GENERALIZED KAHLER AND HYPER-KAHLER QUOTIENTS

HENRIQUE BURSZTYN, GIL R. CAVALCANTI, AND MARCO GUALTIERI

ABSTRACT. We develop a theory of reduction for generalized Kéhler and hyper-Ké&hler structures
which uses the generalized Riemannian metric in an essential way, and which is not described
with reference solely to a single generalized complex structure. We show that our construction
specializes to the usual theory of Kéhler and hyper-Kéahler reduction, and it gives a way to view
usual hyper-Kéhler quotients in terms of generalized Kéahler reduction.
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INTRODUCTION

Generalized geometrical structures, such as Dirac structures [4] and generalized complex or
Kaéhler structures [5, [7], are similar to their classical counterparts, i.e. integrable tangent distri-
butions, complex or Kahler structures, except that they operate not on the tangent bundle but
on the direct sum T'M & T*M, or more generally, on an exact Courant algebroid E which is an
extension of TM by T*M.

In the presence of an action on the underlying manifold by a Lie group G, one may ask
whether such generalized geometries reduce to a suitable quotient space. To address this question,
we developed in [I] a theory of reduction for exact Courant algebroids and their associated
generalized geometrical structures, based on the idea of extending the G-action on TM to an
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action on the Courant algebroid E. This is particularly interesting since E has symmetries
beyond the usual diffeomorphisms; there are also the B-field transformations, well known to
physicists. See [10} 13}, 18, [19] for related work.

In this article, we provide a streamlined approach to the reduction procedures described in [,
focusing on the useful special case where the extended G-action is defined by a bracket-preserving
map ¢ : g — I'(E) and an equivariant map u : M — bh* for h a g-module. The map p is called
a moment map, and is not associated with any geometrical structure but rather to the extended
action itself. We phrase the constructions in this paper explicitly in terms of the data (i, b, i),
showing that specific choices lead to well-known reductions.

The main construction in this paper is a reduction procedure for generalized complex structures
which goes beyond the natural generalization of holomorphic or symplectic quotients developed
in [I]. For this, we require a G-invariant generalized Riemannian metric G, compatible with the
generalized complex structure J, and such that the Hermitian structure (7,G) is compatible
with the G-action in a suitable sense. In particular, we obtain new reduction procedures for
generalized Kédhler and generalized hyper-Kéhler structures.

Finally, we prove that this generalized Hermitian reduction does specialize to the usual Kéhler
and hyper-Kahler reductions, and that it commutes with the forgetful functors taking hyper-
Kaéhler geometry to generalized Kéhler geometry.

In a sequel to this work [2], we apply the theory developed here to several infinite-dimensional
quotients, including the generalized (hyper-) Kéhler structure on the moduli space of instantons
on a generalized (hyper-) Kéhler 4-manifold first obtained by Hitchin [8] (see [16] for the hyper-
Kaéhler case), as well as the generalized Kéhler structures on certain Lie groups obtained in [5].

We would like to thank the organizers of the Poisson 2006 conference, in particular Giuseppe
Dito and Yoshiaki Maeda, for their assistance and hospitality. H.B. thanks CNPq for financial
support, and G.C. thanks EPSRC for financial support.

1. GENERALIZED GEOMETRY AND COURANT ALGEBROIDS

1.1. Geometry of TM ®T*M. Given a manifold M of dimension m, the direct sum T'M @&T* M
is equipped with the following canonical structures: a fiberwise inner product of signature (m, m)
given by

1) (X +6Y +m) = n(X)+£(Y), X+EY +7el(TMaTM),
and the Courant bracket [4] on smooth sections of TM @ T*M, defined by
(2) [X+&Y +n]:=[X,Y]+ Lxn —iyd§.

A central idea in “generalized geometry” [5] [7] is that TM @& T* M, together with the operations
and , should be thought of as a “generalized tangent bundle” to M. This leads to a unified
view of various geometrical structures on M, as we now briefly recall.

A Dirac structure [4] on M is a Lagrangian subbundle L ¢ TM & T*M (i.e., L = L+, where
Lt is the orthogonal complement of L with respect to the pairing ) whose space of sections is
closed under the Courant bracket:

3) [M(L),T(L)] < T'(L).

Examples of Lagrangian subbundles of TM é&T* M include the graphs of 2-forms w : TM — T*M
and bivector fields 7 : T*M — T M. In these cases the integrability condition amounts to
dw = 0 and 7 being a Poisson bivector field; other examples can be found in [4]. All these
definitions clearly carry over to the complexified bundle (TM & T*M) ® C, leading to complex
Dirac structures.



GENERALIZED KAHLER AND HYPER-KAHLER QUOTIENTS 3

We now consider a special class of complex Dirac structures. A generalized complex structure
[0, 7] on M is a complex structure J on the bundle TM & T* M which is orthogonal with respect
to , and such that the +i-eigenbundle L C (T'M T M)®C satisfies the integrability condition
. The orthogonality of J implies that L = L+, so L is a complex Dirac structure also satisfying

(4) LNL={0}.

