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1. Codim 1 bifurcations of limit cycles

e Consider
z= f(zx,a), € R" aecR™.

A limit cycle Cy corresponds to a periodic solution zg(t+715) = x2o(t)
and has Floquet multipliers uq1,uo, ..., upn—1,un = 1, the eigenval-
ues of M (1p):

M(t) — fz(zo(t), x0)M () =0, M(0) = In.

e Critical cases:

N N
NIPEENIVANP

LPC (u1 =1), PD (3 =-1), NS (u10=2e*%,0<0y<m)




Continuation of cycles in one parameter

e Defining system (BVCP):

uw(r) —Tf(u(r),c) = 0, 7€]l0,1],
u(0) —u(l) = O,
Ja@(r),u(r))y dr = 0,
where v is a reference periodic solution.
(5]
e Linearization of BVCP: L | Ty | = 0 where
a1
i D _wa(ua Oé) —f(u,()é) _Tf()é(uaa) |
L = dp — 01 0 0
I Iﬂt@ @) @) |

is an operator L : C1([0,1],R") x R? — C9([0, 1],R") x R™ x R with
dim N(L) =1 at a generic solution (u,T,«) to BVCP.



2. Detection of codim 1 bifurcations

e [est functions:

Y1 = VinnN4+n4+2;
Yo = det(M(Tp) + In)
1
- det(P]_) det(_PO_I_Pl)a
Y3 = det(M(Tp) © M(Tp) — f%n(n_l))

1
= det( P, Py— Py ® Pq),
det(P, & Pr) (Po®© Py — PO Pp)
where V is the tangent vector to the curve, ¢© is the bialternate

product,

M(Tp) = —P; 1P

IS the monodromy matrix.



e Bifurcations:
LPC : v =0
PD : Yo =0

NS @ ¢¥3=0,91 Z0 (uip2=1)
M?(Tp) — 2 cos(00) M (To) + In

has rank defect 2.



3. Continuation of codim 1 bifurcations

e PD and LPC:;

(u,T,a) € CL([0,1],R™) x R x R?

(u(r) —Tf(u(r),0) = 0, 7€][0,1],

) w(0) —u(l) = O,
Jo(0(r),u(r)) dr = 0,

\ Glu,T,a] = O.

e NS: (u,T,a,k) € C1([0,1],R™) x R x RZ x R

(w(r) = Tf(u(7),a) = 0, 7€]0,1],
u(0) —u(1l) = 0,
O @), u(n)) dr = 0,
Gi1lu, T,a,k] = O,
Goolu, T,a, k] = O.




PD-continuation

e There exist vgy,wp1 € CO([0, 1],R™), and wpo € R™®, such that Ny :

cl([o,1],R™) x R — C9([0, 1],R") x R™ x R,

[ D — Tfa;(u,oz) w1 ]
Ny = do + 01 wo2 |,
! Intyg, O |

IS one-to-one and onto near a generic PD bifurcation point.

e Define G by solving

. 0 (1) — T fz(u(7), a)v(r) + Gwo1 (1)
Ny ( v ) o] = 2(0) + v(1) + Guos
1 J& (o1 (), v())dr

=



LPC-continuation

e T here exist vg1,wp1 € CO([O, 1],Rn),w02 € R™, and wvgo,wp3 € R such
that No : C1(]0, 1],R") x R? — C9([0, 1],R") x R™ x R2,

D —Tfe(u,0) —f(u,a) woq ]
N, — 50 — 01 O w2
2= Int f(y.0) 0 wo3 |’
Intv01 V02 O |

IS one-to-one and onto near a generic LPC bifurcation point.

e Define G by solving
[ 0(7) = T fo(u(r), )v(r) = Sf(u(r), )

v 8 + Guoi(r) = O,

No| S = 0 = U(O) — v(l) + Gwgo = O,
G 1 & (f(u(r), &), v(T))dT + Gwgz = O,

\ J& (o1 (1), v(T))dr + Svgy = 1.



NS-continuation

e [ here exist vg1,vo2, w11, w10 € CO([O, 2], R™), and woq1,wos € R™, such
that N3 : C1([0,2],R") x R? — ¢C9([0, 2],R™) x R™ x R2,

D —-Tfe(u,a) wip wio |
_ | 60 —2K61 + > wo1 woo
Ns = Inty,, 0O 0 |’
I Inty,, 0 O |

IS one-to-one and onto near a generic NS bifurcation point.

e Define G, by solving

T S O O

OO0

N3 | G11 Gio | = 1 0
Go1 Goo 0 1

e At the NS-cycle: kK = cos?#.



Remarks on continuation of bifurcations

e After discretization via orthogonal collocation, all linear BVPs for
GG's have sparsity structure that is identical to that of the lineariza-
tion of the BVP for limit cycles.

e For each defining system holds: Simplicity of the bifurcation -+
Transversality = Reqgularity of the defining BVP.

e Jacobian matrix of each (discretized) defining BVP can be efficiently
computed using adjoint linear BVP.

e Border adaptation using solutions of the adjoint linear BVPs.

e Actually implemented in MATCONT.



