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INTRODUCTION

In [1, 12, 10] Babenko—Taimanov and Rudyak-Tralle give exasmf non-formal
simply-connected compact symplectic manifolds of any edi@nension bigger than
or equal to 10. Babenko and Taimanov raise the question otxistence of non-
formal simply-connected compact symplectic manifoldsiafehsion 8, which cannot
be constructed with their methods. In [6], it is construdteslfirst example of a simply-
connected compact symplectic 8-dimensional manifold Wwigcnon-formal, thereby
completing the solution to the question of existence of favmal symplectic manifolds
for all allowable dimensions. This example is constructgdstarting with a suitable
complex 8-dimensional compact nilmanifditlwhich has a symplectic form (but is not
Kahler). Then one quotients by a suitable action of the figitaipZ3 acting symplec-
tically and freely except at finitely many fixed points. Thiges a symplectic orbifold
M = M /Zs, which is non-formal and simply-connected thanks to theicghof Z3-
action. The last step is a process of symplectic resolutisimgularities to get a smooth
symplectic manifold. The symplectic resolution of isothterbifold singularities has
been described in detail ihl[4]. The non-formalityMfis checked via a newly defined
product in cohomology. This is a product of Massey type, Wlsacalleda-product, and
it is discussed at length in/[4].

The purpose of the present note is to give a new descriptidrecfymplectic orbifold
M defined in|[6]. The description presented here is in termsaifmilpotent Lie groups.
Secondly, we prove the non-formality ® by using higher order Massey products
instead ofa-products. It remains thus open the question of the existeh@ smooth
8-manifold with non-zer@-products but trivial (higher order) Massey products.
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Let G be the simply connected nilpotent Lie group of dimension énee by the
structure equations

dg =0, i=12

dy =0, i=12

dm=-BiAVi+BAV+BiAY2+2B2A Vs,

dn2=2B1A+BeAi+BiAYe—BaA Ve,
where{S,y,ni;1 <i < 2} is a basis of the left invariant 1-forms @ Because the
structure constants are rational numbers, Mal’cev thedrgimplies the existence of a

discrete subgroup of G such that the quotient spabke=I"'\G is compact.
Using Nomizu’s theorem [9] we can compute the real cohomptddN. We get

HON) = (1),

HYN) = ([B1l. B2, [val. [v2)),

H2(N) = ([BLAB2 [BLA WAL [BLA Vel i A Yal, [BLA N2 — Ba A, [YaA N2 — o Al
B
(

(1)

1 AN+ BLAN2+ B2 ANz, [YaANL+ Y AN2+ Y2 AN2)),

[BuA B A, [BuA B ANzl [ AYa ANl i A Ya ANzl [BiA v A (N1 +2n2)],

[BunvaAnz—BiAYa ANl [BiAya AN —BiAYa ANz, [BeAYe A (N2 +201)),

(B AYoANL = B2 AVAAN], (B2 AVAAN2— B2 AaAni)),

HYN) = (BiAB2AVLAML[BLAB2AYAANZ], [BuABa AL AN, [BuAYLA Yo A2,
[BoAVAA Y2 A2l A Yo ANLA D) [BuAYa AN A N2 — Ba A VA ANLAN2],
[BiAY2aAMAN2+BLAVIANL AN+ B A2 AN ANR]),

H3(N) = ([BiABaAVLANLAN]L[BLABaA Y2 ANL AN [BLAYAA Y2 ANLANS],

(B2 AVAA Y2 ANLAN)),

H8(N) = ([BiABAVLAY2ANLANG]).

We can give a more explicit description of the grdapAs a differentiable manifold

G =RRS. The nilpotent Lie group structure & is given by the multiplication law

m: GxG — G
(Vo ¥o 22 Ve V) (1. Y2, 2,22 12)) = (Vi tVave+ Yo 242,24 2,
Vi+Vi+ (Y1 —Yo)a— (Y1 +2,)2,
Vo +Vo — (¥ +Yo) 2+ (Y2 — Y1) 22
(2)

We also need a discrete subgroup, which it could be taken &5 beG. However, for
later convenience, we shall take the subgroup

M ={(y1,Y2,21,2,v1,V2) € Z°|[vi =V, (mod 3} C G,

and define the nilmanifold
N=T\G.



