Solutions to Exercises in Extra Lecture Notes, SCI 113 Spring 2008

(1) Exercise 1 We need to verify properties (1)-(10) of a vector space (p.1 of
extra LN).
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Hence M is a vector space under the the usual operations of addition
and scalar multiplication of matrices.
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Exercise 2 We want to write w = -2 in R? as a linear combination
-2
0 -1 3
of vi = 1 ], ve = 1 , and vg = 1 |. In other words, we

4 2
want to find real numbers ¢, ¢, ¢3 such that

[\

W = C1V1 + Cc2Ve + C3V3.

This leads to
—co+3c3 =—1
c1+co+cg=-—2
4eq + 2¢0 4 2¢3 = —2.

Solving this system, we get that ¢; = 1, ¢ = —2, and ¢5 = —1. Thus,

W =V — 2Vy — V3.

Exercise 3 To show that S is a spanning set for R?, we need to prove that

4
any vector u of R3 can be written as a linear combination of vi = | 7 |,
3
-1 2 a
Vo = 2 , and vg = —3 |. So suppose w = b |, we need
6 5 c

to find real numbers ¢, co, c3 so that w = vqy — 2vy — vg. This vector
equation leads to the following system of linear equations (in the variables
1, co, and c3)

4cp —cog+2c3 =a

Tcy + 2c0 —3c3 = b

3c1 + 6¢2 + 5eg = c.

4 -1 2
This system has a unique solution since the matrix A= 7 2 -3
3 6 5

has a non-zero determinant (det(A) = 228). The unique solution is given

c1 a 1 28 17 -1 a
o | =AY b | = 398 —44 14 26 b
3 c 36 —27 15

Hence, w can be written as a linear combination of vy, va, and vgz. So S
is a spanning set.

Exercise 4 To show that the set S = {#2—1,2x+5} is linearly independent
in P, we need to show that if ¢; (22 — 1) +c2(22+5) = 0, then ¢; = cp = 0.
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So assume cy (22 — 1) + co(2x + 5) = 0. Rewriting we get c12? + 2cow +
(701 + 502) = 0. Thus

Cc1 = 0

202 =0

—c1 + 562 =0.

This system has a unique solution ¢; = ¢o = 0. So S is linearly independent.

(5) Exercise5ToshowthatthesetS:{<(2J g),(é le),(g ;>’((2) é)}

forms a basis for Ms 2, we need two verify that .S is linearly independent,
and that S is a spanning set. We begin with linear independence. Suppose

2 0 1 4 0 1 0 1 0 0
o(63) (o) rs(5a)ralao)= (0 0)

This lead to

261+02:0
deg+c3+c4 =0
3c3+2¢c4 =0

3c1 +co+2c3 =0.

This system has a unique solution ¢; = ¢s = ¢3 = ¢4 = 0. Thus, S is linearly
independent. To show S is a spanning set, we need to show that any 2 x 2

. . o . b
matrix is a linear combination of elements of S. So given < z d ), we

need to find real numbers ¢y, ¢co, c3, and ¢4 such that

a b\ 2 0 + 1 4 + 0 1 + 0 1
c d)”"No0o3)72 0o 1)7T®(32)7 % 2 0 )
This is equivalent to

2c1 +c=a

4eg +c3+cs =0
3c3 +2¢c4 =c¢

3¢y + co + 2¢3 = d.

2 1 0 0
. . 0 4 1 1 .
Since the matrix A = 00 3 2 has a non-zero determinant, the
31 20
system has a unique solution given by
C1 a
C2 — AL b
C3 C
Cq4 d

Thus S is a spanning set.
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(6) Exercise 6 To evaluate T (( 14

>> , we first need to write the matrix

-1 4

(D)

as follows

)
(A )=Con)es(o)-(3a) (s
(

( 13 ) as a linear combination of elements of

Since T is a linear transformation, then
1 3 10 0 1
f((L1) - o(Ca o)) (00
1 -1 0 2
- (o2 ) (0 7))
_ 12 -1
o 7 4 ’

(7) Exercise 7 To find the standard matrix A of the linear transformation T,

((f)-2)
(B
(-0

Hence, the standard matrix A is given by
13 -9 4
A= ( 6 5 -3 ) '

(8) Exercise 8 We find the images of the elements of B, and we express them
as linear combinations of elements of B’. Now

T(1) = /013 tVdt = x = 0(1) + 1(z) + 0(x?) 4+ 0(2®) + 0(z*),

and

o

T(z) = /Oﬂ? thdt = % =0(1) +0(x) + %(xQ) +0(z%) + 0(z*),



Thus, the required matrix is given by

0 0 0 0
1 0 0 0
A= o0 12 0 o0
0 0 1/3 0
0 0 0 1/4



