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7.6 Appendix: Lorenz attractor

Question: Can the climate and its fluctuations be predicted from physical principles? We will
proceed via the following steps:

(Step 1) Take a fluid dynamics model of atmosphere (coupled Navier-Stokes and heat equations.
Consider a Rayleigh-Bérnard problem of a layer heated from below by absorbed sun-light.

(Step 2) Galerkin approximation: Project solutions to eigenfunctions of the linearization
around the special solution. This gives a system of infinitely-many ODEs. Crude simplification:
Put all modes except few to zero.

(Step 3) Analyse analytically equilibria and their stability in the truncated system.
(Step 4) Perform numerical experiments: Introduce and study Poincaré map numerically.
(Step 5) Idealize Poincaré map, reduce dimension, and use symbolic dynamics. This gives

much qualitative insight.
(Step 6) Prove correctness of the idealized description.

Here we deal with Step 3 and Step 5. Our starting point is the Lorenz system9







ẋ = σ(y − x)
ẏ = rx − y − xz

ż = −bz + xy,

(7.56)

where σ = 10, b = 8
3 .

The key observations:
(1) Symmetry: If (x(t), y(t), z(t)) is a solution to (7.56), so is (−x(t),−y(t), z(t)).
(2) Bounds: There exists a closed ball in the (x, y, z)-space such that every orbit of (7.56) enters
it at an orbit-dependent time t0 and remains in this ball for all t > t0 (Exercise 7.4.4).
(3) Dissipativity: The flow of (7.56) contracts volumes at a constant rate. Indeed, for the RHS
vector field f ,

div f = −(σ + 1 + b) < 0.

Application of the Liouville Theorem gives the result. We shall see that this does not preclude
complicated limit sets with Cantor structure.

There is always a trivial equilibrium: O = (0, 0, 0). For r > 1, two nontrivial equilibria appear:

Q± =
(

±
√

b(r − 1),±
√

b(r − 1), r − 1
)

.

Thus, at r = 1 a supercritical pitchfork takes place. Eigenvalues for r > 1:
O : λ0

2 > 0, λ0
1,3 < 0 satisfying for r somewhat larger than one

−λ0
3 > λ0

2 > −λ0
1 > 0.

Q± : For 1 < r < r̃, three real eigenvalues λ±

1,2,3 < 0. For r̃ < r < rH , one real eigenvalues

and two complex, all with Re λ±

i < 0. For r > rH , one real eigenvalue λ±

1 < 0 and two complex
eigenvalues λ±

2,3 with Re λ±

2,3 > 0. At

rH =
σ(σ + b + 3)

σ − b − 1

we have a subcritical Hopf bifurcation, since the first Lyapunov coefficient l1 > 0 (see Exercise 6.7.3
in Chapter 5).

Assume that we can choose a surface Σ containing the equilibria Q± and their one-dimensional
stable manifolds W s(Q±) and intersecting the two-dimensional stable manifold W s(O) along a
curve D, such that orbit started at a typical point in Σ returns to in from above at some time
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Figure 7.25: Manifold configuration A: The line D is the intersection of the global
cross-section Σ with the stable manifold W s(O); stable manifolds W s(Q±) belong
to the borders of Σ.

later (see Figure 7.25). This defines a Poincaré map F on Σ \ D. The image F (Σ \ D) intersects
with Σ in two curvilinear triangles. The line D+ and the line D− are both mapped to points, but
these points H± lie far from each other. This is not contradicting continuous dependence of the
solutions on the initial conditions in finite time intervals, since it takes infinite time to be thus
mapped. Note that H± are the points where the unstable manifold of O hits Σ from above for the
first time.

Now we reduce F to a scalar map. Near O the flow strongly contracts in the leading eigendi-
rection corresponding to λ3. Assume that in suitable coordinates (u, v) on Σ the map takes the
form

F (u, v) = (f(u), g(u, v)),

i.e. the u-dynamics decouples, and

0 < gv(u, v) < c < 1

for u 6= 0, while
gu → 0, u → 0.

The construction assumes the existence of a global strong stable foliation. In fact, map F depends
on the parameters (σ, b, r). The equation u = 0 defines D in the new coordinates. Note that f(0)
is undefined, while the derivative of f(u) is unbounded as u → 0±.

What happens to f if we increase r, keeping (σ, b) fixed as before? Figure 7.26 shows the image
F (Σ) ∩ Σ configuration for those values r > r̃, when F (Σ±) ⊂ Σ±, together with the graph of the
corresponding map f(u). The u-coordinates of H± are denoted by h±, h± = f(0±). The fixed
points q± of f are global one-side attractors.

For r = r2 = 13.296 . . ., we have a pair of homoclinic orbits to O. Figure 7.27 shows the
manifold configuration at r = r2: The unstable manifold Wu(O) is contained in the stable manifold
W s(O); H± ∈ D and h− = h+.

For r slightly bigger than r2, the map f has two fixed points p±, which are unstable (see Figure
7.28). These points correspond to saddle limit cycles that “circle” Q± once and intersecting Σ at

9Lorenz, E. ‘Deterministic non-periodic flow’, J. Atmos. Sci. 20 (1963), 130-141.
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Figure 7.26: Configuration A.
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Figure 7.27: Homoclinic configuration A → B.

points P±. These cycles are born from the homoclinic orbits, so their period tends to infinity as
r → r2 (see Appendix 7.5). Notice that h+ > p+ and h− < p− due to the fact that the derivative
f ′(u) is infinite at both sides of u = 0. As in the tent map case, there exists an invariant Cantor
set Λ of points that stay forever in [p−, p+] (see Figure 7.29), and the dynamics on Λ is conjugate
to the shift on one-sided sequences of two symbols. This implies the existence of countably-
many periodic orbits (two of them corresponding to p± have period one) and uncountably many
nonperiodic orbits. However, all these orbits are unstable: A tiny perturbation gives convergence
towards either p− or p+. If the gap is small, it takes a long time before such convergence to q±

finally obtains. This is a so called preturbulence, i.e. long chaotic transient before the solutions
settels. Note that points in Λ correspond to orbits that circle forever, sometimes on the left,
sometimes on the right, with arbitrary numbers of subsequent turns on a particular side. The
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Figure 7.28: Configuration B.
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Figure 7.29: Enlarged graph of f in configuration B. I11 consists of points leaving
[p−, p+] after one iterate; points in I21 or I22 leave [p−, p+] in two iterates, etc.

