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1. GENERAL VECTOR SPACES

1.1. Definition and Examples. We have seen that a vector v in R™ is represented

U1
V2
by a column matrix v = . |. Also on R™ we have two operations (i) addition:

Un
U1 U1 Ui +v1
Uz U2 U2 + V2

u+v= . + . = . )

Un Un Up, + Up

and (ii) scaler multiplication:

rTuq

TUuU9
ra =

TUp

Furthermore these operations satisfy the following properties

(1) u+ v isin R™ whenever u € R"™ and v € R™. (closed under addition)
(2) u+ v = v+ u (addition is commutative)
(3) u+ (v+w)=(u+v)+w (addition is associative)
(4) There is a vector called the zero vector, and denoted by 0 with the property
that for every vector u, one has u+ 0 = u. (additive identity)
(5) For every vector u, there is a vector —u such that u 4+ —u = 0. (additive
inverse)
(6) cu is in R™ whenever c is a real number, and u € R™. (closed under scalar
multiplication)
(7) ¢c(u+v =cu+ cv. (distributive property)
(8) (¢c+ d)u = cu+ du. (distributive property)
(9) ¢(du) = (cd)u. (associative property)
(10) 1(u) = u. (scalar identity)
Properties 1-10 allow us to generalize the notion of vector space in the following
way.

Definition 1.1. Let V be a set on which two operations vector addition and
scalar multiplication are defined. If properties 1-10 above are satisfied, then V
is called a vector space.

Examples 1.1. (1) (The Vector Space of all 2 x 3 matrices) The set My 3 of
all 2 x 3 matrices with the usual addition:

a1l a2 a13 I bir b2 b3 _( an+t bir a2 +biz a3+ b3
a1 G2 G23 ba1  bao  bos az1 +ba1 as2+bax a3 +bas )’
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and scalar multiplication

. ( aii a2 ais > _ < ran raiz rag >
a1 G2 G23 razy rase rass
is a vector space. It is easy to see that properties 1-10 are satisfied with the
—ail —aiz2 —ai3 )

—Qz1 —a2 —a23
a1 a1z a1z >
a21 Q22 a23
(2) (The Vector Space of all n x m matrices) The set M, ,,, of all n x m matrices

with the usual addition and scalar multiplication satisfy 1-10.
(3) (The Vector Space of all Polynomials of Degree less than or equal to two)

Let P; be the set of all polynomials of the form

zero matrix playing the role of the additive identity, and <

playing the role of the additive inverse of <

p(z) = asx® + a1z + ag,

where ag, a1, and as are real numbers. Addition and scalar multiplication
are defined as follows. The sum of two polynomials p(x) = asx? + a1z + ag,
and g(x) = bya® + by + b is given by

p(x) + q(x) = (CLQ + b2)$2 + (a1 + b1)l’ + (ao + bo).

If p(z) = a22® + ayx + ag is a polynomial, and r is a real number, then the
polynomial rp is given by

(rp)(z) = ragaz® + rajx + rag.

It is easy to see that properties 1-10 are satisfied, with the zero polynomial
0(z) = 0 playing the role of the additive identity, and —p(x) playing the
role of the additive inverse of p(z).

(4) (The Vector space of Continuous Functions) Let C be the set of all real-
valued continuous functions with the usual addition (f+g)(z) = f(x)+g(x)
and scalar multiplication (rf)(z) = r(f(z)). Since the sum of two contin-
uous functions is continuous, and a multiple of a continuous function is
continuous, we see that that properties (1) and (10) are satisfied. Further-
more, the zero function 0(z) = 0 plays the role of the additive identity, and
—f(x) plays the role of the additive inverse of f(x). Properties (2), (3),
(7), 8,9, and (10) follow from the usual properties of real numbers.

(5) Let W = {(z,y) € R*> : 2 +2y = 0}. On W we consider the usual
addition, and scalar multiplication. Note that if (z,y), (u,v) € W, then
(z,9)+(u,v) = (z+u,y+v) € W, since z+u+2(y+v) = (x+2y)+(u+2v) =
0, and r(z,y) = (ra,ry) € W since rz + 2ry = r(z + 2y) = 0. Thus
properties (1) and (6) are satisfied. The origin (0,0) is in W and is the
additive identity. Also if (z,y) € W, then (—z,—y) € W is the additive
inverse of (z,y). Thus properties (4) and (5) are satisfied. The rest of the
properties are easy to verify. Hence, W is a vector space.

1.2. Spanning Sets, Linear Independence and Basis.

Definition 1.2. Let V' be a vector space. A vector v is a linear combination of the
vectors Uy, Ug, - -+ , Uy if there exist scalars c1,co,- - ,cp such that

V =ciuy + caug + - -CcpUp.



