\N) is separable for
|-1I. Hence, D :=clco | J, fo(T\N) is also |-| — separable. Now (D, ||-]|) is
obviously Polish (i.e., separable and complete for | -||). Therefore, the space
(D, v) is Suslin [7, 111.67], for the injection from (D, ||-||) into (D, t) is
continuous. Since (E, t) is Hausdorfl locally convex, the elements of its
topological dual separate the points of E, and in particular the points of D.
It now remains to apply a well-known result for Suslin spaces due to
L. Schwartz [4, I11.31]. |
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THEOREM 3.2. Suppose that E is the topological dual of a Banach space
F, and that ||-|| is the corresponding dual norm. Let { f,.} be a sequence of
Bochner-integrable functions f,.: T — E such that

sup | I1full die< +o0.
k T

Then { f,.} has a subsequence which o(E, F)-K-converges a.e. to a Bochner-
integrable function f,: T — E.

Proof. We apply Theorem 2.1, making the following substitutions: E is
equipped with the topology o(E, F). By the Alaoglu-Bourbaki theorem,
the function |-|| is inf-compact on E (but not necessarily sequentially
inf-compact). Define the integrand # has

il if xeD,

h(t, x): .
(%) + o otherwise.

Here D is the o(E, F)-closed set clco |J, fi(T\N) corresponding to {f}
by Lemma 3.1. Note that for every e T, f e R the set of all x € E such that
h(t,x)< B is a o(E, F)-compact set contained in D, and therefore
metrizable [7, 111.66], in view of Lemma 3.1b. Thus, 4 is a convex and
sequentially inf-compact integrand. Note that (2.1) holds trivially. By Lem-
ma 3.1c there exists a countable subset { y;} of F separating the points of
D. We define &/ to consist of the integrands (¢, x) = a(t, x) :=<{x, t>, ye F
(note that they have property (B)). Then condition (2.2) holds as well. The
result follows from Theorem 2.1, because the limit function f,: T — E is
such that 1 — {f,(¢), y) is measurable on T for every yeF, and satisfies
Sf«(t)e D ae. in T. Hence, by Pettis’ measurability theorem [8b, IV], £, is
strongly measurable. In fact, from (2.3) it follows that f, is Bochner-
integrable. |

Let us say that a subset K of E is locally sequentially t-compact for some
topology t on E if the intersection of K with each norm-closed ball in E is
sequentially r-compact.

THEOREM 3.3. Let 1 be a Hausdorff locally convex topology on E not
finer than the norm topology. Let {f,} be a sequence of Bochner-integrable
functions f,: T — E such that

sup [ [1fell du< +oo,

cl co{fi(2)} is locally (sequentially) t-compact a.e. in T.

Then {f.} has a subsequence which t-K-converges a.e. to a Bochner-
integrable function f,: T — E.
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Proof. We imitate the previous proof, making the following alteration:
E is now equipped with 7, and the integrand 4 is defined as

LY if xeDnclco{fi(t)},
+ 00 otherwise.

Here D :=clco |, fi{ T\N) again corresponds to {f} as in Lemma 3.1.
Note that for every te T, feR the set of all xe E such that Az, x)<f
consists of the intersection of the ball {xe E: ||x|| < B} with the locally
(sequentially) compact set clco{f,(¢)}; hence A(z,-) is inf-compact and
sequentially inf-compact (in a Suslin space ordinary compactness implies
sequential compactness [7, 11L66]). Finally, Lemma 3.1c yields the same
collection o/ as used previously. |

4. APPLICATIONS: CRITERIA FOR WEAK COMPACTNESS IN L-SPACES

In this section (T, 7, u) is o-finite, and (E, ||-||) is a Banach space; the
topological dual of (£, {|-]|) is denoted by E’, and the dual norm on E’ by
[ -II". Let % be the space of all Bochner-integrable functions f: T'— E, and
define the usual seminorm

A1 2= | 1Al ),

It is well known that the topological dual of (£, ||-||;) can be identified
with the space # 5 [ E] consisting of all E-scalarly measurable bounded
functions from 7 into (E',]-|') [11, VII]. We call the topology
(&L, ML [E]) the weak topology on ;. We can already observe that
by the Eberlein-Smulian theorem (relative) weak sequential compactness
and (relative) weak compactness in .# | coincide (the fact that we work in
a prequotient setting does not affect this; actually, everything said below
can easily be transcribed to the usual quotient setting).

