CHAPTER 8

The Seifert- van Kampen theorem

1. The statement and first explanations

The Seifert- van Kampen theorem allows us to compute the fundamental group of a space by

breaking it into pieces.

Theorem 8.1. (Seifert- van Kampen theorem) Let X be a topological space and assume that

X = U ∪ V with U, V ⊂ X opens such that U ∩ V is path connected and let x_0 ∈ U ∩ V . We

consider the a commutative diagram

π(U, x_0)

j_1 � � � � π(U ∩ V, x_0)

i_1 � � � � i_2 � � � � π(X, x_0)

π(V, x_0)

j_2 � � � �

where all the maps are induced by the inclusions. Then, for any group H and any group homo-

morphisms ϕ_1 : π(U, x_0) −→ H, ϕ_2 : π(V, x_0) −→ H such that

ϕ_1i_1 = ϕ_2i_2,

there exists and is unique a group homomorphism ϕ : π(X, x_0) −→ H such that ϕ_1 = ϕj_1,

ϕ_2 = ϕj_2.

π(U, x_0)

j_1 � � � �_{ϕ1} � � � � � �

π(U ∩ V, x_0)

i_1 � � � �

i_2 � � � � π(X, x^0) ϕ � H

π(V, x_0)

j_2 � � � � ϕ2 � � � � � �

1.1. Explanation. Although it may not be clear from the statement, the theorem describes

the way that π(X, x_0) is determined by π(U, x_0), π(V, x_0) and π(U ∩ V, x_0). To understand this,

we will look at the property described in the theorem in a slightly more general setting. 117

Starting data: Start with (N, G_1, G_2, i_1, i_2) where N, G_1 and G_2 are groups and i_1 : H −→ G_1, i_2 : N −→ G_2 are group homomorphisms:

(1.1) G_1

N i_1 � � � � � i_2 � � � � �

G_2

Consider: triples (G, j_1, j_2) consisting of a group G and group homomorphisms j_1 : G_1 −→ G, j_2 : G_2 −→ G such that j_1i_1 = j_2i_2, i.e. “commutative fillings” of the starting data (1.1):

G_1

j_1 � � � � N i_1 � � � � i_2 � � � � G G_2

j_2 � � � � Definition 8.2. We say that a triple (G, j_1, j_2) as above satisfies the universal property (with respect to the starting data (1.1)) if for any other such triple (H, ϕ_1, ϕ_2), there exists and is unique a group homomorphism ϕ : G −→ G^′ such that ϕ_1 = ϕj_1, ϕ_2 = ϕj_2:

G_1

j_1 � � � �_{ϕ1} � � � � � �

N i_1 � � � �

i_2 � � � G ϕ � H

G_2

j_2 � � � �^{ϕ2} � � � � � � We now show that the universal property determines G uniquely up to isomorphism.

Lemma 8.3. If (G, j_1, j_2) and (G^′, j^′_1, j^′_2) are two triples which satisfy the universal property with respect to the starting data (1.1), then there exists (and is unique) an isomorphism of groups

ϕ : G^∼−→ G^′

such that j^′_1 = ϕj_1, j^′_2 = ϕj_2

Proof. Due to the universal property of G, there exists a unique homomorphism ϕ : G −→ G^′ satisfying the equations in the lemma. We have to prove that it is an isomorphism. Interchanging G and G^′ (and applying the universal property for G^′), we find a unique homomorphism ϕ : G^′ −→ G satisfying j_1 = ϕj^′_1, j_2 = ϕj^′_2. We will prove that ϕ^′ϕ = Id_G. Due to the universal property of G (the uniqueness part!), it suffices to check that

(ϕ^′ϕ)j_1 = j_1, (ϕ^′ϕ)j_2 = j_2,

which is immediate from the identities defining ϕ and ϕ^′. Hence ϕ^′ϕ = Id_G and, similarly, ϕϕ^′ = Id_G′ , proving that ϕ is an isomorphism. □

Definition 8.4. The amalgamated free product associated to the starting data (1.1) is a triple (G, j_1, j_2) satisfying the universal property. We also say that G is the free product of G_1 and G_2 over N (but keep in mind the maps involved!).

2. THE CASE G_1 = G_2 = {1} 119

Remark 8.5. Hence, what the Seifert- van Kampen tells us is that π(X, x_0) is uniquely determined by π(U, x_0), π(V, x_0) and π(U ∩ V, x_0), as the amalgamated free product associated to the starting data π(U, x_0)

π(U ∩ V, x_0)

i_1 � � � � i_2 � � � � π(V, x_0)

Back to the general discussion, we know from the previous lemma that the amalgamated free product is unique up to isomorphism. One can also prove that it exists (for any starting data (1.1)), but the explicit general construction is not allways useful. Instead, it willbe more interesting to look at particular cases first (Cases A-D below). But first, let us reformulate the Seifert- van Kampen theorem using this new language.

Theorem 8.6. (Seifert- van Kampen theorem reformulated) Let X be a topological space and assume that X = U ∪ V with U, V ⊂ X opens such that U ∩ V is path connected and let x_0 ∈ U ∩ V . We consider the a commutative diagram

π(U, x_0)

j_1 � � � � π(U ∩ V, x_0)

i_1 � � � � i_2 � � � � π(X, x_0)

π(V, x_0)

j_2 � � � � where all the maps are induced by the inclusions. Then π(X, x_0), together with the maps j_1 and j_2, is the amalgamated free product associated to π(U, x_0), π(V, x_0) and π(U ∩ V, x_0) (with maps i_1, i_2).

2. The case G_1 = G_2 = {1}

Hence assume that G_1 and G_2 are trivial. Then all the maps involved (i_1, i_2, j_1 etc) are the constant maps and all the equations are automatically satisfied. Hence we are looking for a group G with the property that for any other group H, there exists a unique group homomorphism ϕ : G −→ H. Of course, G = {1} does the job.

Corollary 8.7. (Corollary A) Let X, U, V, x_0 be as in the Seifert-van Kampen theorem. If π(U, x_0) and π(V, x_0) are trivial, then so is π(X, x_0).

In particular, we deduce

Corollary 8.8. π(S^n, p) = {1} for all n ≥ 2 and all p ∈ S^n.