5. Periodic normal forms

Generic LPC bifurcation

e Periodic parameter-dependent normal form on Wgz

( dT

— = 1+ (8 — &+ a(B)E2 4+ 0(&3),
{

d
d_ﬁ = B+ b(B)E2 + 0(£3),

where a,b € R and the O(&3)-terms are Ty-periodic in .
e Phase portraits (b(0) > 0):

C
3



Generic PD bifurcation

e Periodic parameter-dependent normal form on Wﬁc:

( dTt

= 14v(8) + a(B)E2 + O(£%),
<

d
k d_i = ﬂg —|— 6(5)63 ‘I‘ 0(54)7

where a,c € R and the O(&3)-terms are 2Ty-periodic in .

e Phase portraits (¢(0) < 0):




Generic NS bifurcation (no strong resonances)

e Periodic parameter-dependent normal form on Wgz

( drt
T = 14u(B) +a(®)lel? + 0k,

| de _ i0(3) .
PP <B+T(ﬁ)>£+d(ﬁ)£|£| + O,

where a € R,d € C and the O(||¢||*)-terms are Ty-periodic in 7

\

e Phase portraits (R(d(0)) < 0):

B <0 B=0 5>0



5. Critical normal form coefficients

e Assume o, o* € C1([0, Ty], R™) satisfy

p(m) — A()p(r) = 0, 7€ [0,To],
p(0) — o(Tp) = O,
Jo0 (p(m), p(T))dr —1 = 0,
and
{¢*(T>+AT(T>¢*<T> = 0, 7€ [0,Tp],
¢*(0) —¢*(Tp) = O.

o If h e C1([0, Tp],R™) is a solution to

[ h(r) = A(m)h(r)
| h(0) — h(To)

with g € ¢9([0, Tp], R™), then

Ty
|00, 9(r)) dr =0

(Fredholm solvability condition) and there is a unique solution h
satisfying férO(go*(T), h(7)) dr = 0.

g(7), 7 €[0,Tp],
O,




Multilinear forms

At a codimension-one point write

flzo(t) +v,a0) = f(flio(t),alo)
+ A(t)v-l-EB(t;v,’U)
+ SOt v,0,0) + O(ol*),

where A(t) = fz(xo(t), ag) and the components of the multilinear func-
tions B and C are given by

n 82 )
Bz(t,u,’v) — Z fz(ﬂ?,OéO) ’U/]'Uk
k=1 9%k limpo)
and
n 83 .
Ciltiuv,w) = 3 fi(z, o) W,

fore=1,2,...,n. These are Ip-periodic in t.



Fold (LPC): u; =1

e Critical center manifold W§: 7 € [0,Tp], £ €R

xr = JZO(T) —+ SU(T) -+ H(Ta £)7
where H(Ty,¢) = H(O0,£),

H(r,&) = ha(n)€> + O(6%)

e Critical periodic normal form on Wg:

T = 1-cta?+0(E)
9
s _ pe2 3

where a,b € R, while the O(¢3)-terms are Ty-periodic in 7.



LPC: Generalized and adjoint eigenfunctions

o(1) — A(T)v(r) — f(zo(r),00) = 0, 7€ [0, Ty,
v(0) —v(Ty) = O,
J30 (v(7), f(wo(7), ap))dr = O,

implying
To
(0" (), £ao(r), a0)) dr =0,

where ¢* satisfies

[ () + AT (Dp*(r) = 0, 7€ [0,Tp],
< ©*(0) —¢*(To) = 0,
| o0 (¢* (), v(r))dr —1 = 0.




LPC: Computation of b

e Substitute into
dr  Oxd§  Oxdr

dt agdt+EE

e Collect

7 1 @9 = f(xo,a0),
b v — A(D)v = o,
&2 1 ho — A(T)ho = B(r;v,v) — 2af(zq, ag) + 20 — 2bv.

e Fredholm solvability condition

b — 5/0 (0" (1), B(r; (1), v(r)) + 2A(r)v(r)) dr.



Flip (PD): u; = -1

e Critical center manifold W§ : 7 € [0,2Tp], £ € R

x = xo(7) + &w(r) + H(7,&),
where H(2T1p,&) = H(0,§),

H(r,€) = ha(n)€ + sha(rE® +0(%)

e Critical periodic normal form on Wgz

‘;—Z — 14 a2+ 0@,
{

ag 3 4
2= w40,

where a,c € R, while the O(£%)-terms are 2Tp-periodic in 7.



PD: Eigenfunctions

w(r) = { v(T), T € [0, Tp],
—’U(T—To), T € [To,QTo],

w*(T) — { U*(T)a T € [OaTOL
—v*(t = Tp), 7 € [To,2T0],
with
() — A(m)v(r) = 0, 7€ [0,Tp],
v(0) + U(TO) = 0,
Jo? (v(r),v(r))dr —1 = 0,
( v (1) + AT (P)v*(7) 0, 7 € [0,Tp],

< v*(0) + v*(Tp) _ 0,
\ fgo <’U*(’7'),'U(7-)>d7- — 1/2 —




PD: Quadratic terms
£ 1 ho— A(T)hs = B(r;w,w) — 2azg, T € [0,2Tp].