In this setup we present a new criterion for (relative) sequential X-com-
pactness, which implies a criterion for (relative) weak compactness in & ,.

THEOREM 4.1. Suppose that h:TxE— [0, +w] is a o(E, E')-inf-
compact integrand with the following superlinear growth property: for every
e >0 there exists an integrable function .. T — [0, + o0) such that

h(t, x)
[l x|

2% Sorall te T and x € E\{0} with || x| = (?). 4.1
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Then every subset £ < £, for which

*

sup [ h(e, f(1)) uld) < +co, (42)

fexr T
is relatively sequentially compact for o(E, E')-K-convergence ae. In

particular, & is relatively weakly compact and relatively weakly sequentially
compact.

The following corollary of Theorem 4.1 generalizes a result frequently
encountered under the name “Diestel’s theorem” [8a, 3, 13].

COROLLARY 4.2. Suppose that I': T — 2% is a multifunction with convex
a(E, E')-compact values such that for some integrable function
YT [0, +o0)

lxli <y(t)  forall xell(t).

Then the set & of all fe ¥}, such that f(1)eI(t) ae. in T is sequentially
compact for o(E, E')-K-convergence a.e.; in particular, & is a weakly
compact subset of L.

Proof. Apply Theorem 4.1 with the following integrand /:

x| if xell(t)

h(t, x) := .
(1, x) + otherwise.

Then sequential inf-compactness of A(¢, -) follows directly, as in the proof
of Theorem 3.3. Also, (4.1) and (4.2) hold trivially . Note elementarily that
& is sequentially closed for K-convergence a.e. |

Proof of Theorem 4.1. As noted before, the Eberlein-Smulian theorem
ensures that it is enough to prove relative weak sequential compactness
of #. So let {fi} be an arbitrary sequence in .¥. We apply Theorem 2.1
and Corollary 2.2 with the following substitutions. Let h be as given, and
notice that, by the Eberlein-Smulian theorem, o(E, E')-compactness and
sequential o(E, E’)-compactness coincide. Let o/ be the collection of all
integrands a®: Tx E — R, defined by

a®(t, x) :=<x, g(t)), geME(E).
Then by (4.1) for every e >0
laf(t, )| < x| gl < 118l (eh(t, ) + (1)),

where || ||, stands for the supremum norm on .# 3 [ E]. This shows that
all elements of .o/ have property (G). Note that .o/-scalar measurability of
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the elements of £} is guaranteed by their strong measurability. Since
integrands (1, x) = {x, x'), x’€ E’', also belong to &, it follows from
Lemma 3.1c that condition (2.2} is fulfilled. Of course, (2.1) holds by (4.2).
Thus, by Theorem 2.1 there exist an .o/-scalarly measurable function
f+: T— E and a sequence {f,,} of {f,} such that

{f..} 6(E, E')-K-converges a.e. to f,,

| 101 man <] Tht, o) + 90 e < +oc.

It follows immediately from the former statement that f, is strongly
measurable; (see the proof of Theorem 3.2). Together with the latter
statement this implies that f, is Bochner-integrable, ie., belongs to Z;.
Also, by Corollary 2.2

lim | Cf(e), 80> uldi)= | <Su(e) g0 uldr) forevery ge AELE]

Thus, the subsequence {f,,} of {f,} converges weakly to f, in Z}. |

5. APPLICATIONS: PROHOROV’S THEOREM
FOR TRANSITION PROBABILITIES

In this section (7, 7, u) is o-finite. Let S be a completely regular Suslin
space, and denote the set of all probability measures on (S, £(S)) by 2(S).
We equip #(S) with the narrow topology o(#(S), %,(S)), i.e., the initial
topology with respect to the functionals v - [ ¢ dv, ce %,(S). Here %,(S)
indicates the set of all bounded continuous real-valued functions on S.
Under the above conditions for S, the space E :=#(S) is a Suslin space;
see for instance [1b, Appendix]. Note already that this entails that
ordinary narrow compactness on #(.S) implies sequential narrow compact-
ness [7, IIL.661.

