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Exercises Lecture 6

Exercise 6.1.9 (Revised formulation).

Let U ⊂ Rn be an open subset, and let P : C∞
c (U) → C∞(U) be a linear

operator such that for all χ, ψ ∈ C∞
c (U) the operator Mχ ◦P ◦Mψ belongs to

Ψd(U).

(a) Show that for all χ, ψ ∈ C∞
c (U) there exist p ∈ Sd(U) and K ∈ C∞(U ×

U) with supp p ⊂ suppχ×Rn and with suppK ⊂ suppχ× suppψ, such
that

Mχ ◦P ◦Mψ = Ψp + TK .

(b) Show that P ∈ Ψd(U).

Exercise 3.8.7 (Extension of the original exercise) Let Pr : Hr(M,E) →
Hr−k(M,F ) be an operator as in Remark 3.8.6 of the lecture notes, and let
Q : Hr−k(M,F ) → Hr(M,E) be such that both PQ − Id and QP − Id are
smoothing.

(a) Show that the kernel of the operator P : Γ(E) → Γ(F ) is finite dimen-
sional.

(b) What can you say about the cokernel of the operator P : Γ(E) → Γ(F ).
(e) Show that the index of the operator Pr : Hr(M,F ) → Hr−k(M,F ) only

depends on the principal symbol of P.

Exercises Lecture 7

In the extra exercises for Lecture 7, the following revised version of Lemma
7.3.8 will be needed.

Lemma 7.3.8 Let {Uj} be an open covering of the manifold M.

(a) Let P,Q ∈ Ψd(M) be such that PUj − QUj ∈ Ψ−∞(Uj) for all j. Then

P −Q ∈ Ψ−∞(M).
(b) Assume that for each j a pseudo-differential operator Pj ∈ Ψd(Uj) is

given. Assume furthermore that (Pi)(Ui∩Uj) = (Pj)(Ui∩Uj) for all indices

i, j with Ui ∩ Uj ̸= ∅. Then there exist a P ∈ Ψd(M) such that PUj −
Pj ∈ Ψ−∞(Uj) for all j. The operator P is uniquely determined modulo
Ψ−∞(M).

Exercise 7.3.9 (Revised formulation). Let Ω be smooth manifold and E a
vector bundle on Ω. Let {Ωj}j∈J be an open cover of Ω. Assume that for each
pair of indices (i, j) with Ωij := Ωi ∩Ωj ̸= ∅ a smooth section gij ∈ Γ(Ωij , E) is
given and that

gij + gjk + gki = 0 on Ωijk := Ωi ∩ Ωj ∩ Ωk

for all i, j, k ∈ J with Ωijk ̸= ∅.
There exists a partition of unity {ψα}α∈A on Ω which is subordinate to the

covering {Ωj}. The latter requirement means that there exists a map j : A → J
such that suppψα ⊂ Ωj(α) for all α ∈ A.

(a) Show that gj :=
∑

α ψαgjj(α) defines a smooth section in Γ(Ωj , E).
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(b) Show that gi − gj = gij on Ωij , for all i, j ∈ J.

Exercise 7.3.10 (Revised formulation). Let M be a smooth manifold and let
d ∈ R. For P ∈ Ψd(M) and every open subset U ⊂ M the operator PU : f 7→
(Pf)|U , C∞

c (U) → C∞(U) belongs to Ψd(U). Let U ⊂ V be open subsets of M.
Then P 7→ PU defines a map Ψd(V ) → Ψd(U).

(a) Show that the map P 7→ PU maps Ψ−∞(V ) to Ψ−∞(U).

Thus the map P 7→ PU induces a restriction map

ρVU : Ψd(V )/Ψ−∞(V ) → Ψd(U)/Ψ−∞(U)

which is a homomorphism of vector spaces. It is obvious that the restriction
maps satisfy the conditions

ρUU = I, ρVU ◦ ρWV = ρWU ,

for all open subsets U, V,W ⊂M with U ⊂ V ⊂W. Because of these properties,
the assignment U 7→ Ψd(U)/Ψ−∞(U) together with the system of restriction
maps ρVU is called a presheaf of vector spaces. The purpose of this exercise

is to show that the presheaf Ψd/Ψ−∞ is in fact a sheaf. This means that for
every open covering {Uj}j∈J of M the following conditions should be fulfilled.