1
Examples 1.2. (1) Consider the vector space R3. The vectorv= | 3 | isa
1
0 1
linear combination of u; = 1 and ug = 0 since v = 3ug + v3.
2 -5
(2) Consider the vector space Mao of all 2 x 2 matrices. Then the matrix

(vector) v = < (2) f ) is a linear combination of

0 2 -1 3 -2 0
V1:<1 O>av2:< 1 2)7V3:< 1 3)7

since v = vy + 2vg — vg.

(3) Consider the vector space P of polynomials of degree less than or equal to
2. The polynomial (vector) v = p(z) = 2 + 5z — 22 is a linear combination
of u; = p1(z) = 1+ 2 — 222 and ug = p2(z) = o + 22 since v = 2u; + 3ua.

Definition 1.3. Let V be a vector space and S = {v1,Vva, -+ ,vn} a collection of
vectors in V. We call S a spanning set of V if every vector v in 'V can be written
as a linear combination of vectors in S.

1 0
Examples 1.3. (1) Consider the standard basise; = | 0 |,ea=| 1 |,
0 0
0
and ez = ( 0 | in R3. The set S = {ey, ez, e} is a spanning set since if
1
U1
u= | us ) , then u = uje; 4+ ugses + uses.
us

(2) The set S = {1,z,2%} is a spanning set for the vector space P, of all
polynomials of degree less than or equal to 2.

1 0 -2
(3) Let vi = 2 |, vo = 1 |, and vg = 0 . The set S =
3 2 1
Ui
{v1,V2,v3} is a spanning set for R®. To see that, let u = Ug
Uus

be any vector. We want to find real numbers ¢y, co,c3 such that u =
c1V1 + cova + c3vg. This leads to the following system of linear equations
in the unknowns ¢, co, cs (here uy, us, us are considered as constants):

€1 —2c3 =wu

2c1 +co = us

3c1 + 2¢0 + ¢3 = us.

1 0 -2
The coefficient matrix A = 2 1 0 has a non-zero determinant.
3 2 1

Hence, A is invertible and the above system has a unique solution. There-
fore, u can be written as a linear combination of vy, vs, vs.



Definition 1.4. Let V be a vector space. A set S = {v1,va,-+- ,vn} of vectors in
V' is said to be linearly independent if the vector equation

C1V1 + vy + - CpVp = 0

has only the trivial solution ¢y = cy =---=c¢, = 0.
1 0
Examples 1.4. (1) The vectors vy = 2 |, vo = 1 |, and vz =
3 2
-2
0 are linearly independent in R3. To see this, consider the equation
1

c1vy + cova + - - ¢, v = 0. This leads to the following system of linear
equations (in the variables c1, ¢, c3

c1—2c3=0
2c1+c =0
301 +2CQ+63:0.

Using augmented matrices (Gauss elimination method), it is easy to see
that the system has a unique solution ¢; = ¢o = ¢3 = 0.

2 1 3 0 1 0
(2)Letv1:<0 1>,V2=(2 1>7andV3:<2 O)‘ The set

S = {v1,va,vs} is linearly independent in Ms o, the vector space of all
2 x 2 matrices (under the usual addition and scalar multiplication). To see
this, suppose that c¢;vy + cova + cgvg = 0. This leads to

2c1 +3co+c3=0
c1=0
2co +2c3 =0
c1+co =0.
Using Gauss elimination method, it is easy to see that the system has a
unique solution ¢; = co = ¢3 = 0.
(3) We show that the set S = {224+3x+1,22%+x—1, 42} is linearly independent

in P,, the vector space of all polynomials of degree less than or equal to 2.
Suppose that

c1(@? + 324 1) + c2(222 + . — 1) + c3(4a) = 0 = 0(x?) 4+ 0(z) + 0(1).
Rewriting, we get
(1 + 202)m2 + (3¢1 + o +4es)x + (1 — c2) = 0.
This leads to the system
c1+2c=0

3c1+cog+4c3 =0
01+62:0.

This system has a unique solution ¢; = ¢ = ¢3 = 0. Hence, S is linearly
independent.



1.3. Basis and Dimension.

Definition 1.5. A set S = {v1,va, -+ ,vn} in a vector space V is said to be a
basis if

1. S is a spanning set for V.

2. S is linearly independent

1 0
Examples 1.5. (1) Consider the vectors ey = 0 |, ex = 1 |, and
0 0
0
es= | 0 |. The set S = {e1,ez,es} forms a basis in R? since the S is
1
linearly independent (if ¢;e1 +coea +czez = 0, then ¢; = ¢2 = ¢3 = 0), and
U1
spans R? (if u = us |, then u = uje; + uses + uges). As we already
us

know, the set S is called the standard basis in R3.

(2) Consider the set S = {uy,uz2}, where u; = < } >, and ug = ( _11 >

The set S forms a basis. We first show linear independence. Suppose
c1u; + coug = 0, this leads to the system

c1+c=0
Cl1 — Cg = 0.
Hence, ¢; = ¢ = 0 and S is linearly independent. We now show that S is

2
numbers c1, co such that v = cyuy + cous. This is equivalent to solving the

following system
c1+co =11
C1 — Co = V2.

U1 — V2

a spanning set. Let v = < Zl be any vector in R%, we want to find real

Thus, ¢; = Y
that v = c¢juy 4+ cous. Thus S is a spanning set, and therefore S is a basis
for R2.

(3) The set S = {1,z,2% 23} is a basis for P, the set of all polynomials of
degree less than or equal to 3. Clearly, any polynomial p € P3 has the form
p(x) = ag +ayr + asx? + azr?, hence a linear combination of elements of S.
This shows that S is a spanning set. Furthermore, S is linearly independent,
since if co + c17 + cow?® + c32® = 0(x) = 0, then ¢g = ¢; = ¢z = c3 = 0.
Thus, S is a basis.

(4) Consider M; o the set of all 2 x 2 matrices. Let

(10 (01 (00 (00
Vi=loo) 2" loo )Y L1 0) Y Lo 1)

and ¢y = . Hence, we have found ¢y, ¢o such



Then the set S = {v1,V2,v3,va} forms a basis for M. Clearly, any

a

matrix u = ( c can be written as

d

u=avy + bvy + cvg + dvy.
hence, S is a spanning set. Furthermore, if ¢c1vy + cove 4+ c3vy +c4vy =0
(0 is the zero matrix), then ¢; = ¢co = ¢3 = ¢4 = 0, so that S is linearly
independent, and therefore a basis.

2. LINEAR TRANSFORMATIONS

2.1. Definition and Examples. Let VV and W be vector spaces. A map T :
V — W is a rule that assigns to each vector v of V' a vector w of W denoted by
w = T'(v). The vector w is called the image of v, and v is called the preimage of
w.

Definition 2.1. Let V and W be vector spaces, and T : V — W a mapping. We
call T a linear transformation if

T(au+bv) = aT(u) + bT(v)

for allu,v in'V and for all scalars a and b.

Examples 2.1. (1) Define T : R? — R? by T(( Zl ))
2

fice that T(( U1 )):A( U1 ),WhereA: ( -l ) Thus,
V2 V2 1 1
raf ) ee(in ) = aa(i) ()
U V2 (5] V2
() (2)
u9 (%)
U1 (%
aT(( u >)+bT(( u )>.
So T is a linear transformation.

(2) In general if A is an n X n matrix, then the function 7" : R” — R"™ given by
T(v) = Av defines a linear transformation.

(3) Let M, be the vector space of all n x m matrices. Define T : M, ,, —
M,,.m by T(A) = AT. By the properties of matrices we have

T(aA+bB) = (aA+bB)T = (aA)T + (bB)T = aA” +bB” = aT(A) +bT(B).

I
7N
S <
==
+ |
(SR~
NN
~
o
1

Thus T is a linear transformation.

(4) Let C be the set of all real-valued continuous functions, and D the set
of all differentiable functions with a continuous derivative. Both C and
D are vector spaces under the usual addition and scalar multiplication of
functions. Define T': D — C by T(f) = f’, where f’ is the derivative of f
(note that f’ is an element of C). Then,

T(af +bg) = (af +bg)" = af’ +bg" = aT(f) + bT(g).

Thus, T (i.e. the operation of taking derivatives) is a linear transformation.
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(5) Let Plc,d] be the vector space of all polynomials defined on the interval
[c,d] . Define T: P — R by T(p) = fcdp(t)dt. Then,

d d d
T(ap +bg) = / (ap(t) + bq(t)dt = a/ p(t)dt + b/ q(t)dt = aT(p) + bT(q).

Thus T (i.e. the operation of integration) is a linear transformation.

