Foliations in moduli spaces of abelian varieties and dimension of leaves

Frans Oort Version 26-V-2005

Felix-Klein-Kolloquium, Düsseldorf, 2 July 2005 Informal notes; not for publication

Introduction

In this talk I consider moduli spaces of polarized abelian varieties in characteristic p. Also we consider deformation spaces of p-divisible groups. In these spaces we describe foliations, as constructed in [25].

What are the dimensions of leaves in these foliations, see (2.8)? We compute the dimensions of the central leaves, both in the unpolarized case and in the polarized case. These computations use either a result on “minimal p-divisible groups”, see [29], plus a result by Wedhorn, see [32], or a construction basically due to Ching-Li Chai which gives a generalization of Serre-Tate coordinates, see [2].

The dimension of a leaf in the unpolarized case, ζ = N (X), see (8.3):

� �

� �

� � �

� � �

� � � � � � � � � �

� � � � � � � � � �

ζ ζ^∗ dim(C_X (D)) = ∑ 0<i<h (ζ

∗(i) − ζ(i)). An example:

(m_1, n_1) = (4, 1), (m_2, n_2) = (1, 5), ν_1 = 4/5, ν_2 = 1/6, h = 11.

ν_1 ν_1 ν_2

ν_2

The dimension of a leaf in the polarized case, ξ = N (A), see (9.3):

� � � � �

� �

� � � � � � � �

� � � � � � � � � � � � � � � � � �

ξ ξ^∗ dim(C_{(A,λ)}(A_g ⊗ F_p)) = = ∑ 0<i≤g (ξ

∗(i) − ξ(i)). An Example:

ξ = (4, 1) + (2, 1) + 2·(1, 1) + (1, 2) + (1, 4), g=10; slopes: {5 ×^4_5 , 3 ×^2_3 , 4 ×^1_2 , 3 ×^1_3 , 5 ×^1_5 }.

These results find their natural place in joint work with Ching-Li Chai, which we expect finally to appear in [3]. I thank Chai for the beautiful things I learned from him.

Historical remark. In summer 2000 I gave a talk in Oberwolfach on foliations in moduli spaces of abelian varieties. After my talk, in the evening of Friday 4-VIII-2000 Bjorn Poonen asked me several questions, especially related to the problem I raised to determine the dimensions of central leaves. Our discussion resulted in Problem 21 in [5]. His expectations coincided with computations I had made of these dimensions for small values of g. Then I jumped to the conclusion what those dimensions for general g could be; that is what was proved later, and reported on here, see (8.3), (9.3). I thank Bjorn Poonen for his interesting questions; our discussion was valuable for me.

1 Notation

(1.1) We fix a prime number p. All base schemes and base fields will be in characteristic p. We write K for a field, and we write k and Ω for algebraically closed fields of characteristic p.

We write A_g ⊗ F_p for the moduli space of polarized abelian varieties of dimension g in characteristic p. Let X_0 be a p-divisible group over K; we write Def(X_0) for the (infinitesimal, local) deformation space.

For an abelian variety A, or an abelian scheme, and a prime number p we write A[p^∞] = ∪_iA[p^i] = X for its p-divisible group.

For a p-divisible group in characteristic p one can define its Newton Polygon; this is basically given by the “p-adic values of Frobenius”; for a precise definition see [15], or [4], and see Section 4; we write N (X) for the Newton polygon of X. A basic theorem tells us that the isogeny class of a p-divisible group over an algebraically closed field is “the same” as its Newton polygon:

(1.2) Theorem (Dieudonné and Manin), see [15], “Classification theorem ” on page 35,

{X}/ ∼_k^∼−→ {Newton polygon}.

This means: for every p-divisible group X over a field we define its Newton polygon N (X); over en algebraically closed field, every Newton polygon comes from a p-divisible group and

X ∼_k Y ⇐⇒ N (X) = N (Y ).

(1.3) NP - EO - Fol. Here is a short survey of strata and foliations, to be explained below. For an abelian variety A, with a polarization (sometimes supposed to be principal) we can study the following objects:

NP A → A[p^∞] → A[p^∞]/ ∼ over an algebraically closed field: the isogeny class of its p-divisible group; by the Dieudonné - Manin theorem we can identify this isogeny class of p-divisible groups with the Newton polygon of A. We obtain the Newton polygon strata.

EO (A, λ) → (A, λ)[p] → (A, λ)[p]/ ∼= over an algebraically closed field: we obtain EOstrata; see [23]. Important feature (Kraft, Oort): the number of geometric isomorphism classes of group schemes of a given rank annihilated by p is finite.

Fol (A, λ) → (A, λ)[p^∞] → (A, λ)[p^∞]/ ∼= over an algebraically closed field: we obtain a foliation of an open Newton polygon stratum; see [25]. Note that for f < g − 1 the number of leaves is infinite.

Note: X ∼= Y ⇒ N (X) = N (Y ); conclusion: every central leaf in Fol is contained in exactly one Newton polygon stratum in NP.

Note: X ∼= Y ⇒ X[p] = Y [p]; conclusion: every central leaf in Fol is contained in exactly EO-stratum in EO.

However, a NP-stratum may contain many EO-strata, an EO-stratum may intersect several NP-strata. If the p-rank is smaller than g − 1 a NP-stratum contains infinitely many central leaves. Whether an EO-stratum equals a central leaf is studied and answered in Section 4.

(1.4) For Newton polygons we introduce a partial ordering.

� � � � � � � � � � ζ_2 ζ_1

We write ζ_1 ≻ ζ_2 if ζ_1 is “below” ζ_2, i.e. if no point of ζ_1 is strictly above ζ_2.

If S is a base scheme, and X → S is a p-divisible group over S we write

W_ζ (S) = {s ∈ S | N (X_s) ≺ ζ} ⊂ S and W^0_ζ (S) = {s ∈ S | N (X_s) = ζ} ⊂ S.

See (10.4).

(1.5) The dimension of Newton polygon strata, unpolarized case. We fix integers h ≥ d ≥ 0, and we write c := h − d. We consider Newton Polygons ending at (h, d). For such a NP ζ we write:

�(ξ) = {(x, y) ∈ Z × Z | y < d, y < x, (x, y) on or above ζ},

and we write dim(ζ) := #(�(ζ)).

Example:

� � � � � � � � �

� � � � � � � � �

� � � � �

� � � � �

� � � � � � x = y (h, d) ζ ζ = 2 × (1, 0) + (2, 1) + (1, 5) = = 6 ×^1_6 + 3 ×^2_3 + 2 ×^1 ; h = 11. Here dim(ζ) = #(�(ζ)) = 22.

(1.6) Theorem see [22], Th. 3.2 and [24], Th. 2.10. Let X_0 be a p-divisible group over a field K; let ζ ≻ N (X_0). Then:

dim(W_ζ (Def(X_0))) = dim(ζ).

For polarized abelian varieties and for quasi-polarized p-divisible groups one can try to determine the dimension of the Newton polygon strata. For an arbitrary polarization see (11.1). For principal polarizations: 3

(1.7) The dimension of Newton polygon strata, polarized case. We fix an integer g. For every symmetric NP ξ of height 2g we define:

△(ξ) = {(x, y) ∈ Z × Z | y < x ≤ g, (x, y) on or above ξ},

and we write

sdim(ξ) := #(△(ξ)).