Conversely, any complex Dirac structure on M satisfying uniquely determines a generalized
complex structure on M. Examples of generalized complex structures include those determined
by complex structures I : TM — TM and symplectic structures w : TM — T*M, namely

-1 0 0 —w!

One can similarly define generalized versions of Riemannian metrics, Hermitian structures, as
well as Kéhler and hyper-Kahler structures [5], see Sections and

Interpreting geometries on M as structures on TM @& T*M introduces two important features.
First of all, one can easily adapt definitions in order to incorporate geometrical structures which
are “twisted” by a closed 3-form on M: given H € Q3 (M), one replaces the Courant bracket
by the H-twisted Courant bracket [17]

(5) [[X—i-f,Y—f-n]]H:[X,Y]—l—ﬁxn—iydf—l—iinH,

and changes the integrability condition accordingly; this leads to H -twisted Dirac structures,
H -twisted generalized complex structures and so on. Second, there is an action of the additive
group of closed 2-forms Q2 (M) on TM & T*M preserving the operations (1), (2, (5)), given by

X +&-X+E+ixB,

for B € Qzl(M ). As a result, structures on TM @ T* M, such as generalized complex structures,
inherit these extra symmetries, known as B-field transformations.

1.2. Exact Courant algebroids. An axiomatization of the properties of the Courant bracket
on TM @& T*M leads to the general notion of a Courant algebroid, introduced in [14]. This more
intrinsic approach to the Courant bracket will play an important role in the context of reduction.

A Courant algebroid over a manifold M is a vector bundle F — M equipped with a fibrewise
nondegenerate symmetric bilinear form (-,-), a bilinear bracket [-,-] on the smooth sections
['(E), and a bundle map 7 : E — TM (called the anchor), such that, for all e, ez, e3 € I'(E)
and f € C*°(M), the following properties are satisfied:

C1) [e1, [e2, es]] = [lex, e2], es] + ez, [er, es]],
C2) [e1, fea] = fle1,ea] + (Lrey) f)ez,

C3) Lr(ey) (e, e3) = ([e1, 2], e3) + (e2, [e1, e3]).
C4) 7([e1, e2]) = [m(e1), m(e2)],

C5) [[61,61]] = %ﬂ'*d<61,61>,

where in (C5) we identify E = E* via (-,-) in order to view 7* as taking values in E. The model
example of a Courant algebroid is TM & T* M, with pairing , anchor given by the canonical
projection TM @& T*M — TM, and bracket given by the H-twisted Courant bracket . It is
straightforward to extend the concepts of Dirac structures, generalized complex structures etc.
to general Courant algebroids.

In the definition of a Courant algebroid, properties C1)-C4) express natural compatibility
conditions between the anchor 7, the bracket [-,-] and the pairing (-,-) that will be further
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discussed in Section Property C5), on the other hand, prevents the bracket [-,-] from being
skew-symmetric, and it implies that w o 7* = 0, so we have a chain complex

(6) 0—T'M ™ F " TM —0.

In this paper we will restrict our attention to exact Courant algebroids, i.e., those for which the
sequence @ is exact. In this case, we always identify T*M with a subspace of E via 7*.

Given an exact Courant algebroid £ — M, we can always choose a right splittingV : TM — FE
of @ which is isotropic, i.e., whose image in F is isotropic with respect to (-,-). Each such V
defines a “curvature” 3-form H € Q3 (M) by

(7) H(X,Y,Z) = ([V(X),V(Y)],V(2)), for X,Y,Z e (TM).

Under the vector bundle isomorphism V +7* : TM & T* M —FE, the Courant algebroid structure
on F is identified with the usual Courant algebroid structure on T'M & T*M defined by the
H-twisted Courant bracket .

Remark: Exact Courant algebroids were first studied by P. Severa, who classified them by noticing
that the choice of a different isotropic splitting of @ modifies H by an exact 3-form. As a result,
the cohomology class [H] € H3(M,R) is independent of the splitting and completely determines
the exact Courant algebroid E up to isomorphism. We call [H] the Severa class of E.

2. EXTENDED ACTIONS ON COURANT ALGEBROIDS

In this section we briefly review the notion of extended action, introduced in [I] for the purpose
of describing the reduction of Courant algebroids.

2.1. Infinitesimal actions. The action of a Lie group G on a manifold M may be described
infinitesimally as a Lie algebra homomorphism g — T'(T'M). The definition of an extended
action on a Courant algebroid F is analogous, with E playing the role of T'M.

Recall that an infinitesimal automorphism of a vector bundle E' is a pair (F, X), where X €

[(TM) and F : T'(FE) — I'(E) satisfies

(8) F(fe) = fF(e) + (Lx[fle, eel(E) feC™(M).

Infinitesimal bundle automorphisms form a Lie algebra with respect to the bracket
[(F1, X1), (Fy, Xo)] := (F1 Fy — FyFy, [ X1, X9)]).