Proof. Choose U = S^n − {p_N } and V = S^n − {p_S }, where p_N is the north pole, p_S is the south pole. We know that U and V are homeomorphic to R^n (by the stereographic projection), hence they have trivial fundamental groups. Also, since n ≥ 2, U ∩ V is path connected, hence Corollary A applies. □

Exercise 8.1. Use the covering projection S^n −→ P^n to deduce that π(P^n, p) is isomorphic to Z_2 for all n ≥ 2 and p ∈ P^n.

3. The case N = G_2 = {1}

Look now at the case when N and G_2 are trivial. Also in this case there is an obvious solution to the universal property: namely G = G_1, j_1 = Id (while j_2 can only be one thing: the trivial map).

Corollary 8.9. (Corollary B) Let X, U, V, x_0 be as in the Seifert-van Kampen theorem. If π(V, x_0) and π(U ∩ V, x_0) are trivial, then the map induced by inclusion i_1 : π(U, x_0) −→ π(X, x_0) is an isomorphism of groups.

Using this, we will prove the following result whose importance comes from the fact that it shows that cells of dimension higher then three do not affect the fundamental group.

Proposition 8.10. Let X be space which is obtained from a path connected subspace A ⊂ X by adjoining an n-cell e with n ≥ 3. Then, for any a ∈ A, the inclusion i : A −→ X induces an isomorphism of groups: i_∗ : π(A, a) −→ π(X, a).

Before we prove the proposition let us mention the following consequence which follows after applying the proposition repeatedly to eliminate cells of dimension ≥ 3.

Corollary 8.11. If X is a compact, path connected space then, for any cell decomposition of X, the inclusion of the 2-skeleton X_2 into X, i : X_2 −→ X, induces an isomorphism of groups (for any base point x ∈ X_2): i_∗ : π(X_2, x)^∼−→ π(X, x).

Proof. (of the Proposition 8.10) Let h : D^n −→ X be the defining map for e, so that the restriction to the open ball is a homeomorphism onto e, and the restriction to S^{n−1} = ∂D^n is the characteristic map of e, χ : S^{n−1} −→ A. We consider U = X − {h(0)}, V = e.

Remark that

(1) V is simply connected, because it is homeomorphic to^∘D^n (via h). (2) U ∩ V is simply connected. Indeed, U ∩ V = h(^∘D^n −{0}) is homeomorphic to^∘D^n −{0} (via h) which, in turn, is homotopic equivalent to S^{n−1}. Since S^{n−1} has trivial fundamental group for n − 1 ≥ 2, the same will be true for U ∩ V .

(3) U is homotopic equivalent to A. More precisely, the inclusion i : A −→ U is a homotopy equivalence (Exercise 7.14). In particular, the map induced in the fundamental groups, k_∗ : π(A, a) −→ π(U, a) is an isomorphism for all a ∈ A.

Due to the first two remarks, we can apply Corollary B, hence j^x_1 : π(U, x) −→ π(X, x) is an isomorphism for all x ∈ U ∩ V = e − {h(0)}. We use the super-script “x” to indicate that we use x as a base point. We claim that the same holds also for base points a ∈ A (i.e. for j^a_1 ). So, let a ∈ A. Choose x ∈ U ∩ V . There exists a path α in U starting at a and ending at x. Indeed, since e − {h(0)} = h(D^n − {0}), this space is path connected, hence we can join x with any point y ∈ ∂e = χ(S^{n−1}) ⊂ A by a path inside e − {h(0)} ⊂ U. On the other hand, since

A is path connected, y can be connected with a by a path inside A ⊂ U. Using the path α to change the base point (from a to x), we have a commutative diagram:

π(U, a)^j a 1 � bα � π(X, a) bα � π(U, x)^j x 1 � π(X, x) (the commutativity follows immediately from the definition of j_1 and ^α. Since both vertical maps ^α, as well as j^a_1 , are isomorphisms, from ^αj^a_1 = j^x_1 ^α it follows that j^a_1 = ^α^{−1}j^x_1 ^α is an isomorphism. Composing with the map k_∗ (see the third remark above), the statement follows. □ 4. The case G_2 = {1} Let us now look at a slightly more general case, when only G_2 is assumed to be trivial (this is what we need if we want to have an analogue of Proposition 8.10 in the case of two-cells). Assume first that N is a subgroup of G_1 and i_1 : N → G_1 is the inclusion map. In this case j_2 must be trivial and the equation j_1i_1 = j_2i_2 becomes j_1i_1 = 1, i.e.

j_1(n) = 1, ∀ n ∈ N.

Recall that for any group homomorphism j_1, its kernel is defined by Ker(j_1) := {g ∈ g_1 : j_1(g) = 1}.

Hence, what we are looking at are pairs (G, j_1), with j_1 : G_1 −→ G a group homomorphism with the property that N ⊂ Ker(j_1). The universal property reads: for any other such pair (H, ϕ_1), there exists a unique group homomorphism ϕ : G −→ H such that ϕ_1 = ϕj_1. The existence of an universal pair (G, j_1) brings us to some elementary constructions on groups which we now recall:

• For a subgroup N of G_1 and g ∈ G_1, the N-coset defined by g is gN = {gn : n ∈ N} ⊂ G_1.

These subsets (when g varies) form a partition of G_1. The quotient of G_1 by N is the set G_1/N := {gN : g ∈ G_1}.

Equivalently, the action of N on G_1 defines an equivalence relation on G_1: g_1 ∼ g_2 ⇐⇒ ∃ n ∈ N : g_2 = g_1n, the orbit through g ∈ G_1 is precisely the coset gN, hence G_1/N = G_1/ ∼ .

• A subgroup N of G_1 is called a normal subgroup if gng^{−1} ∈ N, ∀ g ∈ G_1, n ∈ N.

The importance of this notion is that, in this case, G_1/N can be made into a group with the multiplication defined by: (gN) · (g^′N) = (gg^′)N

(if N was not normal, this multiplication would not have been well defined). Denoting by j_1 the quotient map

j_1 : G_1 −→ G_1/N, g → gN,

one knows from group theory (and it is an easy exercise- see also below) that (G_1/N, j_1) has precisely the universal property that we are looking for.

• Let’s now go back to the case where N is a subgroup of G_1 which is not necessarily normal. Since arbitrary intersections of normal subgroups of G_1 is a normal subgroup, we can talk about the smallest normal subgroup of G_1 containing N (which is the intersection of all normal subgroups of G_1 containing N), which we will denote by N. Since the kernel Ker(j_1) of any group homomorphism j_1 : G_1 −→ G is a normal group, we have:

j_1 ∘ i_1 = 1 ⇐⇒ N ⊂ Ker(j_1) ⇐⇒ N ⊂ Ker(j_1).

