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Abstract

We study neighbourhoods of submanifolds in generalized complex geometry. Our first main
result provides sufficient criteria for such a submanifold to admit a neighbourhood on which
the generalized complex structure is B-field equivalent to a holomorphic Poisson structure.
This is intimately tied with our second main result, which is a rigidity theorem for gener-
alized complex deformations of holomorphic Poisson structures. Specifically, on a compact
manifold with boundary we provide explicit conditions under which any generalized complex
perturbation of a holomorphic Poisson structure is B-field equivalent to another holomorphic
Poisson structure. The proofs of these results require two analytical tools: Hodge decompo-
sitions on almost complex manifolds with boundary, and the Nash-Moser algorithm. As a
concrete application of these results, we show that on a four-dimensional generalized complex
submanifold which is generically symplectic, a neighbourhood of the entire complex locus is
B-field equivalent to a holomorphic Poisson structure. Furthermore, we use the neighbour-
hood theorem to develop the theory of blowing down submanifolds in generalized complex

geometry.
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1 Introduction

A fundamental question about any geometric structure is “What does it look like?”. This can
be asked at different levels, such as in a neighbourhood of a point or in a neighbourhood of a
special submanifold. In a neighbourhood of a point, an answer to this question amounts to
finding all local invariants of the structure. For example, complex and symplectic structures
have no local invariants and any point has a neighbourhood equivalent to a fixed standard
model. In contrast, Riemannian metrics and Poisson structures do not admit such local models
and further hypothesis are needed to produce a meaningful statement, see, for example, [20[30]
for the Riemannian case and [9, [12] for the Poisson case.

Similar results describing the neighbourhood of a special submanifold are harder to come
by as typically there is more local data to influence the behaviour of the structure. In sym-
plectic geometry, Weinstein’s Lagrangian and the Symplectic Neighbourhood Theorems [29]
provide successful examples where one can fully describe the geometric structure in a neigh-
bourhood of a special submanifold. In contrast, in complex geometry similar results can only
be proved under more restrictive assumptions [15, [16].

We are interested in the local structure of generalized complex structures. For these struc-
tures, the state-of-the-art on local form theorems are those for neighbourhoods of branes and
for the type change locus on stable generalized complex manifolds [8], for Poisson transversals
[3, 6] and Bailey’s theorem for neighbourhoods of points [4]. The results in [8] [3] [6] rely on
symplectic tools and are similar to Weinstein’s Lagrangian and Symplectic Neighbourhood
Theorems. The normal form theorem for points proved in [4] is complex in nature and states
that generalized complex structures are locally equivalent to the product of symplectic and
holomorphic Poisson structures.

Our objective here is to extend the results from [4] and provide a local form theorem
for the neighbourhood of special types of submanifolds. Since we are aiming for a result
that is complex in nature, the first desired property of these special submanifolds is that the
generalized complex structure in a neighbourhood of the submanifold can be compared with
a reference complex structure. Abelian Poisson Branes (see Definition are a natural
class of submanifolds for which such comparison can be made and, similar to Bailey’s result,
we show that there is an equivalence between smooth and holomorphic objects. A precise
statement is given in Theorem[5.2} but the message is that if a neighbourhood U of an Abelian
Poisson brane Y is sufficiently convex and the Dolbeault cohomology H®2(U) vanishes, then
the generalized complex structure is B-field equivalent to a holomorphic Poisson structure on
a neighbourhood of Y.

This result will follow from an openness result for holomorphic Poisson structures. Namely,
in Theorem we prove that if (M, I) is a holomorphic Poisson manifold whose boundary
is sufficiently convex and H*?(M,I) = 0, then any nearby generalized complex structure is
also holomorphic Poisson. This result is new even for compact manifolds without boundary
(in which case the convexity hypothesis is empty) and implies, for example, that generalized
complex structures near complex structures are of holomorphic Poisson type.

The main tools to prove these results are analytical, namely, we use a Nash—Moser type
of argument as developed in [I§] (which relies on some version of elliptic regularity/Hodge
theory), and Hodge theory for complex manifolds with boundary developed recently by van



der Leer Duran [28] (which relies on the geometric condition of having sufficiently convex
boundary).

Applications of this theorem arise readily in four real dimensions, where the hypotheses of
convexity and vanishing of cohomology are easier to be fulfilled. The first application concerns
the behaviour of the complex locus. We prove:

Theorem 1. Suppose Y is the compact complex locus inside a generalized complex 4-manifold
(M,J). Then J is equivalent to a holomorphic Poisson structure in a neighbourhood of Y in
M.

The second application is to establish a converse to the blow-up procedure introduced in
[3]. We study the question of when a generalized complex manifold is the (canonical) blow-up
of another generalized complex manifold. The full answer is given in Theorem and, in
four real dimensions, the result becomes:

Theorem 2. LetY be a real two-dimensional surface in the complex locus of a four-dimensional
generalized complex manifold M. If Y 1is diffeomorphic t,g/(CIPl and has self-intersection —1,
then Y can be blown down to a point, that is, M = M/Y admits a generalized complex
structure for which the quotient map M — M is generalized holomorphic.

While we focused our attention on the generalized complex implications of our main theo-
rems, we expect that their usefulness will go beyond their immediate area. For example, since
the introduction of generalized complex structures two things became apparent:

1. these structures provide a good mathematical framework to describe type II string the-
ory,

2. physicists and mathematicians do not have adequate tools to deal with the type change
locus of a generalized complex manifold, which is precisely where the most interesting
behaviour happens.

The theory developed here provides the missing tools and they are as nice as we could hope
for: the type change locus is described by holomorphic data.

This paper is organized as follows. In Sectionwe review the basics of generalized complex
geometry, starting with the geometry of TM &T* M in following with generalized complex
structures in Section [2:2] and finally introducing Abelian Poisson branes in Section 23} In
Section [3| we introduce the framework for deformations of generalized complex structures,
focusing on structures of holomorphic Poisson type and in Section we prove our first
result on stability of holomorphic Poisson structures on compact manifolds without boundary
(Theorem . We continue in Section [4| with Hodge theory, the tool needed to state and
prove the same result on manifolds with boundary. In Section we can finally state our main
theorems. We follow these statements with applications in Section[fand finish the paper with
the proofs of our main results, in the last section of the paper.

2 Generalized complex geometry

Our main objective in this paper is to prove a neighbouhood theorem for generalized complex
submanifolds of complex type. In this introductory section we briefly review the basic notions
from generalized complex geometry relevant for this work and introduce the submanifolds on
which we will focus our attention. For more details on the topic covered and proofs of the
statements we refer to [I7].

2.1 The double tangent bundle

Given an m-dimensional manifold, M, equipped with a closed three-form, H € Q*(M), one
can form the double tangent bundle TM := TM ® T*M. Elements of TM are denoted by
X+&Y +n,..., where X, Y € TM and &,n € T*M, or simply by u,v, ..., if the distinction
between vectors and forms is not necessary. There are three relevant structures on TM. The
first is the natural pairing given by the pointwise evaluation of forms on vectors:

(X +&Y +n) =5 (EY) +n(X)).

N | =



The natural pairing is non-degenerate of signature (m,m), and both TM and T*M are
isotropic, that is, the natural paring vanishes when restricted to these subbundles.

The second is the natural projection map wr: TM — T M, also called the anchor.

The third is a bracket on the space of sections, the Courant bracket [10], which is a natural
lift via the anchor of the Lie bracket of vector fields to sections of TM:

[X+&Y +n]:=[X,Y]+ Lxn —tydé — yix H.

Sometimes we write [-, -] to emphasize which three-form is being used. The following lemma
lists the main properties of TM with these structures.
Lemma 2.1. For u,v,w € I'(TM) and f € C*>(M) we have

i) [u, [v,w]] = [[u,v], w] + [v, [u, w]],

it) 77 ([u, v]) = [rr(u), 7r(v)],

iii) [u, fo] = flu,v] + (7o (u) - flo,

iv) [u,u] = d{u,u),

v) ([u,v], w) + (v, [u, w]) = 7 (u) - (v, w).

Definition 2.2. A vector bundle E over M equipped with a pairing (-, -), an anchor 7r: E —
TM and a bracket [-, -] satisfying the above axioms is called a Courant algebroid.

Among all Courant algebroids, TM has the special property that the anchor map TM =
TM and its adjoint T*M M together give rise to a short exact sequence:

0=TMZTM™ TM = 0.

Definition 2.3. An exact Courant algebroid is a Courant algebroid £ — M for which

0T"MZEE™STM -0 (2.1)

is an exact sequence.

Given an exact Courant algebroid F — M, a choice of isotropic splitting s: TM — E
gives rise to an isomorphism of Courant algebroids between E and TM. From this point of
view, the immersion T*M — TM is natural, but the immersion TM — TM is not. Also
the three-form H is related to the lack of integrability of the splitting chosen. While we will
continue to work with TM, the framework of exact Courant algebroids clarifies some of the
aspects of the theory we describe below.

An important difference between TM and T'M is that these spaces have different symme-
tries. For example, while any diffeomorphism ¢: M — M preserves the Lie bracket of vector
fields, i.e.,

90*[X7 Y} = [@*Xv SO*YL

the same diffeomorphism will only relate the brackets [-, -]z and [, Je, &:
¢ ([u, olm) = [peu, puvl. s

where the action of ¢ on TM is given byEI

P 0
.= vk | TM — TM,
v (0 (¢ 1))

On the other hand, TM has further symmetries not present on T'M which are given by the
action of two-forms. Indeed, a two-form B € Q?(M) acts on TM via:

eP(X+¢):=X+€+1xB.

From the point of view of exact Courant algebroids, the action of two-forms corresponds
to different choices of splittings of (2.1). As for diffeomorphisms, the action of two-forms
preserves the natural pairing but only relates different Courant brackets:

eB([u, v]g) = HeBU, er]]H+dB7

IThe splitting in this matrix refers to the splitting TM = TM @& T* M.



Even though separately the actions of diffeomorphisms and two-forms do not necessarily
preserve the Courant bracket, the combination ¢, o e? does, provided that ¢*H = H + dB.
This expresses the symmetries of TM as an extension of the diffeomorphisms preserving the
cohomology class [H]| by closed two-forms:

0 — Q2(M) — Sym(TM) — Diff (M) — 0.

In particular closed two-forms always provide symmetries of TM and the action of a closed
2-form is called a B-field transform.

Just as one can exponentiate vector fields to produce a one parameter family of diffeomor-
phisms, one can exponentiate sections of TM to produce symmetries of TM. The defining
equation for the flow of a section v € T'(TM) is

d

& Fuu(v) = 1, Fu(0)].

We can solve this ordinary differential equation explicitly in terms of the flow of vector fields.
Indeed, given u = X + & € I'(TM) the flow of w is the one-parameter family of symmetries of
TM, given by

Fry := @i, et : TM — TM, (2.2)

where ¢, is the flow of X and B, := fot ws(dé + 1x H)ds.

2.2 Generalized complex structures

As before, let (M, H) be a smooth m-manifold equipped with a closed three-form.

Definition 2.4. A generalized complex structure on (M, H) is a complex structure J on
TM which is orthogonal with respect to the natural pairing and whose (+1)-eigenbundle,
L C TMg, is involutive, i.e. [I'(L),T'(L)] C T'(L).

An orthogonal complex structure J on TM is an almost generalized complex structure and
involutivity of L is refered as the integrability condition.

Orthogonality of J is equivalent to isotropy of L, which is therefore a Lagrangian subbun-
dle of TM since the decomposition TM¢c = L @ L forces L to be of maximal dimension. There
is, therefore, a one-to-one correspondence between almost generalized complex structures and
Lagrangian subbundles, L C TM, that satisfy the non-degeneracy condition LN L = 0. Invo-
lutive Lagrangian subbundles of TMc¢ are also called (complex) Dirac structures, hence there
is a one-to-one correspondence between generalized complex structures and nondegenerate
complex Dirac structures.

One of the most basic (pointwise) invariants of an almost generalized complex structure,
J, is its type:

type(J)(p) := dime (T, M NJT, M), pE M.
Since the type is the dimension of the intersection of two subbundles of TM, it is a upper
semicontinous function.

An alternative description of the type of J is obtained by considering the composition

"M TM % TM ™ TM.

Orthogonality of J implies that wr o Jon}: T*M — T M is induced by a bivector 7y and the
type of J is (half of) the corank of 7. If J is integrable, 7y is Poisson [11].

The next few examples indicate that the type corresponds to the number of complex
directions J has at any given point.

Example 2.5. Let I be an almost complex structure on M>". Then

I = (_O] f) (2.3)

defines an almost generalized complex structure whose type is n everywhere. The correspond-
ing Dirac structure is given by L; = T%'M @ T*V'°M. Integrability of J; is equivalent to
integrability of I and that H be of type (2,1) + (1,2) with respect to I.



Conversely, if a generalized complex structure, J, has type n everywhere, then J : T*M —
T* M and hence defines an almost complex structure on M. Further, one can show that there
is a two-form B that transforms J into a complex structure, that is J = eZJre;® for some
B € Q*(M). Therefore complex structures provide the prototype for structures of type n.

Example 2.6. Let w € Q%(M) be a nondegenerate two-form, which therefore provides an
isomorphism w : TM — T*M. Then

Jo = (g _%71) (2.4)

is an almost generalized complex structure and since J : T*M — TM, the structure has
type zero everywhere. The associated Dirac structure is given by L., = e; * (TMc) ={X -
iw(X)| X € TMc}. The structure J,, is integrable if and only if w is closed and H = 0.

Conversely, if J has type zero everywhere, then both TM and JT* M are Lagrangian spaces
complimentary to T* M hence there is a 2-form B for which JT*M = ePTM. Using this form
to transform TM, we put J in the block form above, that is J = e®J,e 2. If J is integrable
we also have that dB = H and dw = 0.