If E is a Courant algebroid, then its Lie algebra of symmetries, denoted by sym(FE), consists of
infinitesimal bundle automorphism (F, X') which preserve the bracket [, ], the pairing (-,-), and
the anchor 7 : £ — TM:
F([ex, e2]) = [F(e1), e2] + [e1, F(e2)],
Lx(e1,e2) = (F(e1), e2) + (e1, F(e2)),
moF =Lxom,
where e1,e9 € I'(E). Given a section e € T'(E), we observe that axioms C1)-C4) in the definition

of a Courant algebroid imply that the pair (F' = [e, -], X = m(e)) is in sym(FE). As a result, we
obtain a map:

(9) ad : ['(E) — sym(E), e— ([e, ], nm(e)).
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The elements of sym(FE) in the image of ad are called inner symmetries of E. Note that the map
(9) extends the usual identification of vector fields X € I'(T'M) with infinitesimal symmetries of
the Lie bracket on T'M:

(10) NTM) — sym(TM), X — ([X,],X).

It is important to note, however, that although is an isomorphism, the map @D is neither
injective nor surjective in general.

Given a Lie algebra g, an equivariant structure on F preserving its Courant algebroid structure
is defined infinitesimally by a Lie algebra homomorphism g — sym(E). The particular situation
that will concern us in this paper is that of g-actions by inner symmetries, i.e. compositions

(11) g L I(E) 2L sym(E).

Observe that, since the Courant bracket on I'(E') is not a Lie bracket, it is natural to replace the
Lie algebra g in by a more general structure with “Courant-type” bracket. We call these
Courant algebras [1] and describe them below.

2.2. Courant algebras. A Courant algebra over a Lie algebra g is a Leibniz algebra a [I5]
together with a bracket-preserving map 7 : a — g. In other words, a is a vector space endowed
with a bilinear bracket [-,-] : @ x @ — a such that

[[ala [[CLZ,G,?,]]]] = [H[al,GQ]],aSH + [[a27 [[alya?)]]]]v ai, az,as S a,

and 7([a1,a2]) = [7(a1),w(az)] for all aj,as € a. A Courant algebra is exact if 7 is surjective
and [wy,ws] = 0 for all w; € ker(w). In this paper we only consider exact Courant algebras.
Morphisms of Courant algebras are defined in a natural way.

It is clear that if E is a Courant algebroid, then I'(E) is a Courant algebra over the Lie algebra
of vector fields, and is exact if and only if F is.

If a — g is an exact Courant algebra, then fh = ker(w) automatically acquires a g-module
structure: the action of u € gon w € b is

u-w = [a,w],

where 4 is any element of a such that m(%) = u. Since the bracket vanishes on b, it easily follows
that this is a well defined map g x h — b defining a g-action.
The following example of an exact Courant algebra will be central in this paper.

Example 2.1 (Hemisemidirect product [1, [I1]). If g is a Lie algebra and b is a g-module, then
we can endow a := g @ b with the structure of an exact Courant algebra by taking 7 : g&bh — g
to be the natural projection and defining

(12) [[(ul,wl), (U27'LU2)H = ([ul,uQ],ul . wg).

It is clear that m : a — g is surjective and preserves brackets, and that [h, h] = 0. Finally, c1)
is a consequence of the Jacobi identity for g and the fact that h is a g-module. This Courant
algebra first appeared in [I1], where it was studied in the context of Leibniz algebras.

2.3. Extended actions. Let E be an exact Courant algebroid over M. We will now show how
one can produce an infinitesimal action g — sym(FE) starting from an exact Courant algebra
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h — a5 g, and a Courant algebra morphism
a

bk

I'(E) —T(TM).

We will denote a Courant algebra morphism simply by ¥ : a — I'(EF), keeping in mind that
it always projects to an action on M, denoted by @ : g — I'(T'M). It also follows from the
definitions that ¥(h) C Q1 (M).

Composing the map @[) with ¥, we get a map

(13) adoV¥:a— sym(FE).

It is important to note that, unlike the map , the map ad : I'(E) — sym(FE) has a nontrivial
kernel: by identifying £ with TM @ T*M through the choice of an isotropic splitting, one can
directly check that ker(ad) = QL (M). Hence if ¥ maps b into closed 1-forms, ¥(h) C QL (M),

the map factors through a = g. As a result, there is an induced infinitesimal g-action
(14) g — sym(E),

as desired.

We are then led to the following definitions. Let G be a connected Lie group with Lie algebra
g. An extended g-action on an exact Courant algebroid E over M is a Courant algebra morphism
¥ :a — I'(E) from an exact Courant algebra h — a = g into I'(E) so that ¥(h) C QL (M).
We call it an extended G-action if the induced g-action on F integrates to a G-action. In
particular, an extended G-action on F makes it into an equivariant G-bundle, with G acting by
Courant algebroid automorphisms.

Remark: Suppose that ¥ : a — T'(E) is an extended g-action for which the projected action
¥ g — D(TM) integrates to a global G-action on M. In this case, a sufficient condition
ensuring that this data defines an extended G-action on E (and not only an extended action of
a cover of 3) is the existence of a g-invariant isotropic splitting for E (these always exist, e.g.,
if G is compact), see [I, Sec. 2]. Indeed, such a splitting gives an identification of E with the
Courant algebroid (T'M & T*M, (-,-), [-, -] ) satisfying

(15) ix, H = d&,, for all a € a,

where ¥(a) = X, + &. Since M is a G-manifold, TM @ T*M is naturally a G-equivariant
bundle, and condition exactly says that this canonical G-action on T'M @ T*M coincides
infinitesimally with the one induced by ¥ under the identification £ = TM & T*M.