Let us now consider the general case when i_1 : N −→ G_1 is a group homomorphism (not necessarily an inclusion). In this case i_1(N) is a subgroup of G_1 and we can apply the discussion above to i_1(N).

Lemma 8.12. Consider the starting data (1.1) with G_2 = {1}. Let i_1(N) ⊂ G_1 be the image of i_1 (a subgroup of G_1), let i_1(N) be the smallest normal subgroup of G_1 containing i_1(N) and consider the quotient group and the associated quotient map

π : G_1 −→ G_1/i_1(N).

Then (G_1/i_1(N), π, 1) has the universal property with respect to the starting data (1.1) with G_2 = 1.

Another triple (G, j_1, 1) has the universal property with respect to this data if an only if

j_1 : G_1 −→ G

is surjective with kernel equal to i_1(N). In particular j_1 will induce a group isomorphism

G ∼= G_1/i_1(N).

Proof. The universal property with respect to the starting data (1.1) is equivalent to the universal property with respect to:

G_1

i_1(N)

incl � � � � � i_2 � � � � � {1} (where “incl” is the inclusion). Hence we may assume that N is a subgroup of G_1 and i_1 : N −→ G_1 is the inclusion.

Let (H, ϕ_1) be an arbitrary pair with ϕ_1i_1 = 1. We have remarked that this implies

N ⊂ Ker(ϕ_1).

We have to show that there exists an unique homomorphism ϕ : G_1/N −→ H such that ϕ_1 = ϕπ. Explicitly, this equation translates into:

ϕ(gN ) = ϕ_1(g) for all g ∈ G_1. This equation determines ϕ uniquely: it proves that ϕ will be unique, and provides us with the formula defining ϕ. We still have to check that this ϕ is well defined, i.e. we still have to show that, if g^′N = g^{′′}N then ϕ_1(g^′) = ϕ_1(g^{′′}). Taking n = g^′−1g^{′′}, we have n ∈ N and we have to show that ϕ_1(n) = 1, and this follows from the inclusion we mentioned at the beginning of the proof. The last part of the lemma follows from the uniqueness insured by Lemma 8.3. □

Corollary 8.13. (Corollary C) Let X, U, V, x_0 be as in the Seifert-van Kampen theorem. If π(V, x_0) is trivial, then the map

j_1 : π(U, x_0) −→ π(X, x_0) is surjective and it induces an isomorphism of groups

π(U, x_0)/Im(i_1)^∼−→ π(X, x_0),

where Im(i_1) is the smallest normal subgroup of π(U, x_0) containing the image of i_1 : π(U ∩ V, x_0) −→ π(U, x_0).

We can now prove the following version of Proposition 8.10 in the case of two-cells.

Proposition 8.14. Assume that X is obtained from A by adjoining a two-cell e with characteristic map χ_e : S^1 −→ A. Consider a = χ_e(1), and denote by α ∈ π(A, a) the class of the path t → χ_e(e^{2πti}). Then the map induced by inclusion i : A −→ X, i_∗ : π(A, a) −→ π(X, x)

is surjective and has as kernel the smallest normal subgroup of π(A, a) containing α, denoted by ⟨α⟩. In particular, there is an isomorphism of groups:

π(X, a) ∼= π(A, a)/⟨α⟩.

Proof. We proceed like in the proof of Proposition 8.10. First of all, we use the same notations, and the Remarks 1 and 3 apply also to this case. In particular we can apply Corollary C to deduce that, for any x ∈ U ∩ V = e − {h(0)}, we have a sequence of maps:

π(U ∩ V, x)^{ix1}−→ π(U, x)^{jx1}−→ π(X, x) with j^x_1 - surjective with the kernel equal to the smallest normal subgroup containing the image

of i^x_1 . Take x = h(v_0), where v_0 ∈^∘D^2 −{0}. Since U ∩ V is homeomorphic to^∘D^2 −{0} which is homotopic equivalent D^2 −{0} (the last two spaces are both homotopic equivalent to the circle), we find that the image of i^x_1 coincides with the image of the map induced by h : D^2 − {0} −→ U,

h_∗ : π(D^2 − {0}, v_0) −→ π(U, x).

We now proceed again as in the proof of Proposition 8.10. Take a path α_0 in D^2 − {0} going from 1 to v_0, and consider the path α = h ∘ α_0- a path in U going from a == h(1) to x = h(v_0). We then have a commutative diagram

π(D^2 − {0}, 1)^{h∗} �

cα_0 � π(U, a)^j a 1 � bα � π(X, a) bα � π(D^2 − {0}, v_0)^{h∗} � π(U, x)^j x 1 � π(X, x)

where all the vertical maps are isomorphisms. From the similar property of the bottom line, we deduce that the upper line has the property that j^a_1 is surjective with the kernel equal to the smallest normal subgroup containing the image of h_∗. But, since S^1 → D^2 − {0} is a homotopy equivalence, π(D^2 − {0}, 1) is the free group in one generator [γ_1], where γ_1(t) = e^{2πti}. Hence the image of h_∗ : π(D^2 − {0}, 1) −→ π(U, a) coincides with the group generated by

h_∗([γ_1]) = [h ∘ γ_1] ∈ π(U, a).

