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Exercises Lecture 6

Exercise 6.1.9 (Revised formulation).

Let U C R™ be an open subset, and let P : C°(U) — C*(U) be a linear
operator such that for all x,v € C°(U) the operator M, o P oM, belongs to
v(U).

(a) Show that for all x, v € C°(U) there exist p € S4(U) and K € C®(U x
U) with supp p C supp x x R™ and with supp K C supp x X supp #, such
that

]\4X<>Po]\4¢y = \I/p+TK.

(b) Show that P € ¥4(U).

Exercise 3.8.7 (Extension of the original exercise) Let P, : H.(M,FE) —
H,_x(M,F) be an operator as in Remark 3.8.6 of the lecture notes, and let
Q: H._p(M,F) - H.(M, E) be such that both PQ — Id and QP — Id are
smoothing.
(a) Show that the kernel of the operator P : I'(E) — I'(F') is finite dimen-
sional.
(b) What can you say about the cokernel of the operator P : I'(E) — I'(F).
(e) Show that the index of the operator P, : H.(M,F) — H,_(M, F) only
depends on the principal symbol of P.

Exercises Lecture 7

In the extra exercises for Lecture 7, the following revised version of Lemma
7.3.8 will be needed.

Lemma 7.3.8 Let {U;} be an open covering of the manifold M.
(a) Let P,Q € W¥(M) be such that Py, — Qu, € ¥=°(Uj) for all j. Then
P—Q e u—>(M).
(b) Assume that for each j a pseudo-differential operator P; € V4(U;) is
given. Assume furthermore that (Pz‘)(UmUj) = (Pj)(UimUj) for all indices
i,j with U; N U; # 0. Then there exist a P € W¥(M) such that Py, —

Pj € U=°°(U;) for all j. The operator P is uniquely determined modulo
U—°(M).

Exercise 7.3.9 (Revised formulation). Let © be smooth manifold and E a
vector bundle on €. Let {€;},c; be an open cover of Q. Assume that for each
pair of indices (i, j) with Q;; := Q; NQ; # 0 a smooth section g;; € T'(Qy;, E) is
given and that

9ij + 9k + ki = 0 on Qz’jk =N Qj N Q

for all 4,7,k € J with Q;j; # 0.

There exists a partition of unity {¢q }aca on  which is subordinate to the
covering {€2;}. The latter requirement means that there exists amap j : A — J
such that supp e C 2y for all a € A.

(a) Show that g; := >~ ¥agjj(a) defines a smooth section in I'(2;, E).



(b) Show that g; — g; = gi; on §;;, for all 4,5 € J.

Exercise 7.3.10 (Revised formulation). Let M be a smooth manifold and let
d € R. For P € U%(M) and every open subset U C M the operator Py : f
(Pf)|y,C(U) — C=(U) belongs to ¥¢(U). Let U C V be open subsets of M.
Then P + Py defines a map ¥4(V) — W(U).

(a) Show that the map P +— Py maps U~°(V) to U—°(U).

Thus the map P — Py induces a restriction map
py VUV UTX(V) = w4 U) /e (U)

which is a homomorphism of vector spaces. It is obvious that the restriction
maps satisfy the conditions

po =L plopy =p0,
for all open subsets U, VW C M with U C V' C W. Because of these properties,
the assignment U + W4(U)/¥~(U) together with the system of restriction
maps pg is called a presheaf of vector spaces. The purpose of this exercise

is to show that the presheaf ¥¢/¥~> is in fact a sheaf. This means that for
every open covering {U;};je; of M the following conditions should be fulfilled.

(1) Restriction property. Let P,Q € ¥¢(M) and assume that for all j €
J the operator Py, —Qu, belongs to W~°(U;). Then P —Q € ¥~°°(M).
(This and the next condition can be formulated more naturally in terms
of the restriction maps, see the text following this exercise).

(2) Gluing property. Let for each j € J an operator P; € ¥4(U;) be
given and assume that (P;)y,; — (Pj)u,; € Y~*°(Uj;) for all 4,j € J with

Uij == U; NUj # 0. Then there exists an operator P € W¢(M) such that
Py, — Pj € U=°(U;) for all j € J.

The exercise now proceeds as follows.

(b) Show that condition (1) is fulfilled. Hint: the proof is an adaptation
of the proof of Lemma 7.3.8 (a). As in that proof, let Q@ C M x M
be the union of the open subsets U; x U; C M x M, for j € J. Let
Kp,Kg € D'(M x M,Cy W Dy) be the distribution kernels of P and
Q. Show that Kp — K¢ is smooth on €.

(c) With P; as in condition (2), show that there exist T; € ¥~>°(U;) such
that (P; + T;)u,;, = (P + Tj)u,; for all i,j € J.

Hint: put Q; = U; x U;. For all i,j € J with U; NU; # 0, let g;5 €
D'(Q4;,Car W Dyy) be the distribution kernel of the operator (P;)y,, —
(Pj)u,;- Show that the g;; are smooth and apply Exercise 7.3.9 to find
g;. Define T} in terms of g;.

(d) Use (c) combined with Lemma 7.3.8 (b) to prove that condition (2) is
fulfilled.