Any Lie algebra g can be thought of as a Courant algebra over itself in a trivial way, with the
projection 7 : g — g given by the identity. An extended action of this Courant algebra on an
exact Courant algebroid F,

g— 1 g

-

[(E) —">T(TM),

is called a lifted (or trivially extended) action on E, and denoted by {bv cg — D(F). A trivial
example is of course when £ =TM & T*M, with H = 0, and v = % is an ordinary action.
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In this paper, we will be only concerned with lifted actions for which the image of J g— F

is isotropic, i.e., the pairing (-,-) vanishes on elements ¥ (u).

Example 2.2 (Lifted actions). Take E to be the Courant algebroid TM @& T*M, with H = 0,
let ¢ : g — I'(T'M) be an action on M, and v : M — g* be an equivariant map. Then

U(u) = (u) +dlv,u), ueg,

is a lifted action on E. This observation is a special case of the following general fact, proven in
[1, Sec. 2]: if we start with an action ¢» on M, and assume that E admits an invariant splitting,

with associated 3-form curvature H, then the problem of finding an isotropic lifted action v
extending 1 is equivalent to finding a closed equivariant extension of H in the Cartan model.

2.4. Moment maps for extended actions. Let h — a — g be an exact Courant algebra, and
let ¥ : a — I'(E) be an extended g-action on an exact Courant algebroid E over M. Recall
that this implies that ¥(a) C QL (M), and that h is a g-module. Let us equip h* with the dual
g-action. A moment map for the extended action W is a g-equivariant map p : M — bh* such
that, for each w € b,

W(w) = dip,w).

We now describe how to use equivariant maps to further extend lifted actions:
Proposition 2.3. Let 1; : g — I'(E) be an isotropic lifted g-action on an exact Courant algebroid
E, b be a g-module, and pn: M — b* be an equivariant map. Then the map ¥ :g@dbh — I'(E),

(16) U, w) = ¢(u) + d{p, w),

defines an extended g-action of the hemisemidirect product a = g ® b on E with moment map p.
Moreover, the image ¥(a) C E is isotropic over p~*(0).

Proof. Let W be defined as in (L6]). Then, using that [, ] = 0 if £ € QL (M), we get

[9 (1, w1), U (uz, ws)] = [$(ur), (us)] + [$(ur), d{ps, ws)]
= 1) ([u1, uz)) + Lop(uy)d{ps, w2)
= U([ug,ug), uy - wa),
where for the last equality we used the equivariance of pu. Comparing with , we conclude

that U preserves brackets. So it defines a Courant algebra morphism. It is also clear that
W(h) C QL (M), hence VU is an extended g-action.

Let us now consider the pairing (¥(u1,w), ¥(ug, ws)) over u~(0). Using that ¢ is isotropic,

ie., ((uy), P(ug)) = 0, we get

(0 (ur, wi), ©(uz, w2)) = (1h(ur), d{j, wa)) + (¥ (uz), d{p, w1))
= Lyp(ur) (1, w2) + Lop(uz) (1 w1)
= (p, u1 - wa) + (p, ug - wy),

which clearly vanishes on points x € M where u(x) = 0. O

Remark: Note that if 7:/; is a lifted G-action for a Lie group G, then V¥ is an extended G-action.
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3. REDUCTION OF EXACT COURANT ALGEBROIDS

In this section, we review the reduction procedure for exact Courant algebroids introduced
in [I], giving special attention to the case described in Prop. i.e. a lifted action extended by
an equivariant map.

3.1. The general procedure. Let G be a connected Lie group, h — a — g be an exact Courant
algebra and ¥ : a — I'(E) be an extended G-action on an exact Courant algebroid E. We consider
the distribution
K=VY(a)CFE
given by the image of the bundle map a x M — E associated with W.
Our goal is to use the extended action ¥ to produce a “smaller” Courant algebroid. To this

end, let us suppose that P < M is a G-invariant submanifold of M such that

(1) K|p is isotropic;

(2) TP = n(K%1).
One can directly check that 7(K+) = Ann(¥(h)), so the last condition can be re-written as
(17) TP = Ann(¥(h))|p-

Let us assume the following regularity conditions: K|p is a vector bundle over P and the
G-action on P is free and proper. As observed in [Il Sec. 3.1], it follows from the fact that ¥ is a
Courant algebra morphism that the vector bundles K|p and K1 |p are G-equivariant subbundles
of E|p. It is then proven in [I, Thm. 3.3] that the vector bundle

KHp/
18 Ered .= G
o Kr

defines an exact Courant algebroid over the manifold P/G, called the reduced Courant algebroid.

