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Abstract

The definition of a Poisson manifold is given in terms of the Poisson bracket and some
basic examples are shown. Symplectic manifolds as certain examples of Poisson manifolds are
treated in more detail. After that the Poisson bivector is introduced and its correspondence
to the Poisson structure is shown. The first lecture ends with considerations about the
Jacobi identity and the Jacobiator. In the second lecture Poisson manifolds are defined in
terms of the Poisson tensor and we show how their cotangent bundles can be viewed as Lie
algebroids via the Courant bracket. After proving the local splitting theorem of a Poisson
manifold, we introduce the notion of symplectic foliation and give several examples, most
notably the coadjoint orbits for the Lie Poisson structure on the dual of a lie algebra. In
the third lecture, we prove the existence and uniqueness of manifold structures of symplectic
leaves, with some examples of symplectic leaves and poisson maps from Hamiltonian actions.
Finally the Marsden- Weinstein theorem is also discussed.

1 Basic Properties of Poisson Manifolds
In this chapter M will denote a C'**°-manifold.

Definition 1.1 (Poissonstructure) A Poisson structure on M is a R-bilinear bracket

{,}:C®(M) x C®(M) — C(M),

such that
{f,9y =g, [} (skew symmetry)
{Hf. g}, h}+{{h, f}. 9} +{{g,h}, f} =0 (Jacobi Identity)
{figh} ={f,gth +g{f,h} (Leibniz rule)
hold.

(M{,}) is then called Poisson manifold.

Example 1.2 (First examples) 0. Trivial Poisson structure {,} = 0. Any manifold is a
Poisson manifold in this way.

1. Classical Poisson bracket:

M = RZn = {((h? -oos 4n,y P1, ;pn)}

n
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{f, 9} = Qaiai - 82{1‘851'
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2. Let (S,w) be a symplectic manifold (i.e. w € Q%(S), dw =0, w nondegenerate).

o fecC®M), Xye X(M) hamiltonian vector field, uniquely defined by:
7 X fw = —df
e Poisson bracket:

{f, 9} = w(Xy, Xy) = —df (Xy) = dg(Xy) = Lx,9 = Xs(9)
This bracket clearly is skew symmetric and satisfies the Leibniz identity.

Exercise: Consider the classical Poisson bracket in mechanics,
{f.g} = Z L o0 _ 2L09 M =R ={(q1, - Gn;P1,---,Pn)}-
Check that the bracket comes from the canonical form w =
Z dgi A dp; on R*™.

i=1

Solution:

The poisson bracket defined by the symplectic form is given by
{f,9}0 = w(Xy, X,y), where Xy and X, are the Hamiltonian vec-
tor field associated with f,g € C°°(M). These are defined by
w(Xy,Y) =Y [ for all vector field Y € X(M).

We first check that

of 0 of 0
= 1.1
f Z apz 8(11 8% 8272 ( )
holds.
Consider w(Xy, -2 B ) = gg. Now realize that -— q' and ap form a
basis of the tangent space at each point satisfying the relation
g 0
w(z—, ) = dij;
(Ba 35, =%
and all other pairings give zero. This shows that ‘9 = w(X f, B?D )=

dgi(Xy). So % is the T component of Xjy. Slrnllarly7 77 is the
% component of Xy. This gives 1.1. Using these results, we get

w(Xy, X, quz X¢)dpi(Xg) — dpi(Xy)dgi(Xg)
i=1

:iaf _0dg, . Of9g

Opi* 9Oqi 0q;” Op;

Z of dg of Og
Jq; Op; 8p¢ 9q;

= {f, g}

This solves the exercise.
Proposition 1.3 Let (S,w) be a symplectic manifold. {,} in Examplel.2.2 satisfies the Jacobi
identity.

PROOF: dw = 0 = dw(Xy, Xy, X) = 0. Then using dw(X,Y,Z) = Xw(Y,Z) - Yw(X,Z) +
Zw(X,Y)—w(X,Y],Z2)+w([X,Z],Y) —w(]Y, Z], X) in the second and skew symmetry in the



last equation gives:
0= dw(Xf,Xg,Xh)
= Xf{gv h} - Xg{f7 h} + Xh{fag} + [Xf7X9]h - [vaXh]g + [X97Xh]f
= {fv {ga h}} - {97 {fa h}} + {h’ {fag}} + {fv {ga h}} - {97 {fa h}}

- {fa {hag}} + {hv{fag}} + {gv{hvf}} - {h’ {97 f}}
=-3- ({{fag}7h} + {{h7 f}vg} + {{gah})f})

Remark 1.4 If w € Q%(S) is nondegenerate, then {f, g} := w(Xy, X,) still makes sense. The
proof of Propositonl.3 shows:

dw=0<={,} is a Poisson bracket

Example 1.5 Let (S,w) be a symplectic manifold. Let G be a Lie Group acting on S, such
that o*w = w holds Vo € G. Assume the action is free and proper. Then S/G has a unique
structure of a smooth manifold such that the natural projection

p:S—S/G=M

is a submersion.
Note:

O (M) = C®(8)¢
f=fop
where C®(S)% C C>(9) is the space of G-invariant functions on S (i.e. o*f = f, for f € 9).
Claim 1.6 C*=(S)% is closed under {,}s.
PROOF: Let 0 € G and f,g € C°°(S)“. We have to show, that o*{f, g} = {f, g}. Now
7*(ix,) = 0" (~df)
— —d(o"f)

= inw.

and we have

U*(inw) = i(dg)_l(Xf)o*w

= Udo)=1 (X)W

So it follows ix,w = ¥ (do) =1 (X f)W- Now view w as a map w : T'S — T*S. This map is injective,
because w is symplectic. So it follows, that

(da)*l(Xf oo) =Xy

= do(Xy) = Xjo00 (1.2)



At a point p € S we have

(0" ({f,9D))p = (07 (W(Xf, X)))p = o) (X 00, X 0 0)

using (1.2) we get
= Wo(p) ((do)p(Xy), (do)p(Xy)) = (07w)p(Xy, Xy)
and because of 0w = w:
= wp(Xy, Xg) ={/,9}p

and therefore

o™ {f,9} ={f 9}

Claim (1.6) shows, that C°°(M) is Poisson.

