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Introduction. It is well-known thattheRiemannzeta-function(asdefinedby Euler):
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takes“elementary”values(i.e.,valuesdefinablein afirst-yearcalculusclass)when
�

is apositiveeven
integer;moreprecisely:
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Here, � 2� denotesthe2� -th Bernoulli number;we usetheconventionwherebytherationalnumbers� � aredefinedfrom theMaclaurinseriescoefficientsof thefollowing function:
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Equivalently, theseries(1) canbereplacedby onewith thesametermsrestrictedto oddvaluesof
�
,

yielding:
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If we replacethe seriesof either(1) (for
�/	

2� ) or (3) with anotherof the sametermsin absolute
valuebut alternatingin sign, thenthereis no similar elementaryformula for thesum. However, for
oddpositive integervaluesof

�
thereis thesimilar formuladueto Euler:
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wheretheEulernumbers
2 � , for � �

N0, arethenaturalnumbersdefinedaccordingto:
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Among the conventionalproofs of (3) and (4), most of them involve either residuetheory of
complex functions,or Mittag-Leffler expansions,or techniquesfrom Fourieranalysis.Thismeansthat
theaverageundergraduatemajoringin mathematicscouldrarelylearnit beforethesenioryear(unless
she/heis unusuallytalented).

Theaimof thispaperis to presentasimultaneousproofof (3) and(4) in thejoint formulation:
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Hereeach
4 � is a positive rationalnumber, arisingasthevolumeof a certain � -dimensionalconvex

polytope 5 � with rationalvertices.By directcomputationof vol � 5 � wefind:
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On expandingtheright sideof (7) we obtaintheexpressionsfor the
4 � in termsof theBernoulli and

Eulernumbersasindicatedabove.
Theproof requiresnospecialknowledgebeyondwhatis includedin agoodsecond-yearcalculus

class,andit is in four steps. StepI: usingstandardtechniqueson convergencewe convert the sum
of the seriesinto an integral of a rationalfunction over the unit cubein R

�
. StepII: by meansof a

nontrivial substitutionof variables,andthis is theheartof thematter, theintegral is shown to beequal
to

4 � �76
2
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, with
4 � asabove. StepIII: by ananalysisof someelementaryinequalities,we dissect5 �

into � congruentpyramids;andweexpress
4 � in termsof the

� � �
1
�
-dimensionalvolumeof thebasis

of sucha pyramid. StepIV: thevolumeof this basisis determinedby meansof a two-steprecursion.
This requiresmathematicalinductionwith respectto � .

From series to integral over a cube. Webegin with thefollowing

Lemma 1. Theinfiniteseries(6) convergesfor each � �
N, andits sumis representedbytheintegral:
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Here ? �
is the openunit cubeof
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denotes� -dimensionalintegrationover ? �
with respectto variables
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Proof: Firstnotethatthedefinitionof theintegralneedssomecarein thecaseof � even,astheintegrand
becomesinfinite at the corner

�
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. Sincethe integrandis positive in
theopenset ? � , in orderto prove convergenceof the integral it sufficesto show theexistenceof an
increasingsequenceof setsHJILKF? �

suchthat M 0N I N 1 HJI 	 ? �
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exist andconvergeas VXW 1. Weshalldo this,therebyproving our lemma,by choosingthesubsetsH I
to bethecontractedhypercubesV*? �
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Expansionof theright sideinto ageometricseriesyields:

8 9 �
��


0

V � Q 2� 0 1S ��� 1
��� � ��;

1 <�< < ; � � 2
� = ;Z"

2



Forfixed0
( V (

1, theseriesconvergesuniformly for
;[� ? � , allowingusto interchangeintegration

andsummationto obtain: �
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Theintegrationis easynow in view of:
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Thefinal resultis:
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Theseriesconvergesuniformly for V �[_
0 � 1 ` ; andhencewecantake thelimit for VXW 1, finding the

seriesof thelemma.But this impliesthatthelimit of theintegralsexistsfor VXW 1, andthatit is equal
to theintegral of thelemma.Thisyieldsthedesiredequality. a
From cube to polytope. If � 	

1 the integral in (8) is immediatelyseento beequalto 1
2
6
2 , hence4
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1b 2. Soweassume�dc 2 from now on. In orderto evaluatetheintegral (8) (this is by nomeans
elementary),we make a surprisingchangeof variables.In what follows we shall regard the indicesE of the � coordinatesof a point in R

�
as integersmodulo � , so we computewith themcyclically.