2.2. Matrices for Linear Transformations. Consider R™ with the standard
basis S = {e1, ez, -, en}, so each e; has n-coordinates each of which is 0 except for
the ith coordinate which equals 1. Now let T : R™ — R™ be a linear transformation.
On R™ we also consider the standard basis §' = {e},--- ,el,}. Each €| has m
coordinates each of which is zero except for the ith coordinate which equals 1.
Suppose

a1 a12 A1n

as1 a2 Aa2n
T(el) - ) T(62) - . ) 7T(en) -

am1 Am2 mn

Define an m x n matrix A as follows

aip a2 -0 Qi

a21 a22 to a2n
A =

m1 Am2 Qmn

We claim that T(v) = Av for any vector v € R™. to see this, suppose

v1
V2

vV = i = vi€e1 + vgsez + - -+ + vp€n.
Un
Since T is a linear transformation, then

T(V) = T(vlel + vo€o + - - + vnen)

= viT(e1) +voT(e1) + -+ v,T(en).
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On the other hand,

a1 a12 e Q1n U1

a21 a22 e a2n V2
Av =

am1 Am2 - Gmn Un,

1101 + 1202 + - -+ + A1pVp
G21V1 + Q2202 + - - - + A2pVp

Am1V1 + Am2V2 + -+ + AmpUn

a1 a12 A1n

a1 a2 A2n
= U . + V2 . + -t v,

Am1 Am2 Amn

= v T(e1) +vT(e1) + - +v,T(en).
Example 2.1. Suppose T : R? — R3 is given by

v 2v1 +v2 — v
T( V2 = —v1 + 31)2 — 21)3
V3 3’02 —+ 4U3

To find the matrix A of T', we find the images of the standard basis:

2 1 -1
T(el) = -1 s T(eg) = 3 s T(eg) = —2
0 3 4
2 1 -1
Thus, A= -1 3 —2 |,and T(v) = Av.
0 3 4

So far we have considered only the case when the vector space is R™ with
the standard basis. Suppose now V is a vector space with (ordered) basis B =
{v1,v2, - vn}, and W a vector space with (ordered) basis B’ = {w1,Wa,- - W }.
Let now T : V — W be a linear transformation such that

T(v1) =a11wi1 +a1Wz2 + - miWm

T(va) = a12W1 + G22W2 + - - - 42 Wm

T(Vn) = a1, W1 + @2, W2 + - Ay Wm .-
Define the m x n matrix A by

a1 aiz - QAin
a1 Q22 - a2n

am1 Am2 - Amn
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Note that the first column corresponds to the coefficients of T'(v1) when expressed as
a linear combination of the elements of the basis B’, the second column corresponds
to the coefficients of T'(ve) when expressed as a linear combination of the elements
of the basis B’, - - -, the nth column corresponds to the coefficients of T'(vy,) when
expressed as a linear combination of the elements of the basis B’. The same proof
as above (relative to the standard bases) shows that T(v) = Av for all v in V (on
the right hand side v must be expressed as a linear combination of elements of B,
and then written as a column vector). The matrix A is called the matrix of T'
relative to the bases B and B'.

Example 2.2. Let P; be the vector space of all polynomials of degree less than or
equal to 1, and P> the vector space of all polynomials of degree less than or equal
to 2. Let T : P, — P; be the differential operator, i.e. T(p) = p’. We want to find
the matrix of T with respect to the bases B = {1,z,2%} on P, and B’ = {1,z}
on P;. We look at the images of the elements of B, and we write them as linear
combinations of elements of B’.

01 0
Hence, A = < 00 2
+ a1z + asx?, then

0 ZO _ aq
2 LT\ 2ay )

az

So, if p(z) = ag

S
—
=

Il

VR
o o
O =

i.e. T(p)(x) = a1 + 2asx as expected.

3. EXERCISES

(1) Show that the set M of all 2 x 2 matrices of the form < (é b ) is a vector

0
space under the usual operation of addition and scalar multiplication.
-1
(2) Show that the vector w = | —2 | in R3 can be written as a linear com-
—2
0 -1 3
binationof vi = [ 1 |, ve = 1 ,and vy = | 1
4 2 2
4 -1 2
(3) let vi = 70, vo = 2 , and vz = —3 |. Show that S =
3 6 5

{v1,va,v3} is a spanning set for R3.

(4) Show that the set S = {z? — 1,2z + 5} is linearly independent in P», the
vector space of all polynomials of degree at most 2.
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()

(6)

ShowthatthesetSz{(é g),(é 411)’<g ;),<g é)}forms

a basis for Mj o, the vector space of all 2 x 2 matrices.

Suppose T': My o — Ms 5 is a linear transformation such that

(o 0)-( %)

(4 1)

Find the standard matrix (i.e. relative to the standard bases) of the linear
transformation 7 : R3 — R2 given by

(%4 o
T( s _ ( 13v1 — Yvg + 4wg ) .

61)1 + 5’02 — 3’[)3
U3

Let B = {1, 2,22, 23} be a basis for P3 (the vector space of polynomials of
defree at most 3), and B’ = {1, x, 22,23, 2%} a basis for P; (the vector space
of polynomials of defree at most 4). Consider the linear transformation
(defined on the basis vectors by)

T(xk):/ t* dt.
0

Find the matrix of T relative to the bases B and B’.