Remarks:

a) As shown in [I], the assumption that K |p is isotropic is not necessary, and this is relevant
for some examples. Note also that K|p is a vector bundle if and only if the distribution
U(h) C E has constant rank over P.

b) The reduced Courant bracket on E™? is obtained canonically, by noticing that the restric-
tion of the bracket on E to the space I'(K )% of G-invariant sections of K is well-defined
modulo I'(K)¢, and I'(K)® is an ideal in T'(K+)%.

c¢) Although the reduced Courant algebroid E™ is exact, it may not have a canonical
splitting. Nevertheless, one can still describe the Severa class of E™?, see [1, Sec. 3.2].

3.2. A special case of moment map reduction. Let F be an exact Courant algebroid over
M. We will now specialize the reduction procedure for actions arising as in Prop. [2.3

Definition 3.1. Let J : g — I'(E) be an isotropic lifted G-action on F and let p: M — h* be
a G-equivariant map, for h some g-module. Assume that 0 is a regular value of x, and that the
G-action on p~1(0) is free and proper. We refer to the triple (1, b, 1) as reduction data.

It follows from Prop. 2.3]that reduction data define an extended G-action ¥ of the hemisemidi-
rect product g @ h on F, with image

(19) K = {9(u) + d{u, w), u€gwe b} C E.
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Proposition 3.2. Let E be an exact Courant algebroid over M, and let (J,h,,u) be reduction
data. Then K|,-1(g) is an equivariant G-bundle over p~1(0), and the quotient vector bundle

Ered — KL ’Nil(o) G
Klu-1(0)

defines an exvact Courant algebroid over u=1(0)/G.

Proof. Note that Ann(¥(h))|,-1(9) = Ann(dp)|,-10) = T(1~1(0)), so holds for P = p=1(0).
The fact that K|,-1() is isotropic follows from Prop. Using that the G-action on p~1(0) is
free and that W(h)|,-1(g) is a bundle, one concludes that K|,-1(g) is a vector bundle. The result
now follows from the construction outlined in Section 3.1] O

Example 3.3. Let (TM @ T*M, (-,-), [-,-]z) be the Courant algebroid E. If the closed 3-form
H is basic with respect to a G-action on M, then we may regard this G-action as a lifted action
on FE, ie., 1’/; = :g — I(TM) C T'(E). In this case, for any choice of g-module h and
equivariant map p : M — b*, the reduced Courant algebroid is naturally split, as follows. Since
K =(g) ® d{u,h) and K+ = Tp~1(0) @ Ann(z)(g)), we have

Ty~ '(0) o Ann(v(g))
¥(g) d{u, b)

where M"? = ,71(0)/G. The curvature 3-form of E™? with respect to this natural splitting is
just the pushdown of the (basic) 3-form +*H, where ¢ : ~1(0) < M is the inclusion.

This example has two simple extreme cases: if we take h = {0}, then E™? = T(M/G) ®
T*(M/G), whereas if we pick g = {0}, then E™? = Tpu~1(0) © T*u~1(0).

Ered —_

/G _ TMred @ T*Mred

Remarks:
a) In general, the reduced Courant algebroid E"*? will not be canonically split, but one can
construct splittings by choosing connections for the G-bundle p=1(0) — p=1(0)/G, see
[T, Sec. 3] for a detailed discussion.
b) A description of the Severa class of a reduced Courant algebroid is presented in [I]
Sec. 3.2], including explicit examples of a trivial Severa class that is reduced to a non-
trivial one.

4. REDUCTION OF GEOMETRICAL STRUCTURES

In this section we explain how various geometrical structures can be transported to the reduced
Courant algebroid in the presence of an extended action. For simplicity, we restrict our attention
to the special case of extended actions determined by the reduction data (1, b, i), as in Section

4.1. Reduction of Dirac and generalized complex structures. As in Section[3.2] E is an
exact Courant algebroid over M, ({E, b, p) defines reduction data, K is given by , and the
reduced Courant algebroid E"? over M = 1, =1(0)/G is given in Prop.

Suppose that L C E is a G-invariant Dirac structure, defining a G-equivariant subbundle of
E. (Infinitesimally, this means that [¢(u), (L)] € I'(L).) Consider the following distribution of
Ered:

LNK*++K)|,-
(20) Lred — ( )|H 1(0)/G
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One can directly verify that L™ = L°¢. So, at each point, defines a Lagrangian subspace
of E™. However, the distribution L™ may not form a smooth vector bundle over M7, (A
sufficient, but not necessary, condition is that L N K| u—1(0) has constant rank.) If it does, then it
is shown in [II, Sec. 4.1] that L"*? is automatically integrable with respect to the reduced Courant
bracket, and hence defines a Dirac structure in E™¢. The same construction holds for complex
Dirac structures if we replace K by its complexification K @ C C F®C in , yielding a reduced
complex Dirac structure in E™% ® C.