(1) Restriction property. Let P,Q ∈ Ψd(M) and assume that for all j ∈
J the operator PUj −QUj belongs to Ψ−∞(Uj). Then P −Q ∈ Ψ−∞(M).
(This and the next condition can be formulated more naturally in terms
of the restriction maps, see the text following this exercise).

(2) Gluing property. Let for each j ∈ J an operator Pj ∈ Ψd(Uj) be
given and assume that (Pi)Uij − (Pj)Uij ∈ Ψ−∞(Uij) for all i, j ∈ J with

Uij := Ui ∩ Uj ̸= ∅. Then there exists an operator P ∈ Ψd(M) such that
PUj − Pj ∈ Ψ−∞(Uj) for all j ∈ J.

The exercise now proceeds as follows.

(b) Show that condition (1) is fulfilled. Hint: the proof is an adaptation
of the proof of Lemma 7.3.8 (a). As in that proof, let Ω ⊂ M × M
be the union of the open subsets Uj × Uj ⊂ M × M, for j ∈ J. Let
KP ,KQ ∈ D′(M ×M,CM � DM ) be the distribution kernels of P and
Q. Show that KP −KQ is smooth on Ω.

(c) With Pj as in condition (2), show that there exist Tj ∈ Ψ−∞(Uj) such
that (Pi + Ti)Uij = (Pj + Tj)Uij for all i, j ∈ J.

Hint: put Ωj = Uj × Uj . For all i, j ∈ J with Ui ∩ Uj ̸= ∅, let gij ∈
D′(Ωij ,CM � DM ) be the distribution kernel of the operator (Pi)Uij −
(Pj)Uij . Show that the gij are smooth and apply Exercise 7.3.9 to find
gj . Define Tj in terms of gj .

(d) Use (c) combined with Lemma 7.3.8 (b) to prove that condition (2) is
fulfilled.

Final remark. The above conditions (1) and (2) are readily seen to be
equivalent to the following conditions, formulated in terms of the restriction
maps ρVU .
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(1)’ Let P,Q ∈ Ψd(M) (their images in Ψd(M)/Ψ−∞(M) are denoted by
[P ], [Q]). Assume that ρMUj

([P ]) = ρMUj
([Q]) for all j ∈ J. Then [P ] = [Q].

(2)’ Let for each j an operator Pj ∈ Ψd(Uj) be given and assume that

ρUi
Uij

([Pi]) = ρ
Uj

Uij
([Pj ])

for all i, j ∈ J with Uij ̸= ∅. Then there exists a P ∈ Ψd(M) such that
ρMUj

([P ]) = [Pj ] for all j.

Exercise 7.5.6.
We consider the differential operator P = −∆+ e−∥x∥2 , where

∆ =

n∑
j=1

∂2

∂x2j

denotes the Laplacian on Rn.
(a) Determine a symbol p ∈ S2(Rn) such that P = Ψp. Do not forget to

show that p belongs to S2(Rn).
(b) Show that the operator P is properly supported.
(c) Show that the function q(x, ξ) := (1 + ∥ξ∥2)−1 defines an element of

S−2(Rn).
Let χ ∈ C∞

c (Rn) and let χ′ ∈ C∞
c (Rn) be such that χ′ = 1 on an open neigh-

borhood of suppχ. Put Q =Mχ′ ◦Ψq ◦Mχ.

(d) Show that Q ∈ Ψ−2 and that Q is properly supported.
(e) Show that

Q ◦P −Mχ ∈ Ψ−1(Rn).
Hint: use the principal symbol.