Example 2.7. Let (I,0) be a holomorphic Poisson structure on M which we decompose into
real and imaginary parts as o := — (IP +iP), that is, P = —4Im(c). If H = 0 then

-1 P
Ja.o) = ( 0 I*> (2.5)

defines a generalized complex structure. The corresponding Dirac structure is given by
Liroy =T"M@e” (T"°'M) ={X +0(¢) +€| X e T™'M, ¢ € T*°M}. (2.6)

The type coincides with corank(P).

Conversely, given a generalized complex structure J, if there exists an involutive, isotropic
splitting s : TM — TM for the anchor 7 : TM — T M whose image is invariant by J, then,
by performing a B-field transform, we can arrange that J preserves T'M, putting it into the
form which allows us to define a complex structure and read off the imaginary part of
the holomorphic Poisson bivector, which in turn defines the holomorphic Poisson structure.

The situation described in Example [2.7] occurs frequently enough to deserve a name.

Definition 2.8. A holomorphic gauge for a generalized complex structure J is a B-field B

such that
B, -B_ (-1 P
= (3 F) (2.7

for some I and P. In this case, I is a complex structure and o := —i (IP + iP) is a holomor-
phic Poisson structure.

Examplestotie up generalized complex structures with the more common complex
and symplectic structures. A valid question is whether there are examples which are not
modeled on complex nor symplectic objects. The answer to the question is interesting as
there is a marked difference between local and global behaviour. As we mentioned before,
locally these examples extinguish all possibilities:

Theorem 2.9 (Bailey []). A point of type k in a generalized complez: manifold has a neigh-
bourhood equivalent, via the action of diffeomorphisms and two-forms, to a neighbourhood of
0 in R2"=%) % CF, where R* ™% 4s endowed with the standard symplectic structure and C*
with a holomorphic Poisson structure which vanishes at 0.

That is, locally a generalized complex manifold is just a product of the structures intro-
duced in Examples to 2.7} However, it is not always possible to patch these local forms
in a compatible way and there are many generalized complex manifolds that do not admit
complex or symplectic structures nor are products of these. Concrete examples are given by
the connected sums mC]P’2#n@2: they admit complex or symplectic structures if and only
if m = 1 while they carry a generalized complex structure precisely when m is odd, which is
precisely the condition for admitting an almost complex structure [7].



2.3 Generalized Poisson submanifolds and branes

Having introduced generalized complex structures last section, our next task is to introduce
the different notions of submanifolds and eventually specialize to the type of submanifolds
for which our neighbourhood theorem applies, namely, those whose local behaviour contains
enough holomorphic data.

The first notion of submanifold arises naturally in the context of pullbacks of Dirac struc-
tures as introduced by Courant [I0]. Given a Dirac structure D on a manifold M and a
submanifold i : Y — M, for every point p € Y we define a subspace of T, Y by

i"Dp ={X +i"¢€ €T, Y|i.X +£ € Dy} (2.8)

The space ¢* D, C T,Y is automatically Lagrangian, but the collection of spaces D, may not
vary smoothly from point to point. If it does, involutivity of D with respect to [-, -] implies
the involutivity of ¢* D with respect to [, -]:*#, making it into a Dirac structure on Y. One
condition that guarantees that "D varies smoothly is that D|;.yy N N*Y has constant rank,
where N*Y is the conormal bundle of Y.

Definition 2.10. Given a Dirac structure D on M and a submanifold ¢ : Y — M, the
pullback of D to Y is the structure i*D which is well defined as long as i*D is a smooth
subbundle of TY.

We can rephrase this definition in a splitting independent way. Given a submanifold
i:Y — M, we can form on i*TM the subbundle N*Y*, the orthogonal complement of the
conormal bundle of N*Y C ¢*TM. Then the Courant bracket and the pairing on TM induce
naturally a Courant bracket and a pairing on N*YL/N*Y =~ TY. In this description, the
pullback Dirac structure is given by

_DNN'Y*4+N'Y _N'Y*"

"D = NV <Ny (2.9)

Back to the generalized complex world, given a generalized complex manifold (M, H,J)
and a submanifold 7 : Y — M, under the smoothness condition above, we can pull back the
associated Dirac structure, L, to Y to obtain a Dirac structure which may or may not be
degenerate. If i* L is nondegenerate, it defines a generalized complex structure on Y.

Definition 2.11. A generalized complex submanifold of (M, H,J) is a submanifold i : Y <
M such that the Dirac pullback ¢*L exists and defines a generalized complex structure on
(Y,i"H).

In the complex and symplectic contexts this notion of submanifold agrees with the notion of
complex and symplectic submanifolds, respectively. We now want to specialize to a subclass of
generalized complex submanifolds whose behaviour resembles that of complex submanifolds in
complex geometry. To this end we will impose three requirements on our generalized complex
submanifolds. We first give a short overview with intuitive explanations.

1. The first requirement is that JN*Y = N*Y, which intuitively means that J is complex in
directions normal to Y. Consequently, Y itself inherits a generalized complex structure
Jy via the isomorphism TY = (N*Y)/N*Y, a quotient of two J-invariant subspaces.

2. The second requirement is that the induced generalized complex structure Jy obtained
from step 1. is B-field equivalent to a holomorphic Poisson structure on Y.

3. The first two requirements imply that N**°Y is a complex vector bundle over a complex
manifold. The third and final requirement is that N**°Y is a holomorphic vector bundle.

Together, these three conditions intuitively amount to J being holomorphic in directions
tangent and normal to Y. Concretely, they imply that there is a natural complex structure
on a tubular neighborhood of Y that we can compare against J itself, and this will play a
major role in the rest of the paper.

To make the above three requirements precise we need some terminology. Below, defini-
tions 2.12} 2.15] and [2.14] correspond to the above requirements 1.,2. and 3., respectively, and
the corresponding class of submanifolds will be called Abelian Poisson branes.

Definition 2.12. A generalized Poisson submanifold of (M, H,J) is a submanifold Y C M
with the property that JN*Y = N*Y.




Generalized Poisson submanifolds are generalized complex submanifolds in the sense of
Definition and they are Poisson submanifolds for 3. The induced generalized complex
structure Jy on Y can be understood directly via the isomorphism TY = (N*Y)*/N*Y,
which is a quotient of two J-invariant subspaces of TM.

Lemma 2.13. Let i : Y — (M, H,J]) be a generalized Poisson submanifold and let N*"°Y
be the +i-eigenspace of J on NZY. Then for every y € Y the space N;LOY inherits a Lie
algebra structure whose bracket is given by

[av 5} = [[d7 B]”y’
where &, 8 € T'(L) are smooth extensions of a, 5 € N;LOY.

Proof. We only need to check that this bracket is well defined since the Lie bracket properties
follow from the corresponding properties of the Courant bracket.

The first step is to check that the bracket does not depend on the choice of extensions &
and 8. We check that for 3. A different extension of 3 differs from 8 by a section 3’ € (L)
which vanishes at y and we need to show that for such sections [&, '] = 0 at y. Using
bilinearity of the Courant bracket we may assume that 8’ = fv, where f is a function that
vanishes at y and v € I'(L). For such a section we have

[[6‘7 f’Y]] = f[[d>7]] + (‘Cﬂ'T(&)f)’Y'

Both terms on the right hand side vanish at y: the first because f does so and the second
because mr(&) vanishes at y.

Since &, 8 € I'(L) and L is isotropic, we have [&, B]] = —[[B, @]. So the bracket is skew and
the argument above also implies that the bracket is independent of the extension &.

Next we check that the right hand side lies in Ny 10 Since the result is independent of
the extensions we may pick &, such that @|y, 8]y € T(N*'°Y) and we must check that
([&, B], X) vanishes for all X € T(TY). Indeed, we have

([& B, X) = Laza(B, X) — (B, [& X]).

The first term vanishes because mra vanishes at y. The second vanishes because, over Y,
mr& =0 and X € TY, hence the vector part of [&, X] vanishes over Y and 8 € I'(N*Y). O

Definition 2.14. A generalized Poisson submanifold i : Y — (M, H, ]) is Abelian if N*°Y —
Y is a bundle of Abelian Lie algebras.

If Y is a generalized Poisson submanifold with complex codimension one, then it is auto-
matically Abelian as any one-dimensional Lie algebra is Abelian. From the Poisson viewpoint,
the Abelian condition means that the induced Poisson structure vanishes quadratically in nor-
mal directions.

The last condition we introduce ensures that Y itself carries a holomorphic structure.

Definition 2.15. A generalized complex brane in (M, H,J) is a submanifold Y C M together
with a J-invariant maximal isotropic subbundle 7 C N*Y ' such that 7r: 7 — TY is surjective
and the image of 7 in N*Y+/N*Y is involutive.

Given a brane (Y, 7), it follows that N*Y C 7 as by definition N*Y annihilates all elements
in N*Y* and 7 is maximal. Dimension count shows that we have an exact sequence

0—>NY —>7—->TY —=0. (2.10)

Using a splitting TM |y = TM|y @ T* M|y, the brane condition is equivalent to the existence
of a two-form F € Q3(Y) satisfying dF = i*H, and for which

T(F) = {X+fETY@T*M| £|Ty:LxF}CTM|Y

is J-invariant.
If J is induced by a complex structure, a submanifold ¢ : Y — M is a brane only if Y is a
complex submanifold. For symplectic manifolds, branes include Lagrangian submanifolds.
The manifolds we are interested in are simultaneouly Abelian generalized Poisson sub-
manifolds and branes.



Definition 2.16. An (Abelian) Poisson brane is an (Abelian) generalized Poisson submani-
fold that in addition carries the structure of a generalized complex brane.

In the next few lemmas we make evident the holomorphic nature of Abelian Poisson branes.

Lemma 2.17. If i : (Y,7) — (M, H,J) is a Poisson brane and Jy is the induced generalized
complex structure on Y then Jy is naturally equivalent to a holomorphic Poisson structure
on Y. In particular Y admits a natural complex structure.

Proof. Since (Y, ) is a Poisson brane, the image of 7 in N*Y*/N*Y provides an isotropic
complement to T*Y which is involutive and invariant under the induced generalized complex
structure. It follows from Example that the generalized complex structure on Y is given
by a holomorphic Poisson structure. O

Since for a generalized Poisson submanifold JN*Y = N*Y', the conormal bundle of YV is a
complex vector bundle over Y. In the case of an Abelian Poisson brane we can further endow
N™*Y with a holomorphic structure.

Lemma 2.18. Let i: (Y,7) — (M, H,J) be an Abelian Poisson brane. Then N*''°Y admits
the structure of a generalized holomorphic bundle over Y with the partial connection given
by
Ovar = [, d]]y,

where v € T'(Ly), a € T(N*'%Y) and 4, & are sections of L such that & extends o and
By € T(N*Y )10 is a lift of v.

In particular, the partial connection above makes N*% into a holomorphic bundle for the
underlying complex manifold Y.

Proof. There is a number of things we need to check. First, we need to check that the proposed
expression for the partial connection does not depend on the particular lift (and extension)
& and ¥ of a and v. Then we must show that the proposed expression does indeed define a
partial connection.

Once a lift for v is fixed, the proof that the expression does not depend on the extensions
is similar to that of Lemma so we will omit it. To show that the partial connection is
independent of the lift of v, we recall that the generalized complex structure on Y is obtained
from the quotient of complex vector bundles TY = N*Y*/N*Y, hence if ¥ is a lift of v over
Y, any other lift will differ from @ by a section 3 € T'(N*"°Y’) which must still be extended
to a section of L. Therefore to show that the expression is independent of the lift we compute

[[17+B,dﬂ|y = [['DvdIHY + [[37&]”1/ = Hf),d]]‘y,

where the term [3,@]|y vanishes because N*1°Y is a bundle of Abelian Lie algebras.

The fact that d defined this way is C*°-linear on v follows from isotropy of L, property iii)
from Lemma[2.I] and the fact that « has no tangent component. Finally, the Jacobi identity
for the Courant bracket implies that 9% = 0.

Since the induced generalized complex structure on Y is holomorphic Poisson, a generalized
holomorphic bundle is automatically holomorphic for the underlying complex structure. [

3 Deformation theory of generalized complex struc-
tures

Next we study the deformation theory of generalized complex manifolds. We start, in Section
with the general framework of deformations of Dirac structures, introduced in [I7, [22].
Eventually we narrow our focus to deformations of holomorphic Poisson structures and in
Section we prove the result on stability of holomorphic Poisson structures on compact
manifolds. The proof of this result helps us to set our strategy for the case of manifolds with
boundary and a critical look at the proof signals where we can expect difficulties later.



3.1 The framework for deformations

Given a pair of complimentary almost Dirac structures, L, LcC TMc, we can identify L=L*
using the natural pairing:

u(v) := 2{u, v) VueL, ve L.

This allows us to define a de Rham differential dz, : C*(A*L) — C*°(AF+1L) in the usual
way by

dra(vo, ... ve) ==Y (=D)'vi-al...,0,...)+ > (D) a([vi, v5]%,..., 5, ..., 5,0,
i i<j
’ (3.1)
where o € C®(A*L), vo,...,vx € C™(L), and where [v;,v;]" denotes the component of
[vi,v;] in L with respect to the decomposition TM¢ = L @ L. Although in general dr
depends on the choice of L we suppress this from the notation.

If L is integrable we have d2 = 0, while if Lis integrable then the Courant bracket on L
extends to give a Lie bracket [-,-] on C°°(A*L). If L and L are both integrable, which we will
assume from now on, then the triple (C*°(A*L), [, -], dz) constitutes a differential graded Lie
algebra, where the grading on C*°(A*L) is shifted by 1 (see [22]).