Example:

� � � � � � � � � � � � � �

x = y

(g, g)

� � � � � � � �

� � � � � �

� � � � � � � �

� � � � � � �

� � � � � �

� � � � �

� � � �

� � � � � �

ξ dim(W_ξ(A_{g,1} ⊗ F_p)) = #(△(ξ))

ξ = (5, 1) + (2, 1) + 2·(1, 1) + (1, 2) + (1, 5),

g=11; slopes: {6 ×^5_6 , 3 ×^2_3 , 4 ×^1_2 , 3 ×^1_3 , 6 ×^1_6 }.

This case: dim(W_ξ(A_g ⊗ F_p)) = sdim(ξ) = 48.

(1.8) Theorem, see [22], Th. 3.4 and [24], Th. 4.1. Let ξ be a symmetric Newton polygon. Then:

dim (W_ξ(A_{g,1} ⊗ F_p)) = sdim(ξ).

2 Foliations, see [25]

(2.1) Let X be a p-divisible group and let Y → S be a p-divisible group over a base S. We write C_X (S) = {s ∈ S | ∃Ω, ∃Y_s ⊗ Ω ∼= X ⊗ Ω}.

Choose a quasi-polarized p-divisible group (X, λ). Let (Y, μ) → S be a quasi-polarized pdivisible group over a base S. We write

C_{(X,λ)}(S) = {s ∈ S | ∃Ω, ∃(Y, μ)_s ⊗ Ω ∼= (X, λ) ⊗ Ω}.

(2.2) Theorem, see [25], Th. 2.3.

C_X (S) ⊂ W^0_{N (X)}(S)

is a closed set.

A proof can be given using (10.5), (10.6) and (10.7).

(2.3) Note that we gave a “point-wise” definition of C_X (S); we can consider C_X (S) ⊂ S as a closed set, or as a subscheme with induced reduced structure; however is this last definition “invariant under base change”?. It would be much better to have a “functorial definition” and a nature-given scheme structure on C_X (S).

Note that the proof of this theorem is quite involved. One of the ingredients is the notion of “completely slope divisible p-divisible groups” introduced by T. Zink, and theorems on p-divisible groups over a normal base, see [33] and [31].

Considering the situation in the moduli space with enough level structure in order to obtain a fine moduli scheme, we see that C_{(A,λ)[p}∞_](A_g ⊗ F_p) is regular.

We write C_x for the irreducible component of C_{(A,λ)[p}∞_]A passing through [(A, λ)] = x; this is called the central leaf passing thought x.

Remark (Chai & FO). In fact, for N (A) ≠ σ, i.e. A is not supersingular, it is known that C_{(A,λ)[p}∞_](A) is geometrically irreducible; see (11.3).

(2.4) Isogeny correspondences, unpolarized case. Let ψ : X → Y be an isogeny between p-divisible groups. Then there exist finite surjective morphisms

C_X (Def(X)) ↞ T ↠ C_Y (Def(Y )).

(2.5) Corollary. The dimension of C_X (Def(X)) only depends on the isogeny class of X.

(2.6) Isogeny correspondences, polarized case. Let ψ : A → B be an isogeny, and let λ respectively μ be a polarization on A, respective on B, and suppose there exists an integer n ∈ Z_{>0} such that ψ^∗(μ) = n·λ. Then there exist finite surjective morphisms

C_{(A,λ)[p}∞_](A_g ⊗ F_p) ↞ T ↠ C_{(B,μ)[p}∞_](A_g ⊗ F_p).

See [25], 3.16.

(2.7) Corollary. The dimension of C_{(X,λ)}(A_g ⊗ F_p) only depends on the isogeny class of (X, λ).

Remark / Notation. In fact, this dimension only depends on the isogeny class of X. We write c(ξ) := dim ( C_{(X,λ)}(A_g ⊗ F_p) ) , X = A[p^∞], ξ := N (X);

this is well-defined: all irreducible components have the same dimension.

A proof of all previous results on isogeny correspondences, and the independence of the dimension of the leaf in an isogeny class can be given using (10.5), (10.6) and (10.7); see [25], 2.7 and 3.13.

(2.8) Here is the central question of this talk. Consider a p-divisible group X_0 over a field K, and let D = Def(X_0). Consider g ∈ Z_{>0} and let A = A_{g,1} ⊗ F_p be the moduli space of principally polarized abelian varieties; choose [(A, λ)] = x ∈ A and (A, λ)[p^∞] = (X, λ). Determine

unpolarized case: dim(C_{X0} (D)) =?; polarized case: dim(C_{(X,λ)}(A)) =?.

(2.9) Remark. Isogeny correspondences in characteristic p in general blow up and down in a rather wild pattern. The dimension of Newton polygon strata and of EO-strata in general depends very much on the degree of the polarization in consideration. However for p-rank strata the dimension in the whole of A_g ⊗ F_p solely depends on the p-rank, see [19], Theorem 4.1. It seems a miracle that the dimension on central leaves does not depend on the degree of a polarization.

In [25] we also find the definition of isogeny leaves, and we see that any irreducible component of W_ξ(A_g ⊗ F_p) up to a finite morphism is isomorphic with the product of a central leaf and an isogeny leaf, see [25], 5.3. Note that all central leaves with the same Newton polygon have the same dimension, see (2.5) and (2.7). However for Newton polygon strata, and hence also for isogeny leaves, the dimension in general depends very much on the degree of the polarization; for more information see (11.1).

Here we do not consider isogeny leaves, and a central leaf just will be called a leaf. 5

3 Cayley - Hamilton, see [22]

We like to compute the dimension of a Newton polygon stratum. In (1.6) and (1.8) we have seen “easy” formulas to compute these dimensions (in the unpolarized, or in the principally polarized case). However, up to now there seems to be no really easy proof that these are indeed the correct formulas. In [14] the dimension of the supersingular locus W_σ ⊂ A_{g,1} ⊗ F_p is computed: every irreducible component of W_σ has dimension equal to [g^2/4]. Using purity, see [11], and if one would know beforehand that Newton polygon strata in A_{g,1} ⊗F_p are nested as predicted by the Newton polygon graph, we have a proof of (1.8). However proofs work the other way around.

(3.1) For a group scheme G over a perfect field K we write a(G) := dim_K (Hom(α_p, G)). For a local-local p-divisible group X the fact a(X) = 1 implies that this Dieudonné module D(X) is generated by one element over the Dieudonné ring. It turns out that Newton polygon strata around a points where a = 1 are smooth (in the local deformation space in the unpolarized case, and in the principally polarized case). In this case the local dimension of the deformation space is computed in[22]. More precisely:

(3.2) Theorem(CH - unpolarized). Let X_0 be a p-divisible group over a perfect field K. Suppose a(X_0) = 1. Let γ = N (X_0), and let γ ≺ β. Let ρ be the ordinary Newton polygon with same dimension and height as X_0. Let D = Def(X_0). Define R_β by:

W_β(D) = Spf(R_β ); then R_β ∼=

K[[z_{x,y} | (x, y) ∈ �(ρ)]] (z_{x,y} | (x, y) ∉ �(β))

∼= K[[z_{x,y} | (x, y) ∈ �(β)]].

(3.3) Theorem (CH - polarized). Let (A_0, λ) be a principally polarized abelian variety over a perfect field K. Suppose a(A_0) = 1. Let ζ = N (X_0), and let ζ ≺ ξ. Let ρ be the ordinary Newton polygon. Let D = Def(A_0, λ_0). Define R_ξ by:

W_ξ(D) = Spf(R_ξ); then R_ξ ∼=

K[[z_{x,y} | (x, y) ∈ △(ρ)]] (z_{x,y} | (x, y) ∉ △(β))

∼= K[[z_{x,y} | (x, y) ∈ △(β)]].