In terms of a (global) system of coordinatgs, y»,z, 2, V1, Vo) for G, the 1-formgf;,
¥ andn;, 1<i <2, are given by

B = dy, 1<i<2

i dz, 1<i<2,

n dvi —y1d2 + Y202 + Y102 + 2y2d 2,

Nz = dvw+2y1dz +Yy.dz +y1dz —Yy.dz.

Note thatN is a principal torus bundle
T2=7((1,1),(3,0))\R? = N — T* = Z"\R*,

with the projectionys,y2,z1, 22, V1, V2) — (Y1,Y2,21,22).

The Lie groupG can be also described as follows. Consider the bgsiv;, 6,;1 <
i <2} of the left invariant 1-forms o given by

+\/§ 1- ﬁ
H1=P1+—5— > Bo, Mo=p1+ B2,

1+3 1- f
Vi=W+ Y2, o=+ Y2,

2

I T

Hence, the structure equations can be rewritten as

dyui=0, 1<i<2

dvi=0, 1<i<2 @)
d6y = py Avi— o A g,

dB = Uy A Vo + L2 A Vy.

This means tha® is the complex Heisenberg grotty, that is, the complex nilpotent
Lie group of complex matrices of the form

1 u us
(O 1 U]_) .
0O 0 1

In fact, in terms of the natural (complex) coordinate fuos (us, uz,uz) on Hc, we
have that the complex 1-forms

U=du, v=dw, 6 =duz—udu

are left invariant andlyy = dv = 0,d68 = u A v. Now, it is enough to takgy = O(u),
o = 0(u), v = 0(v), vo =0(v), 6, =0(0), 6 = 0(0) to recover equation$](3),
whereld () andO(u) denote the real and the imaginary partgiofespectively.

Lemmal Let A C C be the lattice generated byand { = €?™/3, and consider the
discrete subgroupy C H¢ formed by the matrices in which Wy, uz € A. Then there
is a natural identification of N= '\ G with the quotienf 4 \Hc.



Proof We have constructed above an isomorphism of Lie gradps H¢, whose
explicit equations are

(Y1,¥2,21,22,V1,V2) — (U1, U2, U3),

where

1++/3 . 1-+/3

U = <Y1+ > YZ> +1 <Y1+ > YZ> )
1 3 ) 1-v3

<Zl—|— +2\/_22> =+ 1 (Zl-l- \/_Zz> ,

(2v1+V2 + 321Y2 + 32y1 + 322Y2) +1 (V2 + 221y1 + ZoY1 + Z1Y2 — 22Y2) -

U =
Uz =

Note that the formula fous can be deduced from

dLJg,—udu—B—(i +i )+i
AU =0 = \/:—,)'71 \/é'”lz n2.

Now the groud” C G corresponds under this isomorphism to

{(ul,uZ,U:s)\ul,uzeZ<1+i,1+\/§+ 1_2\/§i>,usez<2\/§,\/§+i>}.

2

Using the isomorphism of Lie group$: — Hc given by

Ui U us )
b

Uy, Uo. U Uy, Ub. UR) = . . .
(17 2, 3)H( 1, Y25 3) <1+|’1+|’(1+|)2

we get thau, u,, u; € A = Z(1, ), which completes the proof. O

Remark 2 If we had considered the discrete subgrdifpc G instead off G, then
we would not have obtained the fact @ A in the proof of Lemmal1. Note that N

MG — Z®\ G is a3 : 1 covering.

Under the identificatioN = N'\G = 'y \Hc, N becomes the principal torus bundle
T2=A\C— N — T*=A%C?,

with the projection(us, up, uz) — (ug, Uz).
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We define the 8—dimensional compact nilmanifilcas the product

M=T2ZxN.