We can use L to describe small deformations of L as an almost Dirac structure. For
£ € C®(A’L) we define another almost Dirac structure

Le :={u+ tuelu € L},

where 1,e = ¢(u) € L denotes the result of interior contraction. Note that every deformation
of L that is transverse to L can be described in this way for a unique ¢, and this applies in
particular to all small deformations of L. As L remains complementary to L. we can again
identify L = LZ for all e. This allows us to regard the corresponding de Rham operators as
differential operators in a fixed vector bundle: dr, : C*°(A*L) — C°°(A*™'L). As shown in
[22], the Dirac structure L. is integrable if and only if ¢ satisfies the Maurer-Cartan equation

dre + %[[s, e] = 0. (3.2)

If this is the case then the corresponding deformed operator dr. on C*°(A®L) is given by
dLs =dr + [[E, ]]

Having established that Maurer—Cartan elements in C*° (A2Z) describe nearby integrable
structures, the next step in the study of deformations is to determine which deformations
are equivalent to each other. That is, we need to describe how symmetries of TM act on
deformations. If F': TM — TM is an automorphism which is sufficiently small (i.e. close to the
identity) and if ¢ € C°°(A2L) describes a small deformation L., then F(L.) is another small
deformation of L that we can therefore write as Lr.. for a unique element F-e € C* (AQE). In
particular, for u € C*°(TM) with flow F}, (see ) we can consider F}, - € and differentiate
it at ¢ = 0, inducing an infinitesimal action of C°°(TM) on C*=(A?L). Explicitly, one can
show that

d L
- Fiy e =dp_(u”), (3.3)

t=0

where u = uls + ul is the decomposition of u with respect to TMc = L. ® L.

Holomorphic Poisson structures

The study of deformations becomes more concrete for certain special types of generalized
complex manifolds. Here we focus on holomorphic Poisson structures.
Let (M, I,0) be a holomorphic Poisson manifold (with zero three-form on M) and let

L=T"M&e (T"°M)={X+0(&)+& X eT™M, £ T"°M}
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be the corresponding Dirac structure. We choose L:=T""M EBiT*O’lM as an integrable
Dirac complement to L, for which one can compute that dp = 0 + [o,-]. A deformation
€ € C°°(A%L) of L is then integrable if and only if

O:dLE-‘r%HE,E]] 256-’-[0',5]]4-%[8,8]]. (3.4)

Since L is a direct sum, its exterior algebra admits a natural splitting. It is useful to express
the deformation parameter in terms of this splitting. So we write ¢ = &1 + &2 + &3 with respect
to the decomposition

AL =NT""M @ (T"°M @ T M) & A>T M. (3.5)

A useful point of view is to interpret g2 € C*°(TH°M @ T*** M) as a (not necessarily inte-
g_rable) deformation of the complex structure I. With this in mind we define the corresponding
0 operator:

Oey 1= 0+ [e2, ] : QVIAPTHOM) — Q¥ APTHOM),

where QU4 (APTOM) := C®°(AIT**"' M @ APTH°M). The Maurer-Cartan equation (3.4)) can
then be decomposed into four separate equations as follows:

QOO (APT O - 0= [o,e1] + %usl,sl}], (3.6)
QYN APTOM) - 0 = Ocpe1 + [0, 2], (3.7)
QP2 (A'TOM) 0 =0es + %[[52,52]] + [o + €1, 3], (3.8)
QU3 (A°THOM) 0 = O, e3. (3.9)

To gain some intuition for these equations, observe that the bracket [o + 1, 3] in (3.8) gives
the obstruction for I.,, the deformation of I with respect to €2, to be integrabln the
special case that this obstruction vanishes, the other three equations can be interpreted in
clear terms: Equation (3.6) together with [o,0] = 0 implies that o + 1 defines a Poisson
structure. Equation equivalent to o + &1 being holomorphic for the complex structure
I.,. Finally, (3.9) states that e3 defines a holomorphic two-form for I.,. Note in particular
that the deformed Dirac structure L. is given by a holomorphic Poisson structure if and only
if €3 = 0.

It is rare that a deformation of a holomorphic Poisson structure presents itself naturally
already with vanishing component €3. To achieve that, one needs to find a holomorphic gauge
for it, that is we need to find an equivalent deformation using the infinitesimal action of
one-forms on deformations as defined in explicitly in this context. For & € QY(M), its
decomposition with respect to TM¢ = L. ® Lis given by

€= (€7 + (0 +e0)(€) +2al€™) + (€1 = (7 +21)(6") — eale™)).
In particular, if Fie = €' denotes the flow of ¢ (see[2.2)), we deduce from (3.3)) that
d

q| Fee=0+lote DE = (0 +e)(€"’) —e2(€"7)).

t=0

We are mainly interested in the component that lies in Q%2(M), which is given by

d

u (Fig -€), = 0=, (67" — £2(617)) — [e3, (0 + 1) (€] (3.10)

t=0

It is actually also possible to describe the action of closed two-forms.

Lemma 3.1. Let B be a sufficiently small closed real two-form. Then

(e® &)1 =(e1 —oB*°(0 + 1)1+ B** (0 4+¢1)) " (3.11)

(€® - e)a =(e2+ B " (04 e1))(1 4+ B* (6 +¢&1)) " (3.12)

(eB -€)3 =e3 + B%? 4+ BY'ey — (e2 + Bl'l(o' +e1))(1+ B2’0(0 + 51))71(31’1 + B2’052)
(3.13)

2Note that I., is integrable precisely when 5822 = 0, or equivalently when deg + %[[62, ea] = 0.

11



Proof. By definition we have e (L) = L5 ., where L = T%'M @ T*"° M. Writing out both
sides, a tedious yet straightforward calculation, yields the above three equations. O

Remark 3.2. Lemmatreats the various components of € and B as (skew-symmetric) endo-
morphisms. For instance, ex € C* (Tl’OM ® T*O’lM) is considered as a map ez : T*"°M —
T*%1 M, the (2,0)-part of B as a map B0 . 7YO00N — T*1OM | and so on. From these expres-
sions we see that B being small in the hypothesis of Lemma|3.1|amounts to the endomorphism
14 B%% + €1) being invertible, for which a sufficient condition is given by

|Blo < (3.14)

lo+e1lo '
Remark 3.3. Equation (3.10) can be obtained from (3.13) by taking B = td¢ and differenti-
ating at ¢ = 0. Specifically, this yields the equality

d€%? + dgV ey — ea(deM + de¥ e2) = 02, (€7 — €2(€77)) — [e3, (0 + 1) (")) (3.15)

3.2 Stability of holomorphic Poisson structures on compact
manifolds

As we mentioned last section, a deformation of a holomorphic Poisson structure is itself
manifestly holomorphic Poisson if the component 5 € C*(A*T**' M) of the deformation
parameter vanishes. Our aim, throughout this paper, is to establish conditions under which
this component can be made to vanish by the action of symmetries of TM. This section we
establish when this is the case for compact manifolds without boundary. The answer depends
on the behaviour of the map H?(M;R) — H%?(M,I) which assigns to any real two-form its
(0,2)-part. Our main result of this section is:

Theorem 3.4. Let (MQ", I,0) be a compact holomorphic Poisson manifold without boundary
such that H*(M;R) — H*?(M, I) is surjective. Then every generalized complex deformation
of (I,0) sufficiently small in the Sobolev L%Jrg—norm admits a holomorphic gauge, that is, it is
B-field equivalent to a holomorphic Poisson deformation of (I, ). If in addition H*?(M) = 0,
then the two-form B may be taken to be exact.

This theorem implies, for example, that if H*?(M) = 0, then every small deformation
of a holomorphic Poisson structure is again (equivalent to) holomorphic Poisson, albeit for
a (possibly) different complex structure on M. That is if H>?(M) = 0 ‘being holomorphic
Poisson’ is an open condition in generalized complex geometry.

Proof. Fix a Hermitian metric on (M, ), let A denote the corresponding d-Laplacian and
HP9 the space of O-harmonic (p, q)-forms. Let G be the associated Green’s operator and let
H be the projection onto harmonics, so that Id = AG + H. Let s : H>? — Q%(M;R) be a
right inverse for the projection p: Q% (M;R) — H®*(M,I) = H*2, where Q2 (M;R) is the
space of closed real 2-forms, which we may arrange to satisfyﬁ s(B)*? = B.

Denote by Lj(Im(9*)) the image of 9*: L, (A>*T*M) — LE(A®'T*M), and consider
the smooth maps:

£ LI(AL) @ H? @ LE(Im(9)) — Li_ (A“*T* M)
E(e, B,u) = (esPHFD g
and (abbreviating & = £(e, B, u) for sake of notation)
®: LI(A’L) & H"? @ LE(Im(8")) — H™? & L (Im(d")) (3.16)
(e, B,u) = (H(£),0"G(2)).

Here k := n + 3 is chosen to ensure that the Sobolev spaces of degree k are algebras and that
their elements are once continuously differentiable (the latter will be relevant below). Denote

3Note that any splitting 3 satisfies B = §(B)%2 4 da for some (0,1)-form a. We can then change § (using a
finite basis for H%2) via s(B) := §(B) + d(a + @).
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by Dg’? w® the partial derivative of ® with respect to its second and third variable at the

point (g, B, ), which is a linear map
DEY @1 & Li(Im(9")) — H*® @ L (Im(9")).

We claim that Dgﬁ’g)o)fp is invertible. Indeed, due to (3.10) and (3.13]),

D(O,O,O)g(()? B7u) = 5(-3)0’2 + 5’& =B+ 511,
by our choice of splitting s, hence
D &(B,u) = (H(B + du), 8" G(B + du)) = (B, u).

Here we used that 9*GOu = u because v € Im(9*). By the implicit function theorem
we obtain, for every small deformation ¢ € L?(A%L), a pair (B,u) € H>? & L} (Im(d"))
with the property that after applying the closed two-form s(B) + d(u + @) to € we have
(H(e3),0%G(e3)) = (0,0). The pair (B, u) depends smoothly on €, so by taking e L3-small
we can ensure that (B, u) is sufficiently C'-small (because k > n + 2).

To finish the proof we must prove two facts:

1. If (H(es),0*G(es)) = (0,0) and ¢ is small enough and integrable, then e3 = 0 and
therefore the deformation is holomorphic Poisson.

2. If e € L3(A%L) is small enough and in fact smooth, then the pair (B, u) obtained above
is also smooth.

To prove 1. we observe that if (H(e3),0*G(e3)) = (0,0), then
0= 55*G83 = AGe3 — g*GéEg =¢e3+ 5*G[[€2,63]].

In the last step we used that H(e3) = 0 and that ¢ satisfies the Maurer-Cartan equation. The
operator

149" Glea, ] : LA(A**T* M) — LE(AY*T* M)

is invertible for small €2, which proves 1.

To prove 2. we observe that by construction s(B) is smooth, so the only question here is
whether the (0,1)-form u chosen above is smooth. To prove that this is the case, we turn to
. If we let F1 be the nonlinear smooth bundle map

Fi: N2 (TY°M @ T M) x N*T*M — A%°T*M,

Fi(e,B) =e3+ B> + B"'ey — (ea 4+ B" (0 + 1)) (1 + B*°(0 + 1)) ' (B"" + B> ey),

then it follows from 1. that Fi (e, s(B) + d(u +a)) = 0. Therefore, not only v € Im(9*) but it
is also a solution to a nonlinear differential equation of first order. Using these two facts we
conclude that u is also a solution to the second order differential equation

F(e,B,u) := 0" Fi(¢,s(B) + d(u + @)) + 80" u = 0, (3.17)

since both summands vanish independently. The first summand is a second order quasilinear
differential operator of divergence type in the sense of [2I], since it is a composition of a
nonlinear first order differential operator with 0* (a first order linear differential operator).
The second summand is clearly a linear differential operator. Therefore F(e, B,-) is also a
second order quasilinear differential operator of divergence type. Since Fi, € and s(B) are
smooth, according to [2I, Theorem 6.3], a solution u of this equation is smooth as long as the
linearization of F'(e, B,-) at u is an elliptic (linear) differential operator. Therefore all that
is left to finish the proof is to argue that this is the case. Since F' is a quasi-linear operator
the principal symbol of its linearization at w only depends on the first jet of w. Further, as
mentioned before, as long as ¢ is chosen small enough in L7 (A%°T* M), we obtain that B and
w are C''-small, hence, by continuity of the principal symbol, to show that the linearization of
F(e, B,-) is elliptic at w it suffices to show it is elliptic for vanishing €, B, u. For e = B = 0,
we have

F(0,0,u) = 8" (du — ((Ou + 0u)o)(1 4 duo) ™ (du + da)) + dd*u,

whose linearization at v = 0 is %\(0,0,0) (v) = Av which is elliptic, hence the result follows. [
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One of our main results in this paper is that under a few additional hypothesis the theorem
above also holds for manifolds with boundary. At this stage it is good to take a critical look
at the proof of Theorem [3.4] to prepare ourselves for what is to come. The broad idea of our
approach remains to use small symmetries of TM to kill the component €3 of a given small
deformation. Above, we used two key analytical results to achieve that: Hodge theory for the
O-operator and the implicit function theorem for Banach spaces.

Hodge theory for complex manifolds with boundary was developed by Folland and Kohn
in [I3]. While it is similar to usual Hodge theory, there is a subtle, but fundamental difference:
the inverse of the Laplacian, now called N, the Neumann operator, only recovers one weak
derivative. If we follow the approach above with this less sharp Neumann operator, this
apparently technical difference comes back at the map ® defined in , which in this new
context has a different codomain:

®: LI (A’L) & H"? & Li(Im(8")) — H? @ Li_1 (Im(d")).

The same computation carried above shows that the derivative of ® along the second and
third coordinates at the identity corresponds to the natural inclusion

HO? @ Li(Im(9%)) — H*? & Li_,(Im(8"))

which does not allow us to apply the implicit function theorem.

