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1. Let C = {(a,o0) : a € R}, and let Bg be the Borel g-algebra over R.

(a) Let (E,B) be a measurable space. Suppose f : E — R satisfies f~!(C) € B
for all C € C. Show that f is measurable, i.e. f~1(A) € B for all A € Bg.

(b) Suppose v and p are finite measures on Bg, and p (f~!(a, 00)) = v ((a, o)) for
all a € R. Show that u(f~'(A)) = v(A) for all A € Bg.

Proof (a): Since Bg = o(R,C), the result follows from Lemma 3.2.1.

Proof (b): Notice that C is a m-system generating the Borel o-algebra, and p and v
are finite measures agreeing on members of C, thus the result follows from problem
1 exercises 7.

2. Let (F, B, 1) be a measure space, and f,, : E — [—00, 00| a sequence of measurable
functions. Show that sup,, f, and inf,, f, are measurable.

Proof: Let R = [—o0, 00]. Notice that if C; = {[a,00] : @ € R} and C; = {[—00, d] :
a € R}, then By = o(R;C;) for i = 1,2. Hence it suffices to show that {sup,, f, <
a},{inf, f, > a} € B for all a € R. Now,

{sup fo <a} = {fn<a}€B

and

{i%ffnza}:ﬂ{fnza} cB.

3. Let (F,B,u) be a measure space. Suppose f : E — [—o00,00] is a function
such that f ="  a;14,, where ay,---,a, are distinct elements of [—o0, co] and
Ay, Ay, -+, A, are disjoint subsets of E. Show that f is measurable (i.e. f~1(A) € B
for all A € Bj_s ) if and only if A;, Ay, ---, A, € B.

Proof: Suppose that f is measurable. Notice that {a;} is closed in [—o0, 0o], hence
{a;} € Bi_s,o0) for all i = 1,2,---,n. Since f is measurable and A, Ay, ---, A, are
disjoint, then A; = f~'({a;}) € B.

Conversely, suppose Ay, Ag,---, A, € B, then 14,,14,,---14, are measurable func-
tions. Hence, f = >"" | a;14, is measurable.

4. Let (E, B, i) be a measure space, and f : E — [0, 00] a measurable simple function
such that [, fdu < oo. Define A : B — [0, c0] by

AB) = /B Fdp.



(a) Show that X is a finite measure on B.
(b) Suppose that p(f =0) = 0. Show that \(B) = 0 if and only if u(B) = 0.

Proof (a): Since [, fdu < oo, then pu(f =o0) = 0. Let a1, as, - - -, ap, be the non-
zero distinct finite values of f, then [, fdp =Y ", a;u(A;), where A; = {f = a;}.
For any B € B one has

A(B) = /Ef Apdp = Zaiu(Ai N B).

From this, one easily sees that A\((}) = 0. Now, suppose By, B, - - -, € B are pairwise
disjoint and let B =J;2, B,. Then 15 => "~ 1p,, and

m m

A(B) = ZaiN(AiﬂB) = Zai ZM(AiﬂBn) = Z ZaiM(AzﬂBn) = Z)\(Bn)-

=1 i=1 n=1 n=1 i=1

Thus, X is o-additive. Since A(E) = [, fdu < oo, it follows that A is a finite
measure on B.

Proof (b): We use the same notation as in the proof of part (a). Suppose u(B) = 0,
then p(A;NB) = 0foralli =1,2,---,m. Hence, A(B) = >_", a;u(A;NB) = 0. Now,
assume that A\(B) = 0. Since a1, as, - - a, > 0and Y .-, a;u(A; N B) =0, it follows
that u(A;,NB) =0 for all i = 1,2,---,m. Further, since u(f = oo) = u(f =0) =0,
then B\ UL, ;) = 0. Thus, u(B) = u(ULy A1 B) = 0%, w(A: 0 B) = 0.