Remark 1.7 Let G be a Lie Group, acting on itself by multiplication. This lifts to an action
of Gon S =T*G = G x g*, which then makes S/G = g* into a Poisson manifold.

Example 1.8 Suppose S is a smooth manifold and w; € Q2(S) a smooth family of symplectic
structures, ¢t € R. Then for f,g € C°(S) x R,z € S,

{fag}(m7 t) = {fta gt}wt (1')

where fi, gr € C°(S) for fixed ¢, defines a Poisson bracket on S x R.

1.1 Hamiltonian Vector Fields

Let (M,{,}) be a Poisson manifold. Because {f,-} satisfies the Leibniz rule, we can think
of {f,-} as a derivation of C*°(M). There is a 1-1 correspondense between vector fields and
derivations:

X(M) <« derivations of C*(M)
X — Lx(fg) = Lx(f)g + fLx(9)

Hence Vf € C°°(M) there exists a well defined vector field X ¢ such that

{fi9} = Lx,(9) = X;(9)-

Definition 1.9 (Hamiltonian vector field) Let (M,{,}) be a Poisson manifold, f,g € C*>°(M).
The vector field Xy that satisfies

{f,9} = Lx,(9)
is called the Hamiltonian vector field of f .

If (S,w) is a symplectic manifold and f,g € C°°(S). Then S has a Poisson structure given
by {f,g} = w(Xy, X,) where the Hamiltonian vector fields are defind by i(Xs)w = —df. This
definition coincides with definition (1.9), since

{f.9} =w(Xy, Xg) = —df (Xg) = dg(Xy) = Lx,(9) = Xy(9)-

Properties:



o If f € C°°(M), then Lx,(f) = {f, f} =0 by skew symmetry.
o If f,g € C°°(M), then Xyry = [Xf, Xg].

That means in other words, that the mapping

C® (M) — X(M)
fr— Xy

is a Lie algebra homomorphism.
PROOF: Let be f,g,h € C*°(M). Then

[Xf’ Xg]h = Xf(Xgh) - Xg(th)
={f.{g;h}} — {9, {f, h}}
={fAg,h}} +{9.{h. f}}
=—{h,{f.g}}

={{f.9},h}
= X{s.g1h-

Where skew symmetry was used in the second and fourth equation and the Jacobi idetity in the
third equation. O

1.2 Poisson Tensor

Recall: Multivector Fields

Let M be a n-dimensional smooth manifold and x € M. We call a section 7 of the natural
projection p : A¥T'M — M a k-vector field on M. For & € T M we have m,(£1, ..., &) € R. We
denote by X¥(M) := I'(A*T'M) the space of all k-vector fields on M.

This is the dual to differential forms n € QF(M) = I['(A*T*M), where n,(x1,...,z;) € R, for
x;, € T, M.

Let (21, ..., &) be local coordinates on M. Then A*T, M has a linear basis {2 /\.../\%, i1 <

Oz
. < ig}. Where 8%1, vy %, again are the duals to dx1,...,dz,. ™ € X¥(M) is then in these
local coordinates given by:

0 0
™ = Z 7T7;17._.7Z'k% N A 8:[;%}

11 <...<tp 1

Given a k-vector field 7 € X*(M), it defines a skew symmetric, k-linear bracket:
C®(M) X ...x C*(M) — C>®(M)
{f1, s S} i= mldfr, .., dfy)
Proposition 1.10 Any k-linear bracket

{ren} 1 C®(M) X ... x C°(M) — C®(M),



which is skew symmetric and satisfies the following Leibniz rule:

{f9,f2, -, fe} = f9, o, s fut £ S f2r o fidg
arises from a k-vector field m € X*(M).

PRrROOF:
Fix z € M. We will show, that {fi,..., fr}(z) depends only on d,f;. In other words: If

de f1 =0, then {f1,..., fu}(z) = 0.
Assume that d,f; = 0. Then follows from Taylor’s theorem, that fi = ¢+ > x;g;, s.t.

i=1
zi(x) =0, gi(z) = 0, where c is constant. Then
n
{fl; Sx3) fk} = {C7 f2> L) fk’} + Z{ngm f2a ey fk}
i=1
But since the bracket is a derivation and derivations are 0 on constants it is {c, f2, ..., fx} = 0.

Then .
{fh ceny fk} = Z xz{glv f27 seey fk} + {xiv f21 ceey fk}gz
i=1
And this is 0 at x since z;(x) = 0, g;(z) = 0.
Now for Va; € Ty M we can find f; such that a; = d, f;. So define the desired k-vector field =
as follows:

77:2(0417 ---aak) = Wr(dxfla 7dxfk) = {fh >fk}(x)

Corollary 1.11 Let (M,{,}) be a Poisson manifold. Then there is a unique bivector = €
X2(M), such that
{f: 9} = =(df,dg).