Finally, by Remark 3, k_∗ : π(A, a) −→ π(U, a) is an isomorphism, and, from the definition of α in the statement, we have

k_∗(α) = [h ∘ γ_1],

hence i_∗ is surjective and has as kernel the subgroup generated by α. □

Example 8.15. Consider the torus T = X/ ∼, where X is the square and ∼ is the equivalence relation which identifies the opposite sides of ∂X (see Section 5). Recall (see Example 6.11) that T is obtained from a bouquet of two circles by attaching a 2-cell (see also the picture which comes with that example). The bouquet of two circles arises as ∂X/ ∼, and we view it as a subspace of the torus as shown in the picture (Figure 1), where a labels the first circle S^1 ∨ {p} ⊂ T and b labels the second circle {p} ∨ S^1 ⊂ T . The attaching map comes from the homeomorphism χ̃ : S^1 −→ ∂X which transforms the circle to the boundary of the square (e.g. by taking 4 points on the circle and pulling them apart straightening the arcs between the points). The attaching map itself is χ = π ∘ χ̃ where π_0 : ∂X −→ ∂X/ ∼= S^1 ∨ S^1 is the quotient map. In other words, when x ∈ S^1 goes one time around the circle in the counterclockwise direction starting at q, during the first quarter of the circle χ(x) goes around the first circle S^1 ∨ {p} ⊂ T (in the direction of a), during the next quarter χ(x) covers the second circle {p} ∨ S^1 ⊂ T (in the direction of b), during the third quarter χ(x) goes again around the first circle S^1 ∨ {p} ⊂ T but in the direction opposite to a, and in the last quarter it goes again around the second circle {p} ∨ S^1 ⊂ T (in the direction opposite to b). Symbolically, we write χ(S^1) = aba^{−1}b^{−1}.

Figure 1.

We denote by the same letters a and b the elements

a, b ∈ π(T, p)

represented by the paths in T which go once around the two circles S^1 ∨ {p} and {p} ∨ S^1, in the direction indicated in the picture. We see that the path defined by χ in π(T, p) is precisely

α = aba^{−1}b^{−1}, hence π(T, p) = π(S^1 ∨ S^1)/⟨aba^{−1}b^{−1}⟩.

We will complete this computation in Example 8.20 below.

5. The case N = {1} Assume now that N = {1}. The way to recognize the groups which have the universal property is described in the following lemma.

Lemma 8.16. Consider the starting data (1.1) with N = {1}. Then a triple (G, j_1, j_2) has the universal property if and only if, for any g ∈ G, there exists and are unique elements a_1, . . . , a_n ∈ G_1, b_1, . . . , b_n ∈ G_2 with a_i ≠ 1 for all i ≥ 2 and b_j ≠ 1 for all j ≤ n − 1, such that (5.1) g = j_1(a_1)j_2(b_1) . . . j_n(a_n)j_n(b_n).

Before we prove this lemma, we show how to construct a group with this property. We start by considering “words in G_1 and G_2”, i.e. sequences (5.2) w = (g_1)(g_2) . . . (g_n), where each g_i is either in G_1 or in G_2. To avoid confusion and/or too complicated notations, we assume that G_1 and G_2 are disjoint (otherwise, if a ∈ G_1 ∩ G_2, we would have to make the distinction between the word which contains a as an element of G_1, and the word which contains a as an element of G_2). One can realize this by taking a copy of G_2 which is disjoint from G_1.

We also allow the empty word w_∅ = ( ).

For any two words w and w^′, one can consider a new word, ww^′, which is made from w and w^′ put next to each other (juxtaposition).

A word (5.2) is called reduced if, for each i

• g_i is neither the unit of G_1, nor the unit of G_2. • g_i and g_{i+1} are not in the same group.

Starting with an arbitrary word w, one can always produce a reduced word w_{red} by applying repeatedly the following operations

• If g_i is the unit of G_1 or of G_2, delete it (and the parenthesis around it) from the w. • If g_i and g_{i+1} belong to the same group, then replace w by (g_1) . . . (g_{i−1})(g_ig_{i+1})(g_{i+2}) . . . (g_n).

We now define G_1 ∗ G_2 := {w : w is a reduced word in G_1 and G_2}, which is a group with:

• the multiplication of two words given by w ∗ w^′ := (ww^′)_{red}.

• the unit element w_∅ = ( ) (the empty word). There are two group homomorphisms, k_1 : G_1 −→ G, k_2 : G_2 −→ G sending an element g ∈ G_1 or g ∈ G_2 to the word of length one (g).

We can now improve Lemma 8.16 as follows:

Lemma 8.17. Consider the starting data (1.1) with N = {1}. Then (G_1 ∗ G_2, k_1, k_2) has the universal property.

For any other triple (G, j_1, j_2) which has the universal property with respect to this data, one has a group isomorphism ϕ : G_1 ∗ G_2 −→ G, uniquely determined by the condition that it sends g_1 ∈ G_1 to j_1(g_1) ∈ G and g_2 ∈ G_2 to j_2(g_2) ∈ G.

Proof. (of Lemma 8.16 and of Lemma 8.17). We first show that if (G, j_1, j_2) has the property described in Lemma 8.16, then it satisfies the universal property. This will apply in particular to (G_1 ∗ G_2, k_1, k_2) (which clearly has that property,). So, starting with (H, ϕ_1, ϕ_2), we have to find ϕ : G −→ H such that ϕ_1 = ϕj_1, ϕ_2 = ϕj_2. This means that

ϕ(j_1(g_1)) = ϕ_1(g_1), ϕ(j_2(g_2)) = ϕ_2(g_2)

for all g_1 ∈ G_1, g_2 ∈ G_2. For g ∈ G arbitrary, consider its unique decomposition (5.1), we must have ϕ(g) = ϕ_1(a_1)ϕ_2(b_1) . . . ϕ_1(a_n)ϕ_2(b_n).

This formula determines ϕ: it proves the uniqueness of ϕ, and also provides us with the defining formula. One still has to show that ϕ is a group homomorphism, which is left as an exercise.

The last part of the Lemma 8.17 follows from the uniqueness insured by Lemma 8.3. This also implies the remaining part of Lemma 8.16, namely that if (G, j_1, j_2) has the universal property, then any g has a unique decomposition as in the lemma. Indeed, using the isomorphism ϕ : G_1 ∗ G_2 −→ G, it suffices to prove the similar property for (G_1 ∗ G_2, k_1, k_2), which is clear from the construction of the free product. □

Corollary 8.18. (Corollary D) Let X, U, V, x_0 be as in the Seifert-van Kampen theorem. If π(U ∩ V, x_0) is trivial, then π(X, x_0) is isomorphic to the free product of π(U, x_0) and π(V, x_0). More precisely, there is a unique group homomorphism

ϕ : π(U, x_0) ∗ π(V, x_0) −→ π(X, x_0)

which sends g_1 ∈ π(U, x_0) to j_1(g_1) and g_2 ∈ π(V, x_0) to j_2(g_2), and ϕ is an isomorphism.

Remark 8.19. (generators and relations): To be able to write down some of the groups we obtain, it is useful to represent groups by generators and relations.