Since Ker (% — A(T)) = span{w,y = xg}, we must have

{ 1270 0w (), B(r; w(r), w(r)) — 2aio(r)) dr = O,
JET0 (7)), B(r; w(r), w(r)) — 2aig(r)) dr = O,
where 1* satisfies

( b*(r) + AT (r)w*(r) = 0, € [0,Tp),

J $*(0) — *(Tp) = O,

| o 2w* (1), f(zo(T),a0)) dr —1/2 = 0,

and is extended to [Tp, 271p] by periodicity.



PD: Computation of a and Ay

e [ he first Fredholm condition holds identically for all a, while the
second gives

To

1 21p " . . * .
o = 5/O (W* (1), B(r: w(r), w(r))dr _/O (W*(r), B(r:v(7), v(r))dr.

e Define ho on [0,Tp] as the unique solution to

ho(T) — A(T)ho(r) — B(r; v(r),v()) + 2af(zo(7),a0) = O,
ho(0) — ho(Tp) = O,
J30(p* (1), ho(7)) dr = O,

and extend it by periodicity to [Ty, 21p].



PD: Computation of c

Cubic terms:
£ 1 hy— A(r)hs = C(r; w,w,w) + 3B(T; w, hy) — 6a1 — 6cw.

The Fredholm solvability condition implies

2T,
6c = [ (W), Clriw(r), w(r), w(r)) + 3B(rw(r), ha(r)))dr
270
_ /O (w* (1), 6aA(T)w(r))dr
or

1 1o, ,
c= 5/0 (W (1), C(r;v(7),v(T),v(1))+3B(7T; v(7), ho(7))—6aA(T)v(7T))dT



Torus (NS): py o = et with e £ 1,0 =1,2,3,4

e Critical center manifold W§: 7€ [0,Tp], £ € C

r — CUO(T) + gU(T) + EIU(T) + H(Tagag)a H(T07£7€) — H(Oagag)a

_ 1 _ 1
H(1,&,€) = 5h20(7)62 + h11(7)&€ + Ehoz(ﬂﬁ?
1 1 _ 1 1
+6h3o(7)€3 + §h21(7)§2€ + §h12(7)€§_2 + 6h03(7)§_3 + O0(Jg|).

e Critical periodic normal form on Wg:

(dt

o = 1+ alé]? + O(l¢1Y),
| d¢ b 5 A
= T—O§+d§|§| + O™,

where a € R,d € C, and the O(|¢|*)-terms are Ty-periodic in .



NS: Complex eigenfunctions

() — Aﬁhﬁd+—4ﬂﬂ

< v(0) — v(To>
J30 (w(r),v(r))dr — 1

and

(

(1) + AT (P)v*(r) + i;lv*(ﬂ

< o*(0) — v*(Tp)
J30 (v (), v(7))dr — 1




NS: Quadratic terms

L 2i .
o 280 1 hpg— A(T)hoo + %gohzo = B(1;v,v)

Since €2 js not a multiplier of the critical cycle, the BVP
210
1o

hoo(1) — B(1;v(7),v(T))
h2o(0) — hog(Tp) =

hoo(T) — A(T)hoo(T) +

has a unique solution on [0, Tp].

o €12 © hy1— A(T)h11 = B(7;v,?) — aig
Here

Ker (di — A(T)) = span(yp = xq).

T



NS: Computation of a and hqq

e Define ¢* as the unique solution of

p

o* (1) + AT(r)*(r) = 0, 7€ [0,Tp),
< ©*(0) —¢*(To) = O,
I3 (" (7). fzo(r),aQ))dr —1 = O.

e Fredholm solvability: a = fOTO<go*(T),B(T;v(T),6(T)> dr.

e Then find hqq1 on [0,Tp] from the BVP

hi11(t) — A(D)h11(7) — B(r;v(1),0(7)) + af(zo(7),a9) = O,
h11(0) —h11(Tp) = O,
[T (o (), hy1 (7)) dr = O.



NS: Computation of d

e Cubic terms:

_ . 160 _
€2 hoy — Ahoy + T—§h21 = 2B(7;h11,v) + B(7; hoo,v)
+ C(7;v,v,0) — 2av — 2dw.

e Fredholm solvability condition:
1 To . _ _
5/ v (1), C(r; v(7), v(7), 5(7))) dr
+ 5 [ @), 2B a0, v(1) + B hao (), 5(r)))
/o (0¥ (), A(r)u(r)) dr + 220,

1o



Remarks on numerical periodic normalization

e Only the derivatives of f(x,aqg) are used, not those of the Poincaré
map.

e Detection of codim 2 points is easy.

e After discretization via orthogonal collocation, all linear BVPs in-
volved have the standard sparsity structure.

e One can re-use solutions to linear BVPs appearing in the continua-
tion to compute the normal form coefficients.

e Actually implemented in MATCONT.



