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Introduction. It is well-known thatthe Riemanrnzeta-function(asdefinedby Euler):
()=) k' (seR s>1) 1)

takes“elementary’values(i.e., valuesdefinablen afirst-yearcalculusclass)whens is apositive even
integer; moreprecisely:

¢(2n) = (1" !By, @2r)?  (neN).

2(2n)!

Here, B,, denoteghe 2n-th Bernoulli number;we usethe corventionwherebythe rationalnumbers
B, aredefinedfrom the Maclaurinseriescoeficientsof thefollowing function:

=YB i <2m. @
e’ n!

Equivalently, the series(1) canbereplacedby onewith the sametermsrestrictedto odd valuesof k,
yielding:

L=27)() =Y (k+D~,

k=0
whence:
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If we replacethe seriesof either(1) (for s = 2n) or (3) with anotherof the sametermsin absolute
valuebut alternatingin sign, thenthereis no similar elementaryformulafor the sum. However, for
odd positive integervaluesof s thereis the similar formuladueto Euler:

o (—1)k 1 N\ 2n+1
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wherethe EulernumbersE,,, for n € Ng, arethe naturalnumbersdefinedaccordingto:

© 2n

T
sea = => E, (2 ¥ (It < 3. (5)
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Among the corventional proofs of (3) and (4), mostof them involve either residuetheory of
comple functions,or Mittag-Leffler expansionsor technique$rom Fourieranalysis.Thismeanghat
theaverageundegraduatenajoringin mathematicgouldrarelylearnit beforethe senioryear(unless
she/hds unusuallytalented).

Theaim of this paperis to present simultaneougroof of (3) and(4) in thejoint formulation:

o0 (-1 nk A"
kZ:; @k + 1" 8"(5) (n € N). 6)

Hereeaché, is a positive rationalnumber arisingasthe volume of a certainn-dimensionalcornvex
polytopeA” with rationalvertices.By directcomputatiorof vol, A" we find:

gan "l = %(secz + tanr) <|t| < %) (7)

On expandingtheright sideof (7) we obtainthe expressiondor the s, in termsof the Bernoulliand
Eulernumbersasindicatedabove.

The proofrequiresno specialkknowledgebeyondwhatis includedin a goodsecond-yeacalculus
class,andit is in four steps. Stepl: usingstandardechniquesn convergencewe corvert the sum
of the seriesinto anintegral of a rationalfunction over the unit cubein R". Stepll: by meansof a
nontrivial substitutionof variables andthis is theheartof thematter theintegral is shavn to beequal
to 6,(%)", with 5, asabove. Steplll: by ananalysisof someelementaryinequalities we dissectA”
into n congruenpyramids;andwe expresss,, in termsof the (n — 1)-dimensionalvolumeof thebasis
of sucha pyramid. SteplV: the volumeof this basisis determinedy meansof a two-steprecursion.
This requiresmathematicainductionwith respecto n.

From seriesto integral over acube. We begin with thefollowing

Lemma 1. Theinfinite series(6) corvemgesfor eacn € N, andits sumis representedy theintegral:

o (— 1)nk B 1
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Here (" is the openunit cubeof x € R” satisfying0 < x; < 1, for 1 < i < n, while fD,l - dx
denotesi-dimensionaintegration over (1" with respecto variablesx = (x1, ..., x,).

Proof: Firstnotethatthedefinitionof theintegralneedsomecarein thecaseof n even,astheintegrand
becomesnfinite atthe corner(l, 1, ..., 1) of theclosureof (0”. Sincethe integrandis positive in
theopenset1”, in orderto prove cornvergenceof theintegral it sufiicesto shav the existenceof an
increasingsequenc®f setsK, ¢ " suchthatUg.,.1K; = " andthatthefKA mdx
existandcorvergeasi 1 1. We shalldothis, therebyproving ourlemma,by choosinghe subsets;
to bethecontractechypercubes.[1” with 0 < A < 1. Notethat:

1 A"
/ 5 dx = / 5 5 dx.
o L= (=" (x1 -+ - xn) O L= (=29)"(x1- - xp)
Expansiorof theright sideinto a geometricseriesyields:

/ an(2k+l)( l)nk(xl xn)Zk dx.
a
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ForfixedO < A < 1,theseriesconvergesuniformly for x € (1", allowing usto interchangéntegration
andsummatiorto obtain:

00
Z )\‘n(2k+l) (_l)nk / (-xl . ‘xn)2k dx.
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Theintegrationis easynow in view of:

D”(xl...x,,)dex = (/:xfkdxl)---(/oleka’xn) = ﬁ

Thefinal resultis:

o
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Theseriesconvergesuniformly for A € [0, 1]; andhencewe cantake thelimit for A 4 1, findingthe
seriesof thelemma. But thisimpliesthatthelimit of theintegralsexistsfor A 1 1, andthatit is equal
to theintegral of thelemma. This yieldsthe desiredequality O

From cubeto polytope. If n = 1theintegralin (8) is immediatelyseento be equalto %% hence
81 = 1/2. Soweassume: > 2 from now on. In orderto evaluatetheintegral (8) (thisis by no means
elementary)we make a surprisingchangeof variables. In what follows we shall regard the indices
i of then coordinatesf a pointin R" asintegersmodulon, sowe computewith themcyclically.
The substitutionof variablesis givenby the following equationswith the corventionson indicesjust
described: _
Siny;
X; =
COSyi+1

(i €N modn). 9)

Lemma 2. The chang of variablesrepresentedoy (9) givesa differentiably invertible one-to-one
correspondencbetweertheset1” for x andtheset%A" for y. Here A" is theopenn-dimensional
cornvex polytopeconsistingof thex € R" satisfying:
0 < y;, Vit yira<l1 (i e N modn). (10

TheJacobiandeterminantg—; of thecorrespondencequalsl — (—1)" (x1 - - - x,,)2.

Notice thatthe Jacobians exactly the denominatoiof the integrandin (8) (this is of coursethe
raisond’étre of the substitution).
Proof: We denotethe correspondencby W : %A” — O" Fory e %A", wehae O < y; <
v

5 it < % (cyclically); andthus:

. . v
0 < siny; < sm(E — Yit1) = COSY; 1.

HenceO < x; < 1, andusingthiswe getW¥ (y) € LJ". Corversely givenx € 1", considerthelinear
function¢ : R — R givenby:

o) =x2L—x2A1— - (A= x2_,1—1)---)).



Since|p(t) — ¢(t')| = (x1x2- - - x,)?|t — t'|, themappings sendd 0, 1[ into itself contractiely, and
hencep hasauniquefixedpointz, € [J. Now selecttheuniqueelementy e %A” satisfying:

sir? Yu = to, sir? Vi = xiz(l — sin? yir1) (m—1>i>1),

ThenW (y) = x comesdown to sir? y, = x2(1 — sir? y;), andthisfollows from ¢ (sir? y,) = sir? y,.
Thatis, the equation¥ (y) = x hasauniquesolutiony € %A". This givesthat ¥ is differentiable,

one-oneandonto.
TheJacobiammatrix DW (y) hasthefollowing simpleform, wherewe usey; andvy; asanabbre-
viation for siny; andcosy; respectiely:

%% wizz 0 0
1z 2
0 & Wzﬁs 0
Vs Y3
% }gl 0 0 . _}/1
1 1

ConsequentlyheJacobiang% = detDW¥(y) equals:

n n

S/ AT ViVisn . Vi \2 )
nwilﬂ—(—l) H W'2+ =1- (-1 H(W’ ) =1 (=1 "(x1---x,)2

i=1 i—1 Yinl ic1 Vi1

Thedifferentiability of ¥~ follows from the inversefunctiontheorem(see[MT], p.288)andthe
factthatthe Jacobiarns positive on %A". O

Notethatthe equationg9) canbe solvedexplicitly; oneobtains:

14+ S (—x2
Vi = arcsin(x,\/ 2 imia 30 (i e N modn).

1= (—1)" ()2

Now transformtheintegral (8) by the substitution(9), anddeducerom Lemmaz2:

[ te= ) [ = (3) i = (3.

Combiningthis resultwith Lemmal we find the following

Theorem 3. Theformula(6) above holdswith §, equalto thevolumeof the A" of Lemma2.



Dissecting the polytopeinto congruent pyramids. Thecyclic permutatiorof then coordinatesn
R" definesanorthogonalineartransformatiorC of R”. ThetransformatiorC preserestheinequalities
(10) defining A", andthereforeA” is mappedsometricallyontoitself by C.

Now denoteby I'" = I'! the collectionof x € A" satisfyingx, < x; forl1 <i <n—1. In
addition,definethesetsl™}, for 1 < j < n similarly, but with theindex n interchangeavith ;. Since
citr = %, all thesesetshave equalvolumeandare pairwisedisjunct,andthe closureof A" is the
unionof theclosuresof theI™}’s. Hence(cf. Theorem3):

8, = vol,(A") = nvol,(T'"). (11)
Notethatx € I'" is characterizethy theinequalities:
O<x,<x;, (I<i<n-—1, xi+xiyg1<l A<i<n-—2). (12

Indeed,the two “missing” equationsnow are a consequencef the given ones,sincex, 1 + x, <
Xp—1+ xp—2 < landx, +x3 < x2 +x1 < 1.