Suppose q ∈ D, and Y = X_q with N (Y ) = β. We consider the central leaf C_Y (D) ⊂ D = Def(X_0). Can we describe this locus in the coordinates z_{x,y} given?

(3.4) Question. Under the identification given in (3.2) it might be that C_Y (D) can be described by:

C_Y (D)^?= Spf(K[[z_{x,y} | (x, y) ∈ △(β, β^∗)]]) ⊂ W_β(D) = Spf(K[[z_{x,y} | (x, y) ∈ △(β)]]).

Write q ∈ D = Def(A_0, λ_0) with (B, μ) = (A_q, λ_q) and N (B) = ξ.

(3.5) Question Under the indentification given in (3.3) it might be that

C_{(B,μ)}(D)^?= Spf(K[[z_{x,y} | (x, y) ∈ �(ξ, ξ^∗)]]) ⊂ W_ξ(D) = Spf(K[[z_{x,y} | (x, y) ∈ △(ξ)]]).

4 Minimal p-divisible groups, see [29] and [30]

(4.1) Suppose m, n ∈ Z_{≥0} are coprime integers. There exists a p-divisible group G_{m,n} over F_p; for the construction see [15], page 35, or see [23], 15.5. This p-divisible group has the following properties:

dim(G_{m,n}) = m, its Serre dual has dim(G^t_{m,n}) = n, it is simple over k, and every k-simple p-divisible group X with dim(X) = m and dim(X^t) = n is k-isogenous with G_{m,n} ⊗ k.

We attach to this isogeny class the Newton polygon consisting of h = m + n slopes equal to ν = m/(m + n). We write N ((G_{m,n}) = (m, n) = h·(m/(m + n)).

This explains the notation used in (1.2): if X ∼_k ∑ i G_{mi,ni} then N (X) = ∑ i(m_i, n_i);

the Newton polygon of X is obtained by ordering the slopes m_i/(m_i + n_i) with multiplicity m_i + n_i in non-decreasing order.

(4.2) In the isogeny class of G_{m,n} we single out one p-divisible group H_{m,n} specifically; for a description see [11], 5.3 - 5.7; the p-divisible group H_{m,n} is defined over F_p, it is isogenous with G_{m,n}, and

the endomorphism ring End(H_{m,n} ⊗ k) is the maximal order in the endomorphism algebra End(H_{m,n} ⊗ k);

these conditions determine H_{m,n} ⊗F_p up to isomorphism. This p-divisible group H_{m,n} is called minimal.

If ζ = ∑ i(m_i, n_i) we write H(ζ) := ∑ i H_{mi,ni} , the minimal p-divisible group with Newton polygon equal to ζ. We write G(ζ) = H(ζ)[p], the minimal BT_1 group scheme attached to ζ.

In case μ ∈ Z_{>0} we write

H_{d,c} = (H_{m,n})^μ , where d := μm, c := μn.

In [29] and [30] we study the following question:

Starting from a p-divisible group X we obtain a BT_1 group scheme:

[p] : {X | a p − divisible group}/ ∼=_k −→ {G | a BT_1}/ ∼=_k; X → G := X[p].

This map is known to be surjective. Does G = X[p] determine the isomorphism class of X? This seems a strange question, and in general the answer is “NO”. It is the main theorem of [29] that the fiber of this map over G up to ∼=_k is precisely one p-divisible group X if G is minimal:

(4.3) Theorem. If G = G(ζ) is minimal over k, and X and Y are p-divisible groups with X[p] ∼= G ∼= Y [p], then X ∼= Y ; hence X ∼= H(ζ) ∼= Y .

However things are different if G is not minimal: it is one of the main results of [30] that for a non-minimal BT_1 group scheme G there are infinitely many isomorphism classes X with X[p] ∼= G.

Note the following important corollaries. Notation: S_G(D) = {s ∈ S | X_s ⊗ Ω ∼= G ⊗ Ω}.

(4.4) Corollary. Suppose X is a p-divisible group and G = X[p]; let D = Def(X). Study the inclusion C_X (D) ⊂ S_G(D). Then: X is minimal ⇒ C_X (D) = S_G(D).

Notation: S_{(A0,λ)[p]}(A) = {s ∈ S | (A, λ)_s[p] ⊗ Ω ∼= (A_0, λ)[p] ⊗ Ω}. In fact, we should introduce a level structure, so that A is a fine moduli scheme, with universal family (A, λ), etc.

(4.5) Corollary. Let (A_0, λ) be a polarized abelian variety. Then A_0[p] is minimal ⇒ C_{(A0,λ)[p}∞_](A) = S_{(A,λ)[p]}(A).

5 A theorem by Torsten Wedhorn on the dimension of EOstrata, see [32]

Let X be a p-divisible group, D = Def(X). Let G := X[p]. Consider the EO-stratum S_G(D).

(5.1) Theorem (Wedhorn). dim(S_G(D)) = dim(D) − dim (Aut(G)) .

See [32], 6.10.

Let(X, λ) be a principally quasi-polarized p-divisible group over a field of characteristic char(k) = p > 2. Write (G, λ) = (X, λ)[p].

(5.2) Theorem (Wedhorn) p > 2 .

dim(S_{(G,λ)}(Def(X, λ))) = dim(Def(X, λ)) − dim (Aut((G, λ))) . See [32], 2.8 and 6.10.

As we will see, we can avoid using this theorem.

6 Computation of the dimension of automorphism schemes

Consider minimal BT_1 group schemes like H_{d,c}[p] as considered in Section 4. Consider homomorphism group schemes between such, automorphism group schemes and their dimensions.

(6.1) Proposition. Suppose a, b, d, c ∈ Z_{≥0}; assume that a/(a + b) ≥ d/(d + c). Then: dim (Hom(H_{a,b}[p], H_{d,c}[p])) = bd = dim (Hom(H_{d,c}[p], H_{a,b}[p)) ; dim (Aut(H_{d,c}[p])) = dc.

For methods of proof, see [16], Sections 4 and 5, [18], [30], 2.4.

In fact, much more is true in case of minimal p-divisible groups. For I, J ∈ Z_{>0} we have Hom(H_{a,b}[p^I ], H_{d,c}[p^J ]) = Hom(H_{a,b}[p], H_{d,c}[p]).

(6.2) Proposition. Suppose d, c ∈ Z_{≥0} with d > c. Let λ be a principal quasi-polarization on H_{d,c} × H_{c,d}. Then:

dim(Aut((H_{d,c} × H_{c,d}, λ)[p])) = c(c + 1) + dc.

Moreover:

dim(Aut(((H_{1,1})^r, λ)[p])) = 1 2 ·r(r + 1)

for a principal quasi-polarization λ.

7 Serre-Tate coordinates, see [2], see [1], §7

(7.1) Serre-Tate coordinates: the ordinary case. Let (A, λ) be an ordinary principally polarized abelian variety; write (X, λ) = (A, λ)[p^∞]. Deformations of (A, λ) are described by extensions of (X, λ)_{et} by (X, λ)_{loc}. This shows that Def(X, λ) has the structure of a formal group. Let n ∈ Z_{≥3} be not divisible by p and let [(A, λ, γ)] = a ∈ A_{g,1,n} ⊗ F_p. Using the Serre-Tate theorem, see (10.1), we see that we have an isomorphism:

(A_{g,1,n} ⊗ F_p)^{/a} ∼= (G_m[p^∞])^{g(g+1)/2} ,

canonically up to Z_p-linear transformations: the Serre-Tate canonical coordinates; see [13]; see [17], Introduction.

