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1. BIFURCATIONS AND THEIR CLASSIFICATION

Consider a smooth 2D system depending on one parameter

X = f(X, a), X eR? acR

Definition 1 A point ag is called a bifurcation point if in any neigh-
borhood of ag there is a point o for which

X=fX,a) # X=/[f(X, a0).

The appearance of a topologically non-equivalent system is called a
bifurcation.

Since the number of equilibria, the number of periodic orbits, and their
stability, as well as the presence of connecting orbits, are topological
invariants, a bifurcation of the 2D-system means a change of (some of)

these properties.



Definition 2 A codimension of a bifurcation is the number of condi-
tions on which the bifurcating phase object has to satisfy.

Classification of codimension-one bifurcations:

@ Local (near equilibria)
— saddle—node (fold)
— (Andronov-) Hopf

@ Local of cycles

Bifurcations (near perlodlc orbits)
in 2D ODEs Global / — (cyclic) fold
N Bifurcations of homo-

and heteroclinic orbits

— saddle homoclinic
— saddle—node homoclir
— heteroclinic

Only codim 1 bifurcations occur in generic one-parameter systems.



2. (LOCAL) BIFURCATIONS OF EQUILIBRIA

e If Xy is a hyperbolic equilibrium of X = f(X, ap), then it remains
hyperbolic for all o sufficiently close to ag (but can slightly shift).

e A local bifurcation can happen only to a non-hyperbolic equilibrium
with ®(\) = 0.

e Generic codimension-1 critical cases:

1. Fold (saddle-node): A\ =0 (A» =0, a # 0)
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2. Andronov-Hopf (weak focus): A\ o = +iw (w >0, I3 #0)
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Fold: )\ =0

Theorem 1 Ifa# 0 and Ay # 0, then X = f(X, ) is locally topolog-
ically equivalent near the saddle-node to

x B(a) + az?,
Y
a>0,A<0

A2y,
O O;/WC “ / : // B
0 6 >0

p <0 B =

where (3(0) = 0.

Two equilibria 0172 — (:F\/_TB,O) collide and disappear in the 1D center
manifold W¢ = {y = 0}, provided 5'(0) #0 .



Andronov-Hopf: A\ > = tiw

Theorem 2 Ifly #0 and w > 0, then X = f(X, ) is locally topologi-
cally equivalent near the weak focus to

{ p= p(B(a) +11p),
)

1.
A limit cycle pg = B > 0 appears while the focus changes stability.
0 I

where 3(0) = 0.

The direction of the cycle bifurcation is determined by the first Lya-
punov coefficient [; of the weak focus:

e supercritical (soft, non-catastrophic) Andronov-Hopf bifurcation
(l1 <0);

e subcritical (hard, catastrophic) Andronov-Hopf bifurcation (I1; > 0).



Supercritical Andronov-Hopf bifurcation: [ <O

m

B=0

T he stable equilibrium is replaced by small-amplitude oscillations within
an attracting domain.



Subcritical Andronov-Hopf bifurcation: [{ >0
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6 <0 B =0 B>0

The domain of attraction of the stable focus shrinks, while it becomes
unstable.
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Example: .
P { —z + ay + 22 + ay + 42,
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At a = 0 the equilibrium x = y = 0 of the reversed system

¥

has eigenvalues A1 > = £i (w = 1).

—Y,
a:—:c2 —CCy—yQ,

Introduce z = z + iy, then z2 4+ y2 = |2|2 = 2Z and

z = x4y = —y—l—ia:—i;r;Q—ixy—iyz
TP P S, 1, 15
= 12 — 122 — —\2 —Z = 12 ——2 — 122 —Z
4( ) 4 +4
1 , 1
so that w =1, 920 = —5» 911 = —h 902 = o g21 = 0.

~ 1 , 1,71 _ 1
l1=2—w2§)?(2920911+w921)=5(2Ez-l-l-O)——Z.

For the original system, [{ = % > 0 = subcritical Hopf bifurcation (an
unstable cycle exists for small o < 0 but disappears for a > 0)



Practical computation of ¢ and [ in R? (n = 2)

Suppose Xg =0, ag = 0 and write the Taylor expansion in the original
coordinates:

F(X,0) = AX + B(X X) + C(X X,X)+ 0(4)

where
n 2
Bi(X,)Y) = > 0" JiU, 0) XYy,
k=1 oU ;00U =0
n 3r
CZ(X,Y,Z) — Z 0 fZ(U’O) X]YkZla
=1 oU;0UL,0U;, =0

for:=1,...,n.



Theorem 3 The fold nhormal form coefficient can be computed as

1

a = §<p,B(q, q))

where p, q € R? satisfy
Aqg = ATp =0
and p'q=(p,q) = 1.