Let ©" ! betheintersectiorof theclosurel” with the coordinatenyperplaner, = 0. Obviously
y € ©"1if andonly if:

O<y, (I<i<n-—-1, ya =0, yityt<l (1<i<n-2). (13)

1

Z...., 3) asitsape and®" ! asits

Thenext lemmashavsthatT" is thepyramidin R with a = (3,
basisj.e.,T" isthecorvex hull of « and®"1.

Lemma4. ¥ : @1 x]0,1[ — I'" givenbyx = W(y,t) = (1 —1t)y + ta is a differentiably

: . . . 1
invertible one-to-onecorrespondenceandits Jacobianis givenby = 5(1 -t

a(y, 1)

Proof: Supposer belonggto thepyramidim(¥). Then0O < x, =¢/2 < (1 —1t)y; +t/2 = x;, Since
0 < y;. Furthermorey; + y;11 < limpliesx; + x;y1 = A —8)(y; + yiy1) +t <1l—t+¢t =1, for
1 <i <n — 2. Accordingto (12) thismeansx € I'". Corverselyassumer € I'". Thenx = W (y, 1)
issolvedby ¢t = 2x, andy; = (x; — x,)/(1 — 2x,). FirstnotethatO < x, < 1/2, for everyx € I'”;
henced < r < 1. Theinequalityx, < x; impliesO < y;, while x; + x;;1 < 1givesy;, + y;11 < 1,
forl <i <n—2 Inview of (13)wehavey € ©"1, andsox € im(¥). The computatiorof the
Jacobiaris immediate. O

As a consequencef thelemmawe find:

1

vol, (") = - ( 1(1— )”’1a’v>d Lo, ey = Ly (14)
W Z 5 L\, T )y = o B

Combining(11) and(14) we see:

1
8, = nvol,(T'") = S0n-1. (15)



Two-step recursion for the volume of the basis of the pyramid. From(13)we seex € ©, if and
onlyif 0 <x;<1,0<x, <1—x1,...,0<x, <1—x, 1. Hence:

1 1—x1 1—x,—1
0= [ (/ (/ a’x,,)---dx2>dx1.
0 0 0

In orderto computethis integral we introducepolynomialfunctionsp, onR by:

1—x
po) =1  pux) = f poa(t)dt:  then 6, = py(0).
0

Now we have, for x € R:

1 1 x
Pnt2(x) =f Pnt1(t) dt —/ Pu+1(1) dt = pny2(0) —/ P11 —1)dt =
0 1-—x 0

= pp42(0) — _/: (/c;, DPn(s) ds)dt.

Henceby mathematicainductiononn wefind, for x € R:

(- D,
pn<x)—0<IZ<[ Pn- M@W f— s

wheres(n) = 0 or 1if n is evenor odd,respectiely. Sincep, (1) = 0, for n € N, we obtain:

(~1y d (-1 (=1
20211 2i oy (2 )' = 0’ ;02’l+12i (2[)' = (2n+1)' (I’l € N) (16)

Notice that (16) gives an algorithmfor recursive computationof the 6,, and hencealso of the §,,.
Theleft handsidesin (16) occurasthe coeficient of 2!, and:?'** respectiely, if oneperformsthe
multiplicationin theleft handsideof thefollowing identity of formal power series;andthisimplies:

(o) ™) = L™

n=0

Recognizinghe Maclaurinexpansionfor cosandsin we find in view of (15) theresultof (7):

o0
v
2) 5,1t 0,t" = —— +tans = sec + tans < >).
; Z -+ + (Il < 3)
Recallthe expansion(5) for sec Thefunctiontanis anoddfunctionwhoseodd-ordemerivatives
at0 belongto N, andit hasthepower seriegans = > °°, 7,,+*'~1, wheretheT,, aregivenby (se€[C],

p.423for ashortproof):

22 _q
T, = (=1)" 1By, —— 2%
=D o ———— @0

In [KB] onefindstablesfor theEulerandBernoullinumbers Insertingboththesesxpansionsn (7) we
obtainthefollowing equalityof power serieswhichrelateghevoluminag, to theanalyticallydefined
numbersE,, of (5) andB,, of (2):

00 00
Z S tn—l _

n =
n=1

If we combinethisresultwith (6) we obtain(3) and(4). With thiswefeelwe have completedurshort
circularexcursionthroughsomeanalysis,somegeometry somecombinatoricsaandbackto the tried
andfamiliar groundsof elementarysubjects.

— Loz (|t| < %)

1
"2(2n)!

2 - 1, 2
" —1)"""B,,
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