If now J is a G-invariant generalized complex structure on FE, then its +i-eigenbundle L is
a G-invariant complex Dirac structure in £ ® C. So one may attempt to transport [J to the
reduced Courant algebroid E™ by reducing this Dirac structure as in . Assuming that L7¢¢
is a smooth bundle over M"¢?, then it defines a reduced generalized complex structure J"¢ in
E7e if and only if it satisfies the extra condition

(21) Lredn Lred = {0},

As observed in [I, Sec. 5.1], this last condition can be equivalently expressed in terms of the
operator J as follows: over each point in ~1(0), we must have

(22) JKNK* CK.
A particularly simple condition implying both the smoothness of L% and condition is
(23) JK =K over u~*(0),

as discussed in [Il Sec. 5]. We summarize the discussion by citing the following result:

Theorem 4.1 ([I], Thm. 5.2). Let J be a generalized complex structure on the exact Courant
algebroid E and let (¢, b, n) be reduction data. If J is G-invariant and satisfies , then Led
defines a reduced generalized complex structure J"¢ on E".

We now illustrate this reduction procedure with two simple examples, in which the Courant
algebroid F is taken to be TM & T*M, with H = 0.

Example 4.2 (Hamiltonian reduction). Consider a hamiltonian G-manifold (M,w), with action
Y g — I'(TM) and moment map pu : M — g*. We can describe Hamiltonian reduction
as generalized reduction as follows: the triple (¢, g, ) defines reduction data, and, according to
Example the reduced Courant algebroid is E7¢? = TM"™4®T* M where M red =u~1(0)/G.
Viewing w as a generalized complex structure J, it follows from the moment map condilion

that the reduction data and the generalized complex structure are related by
(25) Twd(p, w) = (u),

and this immediately implies condition . So we can carry out generalized reduction to obtain
J ;ed = J w,oq» Where wy.qq is the reduced symplectic form on M red obhtained by Marsden-Weinstein
reduction.

Remark: The compatibility (25)) of the previous example can be generalized as follows: instead
of ordinary actions 1, one can c0n81der more general lifted actions, for example those of the form

1/J(u) = (u) + d{v,u), where v : M — g* is equivariant (see Example [2.2)); one can also consider
more general g-modules h, and then impose the condition

Td{p, w) = (u) = P(u) + d(v,u),
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which directly implies . If h = g, these are the actions studied in [10, 13| (where the map
u+iv is called the moment map). For the examples of interest in this paper, we will need g # b
and a weaker version of to hold (c.f. Example [4.8).

Example 4.3 (Holomorphic quotients). Suppose that a complex group G acts holomorphically
on a complex manifold (M, I). We now consider the reduction data (¢, = {0}, = 0). In this
case, the reduced Courant algebroid is T'(M/G) ® T*(M/G). On the other hand, condition
is a direct consequence of the fact that the action is holomorphic: ¥(u + iv) = ¢¥(u) + I(v),
u+iv € g. Carrying out generalized reduction for J 1, we obtain J%°? = 7 jrea, where I7°? is the

quotient complex structure on M/G.

The framework of reduction described in this section is general enough to include more exotic
examples (see e.g. [IL Sec. 5.2]), such as the case of a lifted action preserving a symplectic
structure whose reduction is a complex structure.

4.2. Generalized Hermitian reduction. We now describe a situation in which a generalized
complex structure may have a natural reduction even when condition fails to hold. While

we state our results for extended actions defined by reduction data (1), b, i), this is not essential;
more general extended actions may be treated in the same way.

A generalized (Riemannian) metric on a Courant algebroid F is an orthogonal, self-adjoint
bundle automorphism G : E — FE satisfying

(Ge,e) >0, Ve#D0.

A generalized metric is compatible with a generalized complex structure 7 if they commute. The
pair (7,G) is then called a generalized Hermitian structure.
If K C E and G is a generalized metric on F, then we define

(26) K9 :=GKtnK*,
which is the G-orthogonal complement of K in K.

Theorem 4.4 (Generalized Hermitian reduction). Let E be an exact Courant algebroid over

M, with reduction data (J,h,u). Suppose that E is equipped with a G-invariant generalized
Hermitian structure (J,G). If

(27) JKY = K9 over n=1(0),
then J can be reduced to E’"ed, and G induces a compatible generalized metric on Ered,
Proof. The proof follows closely the ideas in [I, Sec. 6.1]. Let us first notice that condition
implies : Since J is orthogonal, we see that
(JTK,K9) = (K,KY) =0,

hence 7K Cc K9+ and 7K N K+ c K9+ N K+ = K. This shows that the Dirac reduction L"¢?
of the i-eigenbundle of J satisfies , hence it defines a reduced generalized complex structure
as long as it is a smooth bundle, a fact which we now verify.
Using the G-orthogonal decomposition K+ = K @ K9 over ~1(0), we obtain an identification
of vector bundles
K9|,-1(0)/G = E™.

Since K9 is J invariant, this identification induces a generalized almost complex structure J7¢?
on E™4, whose +i-eigenbundle agrees with the reduced Dirac structure L. This implies that
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L% is smooth, and hence integrable, and that J"¢? is the generalized complex structure associ-
ated to it.

Since G(K g) =K g, we can also transport the generalized metric G to a generalized metric
G on E™? and since G and J commute pointwise, the same holds for their restrictions to K9.
Thus the reduced metric and generalized complex structure are compatible. O

K \KtCE

i (Ered7jred’gred) o (Kg,j, g)

FI1GURE 1. The generalized metric and complex structure on the reduced Courant
algebroid are modeled on the G-orthogonal complement of K inside K.

