
Extra- Exercises for Group Theory
Week 40 (October 1)

(the exercises from the book are: 6.2, 6.11, 6.3, 11.3, 11.4, 5.3, 5.10.).

Exercise 1 During the lecture we proved that every permutation can be written as a
product of transpositions. We called a permutation even (or odd) if it can be written as a
product of an even (odd) number of permutations. Can a permutation be both even and
odd at the same time? To prove that the answer is no, we introduced the sign function:

sgn : Sn −→ {−1, 1}

by

sgn(σ) :=

{
1 if |{(i, j) : 1 ≤ i < j ≤ n, σ(i) < σ(j)}| is even
−1 otherwise

We have proved that
sgn(στ) = sgn(σ)sgn(τ)

for any two permutations σ and τ . Recalling that the sign of a transposition is allways
−1 (check this!), prove now that a permutation cannot be even and odd at the same time.
Conclude then that a permutation σ is even (or odd) if and only if its sign is 1 (or −1,
respectively).

Exercise 2 Show that Dn is isomorphic to a subgroup of Sn. Do that both geometrically,
as well as in explicit formulas.

Exercise 3 For any set X we have defined SX as the set of all bijective maps

σ : X −→ X

which, together with the operation of composition of maps is a group (SX , ◦) (the group
of permutations of X). Show that, if f : X −→ Y is a bijection between two sets X and
Y , then

f̃ : SX −→ SY , f̃(σ) = fσf−1

is an isomorphism of groups.

Extra-exercises from the book: 6.10, 5.4, 6.12, 11.9, 11.11

Exercise 4 Assume that G is a group with 2007 elements, and H ⊂ G is a subgroup
which is not cyclic. If |H| ≤ 517, show that H has exactely 9 elements.
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