A→B transition is sometimes called a homoclinic explosion.

When r increases, both p± and h± move towards q±, but h± move slower than p± and are
overtaken. This is an extra assumption on f , however based on numerical evidence. As this
happens at r = r3 = 24.06 . . . (see Figure 7.30), the interval
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Figure 7.30: Transition B→ C.

[p−, p+] = [h−, h+]

is invariant and escape towards q± becomes impossible. If we rectify the graph of f in this interval,
we get the saw-tooth map (i.e., the multiplication by 2 mod 1, see Figure 7.31). Note that the
condition p± = h± translates into: The unstable manifold Wu(O) “hits” the stable manifold of
the periodic orbits corresponding to p±. We need the v-coordinate to see this; in fact, the unstable
one-dimensional manifold of O is in the two-dimensional stable manifolds of the periodic orbits
represented by p±. This, there are heteroclinic orbits connecting equilibria Q± with the saddle
cycles passing through P±.

For r slightly bigger than r3, initial points in (p−, p+) are attracted to [h−, h+] (see Figures
7.32 and 7.33), while the points outside [p−, p+] go to q±. That is, the stable manifolds of the
saddle periodic orbits p± separates the domain of attraction of the starange attractor corresponding
to [h−, h+] and the equilibria Q±. When f is sufficiently expanding (e.g, f ′ >

√
2), the intreval

[h−, h+] is indecomposable. Certainly we do have sensitive dependence on initial conditions within
this interval.

Before discussing the dynamics in case C in some more detail, we mention that eventually
p± approach q± and disappear. This happens at r = rH corresponding to the subcritical Hopf



316 CHAPTER 7. SYMBOLIC DYNAMICS AND GLOBAL BIFURCATIONS

p+

p−

Figure 7.31: Enlarged and rectified graph of f at the transition B → C.
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Figure 7.32: Configuration C.

bifurcation. This bifurcation ends the coexistence of tho attractors. This, however, does not affect
in any way the starange attractor itself.

Dynamics in case C, some observations concerning Lorenz attractor:

(I) For some integer m > 0, we have f (m)(h−) > 0. This means that the maximum length of a
block of zeroes in the sequences coding points in Λ is m − 1. Thus, not all sequences occur, there
are restrictions.

(II) Preimage f−n(0) consists of 2n points. Their union for all n is dence in [h−, h+]. In other
words, the intersection of the unstable manifold of O with Σ is dense in the strange attractor.

(III) There is a relationship between (I) and (II): Families of of orbits “disappear” in homoclinic
explosions if f(h±) ∈ f−m(0) for some m, i.e. if the unstable manifold of O is part of the stable
manifold of O. The orbit on Wu(O) departs from O, makes m turns and then returns to O. When
the position of f (m)(h±) relative to 0 changes, all periodic orbits with the corresponding block of
zeroes and ones disappear.

(IV) The detailed structure of the attractor is very changable: Systems with and without
O-homoclinic orbits are both dense in the parameter and neither of them is structurally stable!
Details of the dynamics which do not persist under parameter variations may not correspond to
verifiable physical properties of the system. There are many open questions here.

In the case of our geometric Lorenz attractor satisfying all assumptions above we can fully
describe the attractor by the kneading sequence of h− or h+. A kneading sequence is

k(x) = s0s1s2 · · · ,

where

si =

{

0, if f (i)(x) < 0,

1, if f (i)(x) > 0,
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Figure 7.33: Enlarged and rectified graph of f in the configuration C.

and the sequence ends if f (m)(x) = 0 for some m ∈ N. Assume that f is locally eventually onto

I = [h−, h+], i.e. for any J ⊂ I, there is n such that f (n)(J) = I. It is sufficient to assume
f ′ >

√
2 for this to hold. Direct consequences of this are that I is indecomposable and the map

x 7→ k(x) is injective. We have a natural (lexicographic) ordering on the sequaences corresponding
to usual ordering of real numbers given by their binary expansion. The following lemma is due to
the monotonicity (apart from one jump) of f :

Lemma 7.50 If x < y, then k(x) < k(y) in the lexicographic ordering. 2

From is immediately follows:
k(h−) < k(x) < k(h+),

for all x ∈ I. Moreover,
k(h−) ≤ σnk(x) ≤ k(h+), (7.57)

for all natural n ∈ N.

Theorem 7.51 The condition (7.57) is necessary and sufficient for a sequence to correspond to

some x ∈ I. 2.

This means that k(h±) determine exactly which orbits can exists.

Theorem 7.52 Two maps f1 and f2 are topologically conjugate if and only if

k(h±

1 ) = k(h±

2 ). 2

Theorem 7.53 Map f is is topologically equivalent to the saw-tooth map. 2

Is there a geometric Lorenz attractor in the Lorenz system (7.56) ? Does it appear as described

as r increases ? The answers to these questions are certainly “yes” but available proofs involve

numerical approximation of solutions. The existence of the primary homoclinic explosion is shown

analytically.