First of all, starting with G_1 = F (a_1)-the free group (= the infinite cyclic group) with generator a_1:

F (a) = {(a_1)^n : n ∈ Z}, and G_2-the free group with generator a_2, the free product G_1 ∗ G_2 is the free group with two generators, denoted F (a, b): F (a_1, a_2) = F (a_1) ∗ F (a_2).

The free group in three generators is defined similarly

F (a_1, a_2, a_3) = F (a_1, a_2) ∗ F (a_3).

Inductively, one defines the free group generated by finite number of generators. More generally, for any set S, we can define the free group generated by S, denoted by

F (S).

This means that we have generators a_s, one for each s ∈ S, and each element of g ∈ F (S) different from the identity element can be uniquely written as a product

g = a^{n1}_{s1} . . . a^{np}_{sp} , with p ∈ Z positive integer, n_1, . . . , n_p ∈ Z non-zero, and s_1, . . . , s_p ∈ S with s_i ≠ s_{i+1} for all i.

Given a subset R ⊂ F (S), we denote by ⟨R⟩ ⊂ F (S) the smallest normal subgroup of F (S) containing R (the intersection of all normal subgroups of F (S) containing R), and we will consider the quotient: F (S)/⟨R⟩.

By considering this quotient, what we actually do is to force the elements of R to be trivial. To write a group as such a quotient F (S)/⟨R⟩ is known as describing the group by generators (the elements of S) and relations (the elements of R).

A group can be represented by generators and relations in many ways. For instance, (Z^2, +) can be written as F (a, b)/⟨aba^{−1}b^{−1}⟩, F (a, b, c)/⟨aba^{−1}c, bc⟩.

On the other hand, any group G can be realized in this way, i.e. there exist S and R such that G is isomorphic to F (S)/⟨R⟩ (the problem is that there are many such choices). For instance, one could take S = G, R = {a_{gg}′ a^{−1}_{g′} a^{−1}_g : g, g^′ ∈ G} ∪ {a_1}.

Example 8.20. Let us consider a bouquet of two circles X = S^1 ∨ S^1, and let p ∈ X be the common point of the two circles. See Figure 2. Let U_0 be a small neighborhood of p in the

Figure 2.

second circle, let V_0 be a small neighborhood of p in the first circle, and let U = S^1 ∨ U_0, V = V_0 ∨ S^1.

The intersection U ∩ V is contractible to p, hence we can apply the previous result. Note also that the inclusion f_1 : S^1 = S^1 ∨ {p} → U is a homotopy equivalence. Passing to fundamental groups, since π(S^1) is free in one generator, we find that π(U, p) = ⟨a⟩ is the free group in one generator a, where a is the homotopy class of the path which starts and ends at p going around the first circle once. Similarly, π(V, p) = ⟨b⟩ is the free group in one generator b, where b is the homotopy class of the path which starts and ends at p going around the second circle once. We deduce from the previous corollary that π(S^1 ∨ S^1, p) π(S^1 ∨ S^1, p) = F (a, b) is the free group in two generators a and b shown in the picture.

We can now complete the computation of the fundamental group of the torus started in Example 8.15. We find π(T^2, p) = F (a, b)/⟨aba^{−1}b^{−1}⟩ which is the commutative group in two generators, hence isomorphic to Z^2.

Example 8.21. Consider Y = S^1 ∨ S^1 ∨ S^1 a bouquet of three circles. We can use the previous example in two ways: both the result obtained there, as well as the idea for the computation. First of all, take X = S^1 ∨ S^1 ∨ {p} (p is the common point of the circles), U = S^1 ∨ S^1 ∨ U_0, V = W_0 ∨ V_0 ∨ S^1, with U_0, V_0, W_0-small neighborhoods of p. The intersection U ∩ V is contractible. The inclusion X → U is a homotopy equivalence, hence π(U, p) = ⟨a_1, a_2⟩ is the free group in two generators: a_1-represented by the path which goes once around the first circle, and a_2-represented by the path which goes once around the second circle. Similarly, π(V, p) = ⟨a_3⟩ is the free group in one generator with a_3-represented by the path which goes once around the third circle. Applying the previous proposition, we find π(Y, p) = ⟨a_1, a_2, a_3⟩. Applying repeatedly this argument, we find the fundamental group of any finite bouquet of circles:

π(S^1 ∨ . . . ∨ S^1

� � �

n−times

, p) = F (a_1, . . . , a_n),

the free group in n generators.

6. The general case

To explain the general case (i.e. when no restriction are made on the starting data (1.1)), we will represent our groups using generators and relations (explained in Remark 8.19). The Seifert- van Kampen theorem takes the following form.

Corollary 8.22. Let X, U, V, x_0 be as in the Seifert-van Kampen theorem. Assume that

π(U, x_0) = F (S_1)/⟨R_1⟩,

π(V, x_0) = F (S_2)/⟨R_2⟩ π(U ∩ V, x_0) = F (S)/⟨R⟩, where S_1 and S_2 are chosen to be disjoint. For each s ∈ S, choose f_s ∈ F (R_1) such that

i_1(a_s) = f_s⟨R_1⟩ ∈ F (S_1)/⟨R_1⟩,

and similarly choose g_s ∈ F (R_2) such that i_2(a_s) = g_s⟨R_2. Consider

R^′ = {f_sg^{−1}_s : s ∈ S} ⊂ F (S_1 ∪ S_2).

Then π(X, x_0) = F (S_1 ∪ S_2)/⟨R_1 ∪ R_2 ∪ R^′⟩.

7. SOME MORE EXERCISES 129

7. Some more exercises Here are some more exercises about the fundamental group. Exercise 8.2. Prove that X = {(x, y, z) ∈ R^3 : x^2 + y^2 ≠ 0} is not homeomorphic to R^3. Also, compute the fundamental group of X.

Exercise 8.3. Compute the fundamental group of the spaces appearing in Figures 8 and 9 of Section 4, Chapter 6.

Exercise 8.4. Compute the fundamental group of the spaces appearing in Figures 6 of Chapter 7, Section 1.

Exercise 8.5. Compute the fundamental group of the spaces appearing in Figure 10 of Section 4, Chapter 6. Do the same for the spaces from Figure 13 of the same section.

Exercise 8.6. Compute the fundamental group of all the spaces appearing in Exercises 6.22, 4.21, 6.24, 6.25.

Exercise 8.7. Compute the fundamental group obtained by removing one point from the torus.