By Lemmall there is an isomorphism betwédrand the manifold My \Hc) x (A\C)
studied in|[6, Section 2] (we have to send the fadt®of M to the factor\\C). Clearly,
M is a principal torus bundle

T2 M 5T,

Let (x,X2) be the Lie algebra coordinates f&f, so that(xy,%2,Y1,Y2, 21,22, V1, Vo)
are coordinates for the Lie algebRf x G of M. Then (X1, X2, Y1, Y2, 21,22, V1, V2) =
(X1,X%2,¥1,Y2,21,22). A basis for the left invariant (closed) 1-forms @1 is given as
{a1,a2}, wherea; = dxg andas = dx. Then{a;, [, y,ni;1 <i < 2} constitutes a
(global) basis for the left invariant 1—forms &h. Note that{a;, i, %;1 <i <2} isa
basis for the left invariant closed 1-forms on the b&8e(We use the same notation
for the differential forms oriT® and their pullbacks td1.) Using the computation of
the cohomology oN, we get that the Betti numbers M are:bg(M) = bg(M) = 1,
b1(M) = bz(M) = 6, bpo(M) = bg(M) = 17, b3(M) = bs(M) = 30, bg(M) = 36. In
particular,x (M) = 0, as for any nilmanifold.

Consider the action of the finite groia on R? given by

p(XLXZ) = (_Xl - X27X1)7

for (x1,%2) € R?, p being the generator &s. Clearlyp(Z?) = Z?, and sap defines an
action ofZ3 on the 2-torusT? = Z?\R? with 3 fixed points:(0,0), (3,1) and(3,%).
The quotient spac&?/Zs is the orbifold 2—spher& with 3 points of multiplicity 3. Let
X1, X2 denote the natural coordinate functionsi®h Then the 1-formsix,, dx satisfy
p*(dx1) = —dxg —dx andp*(dxp) = dx, hencep*(—dx; — dx) = dx. Thus, we can
take the 1-forms; anda, on T2 such that

p*(a1) =—a1—ap, p*(az) = o;. 4)

Define the following action of.3 on M, given, at the level of Lie groups, by R? x
R® — R2 x RS,

P(X1,%2,Y1,Y2,71,22,V1,V2) = (—X1 — X2, X1, —Y1 — Y2,Y1, —21 — 22,21, —V1 — V2, V).

Note thatm(p(p'),p(p)) = p(M(p', p)), for all p, p’ € G, wheremis the multiplication
map [2) forG. Alsol' C Gis stable byp since

vi=V, (mod3 = —vi—vo=vi; (mod3.

Therefore there is a induced mapM — M, and this covers the actigm: T® — T6
on the 6-torud ® = T2 x T2 x T2 (defined as the actiop on each of the three factors
simultaneously). The action gi on the fiberT? = Z((1,1),(3,0)) has also 3 fixed
points:(0,0), (1,0) and(2,0). Hence there are*3= 81 fixed points orM.

Remark 3 Under the isomorphism ¥ (I'y\Hc) x (A\C), we have that the action pf
becomep(uy, Uz, u3) = ({ug, { Uz, {us), where{ = €"/3, Composing the isomorphism
of Lemmd1l with the conjugatiafus, Uz, uz) — (v1,V2,Vv3) = (Ug,U2,Uz) (Which is an
isomorphism of Lie groups#H— Hc leavingly invariant), we have that the action of
p becomep (vq,Va,v3) = ({vi, Vo, {?v3). This is the action used in [6].