One can try to formulate an analogous result around a non-ordinary point. Generalizations of Serre-Tate coordinates run into several difficulties. In an arbitrary deformation there is no reason that the slope filtration on the p-divisible group remains constant (as it does in the ordinary case). Even supposing that the slope filtration remains constant, or more strongly, supposing that the slope subfactors remain constant does not give the desired generalization. However it turns out that if we suppose that under deformation the geometric isomorphism type of the p-divisible group remains geometrically constant, we arrive at a satisfactory generalization of Serre-Tate coordinates. This is precisely the tool provided by the theory of central leaves as in [25]. We follow ideas basically due to Ching-Li Chai. We extract from [2], and from [1], §7 the information we need here.

Let Z be a p-divisible group, and D = Def(Z). Suppose that Z = X_1 × · · · × X_u, where the summands are isoclinic of slopes ν_1 > · · · > ν_u. Write Z_{i,j} = X_i × X_j.

(7.2) Proposition.

dim (C_Z (D)) = ∑ 1≤i<j≤u dim ( C_{Zi,j} (Def(Z_{(i,j)})) ) .

Note that the “group-like structure” on the leaf C_Z (D) can be described using the theory of “cascades” as in [17], 0.4.

Let (Z, λ) be a principally quasi-polarized p-divisible group, and D = Def(Z, λ). Suppose that Z = X_1 ×· · ·×X_u, where the summands are iscolinic of slopes ν_1 > · · · > ν_u. Then the heights of X_i and X_{u+1−i} are equal and ν_i = 1 − ν_{u+1−i}. We have the following pairs of summands:

X_i + X_j , with 1 ≤ i < j < u + 1 − i and X_{u+1−j} + X_{u+1−i}, and 9

X_i + X_{u+1−i} for 1 ≤ i ≤ t/2.

In this ways all pairs are described. Note that

Z_{i,j} := X_i + X_j + X_{u+1−j} + X_{u+1−i} for 1 ≤ i < j < u + 1 − i, and S_i := X_i + X_{u+1−i} for 1 ≤ i ≤ u/2, and S_{(u+1)/2} if u is odd are principally quasi-polarized p-divisible groups (write the induced polarization again by λ on each of them).

(7.3) Proposition. dim ( C_{(Z,λ)}(Def(Z, λ)) ) = = ∑ 1≤i<j<u+1−i dim ( C_{Z(i,j)} (Def(Z_{(i,j)}) ) + ∑ 1≤i≤u/2 dim ( C_{(Si,λ)}(Def(S_i, λ)) ) .

Note that

{(i, j) | 1 ≤ i < j < u + 1 − i}^∼−→ {(I, J) | 1 ≤ I < J and u + 1 − I < J ≤ u}

is a bijection under the map (i, j) → (I = u + 1 − j, J = u + 1 − i); indeed i < j implies I < J and j < u + 1 − i gives j = u + 1 − I < J = u + 1 − i. In this case λ gives an isomorphism X_i × X_j^∼−→ X_J × X_I .

(7.4) Example. The group structure on a leaf can be easily understood in the case of two slopes. This was the starting point for Chai to describe the relevant generalization of Serre-Tate coordinates from the ordinary case to the arbitrary case.

(7.5) Theorem (Chai). Let X be isoclinic of slope ν_X , height h_X and Y isoclinic of slope ν_Y and height h_Y . Suppose ν_Y > ν_X . Write Z = Y × X. The central leaf C = C_Z (Def(Z)) has the structure of a p-divisible group, isoclinic of slope ν_Y − ν_X , of height h_X ·h_Y , and

dim (C_Z (Def(Z))) = (ν_Y − ν_X )·h_X ·h_Y .

Suppose moreover there exists a principal quasi-polarization λ on Z; this implies h_X = h_Y and ν_X = 1 − ν_Y . The central leaf C_{(Z,λ)}(Def(Z, λ)) has the structure of a p-divisible group, isoclinic of slope ν_Y − ν_X , of height h_X ·(h_X + 1)/2, and dim ( C_{(Z,λ)}(Def(Z, λ) ) = 1 2 (ν_Y − ν_X )·h_X ·(h_X + 1).

See [1], 7.5.2.

(7.6) Remark. Let Z be an isoclinic p-divisible group. Then dim (C_Z (Def(Z))) = 0. This can be seen as following from a generalization of the previous theorem: take ν_Y = ν_X . This fact was already know: see [11], 2.17.

8 The dimension of central leaves, the unpolarized case

(8.1) Notation. Let ζ be a Newton polygon, and (x, y) ∈ Q × Q. We write:

(x, y) ≺ ζ if (x, y) is on or above ζ, (x, y) � ζ if (x, y) is strictly above ζ, (x, y) ≻ ζ if (x, y) is on or below ζ, 10

(x, y) � ζ if (x, y) is strictly below ζ.

Let ζ be a Newton polygon. Suppose that the slopes of ζ are 1 ≥ β_1 ≥ · · · ≥ β_h ≥ 0; this polygon has slopes β_h, · · · , β_1 (non-decreasing order), and it is lower convex. We write ζ^∗ for the polygon starting at (0, 0) constructed using the slopes β_1, · · · , β_h (non-increasing order); note that ζ^∗ is upper convex, and that the beginning and end point of ζ and of ζ^∗ coincide.

We write:

�(ζ; ζ^∗) := {(x, y) ∈ Z | (x, y) ≺ ζ, (x, y) � ζ^∗}; cdu(ζ) := # (�(ζ; ζ^∗)) ;

“cdu” = dimension of central leaf, unpolarized case.

We suppose ζ = ∑ 1≤i≤u μi·(mi, ni), written in such a way that gcd(mi, ni) = 1 for all i, and

μ_i ∈ Z_{>0}, and i < j ⇒ (m_i/(m_i + n_i)) > (m_j/(m_j + n_j). Write d_i = μ_i·m_i and c_i = μ_i·n_i and h_i = μ_i·(m_i + n_i); write ν_i = m_i/(m_i + n_i) = d_i/(d_i + c_i) for 1 ≤ i ≤ u. Note that the slope ν_i = slope(G_{mi ,ni} ) = m_i/(m_i + n_i) = d_i/h_i: this Newton polygon is the “Frobenius-slopes” Newton polygon of ∑ (G_{mi ,ni} )^{μi} . Note that the slope ν_i appears h_i times; these slopes with these multiplicities give the set {β_j | 1 ≤ j ≤ h := h_1 + · · · + h_u} of all slopes of ζ.

(8.2) Combinatorial Lemma, the unpolarized case. The following numbers are equal

# (�(ζ; ζ^∗)) =: cdu(ζ) = i=h∑ i=1 (ζ^∗(i) − ζ(i)) =

= ∑ 1≤i<j≤u

(d_ic_j − d_j c_i) = ∑ 1≤i<j≤u

(d_ih_j − d_j h_i) = ∑ 1≤i<j≤u

h_j ·h_i·(ν_i − ν_j).