This bivector w is called Poisson bivector or Poisson tensor.
Corollary (1.10) means in other words:

Poisson structure on M <= 37 € X2(M), s.t. 7(df,dg) satisfies the Jacobi identity
This bivector is given in local coordinates as

The bracket applied to f,g € C°°(M) is then given by

of 99 af @
{f,g}zw(df,dg)zzmj(aiai_ajjai)

i<j

Example 1.12 Let be (q1, ..., gn, p1, ..., pn) € R?*. Then
n
0 0
= — A
; dq;  Op;
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is the Poisson bracket associated to

w:f:d%/\dpi

=1

Exercise: Let (S,w) be a symplectic manifold and w locally given
as

w = Zwijdl’i A dxj.

ij
Check that for the coefficients of the corresponding bivector 7 the
following holds m;; = —(wi;) "
Solution:
Consider the map w* : TM — T*M, X — ixw and the map 7 :
T*M — TM,o — 7%(a), where 8(r*(a)) = 7(a,3) and = is the
corresponding bivector to w. Take «,3 € T*M, such that a =
ixw, = iyw. Then we have 7(a, 8) = w((w)) H(a), (W) 7HB)) =
w(X,Y). For the left side of the equation we get

(o, B) = =7 (B, @)

=—-<uq, ﬂ-u (6) >

= — <ixw,m(B8) >

= _w(X7 ﬂ-ﬁ(ﬁ))

= —w(X, 7" (iyw))

— —w(X, 7 (WH(Y))
So we have —w (X, 7*(w*(Y)) = w(X,Y). By the nondegeneracy of
w, it follows that 7 = —(w*)~! and therefore m;; = —(w;;)~" holds
for the coefficients.

Let M be a smooth manifold, m € X2(M). Then (M, 7) is called an ”almost” Poisson manifold,
if m does not satisfy the Jacobi identity.

Definition 1.13 (the Jacobiator) The map
J:C®(M) x C®(M) x C®°(M) — C*(M)

(f:9,0) = {{f: 9}, b} +{{h, f}, 97 + {{g, h}, [}

1s called Jacobiator.

Proposition 1.14 J is skew symmetric and is a derivation in each argument.

PROOF: Let a, f,g,h € C°(M). We will show the skew symmetry of J regarding the first
two arguments. The proof for the other arguments is a similar calculation.

J(g, f.h) = {{g. f}.h} + {{h. g}, f} + {{f, h}. g}
=—{{f.g},h} = {{g,n}, f} — {{n, f}, 9}
=—({{f,9},h} + {{h, f}, 9} + {{g,h}, [})
=—J(f,9,h)



So J is skew symmetric in the first two arguments. We will show now that J is a derivation in
the first argument. The proof for the other arguments is a similar calculation.

J(af,g.h) = {{af, g}, h} + {{h.af}, g} + {{g. h},af}
={a{f. g}, h} +{{a, g} f. b} +{alh, f}, 9} + {{h.a}f, g} + a{{g,h}, f} + {{g, h}, a}f
=a{{f. g}, h} +{a,h}{f, 9} +{a,g}{f. h} + {a, g}, h} f + a{{h, f}, g9} + {a,gH{h, f}
+{h,a}{f, g} + {{h,a}, g} f + a{{g, h}, f} + {{g,h},a} f
=a({{f,g},h} + {{h, f},9} + {{g, b}, f})
+ ({{a, g} bt + {{h,a}t g} + {{g,h},a}) f
+ ({a, b} + {h,a}){f, g} + {a, g} ({f, b} + {h, f})
=a(J(f,g.h)) + (J(a,9,h) f ++({a, b} —{a,h}){f, g} + {a, g}({f. h} — {f. h})
=a(J(f,g,h)) + (J(a,g,h))f

So J is a derivation in the first argument. O

The last proposition shows, that J € X3(M). In local coordinates J is given by

of dg oh
fag, % Jzyk a$z 833‘] Oxk

where Ji, = J(x4, x5, xg).

So to check the Jacobi identity on C*°(M), it suffices to check, that it holds on coordinate
functions, i.e. Ji;, = 0.

In the following examples we show some applications of our discussion about the Jacobiator.

Example 1.15 1. dim(M) = 2. Then any bivector field 7 € X?(M) is Poisson. J = 0,
because J € X3(M), but dim(M) = 2.

n
2. Let g* be a finite dimensional Lie algebra with basis v1, ..., v,, such that [v;,v;] = > ¢;jv-

Here the ¢;j;, are the structure constants of the Lie algebra. Let f,g € C"x’(g*)—,u € g~
Then define a bracket

{f 9} =< 1df (), dg ()], >
This definition uses the identification (g*)* = g.

This bracket is clearly skew symmetric and the Leibniz rule holds. Now let us look at
coordinates i1, ..., i, € (g*)*, s.t. the p; correspond to the v; and p; () = 4, to check the

Jacobi identity. Then
of o
{fa g} Z Cijkbk o — f g

ijk a a'u]

And on the coordinate functions we have:
{pispst = Z%‘k#k
k

So {,} is a Lie bracket and J(u;, ft;, 1) = 0. So the Jacobi identity holds on the whole

*

g .



2 Poisson manifold

A Poisson manifold is a pair (M, w) , 7 € X2(M) = T'(A2T M) such that {f, g} := n(df,dg) is a
Lie bracket. (Only thing needed to check is Jacobi identity)
A nontrivial example is given by M = g* where g is a finite dimensional Lie algebra. Given

€ g%, f,g € C®(g"), define the bracket by {f, g} (1) := (. [df (1), dg(p)])-
If g has the following structural constants, [v;,v;] =) cf”jvk, for v1,...,v, a basis of g, then in

terms of the dual basis p1,...,u, € g%, {f, g9} = Zcfjukg—li A aa—ugj. This shows that {u;, puj} =
> cfj,uk which implies J;j; = 0 where recall Jiji = {pes, {05, p } } +{1ejs {one g} } 4 {pne, {pi 15} }
is the Jacobiator. Thus {.,.} is indeed a Poisson bracket, and g — C*(g*) is a Lie algebra
homomorphism.