This small and apparently technical issue irreparably breaks down the argument used in
Theorem [3.4] and we must instead find another approach that can deal with this “loss of
derivatives”. This is typically the context of Nash—-Moser types of arguments [4] [18] 23| 24]
and this is precisely the path that will allow us to prove the final result.

To use a Nash—Moser type of algorithm it is not enough to have Hodge theory developed
for one fixed structure. We need uniform bounds on the Neumann operator for all nearby
structures, integrable or not. Extending the work of Folland and Kohn to keep track of how
the Neumann operators of nearby structures are related is an undertaking of its own, and
was carried out by van der Leer Durédn separately in [27]. We recall the main result of [27]
in Section With the Hodge theory for families of almost complex structures at hand, we
can, in this paper, produce the appropriate Nash—Moser type of algorithm that will substitute
the implicit function theorem.

Therefore the next few steps will be to set up Hodge theory for families of almost complex
structures, which will allow us to give a precise statement of our main theorem. After that
we will set up the Nash—Moser algorithm.

4 Hodge Theory on complex manifolds with bound-
ary

Hodge theory for (almost) complex structures on manifolds with boundary depends on how
convex the boundary is in a very precise way. In this section we will introduce g-covexity,
the geometric notion necessary to develop Hodge theory for manifolds with boundary, and
eventually state the result on elliptic regularity for the d-Laplacian on complex manifolds
with boundary (c.f. Theorem [4.11)).

4.1 Cauchy-Riemann structures and g-convexity

Let M be a manifold with boundary of real dimension 2n and let I be an almost complex
structure on M. On the boundary M we can define a complex vector bundle

CR :=T"'M NTdMc

called the Cauchy-Riemann structure of (M, I), of complex rank n — 1. Consider the complex
line bundle p on OM given by

_ TOMc
F=Cracr
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It is the complexification of a real line bundle that we can equip with a natural orientation
as follows. For x € OM, let v € T, M denote an outward pointing vector with the property
that v € T,OM. Then Iv defines a real generator for u, which, up to a positive rescaling, is
independent of the choice of v.

Definition 4.1. The Levi-form of (M, I) at x is the Hermitian bilinear form defined on CR,
with values in u, given by

L (u,v) := —i[u,v]. (4.1)

Remark 4.2. We are abusing notation here by implicitly choosing local extensions of u and
v to sections of CR, in order to compute the bracket [u,v]. By definition of 1 as a quotient,
this bracket is independent of the choice of extensions.

Using the identifications p, = C described earlier, we can identify £ with a conformal class
of Hermitian bilinear forms on CR, so in particular we can consider the number of positive
and negative eigenvalues of £ at every boundary point.

Definition 4.3. Let (M, I) be an almost complex manifold of real dimension 2n and let
0 < g < n be an integer. We call (M, I) g-convex, if for every x € OM the Levi-form £, has
either at least n — ¢ positive or at least ¢ + 1 negative eigenvalues at x.

Remark 4.4. Note that (M, I) is always n-convex. The terminology g-convex is not standard,
and perhaps slightly misleading as negative eigenvalues correspond to concave boundaries. In
[I3] (in the context of complex structures) g-convexity is referred to as “condition Z(q)”.

Example 4.5. Let (M’,T) be an integrable complex manifold without boundary and let
M C M’ be a submanifold with boundary. Around any point x € &M we can find holomorphic
coordinates (z1,...,2,) and a real smooth function ¢ satisfying M = {y € M'| p(y) < 0}
and dgp # 0. Then

n
u= Zuiagi eT"' M
i=1
lies in CR if and only if >, u'dz,¢ = 0, and on such vectors the Levi form is represented by
the Hermitian bilinear form

L(u,v) = il
(u,0) Z 024077

i,j=1
If the above Hessian of ¢ is positive definite on T%' Mc then its restriction to CR is too and
hence (M, I) is g-convex for all ¢ > 1. For instance, ¢ := |z|*> — 1 on the unit ball in C"
has this property, which is therefore g-convex for all 1 < ¢ < n. If we then remove a smaller
ball from its interior, the boundary has two components, on which £ is positive and negative
definite. This annular region is therefore g-convex for all 1 < g <mn — 2.

Example 4.6. Let Y be an (n—1)-dimensional compact complex manifold without boundary
and p: L — Y a holomorphic line bundle. Let h be a Hermitian metric on L and let M C L
be the associated unit disc-bundle. On OM we have CR = p*T%'Y, and if R, denotes the
curvature associated to h then it turns out that

L(u,v) = Rp(u,v) Vu,v € TOY.

Consequently, M is g-convex if and only if —iR;, has, at each point y € Y, either at least
n — q positive eigenvalues or at least ¢ + 1 negative eigenvalue

Using the fact that ¢1 (L) is represented by iRh’ one can sometimes translate the previous
example into a statement about ¢i(L).

Lemma 4.7. [15] Let Y satisfy the Bg-lemmaﬂ Then there exists a g-convex disc neighbour-
hood of Y inside a holomorphic line bundle L if and only if ¢1(L) has a real representative
TE Ql‘l(Y) which at each point has either at least n — q negative eigenvalues or at least ¢+ 1
positive eigenvalues.

4By definition, the eigenvalues of areal (1,1)-form 7 are the eigenvalues of the Hermitian matrix 7;; with respect
to a decomposition T =i}, ;j Tijdz" A dz? in local coordinates.
5Specifically, we need that every real (1,1)-form which is d-exact is also dd-exact.
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Example 4.8. If Y is compact and L is negative, meaning that c¢1 (L) admits a representative
whose eigenvalues are all negative, then Y is Kihler and the d0-lemma holds. Consequently,
there exists a disc-neighbourhood which is g-convex for all ¢ > 1. The line bundles Opm (—n)
over P for n > 0 satisfy this for example.

4.2 Relation between ¢-convexity and Hodge decompositions

Let M be a compact manifold with boundary and let I be an integrable complex structure
on M. The associated O operator defines a linear differential operator
d: O (AT M) — C=(AT T M),

which is a derivation in the sense that d(a A ) = dar A B+ (—1)%e(®)q A 93, and satisfies
0% = 0. If &2 € QY (TH°M) describes an almost complex deformation of I, we can consider
the differential operator

Oey = 0+ [e2, ] : CX(A T M) — C=(A*T' T M).

It satisfies the same properties as 9, except that 5522 vanishes if and only if 5 defines an
integrable deformation of I.

Remark 4.9. For a more concrete expression of d., we can write ez = > ® X; where
a; € T*'M and X; € T*°M. Then for any 8 € Q%*(M) we have

0,8 =08+ a; ALx,B.
J

Our aim here is to describe a Hodge decomposition for Oe,. Fix an auxiliary Hermitian
metric on (M, I) and let 97, be the corresponding formal adjoint of Jc,. Denote by
A52 = 5525:2 + 5;2 552

the associated Laplacian, which we consider as an unbounded operator on the Hilbert space
LA(AIT*%' M) of square-integrable (0, ¢)-forms (here ¢ is an integer between 0 and n =
dimc(M)). The following proposition is due to Friedrichs [I4] (see also [I3] or [27] for more
details). Below we will abbreviate Q%9(M) = C®(AIT*%' M) and denote by r € C>(M)
a function which is negative on the interior of M, zero on the boundary OM and satisfies
|dr|oar = 1 (with respect to the given Hermitian metric). We denote by (97, , dr) the symbol
of 5;"2 evaluated on the one-form dr.

Proposition 4.10 ([T4]). There exists a self-adjoint unbounded operator O, on L*(AYT*%' M)
whose domain satisfies

Dom(U:,) N Q™ (M) = {p € Q"1(M)| 0(0Z,, dr)plorr = 0, 0(8Z,,dr)desplorr = 0}, (4.2)

on which O, agrees with with A, .
The following theorem provides Hodge decompositions for the operator U, .

Theorem 4.11 ([27]). Let (M,I) be a compact complex manifold with boundary which is
g-convex (see Defl4.3). Then there exists a neighbourhood B C Q% (T*°M) of zero and an
integer b € Z>o such that the following hold for every ez € B:

1) If ¢ € Dom(O.,) has the property that Oe,p is smooth, then ¢ is smooth as well and
lepllk+1 < L(e2lk+0; [[Deo 0llk) + L(le2[r+05 [12]]) (4.3)
for all ¢ € Dom(Oey) NQ%1(M) and all k € Zxo.
2) The image of O, is closed and we have an orthogonal decomposition
LA(AIT* M) = Im(0.,) & He,, (4.4)

with Hey 1= Ker(Oe,) C Q%9(M) finite dimensional.

The decomposition gives rise to the Neumann operator N., on L?(AYT*%' M), which by
definition is zero on He, and satisfies Ne,Oepp = (1 — me, ) for ¢ € Dom(O.,), where e,
denotes the projection to He, .
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3) For every fized €2 the operator N., is bounded, self-adjoint and induces bounded operators
Ney o LE(AIT*OT M) — LE (AT M). For every ¢ € L*(A"T*"' M) we have ¢ =
Oey New o + Tenp, and if ¢ € Dom(Oe,) then also ¢ = NeyUe, 0 + Tey .

4) If Ho = 0 then, after possibly shrinking B, we have He, = 0 for all 2 € B and

[Neoole < L(|€2k+6; [@lk+6), (4.5)

holds for all p € Q%9(M) and all k € Z>¢.

We will make precise what inequalities of the form or mean in Sectionwhere
we introduce Leibniz bounds and give some simple examples of those. For now it is enough
to understand that these inequalities describe bounds on the L' and C*** norms of the
left hand side in terms of bounds on the corresponding norms of the right hand side, which
includes information about the size of the deformation parameter. That is, these inequalities
provide uniform bounds for the Neumann operator of nearby complex structures.

Remark 4.12. By this theorem, if M is g-convex and ¢ € Q%9(M) then ¢ = A, Ne, @ + 7, 0.
However, only if ¢ satisfies the two Neumann boundary conditions in (4.2]) do we have

Y= N62A€290+7T€290' (46)

5 Main results

With Hodge theory under our belts we have nearly all the analytical tools to prove our main
theorems. Since the proof is rather technical, we will first state our main results in this
section, discuss some applications in Section [f] and provide the proof in the final section of
this paper.

5.1 Statement of the main theorems

Let M be a compact manifold with boundary, I be an integrable complex structure on M
and o be a holomorphic Poisson structure on (M,I). Our first main result concerns small
deformations of the generalized complex structure that corresponds to (I, ).

Theorem 5.1. Let (M,I,0) be a compact holomorphic Poisson manifold with boundary.
Suppose that (M, I) is 2- and 3-convex and that H**(M,I) = 0. Then any sufficiently small
generalized complex deformation of (M,I,0) is B-field equivalent to another holomorphic
Poisson structure on M for some exact two-form B on M.

Our second main result concerns neighbourhoods of submanifolds in generalized complex
geometry. Specifically, let (M, H,J) be a generalized complex manifold and 7 : ¥ < M a
compact submanifold with the structure of an Abelian Poisson brane on it (see Def.
Here M and Y are manifolds without boundary. From Lemmas [2.17] and we know that
Y is equipped with a complex structure Iy and that the normal bundle NY is a holomorphic
vector bundle over (Y, Iy). The total space of NY therefore comes equipped with an integrable
complex structure denoted by I, which depends only on the brane-structure of Y.

Theorem 5.2. Let (M, H,J) be a generalized complex manifold and (Y,7) C M a compact
Abelian Poisson brane. Denote by I the induced complex structure on the total space of NY . If
there exists a neighbourhood U of Y in NY so that (U, I) is 2- and 3-convex and H**(U,I) = 0,
then there exists a neighbourhood V of Y in M and an exact two-form B € Q*(V) so that J
is B-field equivalent to a holomorphic Poisson structure on V.

Even though this theorem is inspired by Theorem which describes generalized complex
structures around points, the general case of Y being a point is not covered by Theorem [5.2]
because of the assumption that N*Y is Abelian. Nevertheless, when Y is a point, the methods
for proving Theorem are readily adjusted to re-obtain Theorem Interestingly though,
this adjustment only works when Y is a point.

Theorem 5.3 ([4]). Let (M,J) be a generalized complex manifold and y € M a point in the
complex locus of J. Then there exists a neighbourhood V of y in M and an exact two-form
Be QQ(V) such that J is B-field equivalent to a holomorphic Poisson structure on V.
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It is worth mentioning that the proof of Theorem [5-3] will produce only a two-form. In
contrast, the proof in [4] produces a two-form and a diffeomorphism, and the resulting complex
structure of the holomorphic poisson structure is already linearized. Of course, we can obtain
that diffeomorphism by an application of the Newlander-Nirenberg theorem [25].

5.2 Codimension-one Abelian Poisson branes

The good thing about Theorem [5.2| is that the conditions are all phrased in terms of the
holomorphic vector bundle NY and do not refer to the ambient manifold (M, J). In practise
though it may be difficult verifying whether there exists a 2- and 3-convex neighbourhood
U C NY and whether HO’Q(U) = 0. We present here an important special case where the
situation can be considerably simplified.

Suppose that Y has (complex) codimension 1 and that the line bundle NY is negative in
the sense of Example It follows from that example that NY contains a neighbourhood U
which is g-convex for all ¢ > 1. We interpret Y as a complex submanifold of U of codimension
1, denote by Oy the sheaf of holomorphic functions on U and by m C Oy the ideal of functions
vanishing on Y. For every integer k£ > 0 we have an exact sequence

k+1

0—m" 5 mf = wh/m oo,

where m* = Op. Since m*/m** = (N*Y)®* where i : Y — U denotes the inclusion, the
associated long exact sequence yields

o= HY (Y, (N'Y)®%) 5 H*(U,m"™") — H*(U,m") — H*(Y,N*"Y)®*) - ...