(0, 0) (h,0)

(h,d)

(0, d)

Example:

h = h_1 + · · · + h_u d = d_1 + · · · + d_u

�

� � �

� �

� � �

� � �

� � � � � � � � � �

� � � � � � � � � �

ζ ζ^∗

A proof for this lemma is not difficult. The equality cdu(ζ) = ∑ (ζ^∗(i) − ζ(i)) can be seen as follows. From every break point of ζ^∗ draw vertical lines up, and horizontal lines to the left; from every break point of ζ draw vertical lines down and horizontal line to the right. This divides the remaining space in the h × d rectangle in triangles and rectangles. Pair opposite triangles to a rectangle. In each of these take lattice points, in the interior and in the lower or right hand sides; in this way all lattice points in the large rectangle belong to precisely one of 11 the subspaces; for each of the subspaces we have the formula that the number of such lattice points is the total length of vertical lines. This proves the desired equality for cdu(ζ). The other equalities follow by a straightforward computation. �

(8.3) Theorem (Dimension formula, the unpolarized case.) Let X_0 be a p-divisible group, D = Def(X_0); let Y be a p-divisible group with N (Y ) ≻ N (X_0);

dim(C_Y (D)) = cdu(β).

See [1], 7.10. Example:

� � �

� � �

� � � � � � � � � �

� � � � � � � � � �

ζ ζ^∗ � � � � �

� � � � �

� � � � �

� � � �

dim(C_X (D)) = # ((�(ζ; ζ^∗)). (^4_5 −^1_6 )·5·6 = 19, d_1h_2 − d_2h_1 = 4·6 − 1·5 = 19; d_1c_2 − d_2c_1 = 4·5 − 1·1 = 19.

First proof. It suffices to prove this theorem in case Y = X_0. Write N (Y ) = ζ. By (2.5) it suffices to prove this lemma in case Y = H(ζ). By (4.3), see (4.4), we know that in this case C_Y (D) = S_{Y [p]}(D). Let β = ∑ μ_i·(m_i, n_i); we suppose that i < j ⇒ m_i/(m_i + n_i) > m_j/(m_j + n_j); write d_i = μ_i·m_i and d = ∑ d_i; write c_i = μ_i·n_i and c = ∑ c_i. We know:

dim(Def(Y )) = dimY ·dimY^t = dc. By (5.1), using (6.1) and (8.2), we conclude:

dim(C_Y (D)) = dim(S_{H(β)[p]}(D)) = dim(Def(Y )) − dim(Aut(H(β)[p])) = = ( ∑ d_i)( ∑ c_i) − ( ∑ i d_i·c_i) − 2· ∑ i<j (c_i·d_j ) = ∑ i<j (d_ih_j − d_j h_i) = cdu(β).

Second proof. Assume, as above, that Y = X_0 = H_β. Write Z_{i,j} = H_{di,ci} × H_{dj ,cj} . A proof of (8.3) follows from (7.5) using (7.2):

dim(C_Y (D)) = ∑ i<j dim(C_{Zi,j} (Def(Z_{i,j} ))) = ∑ i<j h_j ·h_i·(ν_i − ν_j ),

where ν_i = d_i/(d_i + c_i) = m_i/(m_i + n_i) and h_i = d_i + c_i. �(8.3)

(8.4) Remark. A variant of the first proof can be given as follows. At first prove (8.3) in the case of two slopes, as was done above. Then conclude using (7.2).

9 The dimension of central leaves, the polarized case

(9.1) Notation. Let ξ be a symmetric Newton polygon. For convenience we adapt notation to the symmetric situation:

ξ = μ_1·(m_1, n_1) + · · · + μ_s·(m_s, n_s) + r·(1, 1) + μ_s·(n_s, m_s) + · · · + μ_1·(n_1, m_1)

with:

m_i > n_i and gcd(m_i, n_i) = 1 for all i, 1 ≤ i < j ≤ s ⇒ (m_i/(m_i + n_i)) > (m_j /(m_j + n_j), r ≥ 0 and s ≥ 0.

We write d_i = μ_·m_i, and c_i = μ_·n_i, and h_i = d_i + c_i. Write g := (∑ 1≤i≤s(di + ci) ) + r and write u = 2s + 1.

We write:

△(ξ; ξ^∗) := {(x, y) ∈ Z | (x, y) ≺ ξ, (x, y) � ξ^∗, x ≤ g}; cdp(ζ) := # (△(ζ; ζ^∗)) ;

“cdp” = dimension of central leaf, polarized case.

Write ξ = ∑ 1≤i≤u μi·(mi, ni), i.e. (mj , nj) = (nu+1−j , mu+1−j) for s < j ≤ u and r(1, 1) =

μ_{s+1}(m_{s+1}, n_{s+1}). Write ν_i = m_i/(m_i + n_i) for 1 ≤ i ≤ u; hence ν_i = 1 − ν_{u+1−i} for all i.

(9.2) Combinatorial Lemma, the polarized case. The following numbers are equal

# (△(ξ; ξ^∗)) =: cdp(ξ) = 1 2 cdu(ξ) + 1 2 (ξ^∗(g) − ξ(g)) = ∑ 1≤j≤g

(ξ^∗(j) − ξ(j)) =

= ∑ 1≤i≤s ( 1 2 ·d_i(d_i + 1) − 1 2 ·c_i(c_i + 1) ) + j≤s∑

1≤i<j

(d_i − c_i)h_j +

(_{i=s} ∑ i=1 (d_i − c_i) ) ·r =

= 1 2 ∑ 1≤i≤s

(2ν_i − 1)h_i(h_i + 1) + 1 2 ∑ 1≤i<j≠u+1−i

(ν_i − ν_j)h_ih_j .

Compare [1], Proposition 7.12.

Example:

� � � � (g, ξ(g)) �

� �

� � � � � � � �

� � � � � � � � � � � � � � � � � �

ξ ξ^∗

� � � � � �

A proof of this lemma is not difficult. The first equalities follow from the unpolarized lemma, and from the definitions of cdu and cdp. For a proof of the one but last equality draw vertical lines connecting breakpoints, and then draw lines from the breakpoints of ξ with slopes and lengths as in ξ^∗; this divides △(ξ; ξ^∗) into subspaces, where lattice points are considered in the interior, and on lower and right hand sides of the triangles and parallelograms created. Counting points in each of these give all summands of the right hand side of the last equality.

For the last equality: 1 2 ·d_i(d_i + 1) − 1 2 ·c_i(c_i + 1) = 1 2 (d_i − c_i)(d_i + c_i + 1) = 1 2 (2ν_i − 1)h_i(h_i + 1);

for 1 ≤ i ≤ s:

(d_i − c_i)·r = 1 2 ( (ν_i − 1 2 ) + ( 1 2 − ν_{u+1−i}) ) ·h_i· 1 2 = (ν_i − ν_{s+1})h_ih_{s+1} + (ν_{s+1} − ν_{u+i−1})h_{s+1}h_i; 13 for 1 ≤ i < j ≤ s we have:

2(d_i − c_i)h_j = 2((d_ic_j − c_id_j ) + (d_id_j − c_ic_j)) = = (ν_i − ν_j)h_ih_j + (ν_i − ν_{u+1−j} )h_ih_j + (ν_j − ν_{u+1−i})h_ih_j + (ν_{u+1−j} − ν_{u+1−i})h_ih_j ;

this shows ∑_{j≤s}

1≤i<j (di − ci)hj = 1 2 ∑ 1≤i<j≠u+1−i, i≠s+1, j≠s+1 (νi − νj)hihj .