We take the basi$a, G, v, ni; 1 <i < 2} of the 1-forms orM considered above.
The 1-formsdy, dz, dv, 1 <i < 2, on G satisfy the following conditions similar
to (4): p*(dy1) = —dy1 —dyz, p*(dy2) = dy1, p*(dz) = —dz —dz, p*(dz) = dz,
p*(dw) = —dwvy — dwp, p*(dw2) = dwy. So

p*(ay) =—ar1—az,  p*(az) =ay,
p* (Bl) = _Bl - B27 p*(BZ) Bl7 (5)
P (V1) = —V1— Vo, p*(ye) = V1,
pr(Mm)=-n1—n2,  pP*(N2) =

Remark 4 If we define thd—formsaz = —a1— a, Bz = —P1— B, 3= —y1 — y» and

ns=—n1—nz,thenwe have*(ai1) = as, p*(az) = ai, p*(as) = a2, and analogously
for the others.

Define the quotient space
M =M/Zs,

and denote by : M — M the projection. It is an orbifold, and it admits the struetof
a symplectic orbifold (see|[4] for a general discussion angggctic orbifolds).

Proposition 5 The2—formw on M defined by
W=01A02+MAPL—MmABR+NAY

is a Zg-invariant symplectic form on M. Therefore it induogss Q2 (M), such that
(M, ®) is a symplectic orbifold.

Proof Clearlyw® # 0. Using () we have thai*(w) = (—ay — az) Aay + N1 A (=1 —
Bo) +(N1+n2) ABL+ (—yi— o) A yi = @, SOw is Za-invariant. Finally,

dw=dnaABr—dniABe= (BoAVi—BoAYe) ABL— (=B AYi+BiAY2) AB2=0.

0]
It can be seen (cf. proof of Proposition 2.3 I [6]) tHdtis simply connected.
Moreover, its conomology can be computed using that
H*(M) =H*(M)?3.

We get

0,
([arANag], [a1ABo—ao ABa], [a1 A B+ a1 A B+ a2 A Bo],

a1 Ayo— a2 Ay [a1 A i+ a1 A Yo+ a2 A Vo], [BLA B, [BiA Yo — B2 A il
[BLAYL+BLAYo+BaAVol, [BiAN2 — B2 AN, [Bu AN+ B AN2+ B2 ANz,
Al VA= Al iAM+YaiAN2+ Y2 AN2)),

0.



Remark 6 The Euler characteristic ok can be computed via the formula for finite
group action quotients: Il be the cyclic group of order n, acting on a space X almost

freely. Then
X(X/M) = =x(X) + Z (1 - —) ,
1

wherell, C M is the isotropy group of g X. In our case)((l\ﬁ) =3X(M)+81(1—
54.

)=

Wl

Using this remark and the previous calculation, we get thab) = b;(M) = 0,
bo(M) = bg(M) = 13, bg(M) = bs(M) = 0 andby(M) = 26. Note thatM satisfies
Poincaré duality sincel*(M) = H*(M)%3 andH*(M) satisfies Poincaré duality.

NON-FORMALITY OF THE SYMPLECTIC ORBIFOLD

Formality is a property of the rational homotopy type of acgpahich is of great im-
portance in symplectic geometry. This is due to the fact ¢batpact Kéahler manifolds
are formal [5] whilst there are compact symplectic manioWhich are non-formal
[11,13,/6]. A general discussion of the property of formatign be found in [11].

The non-formality of a space can be detected by means of Maseducts. Let us
recall its definition. The simplest type of Massey produdhis triple (also known as
ordinary) Massey product. Let be a smooth manifold and lef € HPi(X), 1<i < 3,
be three cohomology classes such #aata, = 0 anda; Uaz = 0. The (triple) Massey
product of the classes is defined as the set

(ag,a2,80) = {[as AN + (1P E Aag] | & = [ai], axAaz=dE, azAaz=dn}

insideH P1P2+P3—1(X), We say thatay, ap, ag) is trivial if 0 € (ay, ap, ag).