In particular, when H' (Y, N*Y®*) = H?(Y, N*Y®*) = 0 for all k > 0 we see that H*(U, Oy) =
H?(U,m") for all k > 0. By the vanishing theorem [I5} Satz 2 (page 357)], H?(U,m*) = 0 for
k sufficiently large, yielding H*(Oy) = 0. Combining this discussion with Theorem we
obtain the following result.

Theorem 5.4. Let (Y,7) C (M,J]) be an Abelian Poisson brane of complex codimension 1.
Suppose that NY is a negative line bundle and that H* (Y, N*Y®*) = H*(Y, N*Y®*) = 0 for
every integer k > 0. Then there is a neighbourhood of Y in M on which J is B-field equivalent
to a holomorphic Poisson structure.

5.3 Interpreting H%? as the space of obstructions

We give some examples of generalized complex structures which fail to admit holomorphic
gauges, due to failure of the hypotheses of either Theorem [5.1]or Theorem[5.2} The Abelianity
condition should be seen, less as an obstruction, and more as a way of choosing a canonical
holomorphic structure on the normal bundle, and the 2— and 3-convexity conditions are just
so that we can do Hodge theory and therefore deformation theory. The condition on H®?,
however, is more along the lines of the vanishing of an obstruction map, and readily furnishes
counterexamples.

Example 5.5 (Twisted complex structure on a compact manifold). Let S be a compact
complex manifold for which the map H?(S) — H%?(S) (taking the (0,2)-part of any repre-
sentative) is not surjective. Notice, in particular, that such S will not be Kéahler.

Let €3 € Q%2(S) represent a class in H*2(S) not in the image of H*(S). Then the given
complex structure on S deforms as a generalized complex structure by

e=0+0+es. (5.1)

Because H?(S) — H"2(S) is not surjective, Theorem does not apply. Indeed, in this
case, the deformed generalized complex structure does not have a holomorphic gauge. A
holomorphic gauge corresponds to a deformation whose (0,2) part vanishes, and a B-field
acting on the deformation € just acts by adding its (0, 2) part—since we assumed [e3] was not
in the image of H?(S), there is no such real closed B-field.

For a concrete example of such a complex manifold, S, we can take SU(5). The basic
topology of the classical Lie groups is well understood. In the case at hand, SU(5) is known
to be 2-connected and then Hurewicz’s theorem tells us that Hz(SU(5)) & m2(SU(5)) = 0.
But there is a complex structure on SU(5) for which H*2(SU(5)) = C (see [19], an application
of the techniques in [I]).

18



Example 5.6. The above example can be extended to the case of a neighbourhood of a
brane. Let S and e3 be as above, and let X = S x C, with w a coordinate for the second
factor. Then we deform the complex structure on X via the (0, 2)—form wes. Note that, along
S x {0}, where w = 0, the generalized complex structure is unchanged by the deformation,
so the standard splitting of T'S @ T* S gives a brane structure on S C X.

We remark that the Poisson structure, being trivial, is Abelian about S, and X is also 2—
and 3—convex. However, Theorem fails to apply because H%?(X) # 0. Indeed, we can see
that there is no B-transform which puts the deformed structure into a holomorphic gauge:

Suppose, to the contrary, that B is a real, closed 2-form on X with B®? = —wes (thus,
B-transforming the deformed structure by this 2-form would cancel wes and hence yield a
holomorphic gauge). Because B is closed, 0 = (dB)"? = B! —d(we3). We can differentiate
this equation in the direction of the vector field 0., + 9w, and using that the complex structure
on X = § x C is constant in the C direction, we obtain

0= Lo, 10,0B"" — Lo, +0,0(wes)
= 5£aw+amBl'1 — Oes. (5.2)

Denote by i : S 2 S x {0} — X the inclusion, and define a real two-form on S by

B:=—&3+1i" (ﬁaw_»,_awBl’l) — £3.

Then B%? = —¢3, while from (5.2) we see that dB = 0. But, by our assumption that [e3] was
not in the image of H?(S), such a B should not exist.

6 Applications

6.1 The complex locus in four dimensions

As a first application of our results, we will show in Theorem that the complex locus of
any four-dimensional generalized complex manifold has a holomorphic neighbourhood. To
this end, we first prove some needed results about gluing different holomorphic gauges in a
neighbourhood of a point.

6.1.1 Interpolation lemmas

The basic tools for our four-dimensional result regard the interpolation between holomorphic
gauges of a generalized complex structure, as developed in [5]. The first result is a local
interpolation lemma.

Lemma 6.1 ([B, Theorem 2.1]). Suppose J is a generalized complex structure which is of
complex type at a point x, and suppose By and B; are two holomorphic gauges for J. Then, in
a sufficiently small neighbourhood of z, there is a smooth family, By, t € [0, 1], of holomorphic
gauges interpolating between By and B;.

The second result is a global version of the lemma above. To state it we need a little
setup. Given a holomorphic Poisson structure (I,0), with ¢ = —%(IP + iP), and a smooth
family of real functions f, t € [0, 1], there are two families of generalized complex structures
one can construct, and both of them rely on the flow of the P-Hamiltonian vector field of fi,
X: = P(dft). The first, which we denote by J,,, is obtained by flowing (I,0) by X, that is,
Js, is a holomorphic Poisson structure (I, o¢), which solves the ODE

(lo,00) =(,0)
{i([hat) = Lx,(It,0¢). (6.1)

The second structure, which we denote by Jg,, is the B-field transform of J, by the real
closed 2-form B; which solves the initial value problem

Bo =0 (6.2)
EBt :—2Zat8tft,

where 0;0; is calculated with respect to the complex structure I, the solution to (6.1).
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Lemma 6.2. Let (I,0) be a holomorphic Poisson structure, with o = —%(IP +iP) and J,
be the corresponding generalized complex structure. For any family of smooth real functions
ft, t €[0,1], the generalized complex structures J,, and Jp, agree.

Conversely, if B; is a family of real closed 2-forms, with By = 0, which are holomorphic
gauges for J,, that is, Jg, = Js, for a (unique) family of holomorphic Poisson structures (ft, Ot)
and if % = —Qiatétft for some family of real functions, then (it, G¢) is the P-Hamiltonian
flow by f of (I,0).

Proof. We start with the first statement. Given f; and letting (I+,0+) and B; be as above,
we have that o; = —i(ItP + ¢P) and hence J,, and Jp, are given by

Lo (P I — —(I+PBy) P
= \o 1) B = \~(BJI+(I*+ B,P)B,) I*+B.P)"

The automorphism part of Jp,, ft := [ + PBq, therefore satisfies fo =] and

L d o= . -
ahe — S PBe=—2iP0.0.f = —(4040:0: fr + c.c.) = 2i0: X} ° 4 c.c. = Lx, I, (6.3)

where c.c. stands for the complex conjugate of the term preceding it and we have used that,
by construction, Lx,I; = 2i5tth’0 + c.c.. Therefore I~t and I; are solutions to the same initial
value problem and hence must be the same endormorphism.

As a consequence we have that Cy, the 2-form part of Jp,, is given by

Ot = Bt[+(I* +BtP)Bt - Bt(I+PBt)+ (I* +BtP)Bt 7BtPBt
:Btjt+I:Bt—BtPBt.

It is clear that Cy = 0 and we have further

d «
2 = S (Bl + 17 By — B.PBy)

= BtIt + Btjt —|— It*Bt + [:Bt - BtPBt - BtPBt
= Bl + I'B; — B,PB, — B,PB,

= B.PB; + B.PB; — BiPB; — B;PB;

=0,

where in the third equality we used that B; is of type (1,1) for I;, hence BiI, + I; B, = 0
and in the fourth equality we used that, as we have established, I; = I + PB;. From this we
conclude that Cy =0 and Jg, = Jo,.

Conversely, given a family, By, of holomorphic gauges for J, such that B; = —2i9;0, f:
with respect to the corresponding complex structure, =1+ PB;, then shows that I
satisfies the same differential equation as Iy, the P-hamiltonian flow of I by f:, hence they

agree and
-, P
Jot :JBt = < Ot ]t*>

which is the P-Hamiltonian flow of J.. O

6.1.2 Gluing different holomorphic gauges about a point

Proposition 6.3. Suppose that J is a generalized complex structure which is of complex
type at point x, and suppose that Bo and Bi are holomorphic gauges for J. Then, for any
neighbourhood V' of x, there exists a holomorphic gauge B and a neighbourhood U C V of x
such that B = Bo outside of V and B = B; inside of U.

Proof. In fact, we will construct a family, C¢, t € [0,1], of holomorphic gauges such that
Co = Bop and C equals the desired B of the Proposition.

First, we invoke Lemma to produce a family, By, of holomorphic gauges interpolating
between By and B, defined on some neighbourhood V' C V of . We call the corresponding
family of holomorphic Poisson structures (It,o:), with oy = —i(ItP + iP). The complex
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Poincaré lemma allows us to find (on a sufficiently small neighbourhood V" C V' of z) a
smooth family of 90—primitves for By, i.e., a smooth family of functions, f;, such that

%Bt = —Qi6t6tft (64)
(where 0,0, is always calculated with respect to the complex structure, I;, of the holomorphic
gauge B:). By Lemma we conclude that the family (I, 0¢) is also generated by the
P-Hamiltonian flow of f;.

Next, we define hy = 1 f;, where 9 is a smooth function which vanishes outside of V"
and which equals 1 on some neighbourhood of . The function h; generates a family of P-
Hamiltonian diffeomorphisms about = and, by pushing forward (Io, 00) through this family,
we get a family, (J¢, 5¢) of holomorphic Poisson structures, with (Jo,80) = (o, 00), related
by this P-Hamiltonian flow. By Lemma[6.2} we conclude that the (J;, 3;) are also related by
a family of B-transforms e®*, where

d o5
%Cﬁ = 10:0tht (6~5)

(where 0:0; is taken with respect to Jt).

Since P vanishes at x, x is a fixed point of both Hamiltonian flows. Then since h; = f; on
a neighbourhood of z, there is some neighbourhood U C V" of & on which both Hamiltonian
flows—and thus the two families (I¢,0:) and (J¢, B¢)—are equal for all ¢ € [0, 1].

Therefore, on U, the right hand sides of and are equal, and thus so are B; and
C. Setting B = (1, we have a holomorphic gauge for which B = B; on U. But since hy =0
outside of V', we also have that Ch1 = Cy = By outside of V. O

Corollary 6.4. Suppose that Yo and Y7 are closed subsets of generalized complex man-
ifold (M,I) intersecting at isolated points of complex type, and suppose that Y; and Y;
have neighbourhoods Wy and W; with holomorphic gauges By and B;. Then there exists a
neighbourhood W of Yy UY7 with a common holomorphic gauge B which equals By near Yp
and—except in an arbitrarily small neighbourhood of Yy N Y1—B; near Y;.

Proof. We work with just one x € YpNY; at a time. We let V- C WyNW; be a neighbourhood
of x, and now we are in the setting of Proposition applied to Wp. This gives us a new
holomorphic gauge B on Wy which equals By outside of V' and B; on a neighbourhood U of
z. By shrinking the neighbourhoods Wy and Wi (and ignoring other, far-away intersection
points) we can get that WoNW; C U. Then B extends to W := Wy UW; by taking the value
Bl on Wl. D

6.1.3 A neighbourhood theorem for the complex locus in four dimensions

The following lemma also follows from the well-known Serre-Leray spectral sequence for H?
of the structure sheaf on a vector bundle.

Lemma 6.5. The total space of a holomorphic vector bundle K — Y over a complex manifold
has Dolbeault cohomology H%*P(K) = 0.

Proof. Suppose dim¢ Y = n and rankcK = k. Let § € Q¥ *(K) be any d—closed (0, n +k)—
form. Let (w,z) := (w1,...,wk, 21,-. ., 2n) be coordinates for a local trivialization of K — Y/,
with the zero section Y C K corresponding to w = 0, and z being coordinates along Y. Then

B =fdwAdz := fdoi A...Ndwr ANdz1 A ... Ndzy (6.6)

for some smooth function f. Locally in Y, we can find a O-primitive for 8 by finding a 0
primitive, «, for f dw along each fiber, and taking the (0,7 + k — 1)—form o A dz.

Choose a smooth partition of unity subordinate to a nice cover of Y (whose open sets have
coordinate charts). This pulls back to a partition of unity over K, whose bump functions we
call qb(i), with ¢ indexing the open set. Let z® be the corresponding local coordinates on
Y, and a® A dz(” the corresponding local primitive for 3, constructed as above. Then each
8¢ is basic, i.e., 8¢ A dzP = 0. Thus, the globally-defined form ), Da® A dz is a
O-primitive for . O
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Corollary 6.6. The total space of a holomorphic line bundle K — ¥ over a smooth complex
curve has Dolbeault cohomology H%?(K) = 0 for some neighbourhood K of the zero section.

We can finally prove the promised unconditional result about generalized complex 4-
manifolds:

Theorem 6.7. Suppose Y is the compact complex locus inside a generalized complex 4-
manifold (M,J). Then J is equivalent to a holomorphic Poisson structure in a neighbourhood
of Y in M.

Proof. Locally about any point, Y looks like the vanishing locus of a holomorphic section
of a line bundle (the anticanonical bundle) on C2. Therefore it has components of complex
dimensions 1 and 2. On any component of complex dimension 2, the result is trivial; so we
assume Y locally has the structure of a complex curve.

However, Y need not be smooth. Therefore, we will take a certain resolution of Y and
M, and we shall see that Theorem does in fact apply to this resolution. Then we will use
the earlier results of this section to show that the local holomorphic gauge on the resolution
passes to Y in M.