Exercise 9.3.3
We assume that M is a connected compact manifold of dimension at least
2. A differential operator P : C∞(M) → C∞(M) is said to be real if Pf is
a real valued function whenever f ∈ C∞(M) is real valued. Let D denote the
algebra of real differential operators onM, and let Dk denote the real subspace
consisting of P ∈ D of degree at most k. We will write σk(P ) for the k-th order
principal symbol of P ∈ Dk in the sense of differential operators. Thus, σk(P )
is a function on T ∗M which restricts to a homogeneous polynomial function of
degree k on each cotangent space T ∗

xM, for x ∈ M. We modify the principal
symbol by a factor 1/ik and put

σk(P ) = i−kσk(P ).

(a) Show that for each P ∈ Dk the modified principal symbol σk(P ) is real-
valued.

(b) Let P ∈ Dk be elliptic. Show that either σk(P )(ξx) > 0 for all x ∈ M
and ξx ∈ T ∗

xM \{0}, or σk(P )(ξx) < 0 for all x ∈M and ξx ∈ T ∗
xM \{0}.

(c) Show that Dk has no elliptic operators if k is odd.
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(d) Let P0, P1 ∈ Dk be elliptic. Show that index (P0) = index (P1). Hint:
observe that we may as well assume that σk(P0) and σk(P1) have the
same sign. Now consider a homotopy of operators on the level of suitable
Sobolev spaces.

We will denote the common value of the indices of the elliptic operators
in Dk by nk.

We now assume that M is equipped with a Riemannian metric g. This
means that each tangent space TxM, for x ∈ M, is equipped with a positive
definite inner product gx. Furthermore, x 7→ gx depends smoothly on x ∈ M
in the sense that it defines a smooth section of the tensorbundle ⊗2T ∗M. By
means of partitions of unity it can be shown that each manifold can be equipped
with a Riemannian metric.

Let dV be the associated Riemannian volume density on M, i.e., dV is the
section of the density bundle DM determined by dVx(f1, . . . fn) = 1 for each
x ∈M and every orthonormal basis f1, . . . fn of TxM.

(e) Let X(M) denote the space of smooth vector fields onM. Thus, X(M) =
Γ∞(TM). Show that the operator grad : C∞(M) → X(M) defined by

⟨gradf(x) , vx⟩ = df(x)vx

for x ∈ M, vx ∈ TxM is a differential operator from the trivial bundle
CM to the complexified tangent bundle (TM)C. Show that the principal
symbol of grad is given by

gx(σ
1(grad)(ξx)(1x), · ) = iξx, (x ∈M, ξx ∈ T ∗

xM).

Here 1x denotes the element (x, 1) of the fiber {x} × C of the trivial
bundle CM =M × C. Hint: use the characterization of Lemma 1.2.2.

(f) Show that there exists a unique first order differential operator div :
X(M) → C∞(M) such that∫

M
(div v)(x)f(x) dV = −

∫
M
gx(v(x), gradf(x)) dV. (∗)

Show that div is a first order differential operator from (TM)C to the
trivial bundle CM . Show that the principal symbol of div is given by

σ1(div )(ξx) = i(ξx)C : (TxM)C → CM .
Hint: apply the characterization of Lemma 1.2.2 with uniformity in the
variable x to the integrals of (*).

(g) Determine the principal symbol of the (Riemannian) Laplace operator

∆ := div ◦ grad : C∞(M) → C∞(M).

Show that ∆ is real elliptic of order 2.

Hint: use the dual inner product g∗x on T ∗
xM. This inner product is

defined as follows. Write gx for the (invertible) linear map TxM → T ∗
xM

given by gx(v) = gx(v, · ). Define g∗x(v
∗, w∗) := gx(g

−1
x (v∗), g−1

x (w∗)), for
v∗, w∗ ∈ T ∗

xM.
(h) Show that ⟨∆f , f⟩L2(M) < 0 for every non-constant smooth function

f :M → R.
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(i) Show that dimker∆ = 1. Show that index∆ = 0. Hint: use that ∆ is
the transpose of ∆ relative to dV, and show that im (∆) = ker(∆)⊥.

(k) Show that n2k = 0 for all k ∈ N. Hint: use a general result on the index
of the composition of Fredholm operators.

(x) Extra question for bonus points: discuss what can happen if M is one-
dimensional (the circle).