Let V be a vector space, x1,...,T, € V* coordinates in V. A Poisson structure is said to
be linear if {z;,z;} = >, cfjack i.e., linear functions are closed under bracket. In that case, the
restriction of {.,.} from C*°(V) to V* makes V* into a Lie algebra.So we conclude that linear
Poisson structures on V' are in 1-1 correspondence with Lie algebra structures on V*.

The simplest examples of Poisson manifolds are given by Poisson vector space V, m € A%V,
which can be viewed as a constant (with respect to the obvious connection) Poisson structure
on the manifold V. Then it is easy to see that m automatically satisfies the Jacobi identity
by checking it on coordinate functions x; and notice that dm(dx;,dz;) = 0 by constancy. By
definition, this is equivalent to 7 : V* — V being linear (see definition below), and (7#)* =
—(m)*.

Now for a general Poisson manifold (M,7), we have a bundle map (i.e., fiberwise linear):
7% . T*M — TM defined by (7% (a)) = w(a,3). 7% : QY(M) — X(M). Note that if
f € C®(M), df € QY(M); n¥(df) = Xy, the hamiltonian vector field generated by f, which
generalizes the same notion in symplectic geometry.

Definition 2.1 D = n#(T*M) C TM s called the symplectic distribution (not necessarily of
constant rank).

Question: can we ”integrate” D to a ”symplectic foliation”?

Definition 2.2 (M, 7) is a reqular Poisson manifold if rank of ©# is constant. (i.e., D is a
reqular distribution)

Note: M = g*, then D is regular if and only if g is abelian. The reason is that it has rank
zero at 0 € g*, so to be regular it must have rank 0 everywhere.

Bringing Lie algebroids into the picture: there exists a natural Lie bracket on Q'(M), (M, 7)
Poisson manifold: For «, 3 € QY(M), [, 8] = Lo#@)B — Lrwgo — d(m(a, B)) = iz#)dB —
iz#(g)da +d(m(a, B)) (*) , where the last equality uses Cartan’s formula: Lx = ixd + dix.

Proposition 2.3 The bracket (*) is a Lie bracket (in particular satisfies the Jacobi identity),
and satisfies the following:

(1) d-naturality: [df,dg] = d{f,g};

(2) Leibniz property: o, 8] = flo 6] + (Laniayf)B, | € C®(M);

(3) m# - QY (M) — X(M) preserves the bracket.

These conditions imply that (T*M, |, |, ") is a Lie algebroid.



PROOF: The first property, namely [df,dg] = d{f,g} can be seen by using the last identity for
the bracket, [a, 8] = ir# (q)dB — ip# (g da+d(m(a, 8)), in which we see only the last term survive
upon substitution of two exact one forms.

For the Leibniz property, we simply compute: [a, f3] = ir)d(fB) — fir(gda+d(fn(a, 3)) =
f[a,ﬂ] + Z.71'(04)(df A /6) + ﬂ-(aaﬁ)df = f[aw@} + (Lﬂ’(a)f)ﬁ

Next we show that 7# preserves the bracket: It suffices to check for locally exact forms,
because in general every 1-form can be written as a finite sum of functions times exact 1-forms;
and using the Leibniz rule we could conclude the same thing for these non-exact 1-forms. Here
are the details:

w# ([df, dg)) = 7 (d{f.g}) = X{1g) = [X7, X, and in general, 7 ([hdf, dg]) = = (h[df, dg] +
(Lt ag)P)df) = h[ Xy, Xg] + Lx,h Xy = [nX, X].

Finally for the Jacobi identity, it also suffices to check for only the exact 1-forms, which is
clear by the Jacobi identity for Poisson bracket. To see that it holds in general, we only need to
check that J(fdx,dy,dz) = 0, all the other possibilities can be obtained by linear combinations,
permutation symmetry of J, or induction on the number of nonexact entries. So let’s simply do
that:

[fdz, [dy,dz]] = fldz, [dy, d=]] + Lo ((ay,q2)) (f)d;
dy, [dz, fdz]] = [dy, f[dz,dz] + Eﬂ#(dz (f)dz]
fldy, [dz, dz]] + Lo ay) (F)ldz, dz] + Lo a2y (Hdy, dz] + Lok gy Lot (az) (f)ds
[dz, [fdz, dy]] = [dz, fldz,dy] — (L (ay) (f)dz]
= fldz, [dz, dy]] + Ew# a2y (Odz, dy] — Los a2y Lot (ay) (F)dx — Los ay (f)[dz, dz].

Now it’s clear that everything cancels either by antisymmetry of the bracket (*), or jacobi
identity on exact 1-forms, plus the fact that

ﬁﬂ'#(dy)ﬁﬂ#(dz) - Eﬂ'#(dz)ﬁﬂ#(dy))(f) = ﬁﬂ#([dy,dz])(f)'

U
Corollary 2.4 If D :=imn™ is reqular, then [I'(D),T'(D)] C T'\(D)
PrOOF: Let X,Y € I'(D), 7 (a) = X, 77 (3) = Y, then
(7 (@), 7" (8)] = 7" ([, B]) € T(D).
So by the theorem of Frobenius, D is integrable. O

The above computation also follows from the general fact that the image of the anchor map
of a Lie algebroid integrates to a singular foliation in the sense of Stefan.