A tranmsition probability from T into S is defined to be a function
0: T—>2(S) such that for every Be #(S) the function t— &(r)(B) is
Z -measurable. It is not hard to verify, following [4, p. 103], that in this
framework transition probabilities are precisely the functions from T into
2(S) that are with respect to J and the narrow-Borel g-algebra on 2(S).
The set of all transition probabilities from T into S is denoted as #(T'; S).
The narrow topology on £(S) has an obvious analogue on #(7T; S): Let
Y-(T; S) be the set of all Carathéodory integrands on T'x S, ie., the set of
all 7 x #(S)-measurable continuous integrands g: T'x S — R such that for
some integrable function ¢: T— [0, + o)

lg(t, s) < (1) forall teT, seS. (5.1)
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The narrow topology on #(T;S) is defined as the initial topology on
(T, S) with respect to the functionals

5-»] D (1, ) 6(t)(ds):l w(dr), ge%.(T;S)

(by what was said above about #(T’; S), these integrals are well-defined).
Following [1a, 1c], a subset &, of #(T; S) is defined to be tight if there
exists an inf-compact integrand A': Tx S — [0, + oo ] such that

supj U K, s) t)(ds)] ul(dt) < +o0.

de Ry

As shown in [12, Prop. 2.2], a remark in [1a, p. 573] can be extended as
follows: the subset %, of Z(T'; S) is tight if and only if for every ¢ >0 there
exists a multifunction I',: T — 2% with compact values, such that

sup f (1)(S\T,(1)) wldt) <.

Se

Thus, tightness extends the classical notion of tightness on 2(S) [7]. We
now derive a Prohorov-type criterion for relative narrow sequential
compactness. The technical conditions imposed here on S are less
restrictive than those of earlier such results, which require S to be
metrizable Lusin [la, Theorem I], or the countable union of metrizable
Lusin spaces [lc, Theorem 2.1]. For a number of applications of such
results we refer to [la, Ic]. In the same setting as here, in [1f]} a
Prohorov-type rtesult was obtained in terms of nonsequential narrow
compactness. Together with the sequential compactness result presented
below, this resolves an open question of the author (cf, e.g., [1b, p. 468])
and C. Castaing [5, p. 517].

THEOREM 5.1.  Every tight subset of R(T;S) is relatively sequentially
compact for o(P(S), 6:(S))-K-convergence a.e. In particular, it is relatively
narrowly sequentially compact.

Proof. Let {§,} be an arbitrary sequence in #(T;S). We apply
Theorem 2.1, making the following substitutions: E is the set 2(S),
equipped with the topology (2(S), %,(S)). To 4’ as in the definition of
tightness we let correspond the function 4: T'x #(S) — [0, + o], given by

h(t, x) :=Lh’(r, 5) x(ds);
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then inf-compactness of 4(t, -) on S implies inf-compactness and sequential
inf-compactness of A(t,-) on 2(S). Of course, tightness now means that
(2.1) is fulfilled. Also, convexity (indeed affinity) of A(z,-) holds auto-
matically. We define &/ to be the collection of continuous integrands
a?: Tx P(S)— R given by

a%(1, x) :=j g, s)x(ds),  ge%.(T;S).

For every ge %.(T; S) there exists an integrable function ¢: T'— R such
that (5.1) is valid; then also |a(t, x)| <¢(¢z) for all 1€ T, xeZ(S), so
property (G) is immediate. Further, by what was said above about
R(T; S), it is easy to see that for every ke N and ge 4.(T; S)

t—ad(1,0,(t))= L g(t, s) 6,(t)(ds) is measurable on T.

Thus, all elements of the sequence {J,} are .«7-scalarly measurable. As
remarked above and proven in, e.g, [1b, Appendix], #(S) is Suslin; by
L. Schwartz’s result [4, I11.31] there exists a countable subset {c;} of %,(S)
which separates the points of 2(S). Let y:T— (0, +o0) be a strictly
positive integrable function; then the integrands (¢, x) — (1) |5 ¢;(s) x(ds)
on Tx 2(S), je N, belong to 7. This shows that condition (2.2) also holds
here (take for N the empty set). Thus, we may apply Theorem 2.1: there
exist a transition probability §, € Z(T’; S) and a subsequence {4,,} of {J,}
such that

{3,,} 6(P(S), €,(S))-K-converges a.e. to J,,

and in particular, by Corollary 2.2

{6,,} narrowly converges to J,.