The definition of higher Massey products is as follows (seelfd). The Massey
product(a;,ap,...,a), & € HP(X), 1<i <t,t > 3, is defined if there are differential
formsa; j on X, with 1 <i < j <t, except for the casg, j) = (1,t), such that

-1
ai = [aijl, daij= 3 QikAQkij, (6)
k=I

wherea = (—1)989%) g, Then the Massey product is

t—1
(aq,82,...,8) = { [Z 517k/\ak+17t] | o jasin KB)} C Hp1+~~.+pt—(t—2)()().
K=1

We say that the Massey product is trivial if © (aj,ap,...,&). Note that for
(a1,ap,...,a) to be defined it is necessary th&d,...,a_1) and (ap,...,a) are
defined and trivial.

The existence of a non-trivial Massey product is an obstiadb formality, namely,
if X has a non-trivial Massey product th&ns non-formal.



In the case of an orbifold, Massey products are defined aaakbg but taking the
forms to beorbifold forms(see [4, Section 2]).

Now we want to prove the non-formality of the orbifdiiconstructed in the previous
section. By the results of [11M is non-formal since it is a nilmanifold which is not a
torus. We shall see that this property is inherited by thetignbspacévi = M /Zs. For
this, we study the Massey products Mn

Lemma7 M has a non-trivial Massey product if and only if M has a noivitl
Massey product with all cohomology classesad*(M) beingZsz-invariant conomol-
ogy classes.

Proof We shall do the case of triple Massey products, since thergecase is similar.
Suppose thata;,ap,as), a € Hpi(M), 1 <i < 3 is a non-trivial Massey product on
M. Let g = [ai], wherea; € Qorb(M). We pull-back the cohomology classes via
¢ Qs (M A) — Q*(M) to get a Massey productg*a], [¢*a2], [¢*a3]). Suppose that
this is trivial onM, then¢*ai A ™0z = d&, ¢*ax A ¢*az = dn, with §,n € Q*(M),
and¢*ai AN+ (~1)PHE NP az =df. Theni) = (n +p*n + (p 2)/3,& = (§+
p & +(pH)?¢)/3 and f = (f + p*n + (p*)?n)/3 are Zz-invariant andg*ay A fj +
(— )pl+1EA¢*ag_df ertlngn on, &= [0 &, f — ¢*f, for A, E f errb(M)
we geta; AN + (— )pl+15 Aas = df, contradicting thatay, ap, as) is hon-trivial.
Conversely, suppose tht, ap, az), & € HP(M)Z3, 1<i < 3, is a non-trivial Massey
product onM. Then we can represem = [aj] by Zs-invariant differential forms
ai € QP (M). Let &; be the induced form oM. Then([a4], 8], [83]) is a non-trivial
Massey product oM. For if it were trivial then pulling-back by, we would get
0€ (¢*[aa], p*[G2], p*[O3]) = (an, @, a3). O

In our case, all the triple and quintuple Massey productsiare trivial. For instance,
for a Massey product of the fornfey,ay,as), all & should have even degree, since
H1(M) = H3(M) = H3(M) = H’(M) = 0. Therefore the degree of the cohomology
classes inas, ap,az) is odd, hence they are zero.

Since the dimension dfl is 8, there is no room for sextuple Massey products or
higher, since the degree ¢dy,ay,...,as) is at leasts+ 2, as deg; > 2. Fors=6, a
sextuple Massey product of cohomology classes of degreaiiwree in the top degree
cohomology. For computing an eIement(:afl,...,ae) we have to choose; j in (6).
But then adding a closed form with a; U [@] = A[M] € H8(M) to a,6 we can get
another element ofay, . .. ,ag) which is the previous one pIu’s[I\ﬁ] For suitableA the
we get Oc (ay, ..., ap).

The only possibility for checking the non-formality &f via Massey products is to
get a non-trivial quadruple Massey product.

From now on, we will denote by the same symbd@invariant form onM and that

induced orM. Notice that the 2 formgy A yo, B1 A Bo anda1 A yi + Qo Ay + Q2 A Yo are
Zs-invariant forms orM, hence they descend to the quotidht= M /Z3. We have the
following:



Proposition 8 The quadruple Massey product

(VLA Yol, (BN Bal, [BuA Bal, [a1 A+ a2 A i+ a2 A o))
is non-trivial onM. Therefore, the spadd is non-formal.