2.1 Splitting theorem

Let (M, ) be a Poisson manifold, with D the image of 7 as defined above. At each x € M,
D, is a symplectic vector space (see exercise below). Notice also that ker(nZ ) C T*M has a Lie
algebra structure given by the ristriction of the bracket (*). We have also

[a?fﬂ] = f[Oé,,B] + ﬁrr#(a)fa = f[a7ﬂ]
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since 7% (a) = 0, being in the kernel. So the bracket operation can be localized to individual
tangent vector spaces.

We can also define Ann(D,) := ker 7} to be the Annihilator of the distribution, which termi-
nology is justified by the fact that 77 () = 0 if and only if 3(7#(a)) = 0 for all 3.

In open subsets of M where 7% is regular, i.e., of locally constant rank, D is integrable with
leaves L — M, TL = D|z. wy(Xf, Xy) = {f,g}( ).

In general, let z,y € (M,n). Declare z y if 3X;,...,X, € I'(D), t1,...,t, € R such that
X = t)él 0...0 qbt)?r (y). Let £, C M be the equivalence classes under this relation, which
form the set-theoretic leaves. We will sketch a proof of the fact that £ «— M are immersed
submanifolds with unique differential structure, TL = D|; and L is symplectic. Thus the image
of ¥ integrates to a singular foliation with symplectic leaves. This will follow from

Theorem 2.5 (Splitting Theorem, Weinstein, 83°) Let (M, m) be a Poisson manifold, x € M.
Rankm, = 2k. Then there exists a neighborhood centered at x with coordinates

(QIv'"anvpla"'apkvyla"'7yl)

such that

8 0
Z an Z gbw ay]

with ¢;;(0) = 0. In other words, locally we can write M as a product M = N x S with
coordinate {y;} on N and {(qi,pi)} on S. dim M =n =2k + L.

PROOF: In the case of k = 0, rank(w,) = 2k and nothing is to be proved.

So assume k # 0, which implies that 3f, g € C>°(M) such that {f, g}(z) # 0

Label p1 = g. X, (f) = {g, fHz) # 0 hence X, (x) # 0. So we can find coordinates
(x1,...,2y) such that X, = a for example by using the local immersion theorem applied to
the integral curve of X, . This then leads to {p1,z1} = Xp,z1 = aim x1 = 1. Label ¢ = z.
Note that X, , X, are linearly independent at x (which is an open condition), therefore linearly
independent in a neighborhood of x.

Use Frobenius to get a 2-dimensional foliation, i.e., find functions (y1,...,¥n—2,Yn—1,Yn)s
8yn o= Xp,, Xg = <9y Then

e dy,...,dy,_o are linearly independent.
e Xy =0,X,y,=0,j=1,...,n—2.
e dp1,dqi,dys,...,dy,—o are linearly independent.

These imply that (q1,p1,91,.-.,Yn—2) are local coordinates around z, and {q1,p1} = 1,
{a1.y;} =0, {p1,y;} = 0.

Using Jacobi’s identity, {q1, {vi,y;}} =0, {p1,{vi,y;}} = 0. (**)

Thus in the coordinates (q1, p1, 91, - - -, Yn—2), Il has the form IT = 6%1/\6%1—1—% > i i (y)a%i A aiyj,
where ¢;; only depends on y by equations (**).
If K =1 we are done. Otherwise repeat the construction. O
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Consequences of the splitting theorem: Let € M and U = {(g;,pj,y1)} be a splitting chart
around x. Then we can endow smooth structure on the leaves L = {y = 0} by defining its
tangent space to be T'L = D|, = Span{a%i, % .

Furthermore, from the form of IT we see that the leaves are naturally equipped with symplectic
structures induced from the Poisson structure on M. Thus we get in general singular symplectic

folation on M.

Example 2.6 on R? = {(z,9)}, take II = f(:v,y)a% A 8%, for any smooth f. As concrete
examples, take

(a) f = 2% + 52, and

(b) f = .

The leaves have to be 0 or 2 dimensional since they are symplectic. And in fact the 0 dimen-
sional leaves correspond exactly to the zero locus of the function f. Thus in case (a) we get a
0-dimensional leaf at the origin, and the rest of R? forms a single 2-dimensional leaf, whereas in
case (b) we have 0-dimensional leaves along the y-axis and two 2-dimensional leaves taking the
left and right open half-planes.

Example 2.7 let M = g* with the Lie Poisson structure. Then the symplectic distribution
D :=II#(T*M) is generated at each point by the Hamiltonian vector fields of linear functions
on g*. Viewing u,v € g — C*(g*), we have

Xyv(p) = (u, [u,v]) = (ad},(u), v) according to the definition of Lie Poisson structure. But ad,
is the infinitesimal generator of the coadjoint action of G on g*. Since v is a linear function on g*,
we have X,v(u) = L]i—ov(u+1X,) = v(Xy) = (Xu,v). So basically we have X, () = ad}; (1) =
% lt=0 Ad* (1), showing that X, is tangent to the coadjoint orbit. Thus the symplectic leaves