Exercise 8.8. Compute the fundamental group obtained by removing two points from the sphere. Similarly for the torus instead of the sphere.

Exercise 8.9. Go back to exercise 6.26, and compute the fundamental group of the double torus.

Exercise 8.10. Compute the fundamental group of the Klein bottle. Exercise 8.11. Find a topological space whose fundamental group is isomorphic to G in each of the following cases:

(i) G = Z_n.

(ii) G = Z_n × Z_m. (iii) G = Z_n ∗ Z_m.

where n and m are arbitrary positive integers.

(Hint: look at exercise 6.27).

Exercise 8.12. Let x_0 be a point in the torus p. We know that any homeomorphism f : T −→ T such that f(x_0) = x_0 induces a group isomorphism f_∗ : π(T, x_0) −→ π(T, x_0). Show the converse: any group isomorphism arises in this way (for some f).

Exercise 8.13. Find a map f : T −→ S^1 which is not null-homotopic (i.e. is not homotopic to the constant map). Similarly for the Moebius band instead of the torus.

Exercise 8.14. Show that any map f : S^n −→ S^1 is null-homotopic, when n ≥ 2.

CHAPTER 9

How to compute fundamental groups: a summary and examples

1. Summary and some example

So: how does one compute fundamental groups? Assume one wants to compute the fundamental group of a space X. Recall that, if X is path connected, one may choose any (convenient) point as the base point (cf. Theorem 7.22). Here are some possible steps.

1.1. Step 0: Try to see if your space is homotopic equivalent to a space X^′ which is simpler or whose fundamental group you already know. Then you can replace X by X^′ (cf. Theorem 7.23).

1.2. Step 1: Try to find a cell decomposition of X. Then you can throw away the n-cells with n ≥ 3 (cf. Proposition 8.10 or Corollary 8.11).

Cell decompositions can be found by looking at the picture. Another useful way to find a cell decomposition is to realize your space as a quotient space obtained from the square or the disc, by identifying certain points on the boundary: then one can use (maybe repeatedly) Lemma 6.9 which we now recall (in slightly different notations): Let X be a Hausdorff space which is obtained from D^n (or any other space homeomorphic to D^n) by identifying certain points on ∂D^n = S^{n−1} and let A = ∂D^n/ ∼. We denote by

χ : S^{n−1} = ∂D^n −→ ∂D^n/ ∼= A

the quotient map. Then X is obtained from A by attaching an n-cell whose characteristic map is χ.

The case n = 2 is particularly important: many spaces X can be obtained from D^2 by identifying certain parts of ∂D^2 = S^1, and the identification can be shown on the picture by labeling by letters the parts that are to be identified. In the quotient A = ∂D^2/ ∼, each letter will appear only once (because we identified all the parts labeled by the same letter). When going once around the circle, we will meet various labels that will give us a word whose letters are labels. Reading this word in the space A describes the characteristic map χ : S^1 −→ A. We have already seen this in the case of the torus (see Figure 1): in that case A was a bouquet of two circles A and B (two circles touching each other in one point), and the characteristic map χ : S^1 −→ A gave us the word aba^{−1}b^{−1}, which we can read in the picture of A to describe the characteristic map itself.

1.3. Step 2: You have reduced the problem to the computation of the fundamental group of the 2-skeleton X_2 (what remains after throwing away the n-cells with n ≥ 3). Try to apply Step 0 to X_2. Otherwise, use Proposition 8.14 to get rid of the 2-cells. Applying the proposition repeatedly for each 2-cell, you will find that the fundamental group you are interested in is isomorphic to the quotient of π(X_1) by the smallest normal subgroup generated by paths induced by the characteristic maps of the 2-cells.

Figure 1.

1.4. Step 3: Hence you reduced the computation to the computation of the fundamental group of X_1. Try to apply Step 0 again. Otherwise, choose U and V inside X_1 so that you can apply Corollary D.

One should be aware that these steps should not be followed blindly- also think about simplifying them! For instance, the use of covering maps (e.g. of Exercise 7.23), of the fundamental group of the product (Exercise 7.19), or the trick of taking out points (Exercise 7.14) should not be underestimated.

Here are a few spaces whose fundamental group has been computed:

• The fundamental group of spaces like R^n, D^n,^∘D^n, or any other convex space in R^n is zero. In particular, since S^n − {p} (a sphere minus a point) is homeomorphic to R^n, its fundamental group is zero as well.

• The fundamental group of S^n is zero for all n ≥ 2.

• The fundamental group of S^1 is the free group in one generator (hence isomorphic to Z), where the generator is induced by the path t → e^{2πti}. In particular, since spaces like

R^2 − {0}, D^2 − {0},^∘D^2 −{0} are all homotopic equivalent to S^1, the fundamental group of all such spaces is isomorphic to (Z, +).

• The fundamental group of a bouquet of n circles is the free group in n generators, each generator being defined by the path which goes once around one of the n circles.

• Various other spaces are homotopy equivalent to bouquets of circles. For instance -as we have seen- the torus T from which we remove one point is homotopic equivalent to a bouquet of two circles, hence its fundamental group is isomorphic to the free group in two generators.

• The fundamental group of the torus is isomorphic to Z^2. This has been explained in this chapter using the Seifert van Kampen theorem.

Example 9.1. The fundamental group of S^2 × S^2 can be computed using Exercise 7.19, and the result is the trivial group.

Example 9.2. We have seen the computation of the fundamental group of the torus based on the Seifert van Kampen theorem. The advantage of this proof is that the same idea applies to

1. SUMMARY AND SOME EXAMPLE 133

many other examples. However, since the torus is homeomorphic to the product of two circles, it suffices to use Exercise 7.19 and immediately get the result.

Example 9.3. Consider X obtained from the sphere by removing two points:

X = S^2 − {p_N , p_S }.

Since S^2 minus a point is homeomorphic to R^2, X is homeomorphic to R^2 −{0} (by stereographic projection, see Figure 2), hence it is homotopic equivalent to the circle S^1 ⊂ X (homotopy that can be seen directly). Hence the fundamental group of X (let’s say with base point (1, 0, 0)) is isomorphic to (Z, +), with the generator induced by the path that goes once around the middle circle.

Figure 2.

Example 9.4. Consider the Euclidean plane from which we remove two points. For instance, take X = R^2 − {(−1, 0), (0, 1)}.

