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1. (E,B, ) be a o-finite measure space, and f : E — [0, 00) measurable. Define

I(f) ={(z,t) € Ex[0,00) : t < f(x)},

and

T(f) = {(a,t) € B x [0,00) : £ < f(x)}.

(a) Show that the function F' : E x [0,00) — R given by F(z,t) = f(x) —t is
measurable with respect to the product o-algebra B X By ), where Bjg ) is
the restriction of the Borel o-algebra on [0, c0).

(b) Show that I'(f),T(f) € B X Bjg,x), and

(1 % Ae)(T()) = (1 % A)(T &/f ) du(a

Proof (a) We will show that the function F' is the composition of measurable
functions. Let fi, fo: E x [0,00) — [0, 00) be given by

fi(z,t) = f(x), and fo(x,t) =t.
Then, for any a > 0,
fit(la,00)) = £ ([a,0)) xR € BxBjy,o0), and f5 ' ([a,00)) = Ex[a, ) € BxBjy,00)-

Thus, fi, fo are measurable. By Lemma 3.2.2, the tensor product (f; X fo) : E X

[07 OO) - [07 OO) X [0,00) given by (fl X f2)<x7t) = (f1<x7t>7f2<x7t>) = (f(l’),t)
is measurable. Let g : [0,00) X [0,00) — R be given by ¢(s,t) = s — ¢, then g is
continuous, and hence measurable. Now, F'(x,t) = go (f1 X fa)(z,t), hence F is the
composition of two measurable functions, therefore F' is measurable.

Proof (b) Notice that I'(f) = F~1((0,00)) and T'(f) = F~1([0,00)). Since F is
measurable, it follows that T'(f),T(f) € B x Bjo,cc)-

Since 1r(y), Iyp = 0 are measurable, by Tonelli’s Theorem (Theorem 4.1.5),

(1 % A)(T(F) :(é @ DG Os) )

= //0 )1{t>0 t<f(x ()CD\R( Jdp(x)
_ Q/leR<[o,f<x>>>du<x>
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Similarly,
(MXAR)(f(f))I/EAR([OJ(SU)]))CZM(SU)I/Ef(x)dﬂ($)~

. Let E={(z,y): 0 <2 <00,0<y < 1}. We consider on E the restriction of the
product Borel o-algebra, and the restriction of the product Lebesgue measure A x .
Let f: E — R be given by f(z,y) =y sinxe V.

(a) Show that f is A x A integrable on E.
(b) Applying Fubini’s Theorem to the function f, show that

 si 1—e® 1
/ e ( c e_x) dr = —log 2.
0 T x 2

Proof(a) Notice that f is continuous, and hence measurable. Furthermore, |f(x,y)| <
ye ™. The fuction g(z,y) = ye™ ™ is non-negative measurable function, hence by
Tonelli’s Theorem,

/E @ y)ldA x N(z,y) < /E ye d(A x \)(z,y)

1 o'}
= // ye Ydxdy
0o Jo
1
= / ldy =1.
0

Notice that the integrands are Riemann integrable, hence the Riemann integral
equals the Lebesgue integral, also the second equality is obtained by integration by
parts. This shows that f is A x X integrable on E.

Proof(b) By Fubini’s Theorem,

1 [e'¢) 00 1
/ flz,y)dA x N)(z,y) = / / y sinx e Ydxdy = / / y sinxe “Ydydz.
E o Jo o Jo

Using integration by parts, one has

oo . B y
sinze Ydx = .
/0 Y y*+1

Hence,

& 1
[ 1 dx Ny - / ey = 5 log2.

On the other hand, again by integration by parts one has,

1 . _
1 _ x
/ y sinxe Ydy = e ( c e_x) .
0 x x
° si 1—e® 1
/ S ( < _ e_x) dx = —log 2.
0 x x 2

Therefore,




3. Let (L,( , )) be an inner product space, and let ||z||; = (z,2)Y2. x € L.

(a) Let (x,) C L, and z € L. Show that if lim ||z, — z||; = 0, then lim ||z,||, =
]|z
(b) Prove that the inner product ( , ) isjointly continuous, i.e. if lim ||z,—z||, =

0 and lim ||y, — y||z = 0, then lim (z,,y,) = (,y).
Proof (a)
| ||$n||L - ||5E||L| S ||l‘n —!EHL — 0 asn — oo.
Thus, lim,, . ||z.]lz = ||2]| 2

Proof (b) Suppose that lim ||z, — z||, = 0 and lim ||y, — y||r = 0. By Cauchy-

Schwartz inequality and part (a), we have

[Ty Y — y) + (20 — 2, )]

[(@ny Yo — Y)| + (20 — 2, )]

ol l£llyn — ylle + |yl ellzn — 2|[x
|znllz -0+ [lyl[L - 0= 0.

|y yn) = (2, 9)|
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Therefore, lim (x,,y,) = (z, ).

n—oo

4. Let (E,B, i) be a measure space, and let {f,} C L*(u) be such that

Jim_sup [ fo = fll2(uy = 0.

Show that there exists a function f € L?(u) such that lim ||f, — f|[z2 = 0. In

other words (L*(u), || ||r2(u)) is a complete metric space.

Proof By the Markov inequality,

(1 = Ful = ) = (1 = il = @) < 11— Ful gy

Hence,

| | 1
Jim_sup (| fo = ful 2 €) < lim_sup S |1fo = funll72) =0

n>m

By Theorem 3.3.10 there exists a measurable function f such that f, — f in p-
measure. Furthermore, there exists a subsequence (f,,) such that f,, — f p a.e.,
hence for each m, f,, — fmu — f — fm (as n — 00) p a.e.. By Fatou’s lemma

1F = Sl < Tminf 1o = FnllEag < 5D |15 = Fnl g0

Thus, lim ||f — fmllr2qy = 0. Furthermore, f — f,, € L*(pn) for each m. Since
f=(f—fum)+ frm with f — f,, € L*(u) and f,, € L*(u), it follows that f € L*(u).