Hence the last equality is proved. �

(9.3) Theorem (Dimension formula, the polarized case.) Let (A, λ) be a polarized abelian variety. Let (X, λ) = (A, λ)[p^∞]; write ξ = N (A); then dim ( C_{(X,λ)}(A ⊗ F_p) ) = cdp(ξ).

See [1], Proposition 7.12.

Example:

� � �

� � � � � � � �

� � � � � � � � � � � � � � � � � �

ξ ξ^∗

� � �

� � � � �

� � � � � �

� � � � �

� � � � � �

� � � � � � dim(C_{(A,λ)}(A_g ⊗ F_p)) = ∑ 0<i≤g (ξ

∗(i) − ξ(i)).

slopes 1/5, 4/5, h = 5:^1_2 4·5 −^1_2 1·2 = 9, slopes 1/3, 2/3, h = 3:^1_2 2·3 −^1_2 1·2 = 2, (d_1 − c_1)h_2 = 3·3 = 9, (d_1 + d_2 − c_1 − c_2)r = 4·2 = 8, dim(C_{(A,λ)}(A_g ⊗ F_p)) = # (△(ζ; ζ^∗)) = 28.

(9.4) Notation used in the proof of (9.3). Using (10.8) and (2.7) we only need to prove Theorem (9.3) in case λ is a principal polarization on A[p^∞] = H(ξ) =: Z = Z_1 × · · · × Z_s × Z_{s+1} × Z_{s+2} × · · · × Z_u, Y_i := Z_i = H_{di,ci} , Z_{s+1} = S_{s+1} = (H_{1,1})^r, X_i := Z_{u+1−i} = H_{ci,di} 1 ≤ i ≤ s + 1.

Write S_i = H_{di,ci} × H_{ci,di} for i ≤ s, and we write λ for the induced quasi-polarization on S_i for 1 ≤ i ≤ s + 1; note that r ≥ 0. We have: Z = Y_1 × · · · × Y_s × Z_{s+1} × X_s × · · · × X_1.

First proof. We have:

dim(Aut((Z, λ)[p])) = ∑ i≤s+1 dim(Aut((Si, λ)[p])) + 1 2 · ∑ i≠j≠u+1−i dim(Hom(Zi, Zj )) = = ∑ i≤s+1 dim(Aut((Si, λ)[p])) + ∑ 1≤i<j≠u+1−i dim(Hom(Zi, Zj )).

Using (6.1) and (6.2) and using the notation introduced a computation we show:

cdp(ξ) + dim(Aut((Z, λ)[p])) = 1 2 ·g(g + 1);

indeed, write I = ∑ 1≤i≤s ( 1 2 ·d_i(d_i + 1) − 1 2 ·c_i(c_i + 1) ) ,

II = j≤s∑

1≤i<j

(d_i − c_i)h_j ,

III =

(_{i=s} ∑ i=1 (d_i − c_i) ) ·r; note that:

1 ≤ i < j ≤ s : dim(Hom(Y_i, Y_j )) = c_i·d_j ,

1 ≤ i < j = s + 1 : dim(Hom(Y_i, Z_{s+1})) = c_i·r,

1 ≤ i < s < j : dim(Hom(Y_i, Z_j )) = c_i·c_{u+1−j} , Z_j = X_{u+1−j} ,

i = s + 1 < j : dim(Hom(Z_{s+1}, Z_j )) = r·c_{u+1−j} ,

s < i < j : dim(Hom(Z_i, Z_j )) = d_{u+1−i}·c_{u+1−j} ; direct verification gives:

I + II + III + ∑ i≤s (d_ic_i + c_i(c_i + 1)) + 1 2 ·r(r + 1) + 1 2 · ∑ i≠j≠u+1−i

dim(Hom(Z_i, Z_j )) =

= (d_1 + · · · + d_s + r + c_s + · · · + c_1)(d_1 + · · · + d_s + r + c_s + · · · + c_1 + 1)/2.

First we suppose p > 2, and prove the theorem in this case. Indeed, using (4.5) and (5.2) we see: dim ( C_{(X,λ)}(A ⊗ F_p) ) = dim(A ⊗ F_p) − dim(Aut((Z, λ)[p])) = cdp(ξ).

Hence Theorem (9.3) is proved in case p > 2.

Let p and q be prime numbers, let ξ be a symmetric Newton polygon, and let H^{(p)}(ξ) respectively H^{(q)}(ξ) be this minimal p-divisible group in characteristic p, respectively in characteristic q, both with a principal quasi-polarization λ. Their elementary sequences as defined in [23] are equal: Claim.

φ((H^{(p)}(ξ), λ)[p]) = φ((H^{(q)}(ξ), λ)[q]).

The proof is a direct verification: in the process of constructing the canonical filtration, the characteristic plays no role. �Claim

Next we assume Let p > 2 and q = 2, and we prove the theorem in characteristic q = 2. We have seen that the theorem holds in the case p > 2. In that case we know, using (4.5) and [23], Theorem 1.2, that

cdp(ξ) = dim ( C_{(X,λ)}(A ⊗ F_p) ) = dim ( S_{(X,λ)[p]}(A ⊗ F_p) ) = φ((H^{(p)}(ξ), λ)[p]).

Hence dim ( C_{(X,λ)}(A ⊗ F_q) ) = φ((H^{(q)}(ξ), λ)[q]) = φ((H^{(p)}(ξ), λ)[p]) = cdp(ξ).

This ends the first proof of Theorem (9.3). 15

(9.5) Lemma (a proof of (9.3) in the case of two slopes). Suppose ξ = (d, c) + (c, d) with d > c, i.e. s = 1 and r = 0 in the notation used above, i.e. the case of a symmetric Newton polygon with only two different slopes. Write g = d + c. In this case

cdp(ξ) = 1 2 d(d + 1) − 1 2 c(c + 1) = 1 2 ·(d − c)(d + c + 1) = (1 + · · · + g)( d d + c − c d + c ). We choose X = H_{d,c} + H_{c,d}, and G = X[p]; let λ be the principal quasi-polarization on X over k. Note this is unique up to isomorphism, see [25], Proposition 3.7. Let φ(G) = ES(G) be the elementary sequence of G, in the notation and terminology as in [23]. Then

φ = {0, · · · , φ(c) = 0, 1, 2, · · · , φ(d) = d − c, d − c, · · · , d − c}.

Hence in this case dim ( C_{(X,λ)}(A ⊗ F_p) ) = c·0 + (1 + · · · + d − c) + c·(d − c) = cdp(ξ).

Proof. In order to write down a final sequence for (H_{m,n} × H_{n,m})^μ it suffice to know a canonical filtration for Z = (H_{m,n} × H_{n,m}). Write D(H_{m,n}) = M_{m,n}, the covariant Dieudonné module; there is a W -basis M_{m,n} = W ·e_0 ⊕ · · · ⊕ e_{m+n−1}, and F(e_i) = e_{i+m}, and V(e_i) = e_{i+n}, with the convention e_{j+m+n} = pe_j. Also we have D(H_{n,m}) = M_{n,m} = W ·f_0 ⊕ · · · ⊕ W ·f_{m+n−1}, and F(f_j) = f_{j+n} and V(f_j ) = f_{i+m}; the quasi-polarization can be given by < e_i, f_j >= δ_{i,m+n−1−j} . Consider the k-basis for V(D(Z[p])) given by

{x_1 = e_{m+n−1}, · · · , x_n = e_m, x_{n+1} = e_{m−1}, · · · , x_m = e_n, x_{m+1} = f_{m+n−1}, · · · , x_{m+n} = f_m};

this can be completed to a symplectic basis for D(Z[p]); write N_j = k·x_1 ⊕ · · · ⊕ k·x_j for 1 ≤ j ≤ m + n. Direct verification shows that 0 ⊂ N_1 ⊂ · · · ⊂ N_{m+n} plus the symplectic dual filtration is a final filtration of D(Z[p]). From this we compute φ as indicated, and the result for H_{m,n} × H_{n,m} follows. This proves the lemma. �

Remark. It seems attractive to prove (9.3) in the general case along these lines by computing | φ |. There is an algorithm for determining the canonical filtration in general, but I do not have a closed formula for computing | φ | knowing ξ. Therefore, in the previous proof of (9.3) we made a detour via (5.1).