Similar to the fact that R^2 minus a point is homotopic equivalent to the circle, we have already seen that X is homotopic equivalent to a bouquet of two circles (Figure 3). We conclude that π(X, 0) is a free group in two generators a and b shown in the picture.

Figure 3.

2. The Moebius band

Let us look at the Moebius band M. We have already remarked that M is homotopic equivalent to S^1 (with S^1 sitting inside M as the middle circle, hence the homotopy group of M is isomorphic to (Z, +).

Let us compute this group differently, using a cell-decomposition of M. Since M can be described as a quotient of the square, as mentioned above, we can use Lemma 6.9 to find a cell decomposition of M. But that is precisely what we have done in the second part of the Example 6.12. The conclusion is that M is obtained from the space B shown in Figure 4 by adjoining a 2-cell, with characteristic map described in the picture. Hence π(M) is isomorphic to π(B)/⟨α⟩, where α is the path which the characteristic map follows (“cab^{−1}a”). On the other hand, by

Figure 4.

collapsing “a” in the picture, we see that B is homotopic equivalent to a bouquet of two circles (“b” and “c”), and α is sent to cb^{−1}. Hence the group we are interested in is isomorphic to

F (c, b)/⟨cb^{−1}⟩

the quotient obtained from the free group in two generators c and b by imposing cb^{−1} = 1, i.e. the free group in one generator.

3. The double torus

Consider the double torus T_2 (Figure 5). It can be obtained as a quotient of D^2 in the following way (indicated already in the last two exercises of Section 5). First cut the double torus by a circle in the middle. We obtain two “cut tori”, where a cut torus is obtained from a torus from which we remove a small open ball. Going backward, i.e. identifying the two cut torus along their boundary circles as shown in the picture, gives us back T_2. This is the description of T_2 as the “connected sum T #T ” (to be explained below).

So, let’s first look at the cut torus T_c. Since the torus is obtained from the square by identifying its opposite points, a cut torus can be obtained from a square from which we remove a small ball e as shown in the picture (Figure 6), followed by the identification of its opposite sides. In turn, [0, 1] × [0, 1] − e can be cut at the origin (0, 0) to produce a pentagon. Going back from the pentagon to the cut-tours amounts to making the identifications described by the labeling in the picture (the c-side is not identified with any other segment!). This describes the cut-torus as obtained from te pentagon by identifying its sides according to the labeling.

3. THE DOUBLE TORUS 135

Figure 5.

Figure 6.

Back to the double torus, we apply the previous construction to one of the cut torus, and we obtained a pentagon whose sides are labeled by a_1, b_1, c. We do the same for the other cut torus, and we obtain another pentagon whose sides are labelled by a_2, b_2, c. See Figure 22. The label c is the same because it represents the initial cut in the double torus; so, when glueing back, we also have to glue the two copies of c. However, one can start with gluing the two copies of c first, and leave the other identifications for later. This produces an octogone with the sides labelled as in the picture (Figure 7), and this gives a description of T_2 as obtained from an octagon by identifying its sides according to the labeling. To compute the fundamental group, we continue as before (e.g. as in the case of the torus, of the Moebius band, or of P^2). We find that T_2 is obtained by adjoining to a bouquet of four circles (labeled a_1, b_1, a_2, b_2):

S^1 ∨ S^1 ∨ S^1 ∨ S^1

a 2-cell with characteristic map χ : S^1 −→ S^1 ∨ S^1 ∨ S^1 ∨ S^1 described by

a_1b_1a^{−1}_1 b^{−1}_1 a_2b_2a^{−1}_2 b^{−1}_2 .

Figure 7.

Denoting by a_i, b_i the resulting elements in the fundamental group of S^1 ∨ S^1 ∨ S^1 ∨ S^1, we find

π(T_2) ∼ F (a_1, b_1, a_2, b_2)/⟨a_1b_1a^{−1}_1 b^{−1}_1 a_2b_2a^{−1}_2 b^{−1}_2 ⟩.

More generally, consider T_g = T # . . . #T � � �

g times , the “connected sum” of g copies of the torus, which can be visualized as the torus with g wholes. Repeating the arguments above, one obtains a description of T_g as obtained starting from a 4g-sided polygon with the labeling of its sides:

c_g = a_1b_1a^{−1}_1 b^{−1}_1 . . . a_gb_ga^{−1}_g b^{−1}_g ,

and making the identifications dictated by the labeling. The fundamental group of T_g will be the quotient π(T_g) ∼ F (a_1, b_1, . . . , a_g, b_g)/⟨c_g ⟩.

4. The projective space

Let us look at the projective space P^n. As in the case of the torus and the Moebius band, it is not really necessary to use the Seifert-van Kampen theorem (however, it is again a good illustration of the theorem).

First of all, recall that P^n admits a cell decomposition with 2-skeleton equal to P^2 -see Example 6.29- hence we reduce the computation to the case n = 2 (cf. Proposition 8.10 or Corollary 8.11). But we have seen (see Section 7) that P^2 can be obtained from the square [0, 1] × [0, 1] by identifying its opposite sides as shown in the picture, hence, as above, we can use Lemma 6.9. We can actually use the picture of the Moebius band because P^2 can be obtained by the identifications made to obtain the Moebius band, plus one more: one also identifies b^{−1} and c in the picture (the notation “b^{−1}” refers to the fact that we change the orientation). Hence, denoting by ∼ the equivalence relation on B which identifies b^{−1} and c, P^2 is obtained from A = B/ ∼ by attaching a 2-cell. Hence A is obtained from B by folding it along the middle vertical line, and the result is clearly (homeomorphic to) a circle. See Figure 8. Hence π(A) = F (u) (with generator u = ca on the picture). Also, the path followed by the characteristic map (which was “cab^{−1}a” in B) becomes “caca”, i.e. it goes twice around the circle. Hence

5. SURFACES 137

Figure 8.

the characteristic map induces in the fundamental group the element u^2 ∈ π(A). Hence the fundamental group of P^2 is F (u)/⟨u^2⟩, or, in additive notation, Z/2Z. Hence, for each n ≥ 2,

π(P^n) ∼= Z_2.

5. Surfaces

Definition 9.5. An n-dimensional topological manifold is a topological spaces M with the following properties:

• M is Hausdorff and second countable.