The authors studied generalized complex blow-ups previously in [2]. In 2 complex dimen-
sions the blow-up of a point of complex type, y € Y C M, can be described as follows: Using
Theorem [5.3] choose a local holomorphic gauge in a neighbourhood of y € M. Then blow
up M at y just as a complex manifold, giving 7 : M — M with exceptional divisor E C M
and w: M\ E — M \ {y} an isomorphism. By a result of Polishchuk [26], the holomorphic
Poisson structure about y pulls back to a holomorphic Poisson structure about E. Then the
generalized complex structure on M\ {y} pulls back to M\E, which then glues to the pullback
holomorphic Poisson structure to give a generalized complex structure on M. It is true that
this blow-up does not depend on the choice of gauge used to describe it [2], but this fact is
unimportant here.

Singularities of a complex curve may be resolved by, at each singular point, applying a
sequence of blow-ups. Thus, we apply the above blow-up construction recursively to the
singular points, {y1,y2,...}, of Y and its blow-ups, giving a full resolution,

7w M — M, (6.7)
with exceptional divisor E = 7~ ({y1,2,...}) C M and
7 M\E— M\ {y1,y2,...} (6.8)

an isomorphism, such that the smooth proper transforrrﬁ Y C M surjects onto Y. Note that
the generalized complex structure, J , on M comes with a choice, By, of holomorphic gauge
in a neighbourhood of F, coming from the fact that, in this neighbourhood, J is constructed
just as a holomorphic Poisson blow-up.

By construction, the proper transform Y C M is a smooth complex curve. Any generalized
complex structure of complex type in 1 complex dimension is automatically of block diagonal
form, and thus in a holomorphic gauge—therefore Y carries a brane structure. Furthermore,
since NY has complex rank 1, it automatically contains a 2- and 3-convex neighbourhood of
Y. By Corollary we may choose this neighbourhood with H%? = 0. Finally, since Y has
complex codimension 1, it is an Abelian brane. Thus, Theorem applies, and we have a
holomorphic gauge, B, in some neighbourhood of Y.

The gauges B; and By may not agree where they are both defined. However, by Corollary
there is another holomorphic gauge, B, defined in a neighbourhood of Y UE, which equals
By in a neighbourhood of E. Since 7 : M\ E — M\ {y1,%2, ...} is an isomorphism, away from
E, B is a pullback of a holomorphic gauge in a neighbourhood of Y\ {y1, y2,...}. But near
E, B = By is, by construction, the pullback of a holomorphic gauge in a neighbourhood of
{y1,¥2,...}. Therefore, B is a pullback of a holomorphic gauge in a neighbourhood of Y. [

6This is by definition the closure of #~1(Y’), where = is the map given by A
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6.2 Blowing down submanifolds

In [2] the authors extended the technique of blowing up submanifolds from symplectic and
complex geometry to generalized complex geometry. One of the results in [2] states that
if Y C (M,J) is a generalized Poisson submanifold such that the Lie algebra structure on
N*Y is degenerateﬂ then Y can be blown up in a generalized complex manner. What this
entails exactly is explained in [2], but roughly it means that there is a generalized complex
manifold (M J]) together with a blow-down map p : M — M, inducing a generalized complex
isomorphism .
M\p~'(Y) = M\Y

with the property that the ezceptional divisor Y := p~'(Y) is isomorphic to P(NY) as a
smooth fiber bundle over Y. Here P(NY) denotes the complex projectivization of the complex
vector bundle NY. In particular, blowing up Y in M effectively replaces Y with a codimension
one submanifold Y within the category of generalized complex manifolds. Conversely we can
ask whether a given codimension 1 submanifold Y C (M, ] ) may be replaced by a submanifold
of larger codimension. This notion is referred to as blowing-down, and plays an important
role for instance in the minimal model program in algebraic geometry (where the process is
also referred to as contraction). The rigorous definition of blowing down a submanifold as
well as finding concrete examples is more difficult than for blowing up, but using our normal
form results obtained thus far we can prove the following.

Theorem 6.8. Let (M,]) be a generalized complex manifold and Y C (M,]) an Abelian
Poisson brane. Suppose that Y is diffeomorphic to CP" ™!, that NY = Ocpn-1(—1) as complex
line bundles, and that the induced complex structure on Y coincides with the standard complex
structure on CP""'. Then there exists a generalized complex manifold (M,]) and a point
y € M such that (M,]) is the blow-up of Y = {y} in M with exceptional divisor Y .

Proof. By the classification of holomorphic line bundles onN(CIP”‘:1 we know that N Y o~
Ogcpn—1(—1) as holomorphic line bundles and hence that H*(Y, NY®*) = H? (Y NY®F) =0
for all £ > 0. By Theorem . 4| we can apply a global B-field transform to (M .,H) after which
a neighbourhood of Y is given by a holomorphic Poisson structure. According to [15, Satz 7
(page 363)] a neighbourhood of Y is isomorphic, as a complex manifold, to a neighbourhood
of the zero section in Ogpn-1(—1). This neighbourhood can therefore be blown down, as a
complex manifold, reducing Y to a point. Finally we observe that [26] Proposition 8.4] implies
that the Poisson bivector descends to a unique Poisson structure on the blow-down. Since
the generalized complex structure is given by the holomorphic Poisson structure around Y,
the blow-down is one of generalized complex manifolds as well. O

Remark 6.9. Basically we used the neighbourhood theorem Theoremto reduce the blowing
down problem to the category of complex manifolds, and this strategy also applies if we want
to blow down to something different than a point. Note that the condition on the complex
structure on CP" ! is non-trivial for n > 3 as it is unknown in general whether the complex
structure on projective space is unique.

Corollary 6.10. Let Y be a real two-dimensional surface in the complex locus of a four-
dimensional generalized complex manifold, diffeomorphic to CP' and with self-intersection
—1. Then Y can be blown down to a point.

7 Proof of the main results

7.1 Leibniz bounds

In order to work efficiently with the estimates in this paper we will introduce some notation,
taken from [4]. Let E and F be vector bundles over M with sections u € C*(E) and
v € C*°(F). For integers k,l > 0 we write

L([ulk; [|v]]1) == Poly(lul k2)41) - V|l + Poly(lulik/2)41) - [ulk - [0l 1/2) 41 (7.1)

7A lie algebra g is degenerate if the map A%g — S2g given by x Ay A z — z[y, 2] + y[z, x| + z[x, y] vanishes.
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Here Poly denotes a polynomial with non-negative coefficients that depends only on k, [ and
the C%-norm of u. Furthermore, |z ] denotes the biggest integer bounded by z and |-| and ||- ||
denote the C*-norms and Sobolev norms, respectively, defined with respect to some auxiliary
metrics on M, E and F. We think of L(|u|;||v]|:) as a polynomial that is linear in v and for
which every monomial contains at most one high derivative-norm (of order k or ), the rest
being low derivative norms (of order k/2 or [/2). The letter £ stands for Leibniz, on account
of the estimate

luolle = > [10%(wo)l[ < Y7 > 10%ul-[1070]] < L(Julk; [[o]lk)

lal<k lal<k B+r=a
for functions u,v € C°°(M). Here are some more examples to illustrate how we will use this
notation.

Example 7.1. Let g2 € Q% (T°M) denote a deformation of an almost complex structure
I and let ¢ € Q%9(M). Then we have

10211 = 1100 + [e2, @Ik < L{le2lrr1s |l lr+1)-
Similarly, if A., = 5:2552 +0., 5;2 denotes the Laplacian, then
1Az eIk < Llealkr2; |l lr+2)- (7.2)

Note that in this example the left-hand side is linear in ¢ but not in e».

Remark 7.2. When dealing with estimates like we will often replace |e2|p+2 and ||¢||k+2
by |e2|k+» and ||¢||k+» where b is some fixed large integer. The important thing is that b is
fixed and independent of k.

We will also make use of L£(|ulk; |v|x), which is given by the same expression as but
with ||v]| replaced by |v].
Example 7.3. Combined with the Sobolev inequality yields the estimate

[Ac, ol < L(|e2]k+05 [@lk+s),

for some integer b (which incorporates the dimension of M).

7.2 Proof of the rigidity theorem

This subsection is devoted to the proof of Theorem [5-1} which is stated again below but more
quantitatively. In what follows we will fix auxiliary Hermitian metrics on our manifolds and
vector bundles. We will also use the terminology of Section [3] in particular we will use the
action of two forms on deformations and the decomposition for generalized complex
deformations of a complex structure.

Theorem 7.4. Let (M, 1I,0) be a compact holomorphic Poisson manifold with boundary such
that (M,I) is 2- and 3-convex and for which H>?(M,I) = 0. Then there exists an integer
a € Z>o and a real constant 6 > 0 with the following property. For any generalized complex
deformation € of (I,0) that satisfies

lela <0, (7.3)

there exists a one-form & € Q' (M) with the property that (e% - &); = 0.

The proof of Theorem [7-4] starts on page 31l We will first sketch the overall strategy,
provide some necessary lemmas and set up a Nash-Moser type algorithm that will be used in
the proof.

Strategy

We will construct the one-form of Theorem as an infinite sum £ = >°°7) £ using an
iterative algorithm. The idea is to construct £ from (® := & so that ¢V := edg(n) @

satisﬁe sgl) < 5&0). Then we construct £ from e so that ¢® := e e gatisfies

8We will give precise meanings to these kind of inequalities later by using C*-norms.
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5&2) < eél), and so on. Setting things up correctly, the sum ¢ = Z,Lf(i) will converge in

C*°(T* M) and satisfy

n (4) .
(ed£ -g)g = lim (eUlzﬁ05 -g)g = lim 5§"+1) =0.
n—r o0 n— oo

The construction of £ from ¢® is a bit involved, mainly because agi) is not necessarily
integrable as an almost complex deformation of I. Modulo some details though, £ ) will be
given by a 55;,i)—primitive of sgz) (recall that 56“;)5%1) = 0 because ¢ is integrable, c.f.|3.9)). The
fact that we can construct such primitives follows from the Hodge theory of Theorem |4.11
combined with the assumptions that (M, I) is 2-convex and that H%?(M,I) = 0. The reason
that we also need 3-convexity is because of a technicality in Lemma [7.9]

The precise definition of g(i) will be given later, but there is one technical aspect in its
definition that deserves to be mentioned here. To ensure that & = >, §<i) converges we

the Neumann operator associated to Eg), 5) bounds the C*-norms of £ by those of 6(2“
(0) (0)

and sgi) and therefore by induction by those of €5’ and e3’. There is however a shift of
the norm degrees in these estimates which becomes bigger as i increases, preventing us from
expressing |£(V |, directly in terms of the starting data |E§O)\k and |6§0)\k. This phenomenon
is sometimes called a “loss of derivatives”, because information about a certain C*-norm of
¢ only provides information for a smaller C*-norm of £ . To overcome this issue we have
to modify the elements & () with the help of so-called smoothing operators, which compensate
the loss of derivatives at each iterative step. This technique was first introduced by Hamilton
in [I§].

need suitable estimates on all the C*-norms f(i)\ k- Since f(i) is constructed from séi) using
i

The necessary estimates

Throughout this section we let (M, I, o) denote a fixed compact holomorphic Poisson manifold
with boundary. Let
D= CO(N*T"M) & C™(T* "' M @ T"°M) & C*(A*T**' M),
G:=C>™(T"M),
be the spaces parametrizing generalized complex deformations of (I, o) and one-forms (thought

of as exact B-field transformations) on M, respectively. Denote by |-|. the C*-norms on these
Fréchet spaces. As explained in Section [3] the group G acts on the set of deformations D

(575) — edé =y

which is well defined when [£[; is small compared to |o + €10 (c.f. Remark [3:2)).
In order to construct the sequence of one-forms of the algorithm (c.f. the strategy above),
we will use the map ® : D — G defined by

®(c) := =02, Neyes — (1 +€2)(1 — Fae2) (02, Nep 3 + 83(02, Neye3)). (7.4)

If (M, 1) is 2-convex, Theorem implies that there exists an integer ao > 0 and a constant
do > 0 such that ®(e) is well defined whenever |e2|q, < do.

Remark 7.5. The definition of ® is chosen to ensure that ®(e) is real and satisfies
()" — e2(®(e)"°) = —I%, Neyes. (7.5)

The left-hand side equals the (0, 1)-part of ®(e) with respect to the deformed almost complex
structure Ic,, while the right-hand side will turn out to give an approximate 0Oe,-primitive of
€3 whenever O.,e3 = 0 and H0’2(M7 I)=0.

Lemma 7.6. Suppose that (M, I) is 2-convex and that H%?(M,I) = 0. Then there exist
ao € Zso and 0o > 0 with the following property. For all ¢ € D satistying |e|a, < do we have
(abbreviating ® := ®(¢))

(€™ - £)s =0z,0-, Neyes — [e3, (0 + 1) (2]
+ (62d®*° — dD" ) (0 + £1) (1 + dD*°(0 4 1)) ' (d®™' + dD*%;).  (7.6)
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Proof. Because of 2-convexity we know that ®(g) € G is well-defined for |e2]q, < do when ag
is sufficiently large and Jo sufficiently small. We may assume that do < 1 so that |o + e1]o <
|olo + 0o < |o|o + 1, and because ® : D — G is continuous we may enlarge ao and shrink dg
(depending on |o|o) so that e?® - ¢ € D is well-defined whenever |¢|q, < do (c.f. Remark .
Since H%?(M,I) = 0, Theorem 4) implies that H2;? = Ker(A.,) = 0 for |e2|a, < do
(after possibly enlarging ao and shrinking do). Consequently, using we deduce that

552 (q)o’l — EQ(CI)LO)) = —5525:2]\75253 = —A52N52€3 + 6;2552]\75253 = —€&3 + 5:2552]\/5263.
This equation, combined with (3.13]) and (3.15)), implies (7.6). O

We will think of ®(g) as a one-form designed to make sure that (e?*(¥) )3 is smaller than
e3. Eventually we will achieve this by using that the right hand side of is quadratic in
3. Since ® = ®(e) depends linearly on €3 we see that this is indeed true for all terms in ,
except possibly for the first term. We will now set out to prove that this first term can be
bounded by something that is quadratic in 3 (Lemma below). We will make use of the
following estimates, whose proofs can be found in [I§].