(9.6) Lemma. Let (Z = Y × X, λ) be a principally quasi-polarized p-divisible group, where X is isoclinic of slope ν_X , height h_X , and Y isoclinic of slope ν_Y and height h_Y . Suppose 1 ≥ ν_Y >^1_2 > ν_X = 1 − ν_Y ≥ 0. Write d_x = h_X ·ν_X , and ν_X = d_X /c_X ; analogous notation for d_Y and c_Y ; write d = d_Y = c_X , and c = c_Y = d_X and g = d + c. Then: dim ( C_{(Z,λ)}(Def(Z, λ)) ) = 1 2 (ν_Y − ν_X )·h_X ·(h_X + 1) = 1 2 d(d + 1) − 1 2 c(c + 1).

First proof. By (2.7) it suffices to prove this lemma in case X = H_{c,d} and Y = H_{d,c}. By (9.5) the result follows.

Second proof. The result follows by (7.5). �(9.6)

(9.7) Second proof. The proof of (9.3) follows from (7.3) using Lemma (8.3) and Lemma (9.6). �(9.3)

(9.8) Remark. In contrast with (9.3), in general sdim(ξ) ≠ ∑ 0<i≤g(i − ξ(i)). 16

10 Appendix: Some results used.

(10.1) Serre - Tate. Let A_0 be an abelian variety, and X_0 = A_0[p^∞]. We obtain a natural morphism Def(A_0)^∼−→ Def(X_0), A → A[p^∞];

a very basic theorem of Serre and Tate says that this is an isomorphism. An analogous statement holds for (polarized abelian variety) → (quasi-polarized p-divisible group).

(10.2) Chow - Grothendieck. Using the Chow-Grothendieck algebraization method for polarized formal schemes, see [7], III^1.5.4, it follows that a polarized formal abelian scheme is algebraizable. Hence for [(A, λ, γ)] = x ∈ A_{g,d,n} and (X, λ) = (A, λ)[p^∞] we obtain a canonical isomorphism (A_{g,d,n})^{/x} = Def(X, λ).

(10.3) Deformations of p-divisible groups. For p-divisible groups there exists a solution to the universal deformation problem in equi-characteristic: given a p-divisible group X_0 over a field K, there exists a formal p-divisible group G → Spf(R) which is universal for this problem, and R ∼= K[[t_1, · · · , t_{dc}]]; here d = dim(X_0) and c = dim(X^t_0). As finite group schemes are “algebraizable”, the same holds for certain limits, and this results in a universal family G → Spec(A), see [10], 2.4.4. We use the passage from formal p-divisible groups over Spf(R) to p-divisible groups over Spec(R) without further comments.

(10.4) Grothendieck - Katz. A theorem by Grothendieck and Katz, see [12], Th. 2.3.1 on page 143 says that for any X → S and for any Newton polygon ζ

W(S) ⊂ S is a closed set.

(10.5) Definition. Let S be a scheme, and let X → S be a p-divisible group. We say that X/S is geometrically fiberwise constant, abbreviated gfc if there exist a field K, a p-divisible group X_0 over K, a morphism S → Spec(K), and for every s ∈ S an algebraically closed field k ⊃ κ(s) ⊃ K containing the residue class field of s and an isomorphism X_0 ⊗ k ∼=_k X_s ⊗ k. The analogous terminology will be used for quasi-polarized p-divisible groups and for (polarized) abelian schemes.

See [25], 1.1.

(10.6) Theorem (T. Zink & FO). Let S be an integral, normal Noetherian scheme. Let X → S be a p-divisible group with constant Newton polygon. Then there exists a p-divisible Y → S and an S-isogeny φ : Y → X such that Y/S is gfc.

See [33], [31], 2.1, and [25], 1.8.

(10.7) Theorem. Let S be a scheme which is integral, and such that the normalization S^′ → S gives a noetherian scheme. Let X → S be a p-divisible group; let n ∈ Z_{≥0}. Suppose that X → S is gfc. Then there exists a finite surjective morphism T_n = T → S, such that X [p^n] ×_S T is constant over T .

See [25], 1.3.

(10.8) Lemma. Let (X, λ^′) be a quasi-polarized p-divisible group over k, with N (X) = ξ. There exists an isogeny between (X, ξ^′) and (H(ξ), λ), where λ is a principal quasi-polarization.

See [25], 3.7.

(10.9) Let ξ_1 be a symmetric Newton polygon “below” ξ_2. We write W^0_{ξ1} for the open Newton polygon stratum inside A_{g,1} ⊗ F_p (note we work with principal polarizations here) of moduli points with Newton polygon equal to ξ_1; we write W_{ξ2} for the open Newton polygon stratum inside A_{g,1} ⊗ F_p of moduli points with Newton polygon equal to or above ξ_2. Then

W_{ξ2} ⊂ (W^0_{ξ1} )^{Zariski−closure}, ξ_2 ≺ ξ_1.

However for non-principally polarized abelian varieties the analogous statement is not correct.

11 A question and some related results

(11.1) In (1.8) we have seen how to compute the dimension of a Newton polygon stratum in the principally polarized case. that formula is not the right one in case of arbitrary degree of polarization. In [24], 5.8 we find an expectation for the dimension of Newton polygon strata. We expect that For a symmetric Newton polygon ξ, corresponding with p-rank equal to f, we know by [19], Th. 4.1, that an irreducible component of W_ξ(A_g ⊗ F_p) has dimension at most g(g + 1)/2 − (g − f) = g(g − 1)/2 + f, and

we expect that indeed there is a component of W^0_ξ (A_g ⊗ F_p) which has dimension equal to g(g − 1)/2 + f.

(11.2) We know that W_σ(A_{g,1} ⊗ F_p) has “many irreducible components”, where σ is the supersingular Newton polygon (all slopes are equal to 1/2). However for ξ ≠ σ we know that W_ξ(A_{g,1} ⊗ F_p) is geometrically irreducible, see [26], Theorem 1.5.

(11.3) For (A, λ) such that A is not supersingular, and λ is a principal polarization, the leaf C_{(A,λ)[p}∞_](A_{g,1}) ⊗ F_p is geometrically irreducible; this will be published in [3], see [28].

(11.4) For a principally polarized abelian variety (A, λ) one can consider the isomorphism class of (A, λ)[p]. This gives rise to EO-strata, see [23]; such an isomorphism class over an algebraically closed field is determined by an “elementary sequence”. We can decide which EO-strata are contained in the supersingular locus:

Lemma (FO, unpublished). We have:

S_φ ⊂ W_σ(A_{g,1} ⊗ F_p) ⇐⇒ φ([(g + 1)/2]) = 0.