Proof First we see that

(ViAY)A(BLAB) = dé,
(BiAB) A (a1 A+ a2 A+ a2 ) = dg,

whereé andc are the differential 3—forms oM given by

& = —%(Vl/\(BlA'72+l32/\'72+32N71)+V2A(131/\I72+l31/\171+32N71)),
¢ = }(—01/\(’72/\Bl+f71/\31+f71/\[32)+012/\(’72/\32—f71/\31))-

3

Therefore, the triple Massey producisi A 2], (B A B2], [B1 A Bz]) and([Bu A Bel, [BL A
Ba], [01 Ay + a2 A yit+az A y2]) are defined, and they are trivial because all the (triple)

Massey products oll are trivial. (Notice that the form& and¢ areZs-invariant onM
and so descend 1d.) Therefore, the quadruple Massey prodg A yal, [BiA B2], [BiA
Bol, [a1 A yi+ a2 Aya+ao AYs)) is defined orMl. Moreover, it is trivial onM if and only
if there are differential formg; € Q3(M), 1<i < 3, andgj € Q*(M), 1< j < 2, such
that

(VLA Y2) A (BLAB2) =d(& + f1),

(BLAB2) A(BLAB2) =d o,

(BiAB) A(aiAyi+az Ayi+azAye) =d(¢+ fa),

(Vi Ay2) A fa— (& + f1) A(BLAB2) = da,

(BiAB) A (G+ f3) — oA (a1 Ayi+ a2 Ay + a2 A o) = dgp,

and the 6-form given by
W=—(niAY)AGR—gA(a1AYL+ 02 A+ 02 A V) + (E+ f1) A(C+ f3)

defines the zero class ihe(M). Clearly f1, fo and f3 are closed 3—forms. Since
H3(M) =0, we can writefy = d f], fo = d f; andfz = d f3 for some differential 2—forms
f1, f5 and f5 € Q%(M). Now, multiplying [W] by the cohomology clas®] € H3(M),
whereg =2a1 Ay — a2 A1+ a1 /A yi+ 02 A ye we get

1
oANW = —:—%(al/\azABl/\BzAylAyz/\nlAnz)+d(o/\EA fs+angAnfi+anfindff).
Hence,[2a1 A Yo — 02 Ay + a1 A Vi + a2 A yo] U [W] # 0, which implies thaf] is non-

zero inH8(M). This proves that the Massey produgt A Vo], [B1 A Ba], [BL A Ba], [a1 A
Y1+ 02 A Y1+ 02 AYel) is non-trivial, and siM is non-formal. O



Finally, there is a way to desingularitﬁ, ®) to get a smooth symplectic manifold.

Theorem 9 There is a smooth compact symplec&imanifold(l\ﬁ, ) which is simply-
connected and non-formal.

Proof By [4, Theorem 3.3], there is a symplectic resolutmrl(Mv, W) — (M, @), which
consists of a smooth symplectic manifdlﬂ,oﬁ) and a mapT which is a diffeomor-
phism outside the singular points.

To prove the non-formality o1, we work as follows. All the forms of the proof of
PropositiofiB can be defined on the resolutibriTake aZs-equivariant magy : M — M
which is the identity outside small balls around the fixednpgiand contracts smaller
balls onto the fixed points. Substitute the forbhs, K, &, ... byy* 3, ¢, gk, Y*&,
... Then the corresponding elements in the quadruple Mas®selict are non-zero, but
these forms are zero in a neighbourhood of the fixed pointstéfbre they define forms

on M, by extending them by zero along the exceptional divistys= mi(p) (pe M
singular point). Now the proof of Propositioh 8 works fdrwith these forms.

Finally, the manifoldM is simply connected as it is proved ifl [6, Proposition 2.3]
(basically, this follows from the simply-connectivity bf). OJ
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