• it is locally homeomorphic to R^n i.e. for each x ∈ M, there exists a neighborhood U of x in M which is homeomorphic to R^n.

A (topological) surface is a 2-dimensional (topological) manifold.

There is a very basic operation which allows us to construct a new manifold out of two given one.

Definition 9.6. Given two topological manifolds M and N of the same dimension, define their connected sum, denoted M#N as follows: remove from M and N two “small balls” B_1 and B_2 and glue M − B_1 and N − B_2 along the sphere ∂B_1 = ∂B_2.

For surfaces, it means that we remove two small disks and we glue the remaininig spaces along the bounday circles.

Example 9.7. The connected sum M#S^2 of any surface M with the sphere S^2 is homeomorphic to M itself.

Example 9.8. The connected sum of two tori is the double torus. Repeating the operation of connected sum, one obtains all tori with arbitrary number of wholes:

T_g = T # . . . #T � � �

g times .

Similarly, one considers the connected sum of g copies of P^2:

U_h = P^2# . . . #P^2 � � �

h times . Example 9.9. Example 1.23 tells us that, after removing a small disk from P^2, one obtaines a Moebius band. On the other hand, Exercise 1.21 tells us that the Klein bottle can be obtained by gluing two copies of the Moebius band along the boundary circle. In other words, the Klein bottle can be constructed out of P^2, as the connected sum P^2#P^2.

And here is one of the most beautiful theorems of topology:

Theorem 9.10. Any compact surface is homeomorphich to one, and only one, of the surfaces T_g with g ≥ 0, or U_h with h ≥ 1 (we define T_0 = S^2).

What we are able to prove here is that any two of these spaces are not homeomorphic. The proof is based on the computation of the fundamental group. We have already done it for T_g. The computation for U_h is completely analogous. Starting from the fact that U_1 = P^2 can be obtained from a square with its sides label led in the order aabb = a^2b^2, we find that U_h is obtained by starting from a 2h-sided polygon with the labeling of its sides: d_h = (a_1)^2 . . . (a_h)^2, and making the identifications dictated by the labeling. Finally, π(U_h) = F (a_1, . . . , a_h)/⟨(a_1)^2 . . . (a_h)^2⟩.

Since these fundamental groups are rather wild, in order to compare them, we will use one trick coming from group theory: their abelianization. Recall that, for a group G, one defines the abelianization of G as: G_{ab} = G/{ghg^{−1}h^{−1} : g, h ∈ G}, the quotient of G by the smallest normal subgroup containing all the elements of type ghg^{−1}h^{−1} (in this way we force in the quotients all commutation relations). Two isomorphic groups have isomorphic abelianizations. Hence, to prove that the fundamental groups of the surfaces T_g and U_h are not isomorphic, it suffices to show that their abelianizations are not isomorphic. First of all, for T_g, we use the computation from Section 3: the abelianization is obtained by imposing the new relations which say that any two of the generators of F (a_1, . . . , a_h) commute, and we obtain the abelian group in 2g generators π(T_g)_{ab} ∼ (Z^{2g}, +).

In particular, T_g and T_g′ cannot be homeomorphic if g ≠ g^′. Similarly, for U_h, we will have F (a_1, . . . , a_h)/⟨(a_1)^2 . . . (a_h)^2⟩ to which we have to impose the new relations a_ia_j = a_j a_i for all i and j. We find that π(U_h) is isomorphic to the quotient of Z^h by the subgroup generated by 2a_1 + 2a_2 + . . . 2a_h (note that we passed from the multiplicative notation for the group composition, to the additive notation- which is the one used fro Z^r) where a_i = (0, . . . , 0, 1, 0, . . . , 0) is the i-the generator (1 is on the i-th place). Hence we are talking about the subgroup N_h = {(2n, . . . , 2n) : n ∈ Z} ⊂ Z^h.

It is not difficult to see that Z^h/N_h → Z^{h−1} × Z_2, (n_1, . . . , n_h) → (n_1, . . . , n_{h−1}, ^n_1 + . . . + n_{h−1}) is an isomorphism, hence π(U_h)_{ab} ∼ Z^{h−1} × Z_2.

This implies that U_h and U_h′ are not homeomorphic if h ≠ h^′ and that T_g is not homeomorphic to U_h for all g and h.

Contents

Chapter 1. Introduction: some standard spaces 3 1. Keywords for this course 3 2. The unit circle 5 3. The sphere and its higher dimensional versions 7 4. The Moebius band 10 5. The torus 14 6. The Klein bottle 18 7. The projective plane P^2 19 8. Gluing (or quotients) 21 9. Back to metric spaces 23

Chapter 2. Topological spaces 25 1. Topological spaces 25 2. Continuous functions; homeomorphisms 27 3. Neighborhoods and convergent sequences 30 4. Inside a topological space: closure, interior and boundary 32 5. The first countability axiom 35

Chapter 3. Constructions of topologies 37 1. Constructions of topologies: subspaces 37 2. Constructions of topologies: products 38 3. Constructions of topologies: Bases for topologies 41 4. Constructions of topologies: quotients 42 5. Another example of quotients: the projective space P^n 44 6. Constructions of topologies: special classes of quotients 45

Chapter 4. Topological properties 51 1. Connectedness 51 2. Compactness 56 3. Local compactness and the one-point compactification 63 4. Compactness in metric spaces 67 5. More exercises 70

Chapter 5. Normal spaces, second countability axiom, partitions of unity, metrizability theorems 73 1. Normal spaces 73 2. The second countability axiom and metrizability 79

Chapter 6. Attaching cells 83 1. Cells 83 2. Attaching one n-cell 85 3. The characteristic map 88

140 CONTENTS

4. Adjoining more cells; cell complexes 91

Chapter 7. The fundamental group 99 1. Homotopies and homotopy equivalences 99 2. Path homotopies 104 3. The fundamental group 108 4. Covering spaces and the homotopy group of S^1 110

Chapter 8. The Seifert- van Kampen theorem 117 1. The statement and first explanations 117 2. The case G_1 = G_2 = {1} 119 3. The case N = G_2 = {1} 120 4. The case G_2 = {1} 121 5. The case N = {1} 125 6. The general case 128 7. Some more exercises 129

Chapter 9. How to compute fundamental groups: a summary and examples 131 1. Summary and some example 131 2. The Moebius band 134 3. The double torus 134 4. The projective space 136 5. Surfaces 137