
Extra- Exercises for Group Theory
Week 38 (September 17)

(the exercises from the book are: 3.10, 4.2, 4.3, 4.5, 4.6, 4.7).

Exercise 1 During the lecture, we have remarked that the group T be the group of
rotational symmetries of the regular tetrahedron has 12 elements, and we have pointed
out two “special ones”, called r and s (see Figure 1.4 in the book). Show that r and s
generate T ; more precisely, show that

T = {e, r, r2, s, rs, sr, r2, sr2, srs, rsr, r2sr, rsr2}

and
r3 = e, s2 = e, (rs)3 = e.

Then write the multiplication between srs and r2sr as an element of the form listed above.

Exercise 2 We have seen that there exists and is unique an isomorphism f : Z −→ Z
such that

f(r) = r5, f(s) = rs.

Is there one such that f(r) = r2 and f(s) = rs? (hint: use the order of an element).

Exercise 3 Prove that, for any group isomorphism f : G −→ H,

f(eG) = eH , f(x−1) = f(x)−1 for all x ∈ G,

where eG, eH are the identity elements of G and H, respectively.

Exercise 4 In an arbitrary group (G, •), the subgroup generated by an element x ∈ G
was defined as

〈x〉 = {xn : n ∈ Z}.

Show that the number of elements of 〈x〉 coincides with the order of x.

Exercise 5 By definition, a subgroup of a group (G, •) was a subset H of G satisfying

(SG1) h • h′ ∈ H whenever h, h′ ∈ H.

(SG2) e ∈ H.

(SG3) h−1 ∈ H whenever h ∈ H.

Show by means of examples that the axiom (SG1) does not imply the other axioms.

Exercise 6 Continuing the previous exercise: show that, if H is finite, then (SG1)
implies axioms (SG2) and (SG3).
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