exp(tu)
are the coadjoint orbits.
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Exercise: let W = im(r#) = 7#(V*) C V. Show there exists
a nondegenerate skew symmetric bilinear form w € A?2W* defined
by: for u,v € W, w(u,v) := n(a, ) where 7% (a) = u, n%(3) = v
for arbitrary choice of o, 3 € V*. Show this is well-defined. As a
consequence, Imx? is even dimensional.
Conversely, given a vector space V, the data (W,w) where W C V,
w € A*W* nondegenerate defines a Poisson structure. Moreover, 7
is uniquely determined by (W, w).
Conclusion: For a vector space V, there is a 1-1 correspondence
between constant Poisson structure and collection of pairs (W, w)
where W C V is a subspace and w is a symplectic form on W.
Solution:
suppose 7% (') = u also. Then 7% (a —a') = 0 and (e — o/, 3) = 0
for all 3; similarly for 8. This proves w is well-defined.
Next we show it’s nondegenerate. So suppose w(u,v) = 0 for all
v € W, then n(a, 8) = 0 for all 3 € W*. But this means 7% (a) = 0
which equals u by definition.
Conversely, given the data (W,w) we define a Poisson structure on
V as follows. Let o, 8 € V*, then they restricts to elements in W™,
which we call @, 3 € W*. There we can take a’, 3% € W, i.e., the
vectors corresponding to the covectors a, 6 under the symplectic iso-
morphism w : W — W*. Now define n(a, 3) := w(a®, 3%), and
finally for functions f,g € C*(V), define {f,g}(z) = n(dfs,dgz)-
Clearly the structure is constant, because 7 is independent of x. It is
well-defined since we did not make any choice in the definition. An-
tisymmetry and linearity come for free. The Leibniz rule is a conse-
quence of the Leibniz rule for differential of functions, i.e., {f,gh} =
m(dfe, h(2)dgs + g(2)dha) = h(z)m(dfs,dge) + g(z)m(dfs,dhs) =
h{f,g} + g{f,h}. The Jacobi identity follows from the vanishing
of Jacobiator on every triple of standard basis covectors in V*. But
since 7 is a constant bivector on V, d(w(e7, ej)) = 0, hence each term
of the Jacobiator vanishes.
Now we show that the form defined on W from 7 coincides with w if
7 is constructed from w by the above procedure. Define w’(u,v) :=
7(a, B) with 7% (o) = w and 7% (8) = v as before. Then 7(a, beta) =
w(@®, B%). Furthermore, every u € W can be written in the form u =
a® for some a € W*. So it suffices to check w’(a’, %) = w(a®, 8,
which further reduces to checking 7% (a) = a°.
By definition, w(a’,v) = a(v) for v € W. If v# = i,(w) and v#
is any extension of v#* € W* to V*, then we have w(n?(a),v) =
= b

v# (7% (a)) = w(a,v#) = w(@’,v* ) = w(@,v) = a(v), where for
the second to the last equality, we used the fact that extension fol-
lowed by restriction is the identity W* and # followed by ° is the
identity on W. Therefore w(a’,v) = w(r¥(a),v) for all v € W.
Since w is nondegenerate, a°® = 7% a.

Finally, «'(a% 3% = o' (7% (), 7% (3)) = 7(a,B) = w(@®,B®), as
desired.

Given (V,7) a constant Poisson structure, define w on W = 7% (V)
as before. We show 7' € A%(V*) defined by 7'(a, 8) = w(a®, 3°)
coincides with 7. Again it suffices to show 7#(a) = a°, but this
follows from the computation above. So there is a 1-1 correspondence
between constant Poisson structures on V' and symplectic subspace
(W,w) C V.

13



3 Symplectic leaves

Let (M, 7) be a poisson manifold and D = 7#(T*M) C TM be the associated vector subbundle,
then we define a equivalence relation R on Mas follows:

2Ry < 3X1,Xs,.... X, € (D) s.t. y = ¢} 0.0 9% (x) (3.1)
We define leaves (set theoretically) as the equivalence classes of this relation.
Definition 3.1 A plaque of a leaf L in a neighborhood U is a connected component of L in U.

Lemma 3.2 If L is a leaf of a poisson manifold (M, ) as above, then:

i)L has a unique C* structure of immersed connected submanifold L M st TL = D|C
it) L has a natural symplectic structure determined by:

Vf,ge ™ {i"f,i'g} =i{f g} (3.2)

PROOF: Given x € L pick U, = Sy X N, (as in the splitting theorem).
We have

Vy € Sp, 7 (T M) = span{(9/0q1)y..., (0/0ar)y, (3/0p1)y, ..., (0/Opi)y} = TySa

so S, € L.

Take the set {open setsofS;|x € L} as basis of the topology of L (we will show that this topology
is 2™ countable) and {(Sz, (q1, ..., @n, P15, Pn))|x € L} as an atlas on it. This atlas defines a
C°-structure of a manifold on L and

Vee L, T,L=D,

Because this holds locally, so TL = D|,.

{Uz|x € m} such that Uy as in the splitting theorem, is a covering for M.By paracompactness
of M we may select a locally finite, hence countable refinement like A = {Uy, }icr where I is
countable.

Now choose x € L and U, as in the splitting theorem. We want to show that the intersection
L N U, consists of at most countably many plaques of L. By definition L NU, consists of the
disjoint union of plaques of L. Let P, be the unique plaque containing x. We define an increasing
sequence Py C Py C -+ of collections of plaques inductively as follows. First Py = {P,}. Neut,
let k > 1, and assume Pr_1 has been defined. For each Uy, of A we denote by P(Uy,) the
collection of plaques of L in Uy, that have a point with UP;_1 in common. In addition, define
Py to be the union of the sets P(Uy,) fori € I. By induction, each set Py is at most countable.
Therefore, the union P = Up>1Py is at most countable. Clearly L is the union of the sets from
P, then the intersection L NU, consists of countably many plaques of L. By using this you can
find a countable basis for the topology of L.