Intuitively, thinking of E as a generalized tangent bundle to M, the distribution K plays the
role of the tangent distribution to the orbits of the extended action. The construction above can
be interpreted as saying that the orthogonal complement of the generalized “G-orbit” is a model
for the quotient; see Figure|ll Despite the clarity of condition , it is often easier to verify its
orthogonal complement:

(28) J(K +GK) =K +GK.

For further details concerning the reduction of generalized metrics, see [3].

4.3. Generalized Kahler and hyper-Kihler reductions. A generalized Kdhler structure is
a generalized complex structure J together with a compatible generalized Riemannian metric G
such that J' := JG is also a generalized complex structure.

A generalized hyper-Kdhler structure is a triple of generalized complex structures, J1, 72, J3,
each of which forms a generalized Kéahler structure with the same generalized Riemannian metric
g, and such that

J1T2=—-T2J1=JT3.

Remark: Observe that given a generalized complex structure J with compatible metric G, the
product JG is always a generalized almost complex structure, i.e., (7G)? = —Id. The nontrivial
requirement is the integrability of this structure. Note also that JG is compatible with G.

We may now apply Theorem [£.4] to obtain generalized Kéhler and generalized hyper-Kéhler
reductions. As before, let (¢, h, 1) be reduction data for the exact Courant algebroid E.

Theorem 4.5 (Generalized Kéahler reduction). Suppose that (J,G) is a G-invariant generalized
Kahler structure on E. If JK9 = K9 over u=1(0), then the generalized Kihler structure (J,G)
reduces to the Courant algebroid E™% over n=1(0)/G.
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Proof. Letting J' = JG, it is clear that J' is also G-invariant and that both (7,G) and (J’,G)
satisfy the conditions of Theorem 4.4 Hence they can be reduced to E™?, and the reduced
metric G"? is compatible with both reduced generalized complex structures. Since the reduced
structures are identified with the restrictions of 7,7’ and G to K9, the fact that J' = JG on
K9 implies that the same holds in Ere? Hence (T ’"Ed, QTEd) is a generalized Kéhler structure. [

We have the following analogous result for generalized hyper-Kéhler structures:

Theorem 4.6 (Generalized hyper-Kéhler reduction). Suppose that (J1,T2,J3,G) is a G-invariant
generalized hyper-Kihler structure on E. If T1KY9 = JoKY9 = J3KY9 = K9 over p=1(0), then the
generalized hyper-Kdhler structure (J1,J 2, J3,G) reduces to a generalized hyper-Kdhler structure
in B over n=(0)/G.

4.4. Examples. We now describe how one recovers the classical Kahler and hyper-Kéahler quo-
tients [0 [9 12] using our methods. As a final example we show that the classical hyper-Kéhler
quotient may be viewed as a non-trivial example of a generalized Kéahler quotient.

For the examples in this section, the Courant algebroid in question is £ = TM & T* M, with
H =0, and with reduction data (1, b, 1), where the lifted action ¢ is an ordinary action.

Remark: In a separate paper [2], we describe examples of generalized Kéhler and hyper-Kéhler
quotients involving non-vanishing twists H and non-trivial lifted actions, such as the construction
of generalized Kéhler and hyper-Kéahler structures on certain moduli spaces of instantons and
Lie groups.

Example 4.7 (Kéhler reduction). Let (I,w) be a K&hler structure on M, preserved by a Hamil-
tonian G-action ¢ : g — I'(T'M), with moment map p : M — g*. Let g = wl be its associated
Kaéhler metric.

We then view the Kéhler structure as a generalized Kéhler structure (J,,G), where

(29) = <2 g;),

and carry out its reduction using the reduction data (1, g, x). The reduced Courant algebroid,
as described in Example is simply TM"*? @ T* M7, where M = 1 ~1(0)/G.

As in Example the moment map condition for w immediately implies that J,K = K.
Hence KY = 7; 7, K+ N K+ = 7; K+ N K+ and therefore

JuK9 =T, (J1K*nKY) = 7K n KL = K9,
So we can apply Theorem [4.5] and reduce the Kéhler structure as a generalized Kahler structure.
We now check that the reduced structure J }"Cd and J Zfd agree with the generalized structures
associated with the usual reduced Kihler structure on M"¢?. First, as observed in Example
the generalized reduction of the symplectic structure is just the usual symplectic reduction. Let

us now discuss the reduction of J;. We know that, at each point of M"¢¢ 7 }ed is described by
its restriction to

K9={X+¢eTP®T*P:X L(g) and £(¢(g)) = 0},
where P = p~1(0). We have the identifications
(XeTP:X Ly(g)} =TM"™ and {£€T*P:&(W(g)) =0} =T M,

and the space on the left is invariant under J;. It follows that J ?ed preserves TM7¢4, and
hence it is of complex type. One sees from this description that J ?ed agrees with the generalized
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complex structure associated with the complex structure obtained by the usual Kéhler reduction
procedure [6], 12].