In [23], 14.1 we find the conjecture that an EO-stratum not contained in the supersingular locus is geometrically irreducible. In [6] this has been proved:

Theorem (T. Ekedahl & G. van der Geer). If φ([(g + 1)/2]) ≠ 0, i.e. S_φ not contained in the supersingular locus, then S_φ ⊂ A_{g,1} ⊗ F_p is geometrically irreducible.

Moreover I expected that for φ([(g + 1)/2]) = 0 and p large, the locus S_φ is geometrically reducible. This seems to be true, see S. Harashita, [9].

References

[1] C.-L. Chai - Hecke orbits on Siegel modular varieties. Progress in Mathematics 235, Birkhäuser, 2004, pp. 71–107.

[2] C.-L. Chai & F. Oort – Canonical coordinates on leaves of p-divisible groups. Manuscript.

[3] C.-L. Chai & F. Oort – Hecke orbits. [In preparation]

[4] M. Demazure – Lectures on p-divisible groups. Lect. Notes Math. 302, Springer – Verlag, Berlin 1972.

[5] S. J. Edixhoven, B. J. J. Moonen & F. Oort (Editors) – Open problems in algebraic geometry. Bull. Sci. Math. 125 (2001), 1 - 22. staff.science.uva.nl/ bmoonen/MyPapers/OP.ps

[6] T. Ekedahl & G. van der Geer – Cycle classes of the E-O stratification on the moduli of abelian varieties. Manuscript XII-2005; 60 pp.

[7] A. Grothendieck & J. Dieudonné - Eléments de géométrie algébrique. Ch. III^1: Etude cohomologique des faisceaux cohérents. Publ. Math. 11, IHES 1961.

[8] A. Grothendieck – Groupes de Barsotti-Tate et cristaux de Dieudonné. Sém. Math. Sup.

45, Presses de l’Univ. de Montreal, 1970.

[9] S. Harashita – Ekedahl-Oort strata contained in the supersingular Locus.

See: http://www.ms.u-tokyo.ac.jp/ harasita/papers.html

[10] A. J. de Jong - Crystalline Dieudonné module theory via formal rigid geometry. Publ.

Math. IHES 82 (1995), 5 - 96.

[11] A. J. de Jong & F. Oort – Purity of the stratification by Newton polygons. Journ. Amer.

Math. Soc. 13 (2000), 209 - 241. See: http://www.ams.org/jams

[12] N. M. Katz – Slope filtration of F –crystals. Journ. Géom. Alg. Rennes, Vol. I, Astérisque 63 (1979), Soc. Math. France, 113 - 164.

[13] N. M. Katz – Serre-Tate local moduli. In: Surfaces algébriques (Ed. J. Giraud, L. Illusie, M. Raynaud). Lect. Notes Math. 868, Springer – Verlag, Berlin 1981; pp. 138 - 202.

[14] K.-Z. Li & F. Oort - Moduli of supersingular abelian varieties. Lect. Notes Math. 1680, Springer - Verlag 1998; 116 pp.

[15] Yu. I. Manin – The theory of commutative formal groups over fields of finite characteristic.

Usp. Math. 18 (1963), 3-90; Russ. Math. Surveys 18 (1963), 1-80.

[16] B. Moonen – Group schemes with additional structures and Weyl group cosets. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 255-298 .

[17] B. Moonen – Serre-Tate theory for moduli spaces of PEL type. Ann. Scient. Ec. Norm.

Sup. 4^e Série 37 (2004), 223 – 269.

[18] B. Moonen – A dimension formula for Ekedahl - Oort strata. Ann. Inst. Fourier 54 (2004), 666 – 698.

[19] P. Norman & F. Oort – Moduli of abelian varieties. Ann. Math. 112 (1980), 413 - 439.

[20] F. Oort – Commutative group schemes. Lect. Notes Math. 15, Springer - Verlag 1966.

[21] F. Oort – Moduli of abelian varieties and Newton polygons. Compt. Rend. Acad. Sc. Paris 312 Sér. I (1991), 385 - 389.

[22] F. Oort – Newton polygons and formal groups: conjectures by Manin and Grothendieck.

Ann. Math. 152 (2000), 183 - 206.

[23] F. Oort – A stratification of a moduli space of polarized abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 345 - 416.

[24] F. Oort – Newton polygon strata in the moduli space of abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 417 - 440.

[25] F. Oort – Foliations in moduli spaces of abelian varieties. Journ. Amer. Math. Soc. 17 (2004), 267-296.

[26] F. Oort – Monodromy, Hecke orbits and Newton polygon strata. Talk Bonn 24 - II - 2003.

See: http://www.math.uu.nl/people/oort/

[27] F. Oort - Hecke orbits and stratifications in moduli spaces of abelian varieties. Talk at the Orsay / SAGA, 14 - X - 2003. See: http://www.math.uu.nl/people/oort/

[28] F. Oort - Hecke orbits in moduli spaces of abelian varieties and foliations. Talk at the ETH in Zürich, 2 - IV - 2004 See: http://www.math.uu.nl/people/oort/

[29] F. Oort – Minimal p-divisible groups. [To appear: Annals of Math. 161 (2005), 1 – 16.]

See: http://www.math.uu.nl/people/oort/

[30] F. Oort– Simple p-kernels of p-divisible groups. [To appear in Advances in Mathematics] See: http://www.math.uu.nl/people/oort/

[31] F. Oort & T. Zink – Families of p-divisible groups with constant Newton polygon. Documenta Mathematica 7 (2002), 183 – 201.

See: http://www.mathematik.uni-bielefeld.de/ documenta/vol-07/09.html

[32] T. Wedhorn - The dimension of Oort strata of Shimura varieties of PEL-type. Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 441 – 471.

[33] T. Zink – On the slope filtration. Duke Math. Journ. 109 (2001), 79 - 95.

P.S.

After my talk in Düsseldorf Torsten Wedhorn told me about a result contained in his manuscript:

T. Wedhorn – Specializations of F -Zips. Ms. 22 pp., 20-VI-2005.

In this manuscript we find Theorem (6.4) which allows us to extend results mentioned above in Section 2. Proving flatness of a morphism from A_g to a space of isomorphism classes of F -zips Wedhorn shows that Theorem (5.2) above also holds in characteristic 2. Conclusion. The first proof of (9.3) can be simplified: ”Indeed, using (4.5) and (5.2) we see: dim ( C_{(X,λ)}(A ⊗ F_p) ) = dim(A ⊗ F_p) − dim(Aut((Z, λ)[p])) = cdp(ξ).”

This argument in the proof of (9.3) works in all characteristics by the generalized Theorem (5.2); QED for (9.3); the last 18 lines of the proof of (9.3) can be deleted.

P.S.

Theorem B of the paper

Eva Mierendorff – Moduli spaces of p-divisible groups. math.AG/0502320, 27 pages, Version 1: Tue, 15 Feb 2005.

computes the dimension of an isogeny leaf (in the unpolaraized case). Using (1.6), and the product struture as in [25], a direct computation shows that (8.3) follows; hence this result by Mierendorff gives a new proof of our dimension formula in the unpolarized case.

It seems plausible that analogous considerations directly give a proof for the dimension formula of an isogeny leaf in the principally polzarized case; this would give another proof of (9.3).

Frans Oort Mathematisch Instituut P.O. Box. 80.010 NL - 3508 TA Utrecht The Netherlands email: oort@math.uu.nl