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Today we will construct a language Ly, an internal analog of LST, whose symbols and formulas
are given by sets. We will show that properties of this language have low Lévy complexity, even
with respect to certain systems weaker than ZFC.

Remark. We use Ag to denote what Devlin calls 3¢ (or Ily, they are all the same).

1 Encoding Ly

Definition 1. A sequence is a function whose domain is an ordinal «. A sequence is finite iff
o€ w.

We denote a sequence of values xy, ..., 2,1 (with domain n) by (xo,...,z,—1). We denote the
concatenation of two sequences s and ¢t by s —~ t. Given a sequence s with domain n, we denote
the greatest element n — 1 of n by ||s]|.

We can can express that a sequence is finite using a Ag formula Finseq.

Our abbreviation scheme can be summarised as follows:

the n'™ variable, x,,

(2, )
the set x (3,
TEY <04:cy,)
xT=1y 0,5,2,y,1)
¢ A (0,6) ~¢ ~ 9 ~ (1)
—¢ 0,7 ~¢~(1)
Jug 0,8,u) ~ ¢ —~ (1)

Properties such as “# is the negation of ¢” can be encoded as formulas of LST. The encoding

of the above (F- (6, ¢)) is

Finseq(f) A Finseq(¢) A [dom(#) = dom(¢) + 3] A [¢(0) = 0]
AOQ) = TIA10(10]]) = 1) A (Vi € dom())[0(i + 2) = ¢()].

Similarly, there exist formulas Vbl(z), Const(z), F=(0,z,y), Fc(0,z,y), FA(0,$,¢), F5(0,u, ¢),
PFml(¢). We can relativize these properties with respect to a set w, giving the language L,; we
require that constants come from u.

The formulas Fml(¢) (“¢ is a formula of Ly”) and Sat(u, ¢) (“¢ is a sentence of £,, and is true
in the structure u”) are of particular interest to us.

In the remainder of the talk, we will look at the Lévy complexity of these formulas. Devlin
claims that Fml and Sat are X1, while Vbl(z), Const(x), etc. are Ag. The latter is not true: Fj is
not Ag, but it is Ay, making the absoluteness results still go through.



ReS
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2 Various systems

In the following definition we keep the naming from [2], and present the axioms in the same style.
So V' denotes the universe for the system (it should be clear that everything can be expressed in

first-order logic).

Definition 2. We define three different systems, where BS will be equivalent to Devlin’s Basic
Set Theory (see [1, page 36]).
The simplest system we discuss is ReS, which is given by the following axioms.

Extensionality

Empty set

Pairing

Union

Ag-separation

II;-foundation

If two sets contain the same elements, they are equal:

Ve ealx €eb) AVe eblz €a)] >a=Db

There is an empty set:
DeV

Any two sets can be paired to form a new set:

z,yeV o {z,yteV

One can form the union of all the sets in a set:

:UGV—>U:BGV

For every Ag-class A we have
reV sxzNAeV,
that is, if ¢(y) is Ag and x is a set, then {y € z : ¢(y)} is a set.

Every non-empty II;-class A contains a set x that is disjoint from A. That is, if
A is a non-empty class that is given by a II;-formula, then

Jr e A(xnNA=0).

The system BS from Devlin is actually equivalent to ReS with the following three axioms added

Cartesian product  The Cartesian product! of any two sets exists:

Full foundation

z,yeV —sxzxyeV

Every non-empty class A contains a set x that is disjoint from A. That is, if
A is a non-empty class, then:

dr e A(zNA=0)

Note that this axiom is a strengthening of II;-foundation, since we allow A
now to be any non-empty class.

Tt should be noted that ReS already allows for creating tuples in the usual way: (y1,v2) = {y1, {y1,y2}} and
(y1,92,y3) = (y1, (y2,93)) and so on.



MW

Infinity There is an infinite set:
weV

The final system we will discuss is MW, which is ReS with the Cartesian product axiom and the
following axiom:

VaVn € w([a]" € V),

where [a]™ denotes the class of all subsets of a of size n.

3 Repairing Devlin’s results

After each lemma we have included the number is has in [1] or [2]. The lemmas with a 9 are from
[1], and those with a 10 are from [2]. Note that we have also included the lemmas from [1] that are
false (but we have explicitly stated it when they are false).

The lemmas will be about the following formulas.

Definition 3. We only give the meaning of the formulas, for their exact definition we refer to [1]
and [2].

Seq(u,a,n)  “u is the set of all sequences in a of length < n”
Fml(z) “r is an L-formula”
Sat(u, ¢) “¢ is an L,-sentence that is true in the structure (u, €)”

Lemma 1 (Lemma 9.5). Seq(u,a,n) is ABS (false).
Lemma 2 (Lemma 10 - 10). ReS proves that if a is finite, then for all natural n there is u such

that Seq(u, a,n). It follows that ReS proves that for all finite a, for all natural n one has

Seq(u, a,n) «— Yv(u # v — = Seq(v,a,n)).

Lemma 3 (Lemma 9.6). Fml(z) is ABS. In [2] this is actually sharpened to: Fml(x) is AReS,

Following a very similar process one can define a formula Fml(x,u) which means “z is an L£,-
formula”, and we obtain the following lemma.

Lemma 4 (Lemma 9.7). Fml(z,u) is AReS,

Lemma 5 (Lemma 9.10). Sat(u, ¢) is ABS (false).

The following lemma has no actual number, but is shown in [2, page 44] in the subsection called
“The cure in MW?”.

Lemma 6. Sat(u,¢) is AMW.



4 Exercises
Exercise 1. In ZF we ‘only’ have the axiom of “set foundation”, that is:
Ve(x A0 — Jy € x(z Ny =10)).

In BS we have the axiom of “full foundation”, which may seem stronger. Prove that “full founda-
tion” is a derivable in ZF (hint: you will want to use the transitive closure of a set described in [1,

page 12]).

Exercise 2. Let T be a theory, n € N and let ¢(z) be a ¥,, formula such that

T+ Jz(op(x))
TEé(x) < Vy(o(y) = = =y)

Show that ¢(x) is AL.
Exercise 3. An attempt at integer addition for n,m € N is a function A : w X w — w such that
for all n’ < mn and m' <m, A(n’,m') =n"+m/.

Show that the property “A is an attempt at integer addition for m,m” can be expressed as a
Ag formula. (You may use lemma 8.4 from [1].)
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