Example 4.8 (hyper-Kéhler reduction). Let ([, s, I3,g) be a hyper-Kéahler structure on M
preserved by a Hamiltonian G-action ¢ : g — T'(T'M), in the sense that there exist moment
maps pi1, pi2, 3 € C°°(M,g*)¢ satisfying
(30) ipywj = d(ij,u), Yu € g, and j =1,2,3,
where w; = gl; are the Kéhler forms.

We consider the generalized complex structures J; associated with the complex structures I,
j =1,2,3, and the generalized metric G as in (29). Then (J1,J2,J3,G) defines a generalized
hyper-Kéhler structure, and we consider the reduction data (1, b, ), where now

h=g®g®g, and p=(u1,p2,pu3): M —bh"
It follows that
K = {1/1(“) + d<M1,U)]_> + d<,U,2,U)2> + d<,u3,w3>, uecg, wi,Wwz,wsec h}

In order to apply Theorem we must check that
(31) Ji(K+0K)=K+0§K
over u~1(0), j =1,2,3. Using , we see that

K+ GK = (g) + w1(¢(g)) + w2(v(g)) + ws(¥(g) + 9(¥(9) + L1eb(g) + L (g) + I3¢(g).

It now follows from the relations ;1> = I3, [1ws = —ws3 and [iw; = —g that holds. Hence
we can reduce the hyper Kihler-structure to M™% = ;~1(0)/G as a generalized hyper-Kihler

structure.
As in Example we have the identification

(32) K9={XecTP:X Ly(g)®{£cT*P:£((g) =0} =TM™ @ T*M"™,

for P = /fl(O). Since K'Y is invariant under J 1, J2 and J3 and these structures are of complex
type, it follows that the space

(X eTP: X Ly(g)} =TM™,

is also invariant by these structures. Hence J {ed,j Sed and J ged are complex structures and
the generalized hyper-Kéahler structure obtained in the reduced manifold is precisely the usual
hyper-Kéahler reduction of M from [9].

In [5], it was shown that a generalized Kéhler structure (J,G) on E = TM & T*M with
H = 0 determines and is uniquely determined by a quadruple (I1,I_,g,b), where g is a Rie-
mannian metric on M, I and I_ are Hermitian complex structures (hence defining a bihermitian
structure), and b is a 2-form such that

(33) d°w_ = —dSw, = db,

where wi = gy and d° = i(0 — ) is defined by the appropriate complex structure.

The bihermitian structure is obtained as follows (see [5] for details). Since G? = Id, we can
write £ = Cy & C_, where Cy is the +1-eigenbundle of G. The spaces C; and C_ intersect T* M
trivially, so the projection 7 : E — T'M induces identifications Cy = T'M. The metric g on M
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is induced by the restriction of (-,-) to C, whereas J1 come from the restrictions of J to Cx.
Conversely, the generalized Kahler structure may be written in terms of (I, 1_, g, b) as follows.

-G ) (),

o~ ) 7))

It follows from this bihermitian interpretation of generalized Kéhler geometry that any hyper-
Kahler structure (g, I, I, I3) determines a generalized Kéhler structure, by simply choosing
I, = 1) and I = I, for example. We now show that this “forgetful functor” commutes with
reduction, i.e. intertwines the notion of generalized Kahler reduction from Theorem with the
classical hyper-Kéahler quotient procedure.

Example 4.9 (Hyper-Kéhler reduction versus generalized Kahler reduction). A hyper-Kéhler
structure (g, I1, I, I3) defines a bihermitian structure (g, I1, I2) satisfying for b = 0, hence
it defines a generalized Kéhler structure (G, J) as above. The generalized complex structure J
may be described as a bundle automorphism of £ = C ¢ C_ as follows: on C,,

J(X +9(X)) =LX +g(1 X),

and on C_,

J(X —g(X)) = LX — g(I2X).
Given a Hamiltonian G-action ¢ : g — T'(T'M) preserving the hyper-Kéhler structure, and with
moment maps u; : M — g*, j = 1,2, 3, we consider the same reduction data as in Example

(wah =gPgDg, p= (/’L17/’L27,u/3))7

but we will now use it to reduce the generalized Kéhler structure (G, J), rather than the original
hyper-Kéhler structure.

Following Example we know that K9 is given by , and each summand in that expres-
sion is invariant under I;, j = 1,2,3. Note that we can write

K9=(K9nCy) @ (K9nC.).

If X +g(X) e K9NCy, then [ X — Ig(X) = [ X +g(I1X) € KY, and, similarly, X — g(X) €
K9 N C_ implies that LX + I5g(X) = LX — g(IX) € K9, Hence JKY = K9 and, by
Theorem we may reduce the generalized complex structure (G, J) to M = ;~1(0)/G.

The bihermitian structure on M,.q4 associated with (g”ed, J ’"ed) can be described as follows: G
restricted to K'Y is just the reduced metric ¢"? obtained by hyper-Kéhler reduction as in Example
whereas the restriction of 7 to Cy N K9 defines complex structures via the projection to
TM"e, Tt is easily verified that the restriction of J to Cy N K 9 defines I{ed, and the restriction
to C_ N K9 gives I3°?, where (gre‘i,]{ed,lged,[ge‘i) is the reduced hyper-Kéhler structure, as
required.
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