For showing the uniqueness of the manifold structure on L, let (U, ) be as before, where ¢ =
(q1s ey Qs D1y s Prs Y15 -+, Yk) and 1, o are the projections on frist 2n and later k components,
respectivly. If L is another structure such that i : £ — M is an immersion, then f‘l(ux) 18
an open neighborhood of x in the new structure. Let O be the connected component of i—l(uz)
containing x. Since L NU, consists of at most countably many plaques and wo ¢ is constant
on plaques, it follows that the function my o po z|(9 has at most countably many values. Since O
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is connected, it follows by the lemma below that the function me o p o z|@ has a constant value
y € R. Hence, i maps O into a fized plaque containing x, so into S,.

The function m o p o z]@ is an injective immersion from O into R*". For dimensional rea-
sons, it follows that m o p o z|o is a diffeomorphism from O onto an open subset of R*". We
conclude that p o z\@ is a diffeomorphism from O onto an open subset of R*" x {y} Hence, i is
a diffeomorphism from © onto an open neighborhood of x in Sy. So the map i~ oi from L to
L must be a diffeomorphism. O

Lemma 3.3 Let S be a non-empty connected subset of M. If S is at most countable, then S
consists of a single point.

PROOF: For M = R the result is obvious. Let f € C°(M). Then f(S) is connected and a
at most countable subest of R. Hence f(S) consists of a single value. Since the functions from
C>™®(M) separate the points of M, i.e. for every two points mi,ma you can find f such that
flmy) # f(ma), the results follows. O

Example 3.4 As in example 2.6 part (a), for (z,y) = (0,0) the symplectic leaf is £ = {(0,0)}
with the trivial symplectic form and for (z,y) # (0,0) the symplectic leaf is R/{0} with the
canonical symplectic form.

Recall: Let G be a Lie group, we have the following actions of G on g and g* where g is the
Lie algebra of G, and £ € g, € g*

e Adjoint action (g,§) — Ady€ and infinitesimally for £ € g

§— & where &(u)=[§ul cg=T,g
e Coadjoint action (g, ) — (Ady)* (1) and infinitesimally for £ € g
{— & where g (p) € 9" =Tug" st Eg(w)(u) =< p,[u,&] >
Example 3.5 Let M = g* with the Lie-Poisson bracket on it, i.e. for f,g € C*(g*)
{f, 93 () =<, [duf, dugl >
in particular for u,v € g C C*°(g*)
{f, 93 () =< p, [u, 0] >
now for p € g*
={mh(©)l¢ € g} = {<m[.&] > € € g} = {& (W€ € 0}

this vector space is the tangant space at the point p of the coadjoint orbit through u so the
symplectic leaf is a connected component of the coadjoint orbit through pu.
If O is a coadjoint orbit and X,Y € T,,0 for € O then

¥, eg st X =Ep(n) and Y = &g (p)

and

w(X,Y) = w(Eg(u), g (1) =< 1, [€,€'] >

15



This form is called the "KKS” (Kirillov-Kostant-Souriau) form on coadjoint orbits.
As a concrete example take G = SO(3) then we have (s0(3),[.,.]) = (R?, x) by using the
following map

0 —vV3 (%)
v3 0 —vp | — (v1,v2,03)
—V2 V1 0

Identify s0*(3) with R? via the natural pairing given by the Euclidean product. Let
Ae SOB3),Enes0(3),6neR3 ieso*(3),neR3
Then we have Ad4(€) = A€ so
< Ad¥\fi, € >=< i, Ad g€ >=< fi, Af >= . At = AT = Adyu=ATp

So the coadjoint orbit at point p is O, = {ATu|A € SO(3)} which is the sphere in R?® with
radius ||p||. We have also [£,7] = £ x 7, so

< Loor(3) ()11 >=< [, [€,7] >= p.(Exm) = (n x &)y

SO
1,04 = {€eo(3) (W)€ € R} = {€ x pl¢ € R%}
Then for X,Y € T,,0,, we have

wu(X,Y) = wu(€ x pn x p) = p.(§ xn)

Definition 3.6 Let (M, {.,.}) be a poisson manifold, f € C*°(M) such that {f,.} =0 is called
Casimir function.

Ezxercise: Check that if f is a casimir function, then the restriction
of f on every symplectic leaf is a constant function.

Solution: Let x € L and Up = Sz X Ng. Since I'(D) =
span{Xg1, ..., Xgo, Xp1, ..., Xpu } on Sy, then {£,¢'}y = {f,p'} =0
means that f is constant on Sy and since L is connected, [ is con-
stant on L.

Exercise: If {u1, p2, s} is the standard basis for so(3) = R?, we
can view p; as a function on g also, which sends every element to
the ith component. Then show that u3 + p3 + p3 is casimir. We have
seen that the symplectic leaves are the level sets of this function.
Solution: Since (df)a € g for every « € g, it is enough to show that
< B pi(a).ui, pui,a>=0forj=1,23 anda € g. Let j =1

< [ i (@) s, ), @ > =< (@) [, pa] + pro (@) [p2, pa] + ps (@) s, pal, o >
=< pa(a).o — pz(a)pus + ps(a)pz, o >
= —pa(a).ps(a) + ps(a).pz(a) =0

and the similar calculation for j = 2,3.

16



Definition 3.7 Let (M, my) and (N, 7n) be poisson manifolds, then ¥ : M — N is a poisson
map if it preserves the poisson bracket i.e.

{*f, ¥ gtp = V{f, g}n where f,g € C(N) (3.3)

Recall: Let (S,w) be a symplectic manifold along with a symplectic, free and proper action of a
lie group G. As we saw before M = S/G is a poisson manifold and P : S — M/G is a poisson
map. We denote the associated infinitesimal action by p : g — x(95).