Thesubstitutionof variablesis givenby thefollowing equationswith theconventionson indicesjust
described: ;�Be	 sin f B

cosf B 0 1

� E �
N mod � ��" (9)

Lemma 2. Thechange of variablesrepresentedby (9) givesa differentiably invertible one-to-one

correspondencebetweentheset ? �
for

;
andtheset

!
2
5 �

for f . Here 5 �
is theopen� -dimensional

convex polytopeconsistingof the
;[�
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TheJacobiandeterminantg Tg�h of thecorrespondenceequals1
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1
� � ��;

1 < <�< ; � � 2.

Notice that the Jacobianis exactly the denominatorof the integrandin (8) (this is of coursethe
raisond’êtreof thesubstitution).

Proof: We denotethe correspondenceby ikj !
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1, andusingthis we get i � f �n� ? � . Conversely, given
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Since
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Then i � f �
	v;
comesdown to sin2 f � 	v; 2� � 1 �

sin2 f 1
�
, andthis follows from p �

sin2 f � �
	 sin2 f � .
That is, theequationi � f �x	y;

hasa uniquesolution f � !
2
5 �

. This givesthat i is differentiable,

one-oneandonto.
TheJacobianmatrix zGi � f � hasthefollowing simpleform, whereweuse{ B

and { tB asanabbre-
viation for sin f B andcosf B respectively:
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Thedifferentiabilityof i � 1 follows from theinversefunctiontheorem(see[MT], p.288)andthe

factthattheJacobianis positiveon
!
2
5 �
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Notethattheequations(9) canbesolvedexplicitly; oneobtains:
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Now transformtheintegral (8) by thesubstitution(9), anddeducefrom Lemma2:
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Combiningthis resultwith Lemma1 wefind thefollowing

Theorem 3. Theformula(6) aboveholdswith
4 � equalto thevolumeof the 5 �

of Lemma2.
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Dissecting the polytope into congruent pyramids. Thecyclic permutationof the � coordinatesin
R
�

definesanorthogonallineartransformation� of R
�
. Thetransformation� preservestheinequalities

(10)defining 5 � , andtherefore5 � is mappedisometricallyontoitself by � .
Now denoteby � � 	 � �� the collectionof
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addition,definethesets� �~ , for 1 D�� ( � similarly, but with theindex � interchangedwith � . Since
� ~ � � 	 � �~ , all thesesetshave equalvolumeandarepairwisedisjunct,andtheclosureof 5 � is the
unionof theclosuresof the � �~ ’s. Hence(cf. Theorem3):
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Indeed,the two “missing” equationsnow area consequenceof the given ones,since
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Thenext lemmashowsthat � �
is thepyramidin R

�
with � 	 (1

2 � 1
2 � "�" " � 1

2) asits apex and � � � 1 asits
basis,i.e., � �

is theconvex hull of � and � � � 1.
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As aconsequenceof thelemmawefind:
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Combining(11)and(14)wesee:
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Two-step recursion for the volume of the basis of the pyramid. From(13) we see
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In orderto computethis integralwe introducepolynomialfunctions� � on R by:
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Notice that (16) givesan algorithm for recursive computationof the
� � , andhencealsoof the

4 � .
The left handsidesin (16) occurasthecoefficient of # 2� , and # 2��0 1 respectively, if oneperformsthe
multiplicationin theleft handsideof thefollowing identityof formalpowerseries;andthis implies:
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RecognizingtheMaclaurinexpansionfor cosandsin wefind in view of (15) theresultof (7):
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Recalltheexpansion(5) for sec. Thefunctiontanis anoddfunctionwhoseodd-orderderivatives
at0 belongto N, andit hasthepowerseriestan # 	 �� 
 1 ¢ � # 2� � 1, wherethe ¢ � aregivenby (see[C],
p.423for ashortproof):
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In [KB] onefindstablesfor theEulerandBernoullinumbers.Insertingboththeseexpansionsin (7)we
obtainthefollowing equalityof powerseries,whichrelatesthevolumina

4 � to theanalyticallydefined
numbers

2 � of (5) and � 2� of (2):
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If wecombinethisresultwith (6) weobtain(3) and(4). With thiswefeelwehavecompletedourshort
circularexcursionthroughsomeanalysis,somegeometry, somecombinatoricsandbackto the tried
andfamiliargroundsof elementarysubjects.
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