This proves the desired results. ||

6. APPLICATIONS: COMPACTNESS CRITERION
FOR GENERALIZED KOTHE FUNCTIONS

In this section we derive from Theorem 2.1 and Corollary 2.2 the sequen-
tial analogue of a relative compactness criterion in a generalized Kothe
function space, due to Castaing and Valadier [4, V.137]. We suppose in this
section that the measure space (7, 7, u) is o-finite. Recall that a function

409/15171-2
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¢: T - R is said to be locally integrable on T if it is measurable and if for
every Be 7, u(B)< +w,

j 6] du< +o0.
B

Let #| . be the space of all such real-valued locally integrable functions on
T. Let 4 be a given nonempty subset of .| ; define % to be the vector

loc?
space of all g€ #] _such that

loc

JI¢¢|du< +o0 forall ye%.
T

Also, define #* to be the vector space of all € #|._ such that

loc
| Woldu< +0  forall ge.
T

Let E be a locally convex Suslin vector space; following [4, V] we define
the generalized Kothe space ¥y to be the vector space of all functions
f: T — E such that for every x’ € E’ the function ¢ — { f(¢), x’> belongs to
& (here E' is the topological dual of E). The weak topology on ¥ is
defined to be the initial topology with respect to the functionals

S [ WO XD udr), yegr  xeE.

The following result forms an improved sequential analogue of [4,
V.13].

THEOREM 6.1. Suppose that I': T — 2% is a multifunction with convex
o(E, E')-compact values such that for every x' € E' the function ¢~ belongs
to &, where ¢~ : T — R is defined by

7 (1) .= sup (x, x'D.
xel (1)
Then the set 1 of all functions f € ¥ such that f(t)e (1) ae., is sequen-
tially compact for o(E, E')-K-convergence a.e., and in particular weakly
sequentially compact.

Proof. Let {f,} be an arbitrary sequence in %r. We can apply
Theorem 2.1 by making the following substitutions: Define the convex
sequentially o(E, E’)-inf-compact integrand h as

ey e | it xer(
T oo otherwise
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(note that by [7, 111.66] ordinary ¢(E, E’)-compactness implies sequential
o(E, E')-compactness). Then (2.1) is fulfilled. Define .« to be the set of all
integrands a*"¥: Tx E - R given by

a ¥ x)=y(){x,x'), X€E, ye&L*
Since

la¥ (1, x)| < ¢™ (1) Y (1), (6.1)

where the right-hand side forms an integrable function, all integrands in &/
have property (G). Also, for every x' e E', ye £*

t=>a” v, f(1))=y(){fi(1), x'> is measurable,

so the elements of {f,} are «/-scalarly measurable. Since E is locally
convex Suslin, it follows by [4, I11.31] that there exists a countable subset
{xj} of E' which separates the points of E (see also the proof of
Lemma 3.1). Also, since (T, 7, u) is o-finite, there exists a sequence {7}
of mutually disjoint sets in &, having T as its union, such that u(7T,) < + o0
for all ie N. It is easy to see that for every ie N the characteristic function
17,:T—{0,1} of T, belongs to both % and #* Now note that the
integrands a, ;, i, je N, given by

aj(t9 x):= IT,(Z)<x’ x]{>’

form a countable collection in &/ which satisfies (2.2) (take for N the empty
set). By Theorem 2.1 there exist a subsequence {f,,} of {f,} and an
«/-scalarly measurable function f,: T — E such that

{f} o(E, E')-K-converges a.e. to f,,
Se(t)el(t)ae.

By (6.1) and /-scalar measurability of f, it follows immediately that f,
belongs to %, and also to %. Finally, by Corollary 2.2

tim [ Y()<Snle), x> )= [ W0 S300), > )

for every x'e E', Y € £¥, so in particular {f, } converges weakly to f,. |
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