Proposition 7.7 ([18]). Let M be a compact manifold with boundary.
1) For every triple of integers 0 < k <1 < m we have

m—1 l—k

|fle <CIF1EF 1 f " Vfe o™ (M). (7.7)

2) For every integer k > 0 we have

|£gli <C(If1klglo + [flolglx) Vf,g € CT(M). (7.8)

3) If (i,7) lies on the line segment joining (k,l) and (m,n), we have
|flilgl; <C(fklgle + | flmlgln) Vf, g € CT(M). (7.9)

(In all three cases C denotes a constant that depends only on i,j, k,l,m)
Remark 7.8. These inequalities also hold for multiplicative operations involving tensors. For
example, for a Dirac structure L C TM¢ we have

[ olle < Cluliilol + luhlolin) Vo € C2(A"L). (7.10)

Lemma 7.9. Suppose that (M, I) is 2- and 3- convex. Then there exist ag, by € Z>o and
60 > 0 with the following property. For every k € Z>o and every integrable ¢ € D satisfying
lealay < b0, We have

02,02, Neyesi < (L(le1|rtbos €3]k 4b0) + L(1E2lk1b05 [€31k480)) - €3]ag (7.11)

Proof. For suitable ag and dp we know that the Neumann operator N, is well-defined in
degrees 2 and 3 when |e2]qa, < Jo. Since for every ¢ € Q%*(M) we have (see Example [7.1)

102,01k <L(le2]k41; |@lkr1),

it suffices to focus our attention on ¢ := 9., Neye3 € Q2%(M). We would like to apply (4.6)
to ¢, but in order to do so we need ¢ € Dom(Ue,). The first Neumann boundary condition

0(0Z,,dr)plom = 0 holds because Ne,e3 € Dom(O,), but the second Neumann boundary
condition requires that

0(92,,dr) 0=y plom = 0(0%,, dr)f_)?Z Neyeslom

is equal to zero, and this is not guaranteed because 5522 is not necessarily zero. To get around
this, let 7 be a boundary-defining function as in Proposition [f.10] and consider the function

f:=0(dZ,,dr)0e,r.

Since f = f% on OM when €2 = 0, f is non-vanishing around M for small |e2]|;. Conse-
quently, f~! is well-defined near &M and can be extended smoothly to all of M by multiplying
it with a fixed bump function that is supported near M. Define

o= fﬁla(a:w dr)de,p = —f710(5;2, dr)[[o + €1,e3], Neyes], (7.12)
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where in the second equality we used (3.8]). We claim that
¢ :=¢ —ra € Dom(0.,).

Indeed, the first Neumann condition holds because ¢ = ¢ on M. For the second Neumann
condition, we use that o(0Z,,dr) is a derivation and that o(0Z,,dr)a = 0 to obtain

0(5:2>dr)552¢|8M = U(égzydr)(552(p - 552T A a)|aM = (fOé — fa)|8M =0.
Since ¢ € Dom(O.,) we can apply (4.6) to ¢ which, in combination with (4.5)), yields

1Pl <L(le2]k+b; |AcsPli+s) + [Ty @k
SL(le2k+b; [Aes @lu+0) + LI2|k+0; [Acy (ra)|it) + |Tey (ra) k- (7.13)

Note that 7=, = 0 because Im(0., ) is orthogonal to H.,. We will estimate the above three
terms individually. Since 0cy Acy Neye3 = O:pe3 = 0, we have

Ac,p= [A62,552}N5253 :(5:25522 - 5325;)]\75253
= — 522 [[[[0’ + 81,53]], N5253]] + [[[[U + €1, 53]]7 5;2N5253ﬂ7 (7'14)

where in the last step we used (3.8). Next, since A, is a second-order operator we obtain
L(le2lk+v; [Aes (ra) k45) < L(>IE2]ktb42; [T ktb42)- (7.15)

Finally, using the Sobolev estimate and (4.3) we conclude that

e (ra) e < Cllme, (ra)lle+o < L(|e2 k253 [[mes (ra)[) < L(le2]kr205 [rexl). (7.16)
Combining —, we obtain the estimate
lolk < L(le2|rr20;19(€) |r+2b) (7.17)
where

O(¢) := [[o + €1, €3], Neses] + [[o + €1, &3], 0%, Neye3].
Applying repeatedly together with we obtain
1©(e)[k+26 < (L(|e1|k+2b+25 [€3kt2v+2) + L(|E2|kt3042; [€3|k+3642)) - |€3]ag-
This proves the lemma if we set by := 3b + 2. O

The following lemma summarizes all the estimates that we will need for the proof of
Theorem [5.1] Together with Proposition [7.12] below, this forms the input for the Nash-Moser
algorithm.

Lemma 7.10. Suppose that (M, I) is 2- and 3-convex and that H%?(M,I) = 0. Then there
exist ao,bo € Zso and do € (0,1) with the following property. For every k € Zso, every
integrable ¢ € D satisfying ||, < do and every & € G satisfying |¢]2 < (14 |o]o) ™" we have

(e - €)alk < leslk + Clelklélr + Cl€]k+1, fori =1,2,3, (7.18)
|P(e)|r < L{l2|k+b0; |€3]k+b0)5 (7.19)
(e - &)slk < (L(le1lkrbo3 e8lkt00) + L2 k1005 [£3]k450)) - €8]ag (7.20)

Proof. We start with (7.18)): Since |¢]1 < (1 + |o|o) ™" we know that e® - ¢ is well-defined.
The reason we require the bound on ||z is to simplify the estimates a little in the following
sense. Consider

ki=1+de*%c+e1): T"°M - T M,

which is invertible by assumption. Then there exists a constant C' depending on k, |x™'|o
and |k|1 (the latter depends on |€]2) such that

| e < C( 4+ |K|x). (7.21)
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This can be proved by induction on k, using k&~ ' = 1 and (7.9). Combining
K =1-de®%c+e)s ",

(7.8), (7.21) and Lemma e obtain Eq.(7.18]).
7.

The proof of equation ([7.19) follows from the definition of ®, Theorem 4) and Propo-
sition [[7

Finally we turn to . An explicit expression for (e?*() . )3 is given in . The
first term in that expression was bounded in Lemma [7.9] while the remaining terms can be
bounded more directly using again claim 4) from Theorem and Proposition O

Remark 7.11. Whenever we use (7.18) we will have a prescribed uniform bound on ||z, so
that C effectively only depends on k.

The final tool needed for the algorithm is the concept of smoothing operators.
Proposition 7.12 ([I8]). There ezists a family {S:}+>1 of endomorphisms on G = C*°(T* M)
satisfying

S:€lp < Ct"77¢lq (7.22)
I(1 = Se)élg < CLI7PIE]p (7.23)

for every p > q, where C is a constant depending only on p and q.

Remark 7.13. Note that (7.22) allows us to trade a high derivative norm | - |, for a low
derivative norm | - |4, while (7.23) implies that S:& converges to £ as t goes to infinity. As
t — o0, the right hand side of (7.22) blows up while the right hand side of (7.23]) goes to zero.

The Nash-Moser algorithm

We will now set up the algorithm that is required to prove Theorem We will follow
the strategy employed in [23], but since the setting is rather different we present things
here independently. For a given constant tg > 1 we define the sequence t; via tiy1 := t?/ 2
Subsequently, for a small and integrable € € D we define the sequence (6“),5 (i)) recursively

via @ = ¢ and, for every i > 0,
. . . (3) .
D=5, (W), 0D = ¢ L ) (7.24)

Here ®(¢) is given by and S; denotes the smoothing operator of Proposition The
goal is to show that the series ), §(i) converges in G to a smooth one-form £ with the property
that (ed5 -€)3 = 0. We will establish this by means of two separate lemmas. The first will
imply that our sequence is actually well-defined and that ). €@ converges with respect to a
certain fixed C*-norm. The second lemma will upgrade this convergence to all C*-norms.

Lemma 7.14. With the set-up and notation of Lemma [7.10} define
B := 11 + 2bo, l := max(ao, (4bo + 2)(12 + 2bo) + 1). (7.25)
Then there exists to > 1 with the following property: if e eDis integrable and satisfies

1) _
‘8(0)|l < 50, |E(O)|21 < tf and |Eé0)|l <ty 1, (726)

then the sequence (s”),f(i)) given by (7.24) is well-defined and for all i € Z>( we have

(1) [eDr < 8o - 1L (3) e < 77

2) [eD]a < tP (4) €D |1y < 87/

Remark 7.15. Note that (1) and (4) imply that at each stage in the sequence we can apply
the Neumann operator and hence the map @, as well as Lemma [7.10} This means that our
sequence is in fact well defined. Moreover, (4) implies that the sequence & @) converges to zero
fast enough so that the sum >, & ) converges in the C**0-topology. Property (3) then shows
that the error terms E:(;) converge to zero as desired. All of this comes at a price, for we have
to allow (V]2 to grow at the rate indicated in (2).
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Proof. We initially set (say) to := 2 and throughout the proof, which will proceed by induction
on i > 0, we will enlarge to a finite number of times. For ¢ = 0 only (4) needs proof, as the
first three estimates are precisely the starting assumptions. We have

€0y = 1St @) 115, < CIRED)i4by < LIS liv2n03 165 114250)-
Here we used ([7.22) and (7.19]). Since I > 2by + 2 we can use (7.7) to obtain

428, < I 200 B0V < (820 2B < OB (7

and, by a similar calculation, |Eé0>|L(l+2bo)/2J+1 < C and \5go)|l+2b0 < C’tézb°+2b°B_l)/l. Note
that we allow the constant C' (which depends on [) to change from one inequality to the next.
By definition we have

L1y 1200 €5 [1+200) =Poly(le5” || w+200/21+1) €5 1200 (7.28)
+ Poly(1e$” [ 14250y 214116 L1260 [€57 L a4+200) /2] +1
from which it follows that
‘5(0)|l+b0 < Ct(()2b0+2b0B—l)/l _ Ct(()4bo+4b0B7l)/2ltgl/2. (7.29)

Since | > 4bo(1 + B), (4) holds if to is chosen sufficiently large with respect to the constant
C, which in turn only depends on [. This is the first update of ¢o.
Now suppose that (1)-(4) hold for some ¢ > 0, we will show that they hold for ¢ + 1 as

well. For (1) we compute, using (|7.18)),

i ORI i i i i i+1 -
[l =1e™ Ol <l + CUDNIED e + 1€ Na) < b0+ + O,
which we would like to bound by o - zig Slightly rewritten, this amounts to showing that

12 > C(i +2)(i + 3) /0.

1 1.(3yi
Since the right hand side is a polynomial in ¢ and t? =t} ) grows exponentially in 7, this

estimate holds for all sufficiently large i and therefore for all i if ¢o is chosen sufficiently large
with respect to C' (which depends only on [) and d§p. This is the second update of ¢o.

For (2), we use (7.18)) to compute
£ o < [P a1 (1 4 CLED ) + CIED a1 < C(EF + (67 |2141). (7.30)
Using (7.22) and (7.19)), we obtain
1€ ors1 = 180, D)o SO @(ED) |21-py 2 < HOF - L(8 |13 €5 |21-2)

Combining the induction hypothesis with (7.28) we conclude that [€@ |y, < CtoT3+E
which we can substitute into (7.30]) to obtain

1
- b3t B L(2b04+6—B),p
0D < CHPFE = Ce tita-

Since B > 2bg + 6 we obtain (2) for to sufficiently large with respect to C' (which depends
only on ! and not on ¢). This is the third update of ¢o.
Next, to obain (3) we use ((7.20) to compute

i+l dd (D) i i i i i i
S0 = (e e@)aly (LU 1400 1657 11400 ) + LU 4003 €57 l1450)) - 1657 ao -

Using ([7.7]) we can replace the norm |- |;4s, that appears in this expression by suitable powers
of the norms | - |; and | - |21, just as we did in (7.27). This gives

|E:(3i+1)|l < CtEbO(B+1)—2Z)/l _ Ctgibf(B-s-n—z)/szt;rll
which is bounded by tijrll for to sufficiently large, because | > 2bo(B + 1) (again, C' depends
only on ). This is the fourth update on to.
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Finally, to derive (4) we use the by now proven inequalities (1), (2) and (3) at step 7 + 1,
and proceed as in the case of i = 0 above to obtain
i+1 4bo (14B)—1)/21,—1/2
€64 < GO
Note that the constant C here is the same as in (7.29)), for the bounds and the Leibniz
polynomials that are involved only depend on [. In particular, because t;4+1 > to there is no
need to further enlarge ¢o to obtain (4).
In the end, to make the induction steps work we needed to enlarge to four times with
respect to data that depends only on the fixed integer [. This establishes the lemma. O

At this point we have fixed to and therefore the sequence (e, ¢ (i)) (for given starting data
s(0>), we know that it converges in the C'**-topology with the desired limit and so we now
have to upgrade this to convergence in the C°°-topology. We can not repeat the exact same
strategy of the previous lemma because we lost the freedom of adjusting to, but fortunately
it suffices at this point to obtain estimates that are weaker than those of Lemma

Lemma 7.16. With the set-up and notation of Lemma let £ > [ be an integer and
suppose that there exists a constant Dy and an integer dj, such that for all ¢ > dj, we haveﬂ

i i+ 1 i i -
€D, < Dy - 1:2, €D |ox < Dt and ) < Dyt (7.31)
i
Then there exist a constant D41 and an integer di1 > di such that for all i > diy1 we have
(1) |§(i)|k+l+bo < ti_l/Q (3) |5(i)‘2(k+1) < DkJrltiB
i+ 1

2) 19041 < Dy - @) ek < Dty

1+ 2
Proof. We start with (1). Using (7.22) and (7.19), we compute
€D ks1100 = 1St @) ks 140 LAY [kt 142005 1257 [h14260)-

As in the proof of Lemma [7.14] we can use (7.7)) to replace the norm |- |x4142s, by the norms
|- | and | - |2k. If © > di, the hypothesis (7.31) implies that

() (2bp+1D)(A+B) 4 (200+1)(A+B) _ 1 —1/2
1€ (k41400 <Ct; " =Ct, " it

Since k > 1 > (4bo +2)(B+1) (c.f. ), the term that multiplies t;l/Q above is a negative
power of ¢;, hence (1) will hold for ¢ > di+1 when di41 is sufficiently large with respect to
the constant C' (which depends only on k).