Final remark. The above conditions (1) and (2) are readily seen to be
equivalent to the following conditions, formulated in terms of the restriction
maps p)y

ps py-



(1)’ Let P,Q € W4(M) (their images in W4(M)/¥~>°(M) are denoted by
[P], [Q]). Assume that p%([P]) = p%([@]) for all j € J. Then [P] = [Q)].

(2)" Let for each j an operator P; € \I/d(Uj) be given and assume that
U-L' _ U;
ot ([P]) = . (IP;))

for all 4,5 € J with U;; # 0. Then there exists a P € W4(M) such that
ot ([P]) = [P} for all j.

Exercise 7.5.6. ,
We consider the differential operator P = —A + e~ 121" where

denotes the Laplacian on R™.

(a) Determine a symbol p € S?(R™) such that P = ¥,. Do not forget to
show that p belongs to S?(R™).
(b) Show that the operator P is properly supported.
(c) Show that the function g(x,&) := (1 + ||£]|?)~! defines an element of
S2(R™).
Let x € C°(R™) and let x' € C°(R™) be such that x' = 1 on an open neigh-
borhood of supp x. Put @ = M, oW, 0 M,.

(d) Show that Q € ¥~2 and that Q is properly supported.
(e) Show that

QoP — M, € ¥ 1(R").
Hint: use the principal symbol.

Exercise 9.3.3

We assume that M is a connected compact manifold of dimension at least
2. A differential operator P : C*°(M) — C*°(M) is said to be real if Pf is
a real valued function whenever f € C*(M) is real valued. Let D denote the
algebra of real differential operators on M, and let Dy, denote the real subspace
consisting of P € D of degree at most k. We will write o (P) for the k-th order
principal symbol of P € Dy, in the sense of differential operators. Thus, ak(P)
is a function on T*M which restricts to a homogeneous polynomial function of
degree k on each cotangent space Ty M, for x € M. We modify the principal
symbol by a factor 1/i* and put

ot (P) = i7Fo*(P).

(a) Show that for each P € Dy the modified principal symbol ¥ (P) is real-
valued.

(b) Let P € Dy be elliptic. Show that either o*(P)(&;) > 0 for all z € M
and &, € T M\ {0}, or a*(P)(&) < Oforall x € M and &, € T; M\ {0}.

(c) Show that Dy has no elliptic operators if k is odd.



(d)
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Let Py, Pi € Dy be elliptic. Show that index (Fp) = index (P;). Hint:
observe that we may as well assume that ¢*(Py) and o*(P;) have the
same sign. Now consider a homotopy of operators on the level of suitable
Sobolev spaces.

We will denote the common value of the indices of the elliptic operators
in 'Dk by ng.

We now assume that M is equipped with a Riemannian metric g. This
means that each tangent space T, M, for x € M, is equipped with a positive
definite inner product g,. Furthermore, z — ¢, depends smoothly on x € M
in the sense that it defines a smooth section of the tensorbundle ®27*M. By
means of partitions of unity it can be shown that each manifold can be equipped
with a Riemannian metric.

Let dV be the associated Riemannian volume density on M, i.e., dV is the
section of the density bundle Djy; determined by dV,(fi,...f,) = 1 for each
x € M and every orthonormal basis fi,... f, of T, M.

()

(h)

Let X(M) denote the space of smooth vector fields on M. Thus, X(M) =
['*°(T'M). Show that the operator grad : C*>°(M) — X(M) defined by

(gradf(z), vy) = df (x)v,

for x € M, v, € T, M is a differential operator from the trivial bundle
Cys to the complexified tangent bundle (T'M)¢. Show that the principal
symbol of grad is given by

9:(0 (grad)(&)(1e), ) =i, (x €M, & € T; M),

Here 1, denotes the element (z,1) of the fiber {x} x C of the trivial
bundle Cj; = M x C. Hint: use the characterization of Lemma 1.2.2.

Show that there exists a unique first order differential operator div :
X (M) — C*°(M) such that

/ (div ) () f () dV = — / 0r(v(z), grad f(z) dV. (%)
M M

Show that div is a first order differential operator from (7'M )¢ to the
trivial bundle Cp;. Show that the principal symbol of div is given by

Ul(div)(gx) =i(&)c : (TeM)c — Cyy.

Hint: apply the characterization of Lemma 1.2.2 with uniformity in the
variable = to the integrals of (*).
Determine the principal symbol of the (Riemannian) Laplace operator

A :=div ograd : C*(M) — C*™(M).
Show that A is real elliptic of order 2.
Hint: use the dual inner product g on 7M. This inner product is
defined as follows. Write g, for the (invertible) linear map T, M — T M
given by g.(v) = gz (v, ). Define g (v*,w*) := gu(g; " (v*), g5 (w*)), for
v, w* € Ty M.
Show that (Af, f)r2ar) < 0 for every non-constant smooth function
f:M—R.



(i) Show that dimker A = 1. Show that index A = 0. Hint: use that A is
the transpose of A relative to dV, and show that im (A) = ker(A)*.

(k) Show that ng = 0 for all k¥ € N. Hint: use a general result on the index
of the composition of Fredholm operators.

(x) Extra question for bonus points: discuss what can happen if M is one-
dimensional (the circle).