The action is Hamiltonian if there exists a momentum map J : S — g* such that:
p(w) = X, where Jy(x) =< J(x),v > and X, is the Hamiltonian vector field associated to
Jy
2)J is G—equivariant that is J(gz) = Ad;J ()

Lemma 3.8 J is a poisson map.

PROOF: Let {x1,...;Tn,Y1,...,Yn} be a canonical chart for S at point x € S and {v1,..., v}
be a basis for g. View v; as a coordinate function on g* such that v;(u) =< p,v; >. For every
V,W € g we have

{7V, T WHz) = {Jv, Jw}(z)
= X, (Jw)()
= p(V)(Jw)(x)

d
= a\tzo < J(exp(tV).z), W >
exp tx

d
=~ limo < Adl, T (@), W >

d
=< J(aj)’ %|t:0AdexptIW >

=< J(z),[V,W] >
=J({v.W})

Now for f,g: g* — R we have (all the calculations are pointwise)
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{J*fv ‘]*g} = {fo J,go J}
= (0f0J/0x;- g o J/dy; — dgo J/0x; - Of o J/Oy;)

=> O _0f/0v -0, /0; -y 0g/0v" - 0y, /Oy
7 7 k

=Y 0g/0v7 - 0.y, /0w - Y Of J00F - Dy, JOy:)
J k

= 0f/0v] - 0g/0v* (>0, 03; - DTy, |Oyi — Dy, /Oy - DTy, Ou;)
k.j %

= Z@f/av] : ag/avk ’ {ija Jvk}
k7j

= Zaf/avj -dg /ot < J, [vj, vg] >
k7j

=< J,[Y_0ffovT v,y 0f fovk vy >
J

=< J,[df ,dg] >= J{f, g}

O
Remark: If we have a Hamiltonian action of G on (s,w) and p is a reqular value for the
momentum map J, i.e. J7 (u) is a submanifold of S, then J~ (u) is G-invariant, where

Gy = g € G. Ady() = p}.

Theorem 3.9 (Marsden-Weinstein) If the G,,-action on J~(u) is free and proper then M, =
J‘l(u)/Gu has a natural symplectic structure w,,, defined by

Pw, =i'w (3.4)
J w8
P
My,

where i : J71(p) — S is the inclusion map and P : J~Y(u) — M,, is the projection map.
PROOF: Let x € J~Y(uu) such that J(z) = p. We want to show that

T, () = (To(G.x))”

By definition we have Jx(z) =< J(x),X. > forx € S and X € g. So by using ix,w = —dJx
we have
T () = ker(TpJ : TS — g*)
={v e T,S| < (dJx)., X >=0,VX € g}
= {v € T;S|wz(Xs(z),v) =0,VX € g}
= {Xs(2)|X € g}* = (T2(G.x))”
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Now we have

ker(i*w), = TxJ_l(u) N (TxJ_l(M))w
=T,J ' (p) NT,(G.x)

We want to show that
T:(Gy.x) = ker(i*w)

Let v € ker(i*w), then by the above, there is an X € g such that
v=Xg(x)

and

T,J(Xs(z)) = 0

Because J is equivariant, we have

T,J(Xs(z) = %\tzoJ(eXp(tX).m)

d *
= Jl=0Ad" (exp(tX).p1) = X () = 0

Hence
ker(i*w), = {Xgs(z) € TS| Xg- (1) = 0}

and by using Lie group theory, we get our claim. So the 2-form w, on M, induced by i*w is
nondegenrate. O

Lemma 3.10 Suppose that the action of G on (S,w) is free and proper, then S/G is a poisson
manifold, and w: S — M = S/G is a poisson map. If the action is Hamiltonian then
1) J is a submersion.

2) (I () = T ()G
3)J 7 (1)/G, is a leaf of S/G with the same symplectic structure. PROOF: (1)Let x € S be
given. We claim that T J is surjective if and only if the linear map

p:g— 1,8

X — Xg(z)

is injective. Since the action is free, cleary this map is injective. So if we prove our claim, the
proof will complete. Let X € g. We will show that the implication

Xs(z) =0 — X =0 (3.5)

holds if and only if the tangent map T, J is surjective. Indeed, because the form w is nondegen-
erate, we have

if and only if

forallveT,.S. So



consider the linear map
ix:g"—R

then
(dJx)e = (d(ix 0 J))z =ix o TpJ

Hence (dJx), = 0 iff ix is zero on the image of T,J. Therefore, the implication (3.5) holds for
all X € g iff T,.J is surjective. (2) Let z,y € J 1 (u) and [v]c = [y]c then Ig € G such that
r=g¢g-y. Then

p=J(x)=J(g-y) = AdgJ(y) = Ady(p) = g € G,

so [z]aq, = [ylg,. Therefore, the map [v]|g, — [r]g is injective and since it is clearly surjective
we have the claim. (3) For every x € S we have the following diagram, where A is the induced
poisson bivector.

:S 25 T8
w1 | Tym (3.6)

Al

T: ) S/G 5 Tyw)S/G

w(z
Let o € T;:(w)S/G, for every v € Tp{G.x} we have 7*(a(v)) = 0 so w™l(7*(a)) € (TL{G.x}).
Since Ty () = (Te{G.x})* so Tpm(w H(n* () € TrwyJ Hp)/Gyu and for every w €
Tr(zy) "1 (1) /Gy you can come back and find a v so Aﬁ(T:(x)S/G) = Tr(yJ Hp)/Gu. Since

7 and P act similarly on J~'(u), the symplectic structures are the same also. O
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