Next we consider (2). Using and the by now proven inequality (1), we obtain

i G-1) (o i i i
6@ ki1 = [e® e egr <[V g (14 CLECTV ) + CLEYT Y e

<" Ve (14 Ct %) + ot (7.32)

If we would have a bound of the form |€(i_1)|k+1 < Dggr - #1, then the above inequality
would imply |s(i)\k+1 < Diyq - ﬁ—;, provided that

8% > O+ 1) +2 LAY 7.33

51 2 Clt DI+ (5~ 7) (7.33)

Therefore, we first enlarge diy1 sufficiently so that (7.33), with D41 temporarily set to 1,
holds for all ¢ > di4+1. Then, we enlarge D41 sufficiently so that

dit1+1
dp41 +2°

This procedure makes sense because enlarging Dy41 does not spoil the bound (7.33)). Now
(2) follows by induction on i > di+1, the base case being (7.34) and the induction step using

(7.32) and (7.33]). Next, for (3) we compute

s (-1 i i i
e |ak 2 = |e® e g0 < eV a0 (1 4+ CECTV o) + €1V |apys. (7.35)

|E<dk+1)|k+1 < Djy1 - (7.34)

9Note that the case where k = [ and d; = 0 is precisely the conclusion of Lemma
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Using (7.22)) and (7.19)), we deduce that
1697V ok = 1St @) |akgs SCET (™) |ak—by—2
<Ly ™V an—23 |eS TV 2n2)
54bo+B
SCtijlo )

where in the last step we used (7.31)). Substituting this into (7.35)) yields

(5+b0+B))

. . 2 . 2 54+b _B
€D okt < C(Dloin +17] = C(1 Vlarra +17 7). (7.36)

Z(5+bo— %) .
Because B > 10 + 2by (c.f. l) we can ensure that Ct}? 27 < 1/2 by enlarging dy+1
sufficiently. Subsequently, we enlarge D41 so that

el +1) |gp 4 < Diiatd, - (7.37)

Then (3) follows by induction on ¢ > dr+1, the base case being (7.37) and the inductive step
being ([7.36)) which becomes

€D akr2 < C(Diaat; P% +

Finally, for (4) we use (7.20) to compute

2 _B
£ ENE < LDy + 1)iF < Digat?.

1
2

i dei=1) i— i—1 i—1 i—1 i—1
7k = 1™ e )glkr < LV lervgrt + 65 lrnori 165 rsnor1) - 165 a-
Using the by now familiar trick to replace | - |kt145, by powers of | - | and | - |2k, together

with the hypothesis (7.31)), we obtain

(1+b01)€(1+B) —2) _ %(2(1+b0k)(1+B) ~1), 1

2 @

. 2
€61 < O3

As before, the term multiplying ti_l is bounded with respect to i, and so (4) will hold if we
enlarge Dy sufficiently. In the end, we needed to enlarge di+1 and D41 three times with

respect to data that depends only on k. This establishes the lemma. O

Proof of Theorem [7.4]

Proof. Let (M,I,0) be a compact holomorphic Poisson manifold with boundary so that
(M, 1) is 2- and 3-convex and for which H0’2(M7 I) = 0. Let ag,bp and do be the associated
constants of Lemma|7.10} define [ and B by (7.25) and let o be the constant of Lemma
Define

a:=2l and 6= min(%“,tgl,tég).

Now let € € D be integrable such that |e|ls < §. Then ¢ satisfies the hypotheses of Lemma
providing us with the corresponding sequence (¢, ¢®) that satisfies the estimates of
both Lemma[7.14] and Lemma In particular, the series

> .
(= Se
i=0
converges in C°(T* M) and has the property that

n (€3] n
(ed§ <€)z = lim (edz’?:05 '6<0))3 = lim (5( +1>)3 =0.
n—o0 n— o0

This is what we set out to prove. O
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7.3 Proof of the neighbourhood theorem

Proof of Theorem Let (Y, 7) be an Abelian Poisson brane in (M, J). Recall that there is
an induced complex structure on Y and a holomorphic vector bundle structure on NY. In
particular, the total space of NY is a complex manifold whose complex structure we denote
by I. By choosing a tubular embedding we may pull back J to a neighbourhood of Y in NY,
so we may assume without loss of generality that M = NY and that Y is the zero section.
For t € [0,1] we denote by m; : M — M the fiber-wise rescaling, which for ¢ = 0 equals
the projection to Y. Our first step is to show that J: := m;(J) converges, as ¢ — 0, to a
holomorphic Poisson structure on M whose complex structure agrees with I.

Let us choose a convenient splitting of the exact Courant algebroid F as follows. Consider
a splitting £ = TM & T*M so that the induced splitting By = TY @ T*Y coincides with
the splitting induced by the brane structure 7. In particular, the three-form H on M satisfies
1"H = 0, where i : Y < M denotes the inclusion. Since M is a vector bundle over Y, this
implies that H = dB for some two-form B that vanishes on Y, so we may change the original
splitting by B to arrange for H = 0. Next, we write J in this splitting as

J= ( ﬁA Z) (7.38)

for an endomorphism A : TM — TM, bi-vector w : T*M — TM and two-form 8 : TM —
T*M. Because Y is a Poisson brane we have:

A*(N'Y)=N"Y, «(NY)=0, i*B=0. (7.39)

Here the first two equations are a consequence of J(N*Y) = N*Y. The third equation
follows from the fact that the induced generalized complex structure on TY @ T*Y = (TY &
M)/N*Y is holomorphic Poisson.

Lemma 7.17. The generalized complex structure J; converges, as t — 0, to a generalized
complex structure Jo which is given by a holomorphic Poisson structure.

Proof. It suffices to look at a single coordinate chart. Consider a chart in Y with coor-
dinates (y',...,%") over which M = NY is trivialized as a vector bundle, with fiber co-
ordinates (z',...,2'). We will abbreviate the resulting coordinates on M by (y,z) :=
(yt,...,y" 2, ..., 2", dropping the indices to enhance readability. Then m; is given by
m¢(y,z) = (y,tx) while the tensors A, 7, 3 can be decomposed as

Alyay =A 0y dz @ 8 + ATV dw ® 0, + AV dy @ 8, + AV

0x N Oy + 7Y 10y N,

dy ® Oy,

(y,@)

T(y,2) =T (y.2)0 N Oz + 7r(y )
Bly,2) =B(y.eydx A dx + 6 v, z)dm Ady + ﬂ<y 2) dy A dy.

The indices have been dropped in these expressions, and the subscript (y, z) denotes a point

in M. With respect to these decompositions, reduces to

Aoy =0 o) =70 =0, By =
Furthermore, the Lie algebra structure on N*Y is given by

1
[da:i, da:j] = Z(@xr ﬂmx’ij)(y’o) dz",

r=1

so the fact that N*Y is Abelian is equivalent to (0,7"")(y,0) = 0 (again dropping indices).
All together, these five conditions imply that the rescalings of A, m and 3, which are given by

(mi A)y.) =Aly 1a) 42 @ 0 +tAym>dl‘®5 ALy 0.+ AT dy @0,
1
(M) (y,0) = Ty ta) Oz N Oz + wyma A Oy +7Tym)8 A Oy,
(M B)(y,) =t ﬂwtz dx/\dac—i—tﬁ(y 1) AT /\dy—i—ﬂ(y 1oy @Y N dy, (7.40)

converge as t — 0, with my(8) converging to zero. That means that J; converges, as a tensor,
to a holomorphic Poisson structure Jo on M. O
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It now remains to show that the complex structure underlying Jo, which we denote by
1o, agrees with I. Recall that the latter is obtained from the holomorphic structure on NY,
which is induced by the generalized complex structure J. For ¢ > 0 we have J; = m;(J), and
we know that m; is a diffeomorphism which is the identity on Y and whose derivative is the
identity on NY. As such, every J; for ¢ > 0 induces the same holomorphic structure on NY
and therefore so does the limiting structure Jo. Consequently, the complex structure Io on
M induces the holomorphic structure on NY from which [ is derived. In addition, we have
Io = mj(Ip) for all t > 0 because Jo is per construction scale-invariant. The fact that I = I
then follows from the following general lemma.

Lemma 7.18. Let Y be a real manifold and p : M — Y a real vector bundle over Y,
with m: : M — M denoting the fiberwise rescaling map. Let Iy be a scale-invariant complex
structure on M for which Y is a complex submanifold. Then Iy coincides with the holomorphic
vector bundle structure that it induces on M.

Proof. Tt suffices to show that (M, Ip) is a holomorphic vector bundle, which we can prove by
constructing local holomorphic trivializations over Y. For any point in Y we can pick an open
neighbourhood U C M together with holomorphic functions fi,..., fr € O(U) that cut out
Y as a complex submanifold. Since Iy is scale-invariant, we know that m; (f1),...,m; (fx)
are also holomorphic on m; (U) and also cut out Y as a complex submanifold. The limits
of these functions as t — 0 exist, and are linear holomorphic functions on p~*U C M. This
constitutes the desired holomorphic trivialization (fi,..., fx) : p~*(U) = U x CF. O

Right now we know that the family of rescalings J: = m; (J) converges to a holomorphic
Poisson structure Jo whose underlying complex structure equals I, the complex structure
associated canonically with the brane Y. One of the hypotheses on Y in Theorem [5.2]is that
there exists a neighbourhood U in M (recall that M = NY here) such that (U, ) is 2- and
3- convex and for which H®?(U,I) = 0. These are exactly the hypotheses of Theorem [5.1}
hence for tp > 0 sufficiently small we obtain an exact two-form B = d¢ that transforms J,
into a holomorphic Poisson structure on U. Since Jy, = m;, (J), this implies that

(mto)*B = d(mto)*§

transforms J into a holomorphic Poisson structure as well, but on the smaller neighbourhood
V :=my,(U) C U. This completes the proof. O
Remark 7.19. In the proof we showed that the limit Jo is given by a holomorphic Poisson
structure whose complex structure agrees with the canonical holomorphic structure on NY.
It is then natural to wonder whether a similar statement holds for the Poisson structure
underlying Jo. It turns out that an Abelian Poisson brane Y carries a canonical holomorphic
Poisson structure on NY, which then can be shown to agree with the limit Jo. In other words,
the limit Jo that we obtain by a scaling argument using a choice of tubular neighbourhood is
actually canonically associated to Y from the fact that it is an Abelian Poisson brane. We
will not give any details here because they are not relevant for the proof. This is because
the Poisson bivector plays no role in the rigidity statement (Theorem and the final claim
is only that J is equivalent to some holomorphic Poisson structure, which may very well be
different from Jo. If we wanted to obtain a normal form, i.e. show that J is actually equivalent
to Jo itself, we would have to study the bivector as well (in particular we would need to impose
restrictions on cohomology groups that involve the bivector).

The case of a point

Here we will prove Theorem which deals with the special case when Y is a point in the
complex locus of J. The proof of Theorem above only works when the normal bundle is
Abelian, which in turn was needed to show that the sequence mj(J) converges as ¢t goes to
zero. When Y is a point we can get around this as follows. For ¢ > 0 we define a map A; on
TM by

M(X +&) =tX + ¢
For u,v € TM we have

Ae(w); Ae(v) = (w, v, [Ae(u), Ae(0)]a = tAe([u, v]e2mr),
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which shows that A; is never a symmetry of TM. However, in the special case that H = 0
we do see that A\¢(L) is Dirac for any Dirac structure L. So when H = 0 we can apply A; to
a generalized complex structure to obtain another one. The last main feature of A\; is that it
preserves holomorphic Poisson structures, specifically we have

A (1,0)) = 1,420

Proof of Theorem Similarly to the proof of Theorem [5.2] we first use a chart to reduce
to the case where M = C" and Y is the origin, with a splitting in which H = 0, and write J
as in . We know that m;m does not converge in general, so we consider the following
family of generalized complex structures instead:

~ . —-m;A  t-miT
Tomaalmi) = (s AT )

i

If (x) denotes a set of coordinates around Y (dropping indices again) we have
* 1 *
(t-mim) () :Eﬂ?tfc)aw A O, (1 -miB)(2) = tB{imdx A da.

Since Y lies in the complex locus we have 73 = 0, which means that Ji converges (as ¢
goes to zero) to a holomorphic Poisson structure Jo. The underlying complex structure of Jo
is the standard one on C", so the unit ball D C C" is 2- and 3- convex and H*?(D) = 0.
Once again we are in the position to apply our rigidity result (Theorem , implying that
jto is equivalent to a holomorphic Poisson structure via some exact two-form B € Q2(D).
Since A+ preserves holomorphic Poisson structures, this implies that J itself is equivalent to a
holomorphic Poisson structure on m¢ (D) via the two-form (m¢).(¢B). O
Remark 7.20. Note that this strategy does not work when Y is not a point. One can still
consider J; which does converge as t goes to zero, but the limit is not guaranteed to be

holomorphic Poisson. The reason is that 1 - mj S does not necessarily converge to zero when
Y is not a point, as can be seen from ([7.40)).
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