Theorem 4 The first Lyapunov coefficient can be computed in 2D
as

h = R [i4p, Ba, ) p, B, D) + (b, C(q 4, D)]
where p, q € C? satisfy
Aq = 1waq, ATp = —iwp
and p'q=(p,q) = 1.



Example: Hopf bifurcation in a prey-predator system

Consider the following system

(. (1 ) CT1TD
1 = req1(l—xq1) —

< ! ! ! otz { 1 = rri(a+x1)(1 —x1) — crr20
io = —dxo+ CL1L2 o = —adro+ (c—d)z125

\ a—+ x1

(0) (0)

At ag = 7 4 the last system has the equilibrium (:1:1 ) (C+d, (Ci‘;)z)
. : . 2d(c—d

with eigenvalues A1 » = +iw, where w? = TC(C4E2)3) > 0.

Translate the origin of the coordinates to this equilibrium by

r] = (O)-I-Xl,
Tp = (O)-I-Xz



T his transforms the system into

( .
X; = - cd 5 rd |
) c+ d c+ d
. rc(c — d)
Xo = X —d) X1 X
| X2 (e 1 d)2 1+ (¢ —d) X1 Xo,

that can be represented as

X =AX + B(XX)—I— C’(XXX)

where
cd
0 _ 2rd
— X1Y1 — c( X Y- XnY-
A — et c+d CBX.Y) = PSR c(X1Ys + XoY7)
il 0 (c—d)(X1Yo + XoY7)
cd
and
C(X,Y,Z) = ( —6?“X6Y1Z1 ) .



The complex vectors

. cd . 1 w(c+d)
1= < —iw(c + d) >’ P= 2wed(c + d) ( —tcd )

satisfy Aq = iwq, A'p = —iwp and (p,q) = 1.

Then
cd(c? — d? — rd) + iwe(c + d)?
(c+d) |

g20 = (p, B(q,q)) =

red? _
_(C—I— d)a g21 — <p7 C(qa q, Q)> — —37“62d2,

and the first Lyapunov coefficient

g11 = (p,B(q,q)) =

rc2d?
< 0.

1 .
l1(ag) = 52 Re(igoog11 + wgo1) = —



Therefore, a stable cycle bifurcates from the equilibrium via the super-
critical Hopf bifurcation for a < aq.
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a > Q) a <

One can prove that the cycle is unique.



3. LOCAL BIFURCATION OF CYCLES: n=1

Parameter-dependent Poincaré map: ¢

§ &= P(§ ),
where P(§,0) =¢(+0(2) (p=1)

Lemma 1 If
1
p2(0) = Eng(O, 0) # O,

then there exists a smooth function 6 = 6(«) such that the substitution
x =&+ 6(a) reduces the map

£ — P(&,0) = po(a) + [1 + g()]¢ + pa(a)e? 4+ 0(3),
where g(0) = 0,pg(0) = P(0,0) = 0, to the form

z— 7 = B(a) + z + b(a)z® + O(3)
with 3(0) = 0 and b(0) = p>(0) # 0.



Cyclic fold: z+— B8+ z+bx2, b>0

Two hyperbolic cycles (unstable C7 and stable C5) collide forming a
non-hyperbolic cycle Cy, and disappear.



4. (GLOBAL) BIFURCATIONS OF CONNECTING ORBITS

e Saddle homoclinic bifurcation

A

Singular map: n— ¢ =n 2.

Regular map:
§— 1= p(a) + A(a)f +0(2), A(0) > 0.
Poincaré map:

A

n— i =p(a) + Al)n *2+...

U] i B8>0
e B=0."
stablefixedwﬁ >0 /B < 0
0 p=0 ) " unstable fixed point
///-_/ n /,'/ Ui
B <0

g <( o<0



Saddle homoclinic bifurcation: ¢ <0

I'o

B

7

£ <0 =0 £ >0

A stable cycle Cﬁ bifurcates from [ while the separatrices exchange.



Saddle homoclinic bifurcation: o >0

I'o

5 <0 B=0 5>0
An unstable cycle Cﬁ bifurcates from [ while the separatrices exchange.

Theorem 5 (Melnikov)

70 #0 & [~ exn (= [Caiv f(xO)ds) (1572~ 1) (xO)an 0



e Homoclinic saddle-node bifurcation:

6 <0

e Heteroclinic saddle bifurcation:
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Example: Allee effect in a prey-predator system

{j: = z(x—1)(1 —x2) — 2y,
= —yy(m —z).




Remarks:

1. There are no other codim 1 bifurcations in generic smooth 2D
ODEs.

2. Heteroclinic bifurcation points can accumulate:



