Stratifications and foliations of moduli spaces of abelian varieties

Frans Oort Version 16-XI-2005

January 9, 2006

Algebraic Geometry and Beyond, Kyoto 12 – 16 December 2005 Informal notes; not for publication

Introduction

In this survey we discuss stratifications and foliations of our basic hero A_g ⊗ F_p: the moduli spaces of polarized abelian varieties of dimension g in positive characteristic p.

In characteristic zero we have strong tools at our disposal: besides algebraic-geometric theories we can use analytic and topological methods. It seems that we are at lost in positive characteristic. However the opposite is true. Phenomena, only occurring in positive characteristic provide us with strong tools to study moduli spaces. And, as it turns out again and again, several results in characteristic zero can be derived using reduction modulo p.

But we start with a warning. In algebraic geometry constructing varieties, schemes, spaces, a good method is to define a priori a functor, and then prove the functor is representable, as Grothendieck taught us. This functorial approach has proved to be very successful. However, strata and leaves defined and constructed below all are given by characterizing the points contained in that space. This is not a very elegant way of doing algebraic geometry, I know. However in the cases considered below, I cannot do better. And we pay a price. Usually the definitions are easy. However the fact that these spaces do exist often is cumbersome. We construct several subvarieties of A_g ⊗ F_p, giving stratifications and foliations. We see, that the properties indeed define the spaces constructed, and we reap the fruits, because of the many applications. But in general the scheme structure we choose, the reduced structure on the (locally) closed set, need not be the most natural one.

Base fields, and base schemes will be in characteristic p, unless otherwise specified. We write A_g ⊗ F_p for the moduli scheme of polarized abelian schemes in characteristic p. We write A := A_{g,1} ⊗F_p for the moduli scheme of principally polarized abelian schemes in characteristic p. Sometimes a level-n-structure will be assumed, with n prime to p.

The terminology “stratification” and “foliation” will be used in a loose sense: A stratification will be a way of writing a space as a finite disjoint union of subspaces of that space; in some cases we will actually check whether the boundary of one stratum is the union of “lower strata”.

A foliation will be a way of writing a space as a disjoint union of subspaces of that space.

Here are some motivating questions and problems: 1

• What is the Hecke orbit of a point in the moduli space of polarized abelian varieties?

Over C: such an orbit is dense in the moduli space A(C). What can we say about this question in positive characteristic?

• What is the maximal dimension of a complete subvariety of A_g(C) ?

• A conjecture by Grothendieck: which Newton polygons occur in the local deformation space of a given p-divisible group, or a given polarized abelian variety?

• Describe NP strata in the moduli space of abelian varieties in characteristic p.

• What strata are given by fixing the p-kernel of the abelian varieties studied.

• What kind of leaves are given by fixing the p-divisible group of the abelian varieties studied.

It will turn out that various stratifications and foliations of A_g ⊗ F_p, and a description of these structures give access to some of these questions.

Hecke correspondences have the property that they may blow up and down subsets of the moduli space (if we consider “α-Hecke-orbits”). For some of our results we have to restrict to principally polarized abelian varieties, in order to obtain nice, coherent statements. In some cases, by some miracle, statements holds more generally for all degrees of polarizations (e.g. the dimensions of the p-rank-strata). In some cases the condition that the polarization is principal is essential, e.g. the analog of a conjecture of Grothendieck translated to polarized p-divisible groups, e.g. the question whether (a = 1)-locus is dense in a NP stratum. In some of our considerations we restrict to the principally polarized case.

Here is a survey of the strata and leaves we are going to construct. For an abelian variety A over a field, a positive integer m and a prime number p we define the group scheme:

A[m] := Ker(×m : A −→ A),

and we define the p-divisible group of A by:

A[p^∞] = ∪_{1≤i<∞} A[p^i].

NP A → A[p^∞] → A[p^∞]/ ∼ over an algebraically closed field: the isogeny class of its p-divisible group; by the Dieudonné - Manin theorem we can identify this isogeny class of p-divisible groups with the Newton polygon of A. We obtain the Newton polygon strata.

EO (A, λ) → (A, λ)[p] → (A, λ)[p]/ ∼= over an algebraically closed field: we obtain EOstrata; see [52]. Important feature (Kraft, Oort): the number of geometric isomorphism classes of group schemes of a given rank annihilated by p is finite.

Fol (A, λ) → (A, λ)[p^∞] → (A, λ)[p^∞]/ ∼= over an algebraically closed field: we obtain a foliation of an open Newton polygon stratum; see [54]. Note that for f < g − 1 the number of leaves is infinite.

Note: X ∼= Y ⇒ N (X) = N (Y ); conclusion: every central leaf in Fol is contained in exactly one Newton polygon stratum in NP. 2

However, a NP-stratum may contain many EO-strata, an EO-stratum may intersect several NP-strata. If the p-rank is smaller than g − 1 a NP-stratum contains infinitely many central leaves. Whether an EO-stratum equals a central leaf is studied and answered in Section 11. To a p-divisible group we can attach various “invariants”:

X[p^∞] up to ∼ ξ NP W_ξ X[p^1] up to ∼= φ EO S_φ (A[p^∞], λ) up to ∼= (X, λ) Fol C(x)

We explain these notions and notations below.

For all these concepts we show that we obtain (locally) closed subsets of the moduli space A_g ⊗ K, where K ⊃ F_p is a field. We will see that these spaces do exit. We determine their dimension. We decide which ones are (ir)reducible. And we show various applications of the concepts thus defined.

We will write k and Ω for an algebraically closed field. We will write A = A_{g,1} ⊗ F_p for the moduli space of principally polarized abelian varieties in characteristic p.

Questions studied below can be stated for the unpolarized case and in the case of quasipolarized p-divisible groups or polarized abelian varieties. This last case is for us the most interesting, and often we will not state the analogous (usually easier) questions and theorems in the unpolarized case.

We have seen many times that supersingular abelian varieties on the one hand and nonsupersingular abelian varieties on the other hands in general behave very differently. What has been proved now:

supersingular NP-strata, EO-strata and central leaves in general (we mean p ≫ 0), are reducible (Katsura-Oort, Li-Oort, Harashita) but non-supersingular NP-strata, EO-strata and central leaves in the principally polarized case are irreducible (Oort, Ekedahl-Van der Geer, Chai-Oort).

1 Newton polygons: The Manin conjecture

NP Newton polygon strata are given by A[p^∞]/ ∼ .

(1.1) Our story starts with Manin’s thesis [31]. For an abelian variety A we define its p-divisible group X as the union (inductive limit) of all subgroup schemes A[p^i].

In Chapter II Manin describes isogeny classes of p-divisible groups over a perfect field and over an algebraically closed field. Here is the main result: for a pair of coprime positive integers m, n ∈ Z there exists an isosimple formal group G_{m,n} of dimension m, with dim((G_{m,n})^t) = n. Any formal p-divisible group X over k is up to isogeny a direct sum of such groups: X ∼ ∑ i G_{mi ,ni} ; 3 see [31], Classification Theorem on page 35. Note that for any abelian variety (for example defined over a field of large transcendence degree over F_p), its p-divisible group is isogenous with a p-divisible group defined over the prime field.

Note that this shows there is a bijection between the set of k-isogeny classes of p-divisible groups over k and the set of Newton polygons:

(1.2) Theorem (Dieudonné and Manin), see [31], “Classification theorem ” on page 35 .

{X}/ ∼_k^∼−→ {Newton polygon}

A Newton polygon is a lower convex polygon in Q × Q, starting at (0, 0), with integral break points, and ending at (h, d) for certain integers h and d; for abelian varieties of dimension g we have h = 2g and d = g.

We write N (X) for the Newton polygon of X. For an abelian variety A over a field of characteristic p we write N (A) = N (A[p^∞]). To G_{m,n} one assigns m + n slopes equal to m/(m + n); for X ∼ ∑ i G_{mi ,ni} the Newton polygon N (X) is formed by taking all these slopes and ordering them in non-decreasing order. This is the theory of the “F -slopes”. In some papers the different (but equivalent) notion of “V -slopes” is used: in that notation N (G_{m,n}) is isoclinic of slope equal to n/(m + n).

(1.3) In Chapter IV Manin discusses Newton polygons coming from an abelian variety. The “formal structure of an abelian variety A”, now called the Newton polygon of A, is discussed, written as N (A):

A → A[p^∞] =: X → N (X) =: N (A).

For an abelian variety A over a finite field Manin proves that the Newton polygon of an abelian variety is symmetric in the sense that the isogeny factors G_{m,n} and G_{n,m} appear with the same multiplicity; or in other words: a slope β appears with the same multiplicity in N (A) as the slope 1−β. For an abelian variety over any field of positive characteristic the symmetry of N (A) follows from [43], Theorem 19.1.

(1.4) Manin then formulates his celebrated Manin Conjecture [31], Conjecture 2 on page 76:

a Newton polygon ξ comes from an abelian variety ⇐⇒ ξ is symmetric.

(1.5) This conjecture was proved using the Honda-Tate theory, see [69], page 98. For a pure characteristic p proof, see [51], 5.3.

(1.6) A symmetric Newton polygon is called

supersingular if all slopes are equal to 1/2. A Newton polygon is called ordinary if only the slopes 0 and 1 appear. A symmetric Newton polygon ξ is called almost supersingular if it is the unique one “one step away” from supersingular: if g = 2r, we have ξ = (r, r − 1) + (1, 1) + (r − 1, r); if g = 2r + 1, we have ξ = (r + 1, r) + (r, r + 1).

(1.7) The p-rank stratification. For an abelian variety A we define the p-rank to be equal to f(A) = f if #(A[p](k)) = p^f . This gives a stratification of A_g ⊗ F_p, by declaring that V_f contains all [(B, μ)] such that f(B) ≤ f. It is not difficult to see that V_f ⊂ A_g ⊗ F_p is closed. It is a surprising and difficult theorem (suggested by D. Mumford, proved by P. Norman and F. Oort): dim(V_f ) = 1 2 g(g + 1) − (g − f),

see [40], Theorem 4.1. Note that all components have this dimension. This is surprising and unexpected, if you realize that Hecke correspondences blow up and down in general, but that the dimensions of these strata remain the same under such correspondences.

2 Barsotti-Tate groups: A conjecture by Grothendieck

(2.1) Basic references: [15], [19], [22]. For a scheme S and and integer h ∈ Z_{≥0} we define a p-divisible group (or, a Barsotti-Tate group) X → S as a union, an inductive limit, of commutative finite flat group schemes X_n → S such that the rank of X_n → S equals p^{hn}, such that X_n is annihilated by p^n, and such that for i and j there is an exact sequence X_i = Ker(×p^i : X_{i+j} → X_{i+j} ); in this case X_{i+j}/X_i ∼= X_j.

For an abelian scheme A → S we study A[p^i] := Ker(×p^i : A → A); the system defined by X_i := A[p^i] is a p-divisible group.

This concept is a strong tool in studying abelian varieties in characteristic p. One can “feel” a p-divisible group as a terrific substitute of p-adic homology, as a characteristic p substitute for Tate-ℓ-groups. There are many equivalent properties. Such as: a Tate-ℓ-group is “defined over the prime field” and “basically a p-divisible group, up to isogeny is defined over the prime field”. Or: deforming an abelian variety its Tate-ℓ-group “stays geometrically constant” (i.e. constant up to a Galois twist); we will see that an analogous statement holds for p-divisible groups holds over central leaves.

A basic example/surprise. Let E_0 be an ordinary elliptic curve over a field k ⊃ F_p. Let E → S be an equicharacteristic-p-deformation over an integral base, 0 ∈ S, E_0 = E ×_S 0, and let η ∈ S be the generic point. Then we have

T_ℓ(E_0) ∼= T_ℓ(E_η) ⊗ k(η)

and we have E_η[p^∞] ⊗_{k(η)} k(η) ∼= E_0[p^∞] ⊗_k k(η).

Families of p-divisible groups can be studied, see [19], [75], [64], [54]. Proving the conjecture by Grothendieck recorded below gives access to studying the boundary of Newton polygon strata (the main missing piece of information in Manin’s thesis), and constructing central leaves, studying properties using a slope filtration (idea basically due to Grothendieck and Zink), access to the Hecke Orbit Problem becomes available. We see that the topic “families of p-divisible groups” lies in the heart of these developments.

(2.2) In 1970 Grothendieck observed that“ Newton polygons go up” under specialization. In order to study this and related questions we introduce a notation:

(2.3) For Newton polygons we introduce a partial ordering.

� � � � � � � � � � ζ_2 ζ_1

We write ζ_1 ≻ ζ_2 if ζ_1 is “below” ζ_2, i.e. if no point of ζ_1 is strictly above ζ_2. ζ^1 ≻ ζ^2

Note that we use this notation only if Newton polygons with the same endpoint are considered.

If S is a base scheme, and X → S is a p-divisible group over S we write

W_ζ (S) := {s ∈ S | N (X_s) ≺ ζ} ⊂ S and W^0_ζ (S) := {s ∈ S | N (X_s) = ζ} ⊂ S.

(2.4) Theorem (Grothendieck and Katz; see [25], 2,3,2). W_ζ (S) ⊂ S is a closed set.

As the set of Newton polygons of a given height is finite we conclude: W^0_ζ (S) ⊂ S is a locally closed set.

(2.5) Notation. Let ξ be a symmetric Newton polygon. We write W_ξ = W_ξ(A_{g,1} ⊗ F_p).

(2.6) We have seen that “Newton polygons go up under specialization”. Does a kind of converse hold? In 1970 Grothendieck conjectured the converse. In [15], the appendix, we find a letter of Grothendieck to Barsotti, and on page 150 we read: “· · · The wishful conjecture I have in mind now is the following: the necessary conditions · · · that G^′ be a specialization of G are also sufficient. In other words, starting with a BT group G_0 = G^′, taking its formal modular deformation · · · we want to know if every sequence of rational numbers satisfying · · · these numbers occur as the sequence of slopes of a fiber of G as some point of S.”

(2.7) Theorem (conjectured by Grothendieck, Montreal 1970). Let K be a field of characteristic p, and let G_0 be a p-divisible group over K. We write N (G_0) =: β for its Newton Polygon. Suppose given a Newton Polygon γ “below” β, i.e. β ≺ γ. Then there exists a deformation G_η of G_0 such that N (G_η) = γ. For a proof see [21], [51], [53].

This the “unpolarized case”. An analogous formulation of the conjecture for quasi-polarized pdivisible groups is not true in general (for an arbitrary degree of the polarization); in [24], 6.10 we find an example of a supersingular abelian variety of dimension three with a polarization of degree p^2, which cannot be deformed to a polarized abelian variety having Newton polygon equal to (2, 1) + (1, 2). Many more examples can be given.

However the analogous conjecture in the principally polarized case is true:

(2.8) Theorem (the principally polarized variant of the conjecture by Grothendieck, Montreal 1970). Let K be a field of characteristic p, and let (G_0, λ_0) be a principally quasi-polarized p-divisible group over K. We write N (G_0) = β for its Newton Polygon. Suppose given a symmetric Newton Polygon γ “below” β, i.e. β ≺ γ. Then there exists a deformation (G_η , λ) of (G_0, λ_0) such that N (G_η) = γ. For a proof see [21], [51], [53].

Using a theorem by Serre and Tate, we see that from (2.8) the analogous theorem for principally polarized abelian varieties holds true. 6

3 EO strata

EO Ekedahl-Oort strata are given by A[p]/ ∼= . Main reference: [52].

(3.1) We call a finite group scheme G a BT_1 group scheme if ImF_G = KerV_G and ImV_G = KerF_G. In particular this implies that G is annihilated by p. Group schemes annihilated by p were classified by Kraft, see [27], and later, independently by Oort. A crucial fact is:

Fix h ∈ Z_{≥0}. The set of isomorphism classes of finite group schemes annihilated by p of rank equal to p^h over an algebraically closed field k is finite.

Moreover one can give a definition of a “quasi-polarization” on a BT_1 group scheme; this is not so difficult if p > 2, but more care has to be taken in case p = 2, for details see [52]. A principally polarized abelian variety (A, λ) gives rise to a quasi-polarized BT_1 group scheme (A, λ)[p]. In all cases one proves that the set of isomorphism classes of quasi-polarized BT_1 group schemes of fixed rank over an algebraically closed field k is finite; especially see [52], Section 9.

(3.2) A quasi-polarized BT_1 group scheme (G, λ) is uniquely determined by its “elementary sequence”. This is a set of positive integers {φ(1), · · · , φ(g)} with the properties φ(i) ≤ φ(i + 1) ≤ φ(i) + 1 for 0 ≤ i < g, where φ(0) := 0. This sequence is obtained by producing on G a “final filtration”, see [52], Section 2; the elementary sequence describes for every step in the filtration its image under V . We write ES(G, λ) for the elementary sequence of (G, λ).

(3.3) Choose an elementary sequence φ; equivalently: choose an isomorphism class of a quasi-polarized BT_1 group scheme (G, λ) over an algebraically closed field. Let (A, λ) → T be a principally polarized abelian scheme over a base field in characteristic p. We write:

S_φ(T ) = {t | ES((A, λ)_t[p]) = φ}.

This turns out to be a locally closed set in T , see [52], Proposition 3.2. We write

S_φ = S_φ(A_{g,1} ⊗ F_p),

which is called the Ekedahl-Oort stratum determined by φ. Note that [(A, λ)] = x ∈ A_{g,1}(K) iff for any algebraically closed field k ⊃ K we have (A, λ)[p] ⊗ k ∼= (G, λ) ⊗ k. In [52] several properties of these strata are proven (quasi-affine, dimension, etc.).

4 Foliations

Fol Central leaves are given by (A, λ)[p^∞]/ ∼= .

(4.1) Let X be a p-divisible group and let Y → S be a p-divisible group over a base S. We write C_X (S) = {s ∈ S | ∃Ω, ∃Y_s ⊗ Ω ∼= X ⊗ Ω}.

Choose a quasi-polarized p-divisible group (X, λ). Let (Y, μ) → S be a quasi-polarized pdivisible group over a base S. We write

C_{(X,λ)}(S) = {s ∈ S | ∃Ω, ∃(Y, μ)_s ⊗ Ω ∼= (X, λ) ⊗ Ω}.

(4.2) Theorem, see [54], Th. 2.3.

C_X (S) ⊂ W^0_{N (X)}(S)

is a closed set.

A proof can be given using (4.3), (4.4) and (4.5).

(4.3) Definition. Let S be a scheme, and let X → S be a p-divisible group. We say that X/S is geometrically fiberwise constant, abbreviated gfc if there exist a field K, a p-divisible group X_0 over K, a morphism S → Spec(K), and for every s ∈ S an algebraically closed field k ⊃ κ(s) ⊃ K containing the residue class field of s and an isomorphism X_0 ⊗ k ∼=_k X_s ⊗ k. The analogous terminology will be used for quasi-polarized p-divisible groups and for (polarized) abelian schemes.

See [54], 1.1.

(4.4) Theorem (T. Zink & FO). Let S be an integral, normal Noetherian scheme. Let X → S be a p-divisible group with constant Newton polygon. Then there exists a p-divisible Y → S and an S-isogeny φ : Y → X such that Y/S is gfc.

See [75], [64], 2.1, and [54], 1.8.

(4.5) Theorem. Let S be a scheme which is integral, and such that the normalization S^′ → S gives a noetherian scheme. Let X → S be a p-divisible group; let n ∈ Z_{≥0}. Suppose that X → S is gfc. Then there exists a finite surjective morphism T_n = T → S, such that X [p^n] ×_S T is constant over T .

See [54], 1.3.

(4.6) Note that we gave a “point-wise” definition of C_X (S); we can consider C_X (S) ⊂ S as a closed set, or as a subscheme with induced reduced structure; however is this last definition “invariant under base change”? It would be much better to have a “functorial definition” and a nature-given scheme structure on C_X (S).

Note that the proof of this theorem is quite involved. One of the ingredients is the notion of “completely slope divisible p-divisible groups” introduced by T. Zink, and theorems on p-divisible groups over a normal base, see [75] and [64].

Considering the situation in the moduli space with enough level structure in order to obtain a fine moduli scheme, we see that C_{(A,λ)[p}∞_](A_g ⊗ F_p) is regular.

We write C_x for the irreducible component of C(x) := C_{(A,λ)[p}∞_]A passing through [(A, λ)] = x; we say that C_x is the central leaf passing through x.

Remark (Chai & FO). In fact, for N (A) ≠ σ, i.e. A is not supersingular, it is known that C_{(A,λ)[p}∞_](A) is geometrically irreducible; see (9.8).

(4.7) Isogeny correspondences, unpolarized case. Let ψ : X → Y be an isogeny between p-divisible groups. Then there exist finite surjective morphisms

C_X (Def(X)) ↞ T ↠ C_Y (Def(Y )).

(4.8) Corollary. The dimension of C_X (Def(X)) only depends on the isogeny class of X.

(4.9) Isogeny correspondences, polarized case. Let ψ : A → B be an isogeny, and let λ respectively μ be a polarization on A, respective on B, and suppose there exists an integer n ∈ Z_{>0} such that ψ^∗(μ) = n·λ. Then there exist finite surjective morphisms

C_{(A,λ)[p}∞_](A_g ⊗ F_p) ↞ T ↠ C_{(B,μ)[p}∞_](A_g ⊗ F_p).

See [54], 3.16.

(4.10) Corollary. The dimension of C_{(X,λ)}(A_g ⊗ F_p) only depends on the isogeny class of (X, λ).

Remark / Notation. In fact, this dimension only depends on the isogeny class of X. We write c(ξ) := dim ( C_{(X,λ)}(A_g ⊗ F_p) ) , X = A[p^∞], ξ := N (X);

this is well-defined: all irreducible components have the same dimension.

A proof of all previous results on isogeny correspondences, and the independence of the dimension of the leaf in an isogeny class can be given using (4.3), (4.4) and (4.5); see [54], 2.7 and 3.13.

(4.11) Hecke-α-orbits. Consider [(A, λ)] = x ∈ A(K) Consider all diagrams

(A, λ) ⊗ Ω^φ←− (C, ζ)^ψ−→ (B, μ),

where:

Ω is an algebraically closed field containing K, (C, ζ) is a polarized abelian variety over Ω, φ : C → A is an isogeny such that φ^∗(λ) = ζ, (B, μ) is a principally polarized abelian variety over Ω, and ψ : C → B is an isogeny such that ψ^∗(μ) = ζ;

Ker(φ) and Ker(ψ) are geometrically successive extensions of the finite group scheme α_p; in this case we write [(B, μ)] ∈ H_α(x)

(4.12) For a given point [(A, μ)] = x one can study H_α(x), see (4.11). In general this is not a (locally) closed set in A_g ⊗ F_p: the “number of components” can be infinite. The union of “components” of H_α(x) containing x however is a closed set, which we denote by I(x). An irreducible component of I(x) is called an isogeny leaf; for details see [54]; related notion: Rapoport-Zink spaces. It turns out that

central leaves and isogeny leaves give, up to a finite morphism, a product structure on every component of W_ξ(A_g ⊗ F_p),

see [54], Theorem 5.3.

(4.13) We see that all central leaves belonging to a symmetric Newton polygon ξ have the same dimension (independent of the degree of the polarization). This dimension will be denoted by c(ξ) or by cdp(ξ). For any irreducible component W of W_ξ(A_g ⊗ F_p) we see that for x ∈ W we have c(ξ) + dim(I(x)) = dim(W ). We will write i(ξ) := sdim(ξ) − c(ξ); this is the dimension of any isogeny leaf in the principally polarized case. Here are some examples:

(4.14) As illustration we record for g = 4 the various data considered:

NP ξ f sdim(ξ) c(ξ) i(ξ) ES(H(ξ)) ρ (4, 0) + (0, 4) 4 10 10 0 (1, 2, 3, 4) f = 3 (3, 0) + (1, 1) + (0, 3) 3 9 9 0 (1, 2, 3, 3) f = 2 (2, 0) + (2, 2) + (0, 2) 2 8 7 1 (1, 2, 2, 2) β (1, 0) + (2, 1) + (1, 2) + (0, 1) 1 7 6 1 (1, 1, 2, 2) γ (1, 0) + (3, 3) + (0, 1) 1 6 4 2 (1, 1, 1, 1) δ (3, 1) + (1, 3) 0 6 5 1 (0, 1, 2, 2) ν (2, 1) + (1, 1) + (1, 2) 0 5 3 2 (0, 1, 1, 1) σ (4, 4) 0 4 0 4 (0, 0, 0, 0)

Here ρ ≻ (f = 3) ≻ (f = 2) ≻ β ≻ γ ≻ ν ≻ σ and β ≻ δ ≻ ν. The notation ES, encoding the isomorphism type of a BT_1 group scheme, is as in [52]; the number f indicates the p-rank.

(4.15) For g = 5 and f = 0 we obtain 5 possible Newton polygons (a totally ordered set in this case):

ξ sdim(ξ) c(ξ) i(ξ) ES(H(ξ)) (4, 1) + (1, 4) 10 9 1 (0, 1, 2, 3, 3) (3, 1) + (1, 1) + (1, 3) 9 7 2 (0, 1, 2, 2, 2) (2, 1) + (2, 2) + (1, 2) 8 4 4 (0, 1, 1, 1, 1) (3, 2) + (2, 3) 7 3 4 (0, 0, 1, 1, 1) (5, 5) 6 0 6 (0, 0, 0, 0, 0)

(4.16) Theorem. A geometrically fiberwise constant p-divisible group X/S over an (excellent) integral normal base has a natural slope filtration.

(4.17) Corollary. Let X → C be a p-divisible group over a central leaf. Then X/S admits a slope filtration.

For the proof of the theorem one uses first [64], in order to have an isogeny ψ : Z → X/S from a completely slope divisible p-divisible group , called Z, to the given one X/S. Let Ker(ψ) = N → S. By induction on the isoclinic parts of the filtration Z_1 ⊂ Z_2 ⊂ · · · Z, it suffices to show that N ∩ Z_1 is flat over S.

Going to a finite cover T → S, using [54], Theorem 1.3, further using that completely slope divisible implies geometrically fiberwise constant (or using directly [54] Lemma 1.4), and using [54] Lemma 1.10, and [54] Lemma 1.9 we see that the fibers of N_T ∩ Z_{1,T} have constant rank, hence the same for the fibers of N ∩ Z_1, hence this is flat. This proves the layer Z_1 ⊂ Z descends to a sub-p-divisible X_1 ⊂ X, which is the lowest isoclinic part; finish by induction.

(4.18) Example. Here is an example where there does not exist a slope filtration. Choose g = 3, and ξ = (2, 1) + (1, 2). Choose a principally polarized abelian variety (A, λ) with N (A) = ξ and a(A) = 2. For [(A, λ)] = x we see that I(x) is a curve, which locally at x consists of two branches; over one branch there does exist a slope filtration of the deformed p-divisible group; over the other branch the natural slope filtration does not exist.

In most cases: over an open Newton polygon stratum the natural slope filtration does not exist.

5 Monodromy and Hecke orbits (following Ching-Li Chai)

(5.1) In this section we fix a prime number p, we fix an integer N ≥ 3 (to be used to define level structures), such that p does not divide N, and we choose a prime number ℓ not dividing pN. We fix an algebraically closed field k ⊃ F_p. We write B = A_{g,1,N} ⊗ k, the moduli space of principally polarized abelian varieties over an extension of k with a symplectic level-N-structure.

(5.2) Hecke-ℓ-orbits. Fix a prime number ℓ different from p. Consider [(A, λ)] = x ∈ A; suppose that (A, λ) is defined over a field K ⊃ F_p; we say that (B, μ) is in the Hecke-ℓ-orbit of (A, λ), notation [(B, μ)] ∈ H_ℓ(x), if there exists an isogeny φ : A → B and an integer n which is a power of ℓ such that φ^∗(μ) = n·λ.

This set H_ℓ(x) ⊂ A is called the Hecke-ℓ-orbit of the point x. A subset S ⊂ A is called Hecke-ℓ-stable if for every x ∈ S we have H_ℓ(x) ⊂ S.

For Hecke correspondences also see [12], VII.3.

(5.3) Let Z ⊂ A be a locally closed subset. Let Z^0 be an irreducible component of Z. Let η ∈ Z^0 be the generic point. Let A → Z be the universal abelian scheme restricted to Z. Let

ρ_{A,ℓ} : π_1(Z^0, η) −→ Sp(T_ℓ, <, >_ℓ)

be the ℓ-adic monodromy representation in the Tate-ℓ-group of A_η. Identify the Tate-ℓ-group of A_η over η with Z^{2g}_ℓ with the standard pairing.

(5.4) Theorem (C.-L. Chai). Choose notation as above. Let Z ⊂ B be a locally closed subscheme, smooth over Spec(k), such that:

Z is Hecke-ℓ-stable, and the Hecke-ℓ-action on the set π_0(Z) is transitive, and η ∉ W_σ (equivalently: Z contains a non-supersingular point).

Then:

ρ_{A,ℓ} : π_1(Z^0, η) −→ Sp(T_ℓ, <, >_ℓ) ∼= Sp_{2g}(Z_ℓ)

is surjective, and

Z is irreducible, i.e. Z = Z^0.

See [4], 4.4.

6 NP: dimensions

In 1977 Tadao Oda and I made a conjecture computing the expected dimension of the supersingular locus W_σ ⊂ A = A_{g,1} ⊗ F_p, see [41]. In 1998 Ke-Zheng Li and I proved this, see [30]. In [47] I indicated what the dimensions of the Newton polygon strata in A should be. In [53] I prove a more general result which reproves the supersingular case. Here are the results giving these formulas.

(6.1) The dimension of Newton polygon strata, unpolarized case. We fix integers h ≥ d ≥ 0, and we write c := h − d. We consider Newton Polygons ending at (h, d). For such a NP ζ we write:

�(ξ) = {(x, y) ∈ Z × Z | y < d, y < x, (x, y) on or above ζ}, and we write dim(ζ) := #(�(ζ)).

Example:

� � � � � � � � �

� � � � � � � � �

� � � � �

� � � � �

� � � � � � x = y (h, d) ζ ζ = 2 × (1, 0) + (2, 1) + (1, 5) = = 6 ×^1_6 + 3 ×^2_3 + 2 ×^1 ; h = 11. Here dim(ζ) = #(�(ζ)) = 22.

(6.2) Theorem see [51], Th. 3.2 and [53], Th. 2.10. Let X_0 be a p-divisible group over a field K; let ζ ≻ N (X_0). Then: dim(W_ζ (Def(X_0))) = dim(ζ).

For polarized abelian varieties and for quasi-polarized p-divisible groups one can try to determine the dimension of the Newton polygon strata. For an arbitrary polarization see (12.2). For principal polarizations:

(6.3) The dimension of Newton polygon strata, principally polarized case. We fix an integer g. For every symmetric NP ξ of height 2g we define: △(ξ) = {(x, y) ∈ Z × Z | y < x ≤ g, (x, y) on or above ξ}, and we write sdim(ξ) := #(△(ξ)).

Example:

� � � � � � � � � � � � � �

x = y

(g, g)

� � � � � � � �

� � � � � �

� � � � � � � �

� � � � � � �

� � � � � �

� � � � �

� � � �

� � � � � �

ξ dim(W_ξ(A_{g,1} ⊗ F_p)) = #(△(ξ)) ξ = (5, 1) + (2, 1) + 2·(1, 1) + (1, 2) + (1, 5), g=11; slopes: {6 ×^5_6 , 3 ×^2_3 , 4 ×^1_2 , 3 ×^1_3 , 6 ×^1_6 }.

This case: dim(W_ξ(A_g ⊗ F_p)) = sdim(ξ) = 48.

(6.4) Theorem, see [51], Th. 3.4 and [53], Th. 4.1. Let ξ be a symmetric Newton polygon. Then:

dim (W_ξ(A_{g,1} ⊗ F_p)) = sdim(ξ).

(6.5) We sketch a proof of the Grothendieck conjecture, and a proof of the computation of dimensions of Newton polygon strata.

For a group scheme G over a field L of characteristic p we define a(G) to be the dimension of the K-vector space Hom(α_p, G_K ), where K ⊃ L is a perfect field. If G is local-local, the a-number is the minimal number of generators of the Dieudonné module of G_K .

The central and most difficult part of the proof is the fact:

(6.6) Theorem. For a given p-divisible group X_0 over a field K, there is a deformation X → T over an integral base, 0 ∈ T (K) , with X_0 = X ⊗_T 0, with generic point η ∈ T such that a(X_η ) ≤ 1 and N (X_η) = N (X_0).

For a given principally quasi-polarized p-divisible group (X_0, λ) there exist a deformation (X, λ) → T with constant Newton polygon and a(X_η ) ≤ 1.

On first shows this to be true for a simple p-divisible group, i.e. a group isogenous with some G_{m,n}. This is done by constructing a “catalogue” containing all such groups, for details see [21]. Then one has the task to show this base T is irreducible. A tricky computation plus the general theorem “Purity” then finishes the proof in the case of a simple p-divisible group; for details see [21]. To find this proof took me 7 years.

Then one studies deformations of p-divisible groups with a filtration; for details see [53]. In this way Theorem (6.6) is proved.

Then one sees that Newton polygon strata are regular at points where a(X) = 1; this is done by the technique of “Cayley-Hamilton”: in that case the deformation theory with constant Newton polygon is a smooth problem, and the strata are exactly nested as given by the Newton polygon partial ordering; for details see [51]. In this way we can can read off the dimension of any Newton polygon stratum. We can write down explicitly a deformation to a given Newton polygon, and a proof of the Grothendieck conjecture follows.

7 NP: irreducibility

(7.1) The number of supersingular elliptic curves is large for p large. For the case of elliptic curves in characteristic p this is classical. By Hasse, Deuring and Igusa we know: ∑ j(E) is ss 1 #(Aut(E)) = p − 1 24 ; this implies that the number of supersingular j-invariants is asymptotically p/12 for p → ∞.

For other values of g, the dimension of the abelian varieties in considerations we have an analogous situation:

(7.2) Example. For a scheme X over a field we denote by Π_0(X) the number of geometrically irreducible components of X. Note that the supersingular locus has “many components” for fixed g and large p; see [30], 4.9:

#(Π_0(W_σ)) = H_g(p, 1) if g is odd,

#(Π_0(W_σ)) = H_g(1, p) if g is even. 13

Note that for g fixed, and p → ∞, indeed #(Π_0(W_σ)) → ∞. We see that W_σ is geometrically reducible for p ≫ 0, e.g. for p > 11 if g = 2 (see [23], 5.8), for p > 2 if g = 3 (see [24], 6.8).

One might wonder what the number of irreducible components is for an arbitrary Newton polygon stratum; it seems quite a job to compute the number of components of all Newton polygon strata. However, as it will turn out: any non-supersingular NP-stratum W_ξ is irreducible, see (7.4) below. In fact:

(7.3) Theorem. For every g, for every prime number ℓ ≠ p, for every N as above, and for every symmetric Newton polygon ξ, the action of H_ℓ on the set of irreducible components Π_0(W_{N,ξ}) of the Newton polygon stratum W_{N,ξ} ⊂ B = A_{g,1,N} ⊗ k is transitive. For details see [55].

Using the monodromy result by Chai in Section 5 we obtain:

(7.4) Theorem. For every ξ � σ the locus W_{N,ξ} ⊂ B is irreducible; i.e.

ξ ≠ σ ⇒ #(Π_0(W_{N,ξ})) = 1.

This was conjectured in [50], Conjecture 8B. This answers [66], 3.8.

8 EO: dimensions and irreducibility

(8.1) In [52] Theorem 1.2 we find:

dim(S_φ) = |φ| := φ(1) + · · · + φ(g).

In [34], [36], [70], [71] we find alternative approaches to this computation.

(8.2) Lemma (FO, unpublished). Let g = 2r+1, respectively g = 2r; let φ be an elementary sequence. Then:

S_φ ⊂ W_σ ⇐⇒ φ(r) = 0.

(8.3) In [52], 14.1 I conjectured that the EO strata not contained in the supersingular locus should be irreducible. This has been proved now:

(8.4) Theorem (T. Ekedahl and G van der Geer, see [11], Theorem 11.5). Any EO-stratum S_φ inside A = A_{g,1} ⊗ F_p not contained in the supersingular locus is geometrically irreducible.

Also, I conjectured that EO strata contained in the supersingular locus should be reducible for p large. This has been proved:

(8.5) Theorem (S. Harashita). For every S_φ ⊂ W_σ the number of geometric components of S_φ equals a certain class number; for p large this number is bigger than 1, i.e. for p ≫ 0 the locus S_φ is geometrically reducible. See [16].

9 Foliations: dimensions and irreducibility

We have seen that the dimension of a central leaf, in the unpolarized case written as cdu(ζ), respectively cdp(ξ) in the polarized case, only depends on the Newton polygon (and not on the degree of the polarization) see (4.8), (4.10). Hence we are looking for a formula allowing us to compute such a dimension.

(9.1) Historical remark. In summer 2000 I gave a talk in Oberwolfach on foliations in moduli spaces of abelian varieties. After my talk, in the evening of Friday 4-VIII-2000 Bjorn Poonen asked me several questions, especially related to the problem I raised to determine the dimensions of central leaves. Our discussion resulted in Problem 21 in [10]. His expectations coincided with computations I had made of these dimensions for small values of g. Then I jumped to the conclusion what those dimensions for general g could be; that is what was proved later, and reported on here, see (9.3), (9.6). I thank Bjorn Poonen for his interesting questions; our discussion was valuable for me.

(9.2) Notation. Let ζ be a Newton polygon, and (x, y) ∈ Q × Q. We write:

(x, y) ≺ ζ if (x, y) is on or above ζ, (x, y) � ζ if (x, y) is strictly above ζ, (x, y) ≻ ζ if (x, y) is on or below ζ, (x, y) � ζ if (x, y) is strictly below ζ.

Let ζ be a Newton polygon. Suppose that the slopes of ζ are 1 ≥ β_1 ≥ · · · ≥ β_h ≥ 0; this polygon has slopes β_h, · · · , β_1 (non-decreasing order), and it is lower convex. We write ζ^∗ for the polygon starting at (0, 0) constructed using the slopes β_1, · · · , β_h (non-increasing order); note that ζ^∗ is upper convex, and that the beginning and end point of ζ and of ζ^∗ coincide.

We write:

�(ζ; ζ^∗) := {(x, y) ∈ Z | (x, y) ≺ ζ, (x, y) � ζ^∗}; cdu(ζ) := # (�(ζ; ζ^∗)) ;

“cdu” = dimension of central leaf, unpolarized case.

Remark. One can show:

#(�(ζ; ζ^∗)) = ∑ 1≤i<h

(ζ^∗(i) − ζ(i)) .

See [62] for details.

We suppose ζ = ∑ 1≤i≤u μi·(mi, ni), written in such a way that gcd(mi, ni) = 1 for all i, and

μ_i ∈ Z_{>0}, and i < j ⇒ (m_i/(m_i + n_i)) > (m_j/(m_j + n_j). Write d_i = μ_i·m_i and c_i = μ_i·n_i and h_i = μ_i·(m_i + n_i); write ν_i = m_i/(m_i + n_i) = d_i/(d_i + c_i) for 1 ≤ i ≤ u. Note that the slope ν_i = slope(G_{mi ,ni} ) = m_i/(m_i + n_i) = d_i/h_i: this Newton polygon is the “Frobenius-slopes” Newton polygon of ∑ (G_{mi ,ni} )^{μi} . Note that the slope ν_i appears h_i times; these slopes with these multiplicities give the set {β_j | 1 ≤ j ≤ h := h_1 + · · · + h_u} of all slopes of ζ.

(9.3) Theorem (Dimension formula, the unpolarized case.) Let X_0 be a p-divisible group, D = Def(X_0); let Y be a p-divisible group with N (Y ) ≻ N (X_0);

dim(C_Y (D)) = cdu(β). 15

See [5], 7.10. For details see [62]. Example:

� � �

� � �

� � � � � � � � � �

� � � � � � � � � �

ζ ζ^∗ � � � � �

� � � � �

� � � � �

� � � � dim(C_X (D)) = # ((�(ζ; ζ^∗)). (^4_5 −^1_6 )·5·6 = 19, d_1h_2 − d_2h_1 = 4·6 − 1·5 = 19; d_1c_2 − d_2c_1 = 4·5 − 1·1 = 19.

(9.4) Remark/Example. Suppose ζ is isoclinic (i.e. all slopes are the same). We see that for an isoclinic Newton polygon cdu(ζ) = 0. Hence the theorem says that there are no non-trivial deformations with constant Newton polygon in the isoclinic case; this was already proved in [21], Corollary 2.17.

(9.5) Notation, the polarized case. Let ξ be a symmetric Newton polygon. For convenience we adapt notation to the symmetric situation:

ξ = μ_1·(m_1, n_1) + · · · + μ_s·(m_s, n_s) + r·(1, 1) + μ_s·(n_s, m_s) + · · · + μ_1·(n_1, m_1)

with:

m_i > n_i and gcd(m_i, n_i) = 1 for all i, 1 ≤ i < j ≤ s ⇒ (m_i/(m_i + n_i)) > (m_j /(m_j + n_j), r ≥ 0 and s ≥ 0.

We write d_i = μ_·m_i, and c_i = μ_·n_i, and h_i = d_i + c_i. Write g := (∑ 1≤i≤s(di + ci) ) + r and write u = 2s + 1.

We write:

△(ξ; ξ^∗) := {(x, y) ∈ Z | (x, y) ≺ ξ, (x, y) � ξ^∗, x ≤ g}; cdp(ζ) := # (△(ζ; ζ^∗)) ;

“cdp” = dimension of central leaf, polarized case.

Remark. One can show:

#(△(ξ; ξ^∗)) = ∑ 1≤i≤g

(ξ^∗(i) − ξ(i)) .

See [62] for details.

Write ξ = ∑ 1≤i≤u μi·(mi, ni), i.e. (mj , nj) = (nu+1−j , mu+1−j) for s < j ≤ u and r(1, 1) =

μ_{s+1}(m_{s+1}, n_{s+1}). Write ν_i = m_i/(m_i + n_i) for 1 ≤ i ≤ u; hence ν_i = 1 − ν_{u+1−i} for all i.

(9.6) Theorem (Dimension formula, the polarized case.) Let (A, λ) be a polarized abelian variety. Let (X, λ) = (A, λ)[p^∞]; write ξ = N (A); then dim ( C_{(X,λ)}(A ⊗ F_p) ) = cdp(ξ).

See [5], Proposition 7.12. For details, see [62].

Example:

� � �

� � � � � � � �

� � � � � � � � � � � � � � � � � �

ξ ξ^∗

� � �

� � � � �

� � � � � �

� � � � �

� � � � � �

� � � � � � dim(C_{(A,λ)}(A_g ⊗ F_p)) = ∑ 0<i≤g (ξ

∗(i) − ξ(i)).

slopes 1/5, 4/5, h = 5:^1_2 4·5 −^1_2 1·2 = 9,

slopes 1/3, 2/3, h = 3:^1_2 2·3 −^1_2 1·2 = 2,

(d_1 − c_1)h_2 = 3·3 = 9,

(d_1 + d_2 − c_1 − c_2)r = 4·2 = 8,

dim(C_{(A,λ)}(A_g ⊗ F_p)) = # (△(ζ; ζ^∗)) = 28.

(9.7) Remark/Question. Suppose ξ_1 � ξ_2. By the theorem we see that in this case cdp(ξ_1) > cdp(ξ_2). Is there a direct proof for this? It might be that this can be answered in another way if we have more information on the question as formulated in (12.7).

(9.8) Theorem (Ching-Li Chai & FO, details will appear in [8]). Let x ∈ A = A_{g,1} ⊗ F_p be non-supersingular. The central leaf C(x) is geometrically irreducible. Various methods are applied. We use irreducibility of non-supersingular Newton polygon strata, see (7.4), and we use the notion of hypersymmetric abelian varieties, see [7].

10 Hecke orbits

Basic references: [3], [5].

(10.1) Let x ∈ A_g ⊗ C. The closure of the Hecke orbit H(x) equals A_g ⊗ C; here “closure” can either be taken in the complex topology or in the Zariski topology.

In positive characteristic the analogous statement is not true in general. As an easy example, choose a moduli point e ∈ A_1 ⊗ F_p. If the related elliptic curve is ordinary, then H(e) is dense in A_1 ⊗ F_p (and this is not difficult to show); however if the related elliptic curve is supersingular, then we see that H(e) in every component of A_1 ⊗ F_p consists of the finite set of elliptic curves with that degree of polarization; hence H(e) is not dense in any of the components of H(e). However a deep result by Chai is stimulating:

(10.2) Theorem (Chai, 1995). For every ordinary x ∈ A_g ⊗ F_p the Hecke-ℓ-orbit is dense in A_g ⊗ F_p. See [3].

In 1993 I formulated the following conjecture:

(10.3) Conjecture. Suppose [(A, μ)] = x ∈ A_g ⊗ F_p, and write ξ = N (A). Then

H(x) is Zariski-dense (?) in W_ξ(A_g ⊗ F_p).

See [50], 15A.

In 2004 Ching-Li Chai and I proved this conjecture, where one final detail was filled in by Chia-Fu Yu:

(10.4) Theorem (the Hecke Orbit Conjecture).

(H(x))^{Zar} = W_ξ(A_g ⊗ F_p).

Note that the Hecke Orbit Conjecture is true if x is supersingular: every irreducible component of W_σ(A_g ⊗ F_p) is an isogeny leaf, and H_ℓ operates transitively on Π_0(W_σ).

(10.5) The proof of the general case consists of three completely different steps:

(I) Any irreducible component of an open Newton polygon stratum is the product of a central leaf and an isogeny leaf, up to a finite map, see (4.12); hence:

H_ℓ(x) is dense in C(x) ⇒ H(x) is dense in W_ξ(A_g ⊗ F_p).

We see it suffices to prove the Hecke-ℓ-Orbit Conjecture.

(II) (The discrete form of the Hecke Orbit Conjecture). For every non-supersingular x ∈ A_g ⊗ F_p the central leaf passing through x is geometrically irreducible; i.e. C(x) = C_x. This is precisely (9.8).

(III) (The continuous form of the Hecke Orbit Conjecture). For every (non-supersingular) x ∈ A_g ⊗ F_p its Hecke-ℓ-orbit H_ℓ(x) is dense in the irreducible component C_x of the central leaf C(x) passing through x. This last step is quite involved, and we refer to [5] for a survey.

We see that these three steps prove the Hecke Orbit Conjecture. We see that the methods in the various steps are are rather different. The most technical and most difficult step is the continuous form of the Hecke Orbit Conjecture; it requires a lot of different techniques. For a survey we refer to [5], until the proof is completely written up and published in [8].

11 Minimal p-divisible groups and simple finite group schemes

Basic references: [60], [63].

(11.1) A p-divisible group X can be seen as a tower of building blocks, each of which is isomorphic to the same finite group scheme X[p]. Clearly, if X_1 and X_2 are isomorphic then X_1[p] ∼= X_2[p]; however, conversely X_1[p] ∼= X_2[p] does in general not imply that X_1 and X_2 are isomorphic. Can we give, over an algebraically closed field in characteristic p, a condition on the p-kernels which ensures this converse? Here are two known examples of such a condition: consider the case that X is ordinary, or the case that X is superspecial (X is the p-divisible group of a product of supersingular elliptic curves); in these cases the p-kernel uniquely determines X.

(11.2)

EO In [52] we have defined a natural stratification of the moduli space of polarized abelian varieties in positive characteristic: moduli points are in the same stratum if and only if the corresponding p-kernels are geometrically isomorphic. Such strata are called EOstrata.

Fol In [54] we define in the same moduli spaces a foliation: moduli points are in the same leaf if and only if the corresponding p-divisible groups are geometrically isomorphic; in this way we obtain a foliation of every open Newton polygon stratum.

Fol ⊂ EO The observation X ∼= Y ⇒ X[p] ∼= Y [p] shows that any leaf in the second sense is contained in precisely one stratum in the first sense; the main result of [60] “X is minimal if and only if X[p] is minimal”, shows that a stratum (in the first sense) and a leaf (in the second sense) are equal if we are in the minimal, principally polarized situation:

(11.3) For coprime integers m, n ∈ Z_{≥0} we define H_{m,n} (see [21], 5.2. Basically this is a p-divisible group , isogenous to G_{m,n}, defined over F_p such that End(H_{m,n} ⊗ F_p) is the maximal order in End^0(G_{m,n} ⊗ F_p. This determines H_{m,n} up to isomorphism over F_p. For a Newton polygon ζ = ∑ (m_i, n_i) we write H(ζ) = ∏ H_{mi,ni} . Such a p-divisible group is called minimal. For every Newton polygon there is up to isomorphism over any algebraically closed field exactly one minimal p-divisible group in the isogeny class defined by that Newton polygon.

(11.4) Theorem see [60], Theorem 1.2. Suppose X is a p-divisible group over k, and suppose there exist a Newton polygon ζ and an isomorphism X[p] ∼= H(ζ)[p] ⊗ k. Then X ∼= H(ζ) ⊗ k.

Remark. Note that we did not put any restriction a priori on the Newton polygon of X. One of the strong aspects of the theorem is the fact that X[p] ∼= H(ζ)[p] ⊗ k forces N (X) = ζ.

(11.5) Corollary. Let [(A, μ)] = x ∈ A_g ⊗ F_p. Suppose φ = (H(ζ)[p]/ ∼=), and x ∈ S_φ. Then C_x = S_φ.

Remark. Of course X ∼= Y ⇒ X[p] ∼= Y [p]. Hence, for any [(A, μ)] = x we have C_x ⊂ S_{A[p]}: any central leaf is contained in a unique EO-stratum. The corollary says that in the minimal situation these two concepts coincide. Also see (12.8).

(11.6) Here is another way of phrasing the results. Starting from a p-divisible group X we obtain a BT_1 group scheme:

[p] : {X | a p − divisible group}/ ∼=_k −→ {G | a BT_1}/ ∼=_k; X → G := X[p].

This map is known to be surjective; see [19], 1.7, see [52], 9.10; it is not difficult to construct a section for this map, e.g. see [63], 2.5. It is the main theorem of [60] that the fiber of this map over (G up to ∼=_k) is precisely one p-divisible group X if G is minimal.

(11.7) Work over an algebraically closed field k ⊃ F_p. Consider BT_1 group schemes. Can we classify the simple ones (in the category of BT_1 group schemes)? In [63] we find:

G is BT_1-simple ⇐⇒ G is indecomposable and minimal.

12 Remarks, questions and conjectures

(12.1) Components of a Newton polygon stratum. We have seen how to compute the dimension of a Newton polygon stratum in A_{g,1} ⊗F_p. However in the non-principally polarized case the number derived need not be the dimension of a NP-stratum. For example, the dimension of W_σ, the supersingular locus, for g = 3 equals [g^2/4] = 2. However W_σ(A_{g,1} ⊗ F_p) does have components of dimension 2 and of dimension 3; see [24]; for more examples see [30], Chapter 12.

The way that Hecke-p-correspondences blow up and down is still not fully understood in general.

(12.2) Conjecture. Let ξ be a symmetric Newton polygon; suppose its p-rank is f(ξ) = f; this means: ξ = (f, 0) + ∑ (m_i, n_i) + (0, f) with m_i > 0 and n_i > 0. Then (?) W_σ(A_{g,1} ⊗ F_p) does have an irreducible component of dimension equal to g(g +1)/2−(g −f) = g(g −1)/2+f. Note that his is the maximal possible by [40], Th. 4.1.

Note the curious fact that moduli spaces of polarized abelian varieties with fixed Newton polygon (or the same of polarized p-divisible groups) under Hecke correspondences can change in dimension, as we have seen. But components of moduli spaces (deformation spaces) of (unpolarized) p-divisible groups with fixed Newton polygon all have the same dimension, as we have seen in (6.2), although also here Hecke correspondences blow up and down in a rather wild way.

(12.3) Complete subvarieties. Moduli spaces of abelian varieties are non-complete (noncompact). One can ask what the maximal dimension is of a complete subvariety. In [50],14.A we find the conjecture that

(12.4)

a complete subvariety W of A_g ⊗ C for g ≥ 3 has dim(W ) < g(g − 1)/2,

i.e. the codimension of W in A_g ⊗ C at least g + 1 for g ≥ 3. Also see [49], 2.3G. This conjecture was proved to be true in 2003 by Keel and Sadun, see [28].

In positive characteristic however indeed there is a subvariety of codimension g: the locus V_0 of abelian varieties of p-rank equal to zero is complete, see [44], Theorem 1.1, and has this codimension: Koblitz in the principally polarized case, see [40], Theorem 4.1 for the general case.

(12.5) Conjecture (see [50], 14.B). Let g ≥ 3 and let W ⊂ A_g ⊗F_p be a complete subvariety of dimension g(g − 1)/2; then (?) the generic point of W corresponds with an abelian variety of p-rank zero.

Suppose this conjecture holds, i.e. indeed V_0 would be the only complete subvariety of this dimension; the irreducibility of V_0 ⊂ A_{g,1} ⊗ F_p for g ≥ 3, see (7.4), and computations of Chow classes by G. van der Geer, see [13], would give a new proof of (12.4)

(12.6) Abelian varieties isogenous to a Jacobian. For more information, and for references, see [59]. Fix some g, and choose some algebraically closed field k. Is every abelian variety A over k isogenous with the Jacobian of a compact type algebraic curve? If g ≤ 3 the answer is “yes”: in those cases the closed Torelli locus T_g ⊗ k equals A_{g,1} ⊗ k. If g ≥ 4 and k = C: there does exist an abelian variety of this dimension over C not isogenous with a Jacobian.

(12.6).1 Expectation. If g ≥ 4 and either k = Q or k = F_p there does exist an abelian variety of this dimension over k not isogenous with a Jacobian.

(12.6).2 Question. Fix g; which Newton polygon occur as the Newton polygon of a Jacobian? I.e., determine the set of all Newton polygons ξ such that W_ξ ∩ (T_g ⊗ F_p) ≠ ∅.

(12.6).3 Expectation. There does exist g and ξ for which W_ξ ∩ (T_g ⊗ F_p) = ∅. For details see [59].

(12.6).4 Expectation. We expect that (3, 2) + (2, 3) does not appear on T_5. More generally. Let g ≥ 5. We expect that the almost supersingular Newton polygon does not appear on the closed Torelli locus.

(12.6).5 Conjecture. Suppose C_1 and C_2 are non-singular complete curves whose Jacobian has Newton polygon ξ_1, respectively ξ_2. We conjecture there do exist P_i ∈ C_i such that the stable curve C_1 ∪_{P1=P2} C_2 admits a deformation to a smooth curve with Newton polygon ξ_1 ∪ξ_2. Notation: ξ_1 ∪ ξ_2 is the Newton polygon obtained by taking all slopes in ξ_1 and in ξ_2, and ordering these slopes in non-decreasing order. See [59].

(12.6).6 Question. Is it true that for any g the supersingular locus W_σ ∩ T_g has a component of dimension at least g − 1 ? Or that all of these components have dimension equal to g − 1 ? I discussed this with Carel Faber in August 2005, and we both thought that at least one of these questions could have a positive answer.

If the previous conjecture holds, for every g there does exist a component of the supersingular locus of T_g of dimension at least g − 1.

Boundary points of a central leaf. Suppose we have Newton polygons ξ_1 � ξ_2. Let x ∈ C_x ⊂ W^0_{ξ1} be a central leaf. Consider the intersection C(x)^{Zar} ∩ W^0_{ξ2} , i.e. boundary points of C_x with Newton polygon ξ_2. We would like to have information on this intersection. Experiments show that in general a point y ∈ W^0_{ξ2} need not be in the closure of any leaf in W^0_{ξ1} . It seems that certain points in W^0_{ξ2} act as kind of “attractor” for being in the boundary of leaves in W^0_{ξ1} . We do not have a general conjecture to offer, but we would like to know an answer to:

(12.7) Question. For every ξ_1 ≻ ξ_2 and every x ∈ C_x ⊂ W^0_{ξ1} describe C(x)^{Zar} ∩ W^0_{ξ2} .

When is a central leaf = EO-stratum ? We have seen that for a minimal p-divisible group X, and φ = (X[p]/ ∼=) the central leaf, in a universal deformation space, or in A_g ⊗ F_p, coincide. We think that the converse should be true:

(12.8) Conjecture. Let [(A, μ)] = x ∈ A_g ⊗ F_p, and let φ = ((A, μ)/ ∼=). We know that C_x ⊂ S_φ. We conjecture that:

C_x = S_φ ⇐⇒ A[p^∞] is minimal.

The same conjecture can be stated for the unpolarized case.

Elementary sequences on a Newton polygon stratum. Choose a symmetric Newton polygon ξ. Which elementary sequences appear on W^0_ξ ? We do not see a general rule for this. Write φ_ξ = ES(H(ξ)[p]) for the elementary sequence determined by H(ξ)[p].

(12.9) Conjecture. W^0_ξ ∩ S_φ ≠ ∅ =⇒ φ_ξ ⊂ φ.

Here we use the notation φ_1 ⊂ φ_2 as in [52], 14.3.

(12.10) Conjecture. Suppose x = [(A, μ)] is not minimal; write φ = ((A, μ)[p]/ ∼=). We conjecture that dim(S_φ ∩ I(x)) > 0.

It seems that this conjecture, if true, would imply that (12.9) is true.

A question which is slightly different:

(12.11) Question. Suppose given a symmetric Newton polygon ξ. Determine the set of elementary sequences φ such that the generic point of S_φ is contained in W^0_{xi}.

In [17] S. Harashita starts an interesting research partially answering this question: in that paper we find, given φ the first slope of the Newton polygon whose open stratum contains the generic point of S_φ. Hopefully this method can be extended in such a way that it can answer the question just posed.

References

[1] P. Cartier – Groupes formells associés aux anneaux de Witt géneralisés. Compt. Rend.

Acad. Sc. Paris 265 (1967), 50 – 52.

[2] P. Cartier – Modules associés à un groupe formel commutatif. Compt. Rend. Acad. Sc.

Paris 265 (1967), 129 – 132.

[3] C.-L. Chai - Every ordinary symplectic isogeny class in positive characteristic is dense in the moduli space. Invent. Math. 121 (1995), 439 – 479.

[4] C.-L. Chai – Monodromy of Hecke-invariant subvarieties. Manuscripts 22 - XI - 2002; 7 pp. [5] C.-L. Chai - Hecke orbits on Siegel modular varieties. Progress in Mathematics 235, Birkhäuser, 2004, pp. 71–107.

[6] C.-L. Chai & F. Oort – Canonical coordinates on leaves of p-divisible groups. Manuscript.

[7] C.-L. Chai & F. Oort – Hypersymmetric abelian varieties. [To appear Quarterly Journal of Pure and Applied Mathematics]

[8] C.-L. Chai & F. Oort – Hecke orbits. [In preparation]

[9] M. Demazure – Lectures on p-divisible groups. Lect. Notes Math. 302, Springer – Verlag, Berlin 1972.

[10] S. J. Edixhoven, B. J. J. Moonen & F. Oort (Editors) – Open problems in algebraic geometry. Bull. Sci. Math. 125 (2001), 1 - 22. See: staff.science.uva.nl/ bmoonen/MyPapers/OP.ps

[11] T. Ekedahl & G. van der Geer – Cycle classes of the E-O stratification on the moduli of abelian varieties. Manuscript XII-2004; 60 pp.

[12] G. Faltings & C.-L. Chai – Degeneration of abelian varieties. Ergebnisse Bd 22, Springer - Verlag, 1990.

[13] G. van der Geer – Cycles on the moduli space of abelian varieties. In: Moduli of curves and abelian varieties. Ed: C. Faber & E. Looijenga. Aspects Math., E33, Vieweg, Braunschweig, 1999; pp 65–89.

[14] A. Grothendieck & J. Dieudonné - Eléments de géométrie algébrique. Ch. III^1: Etude cohomologique des faisceaux cohérents. Publ. Math. 11, IHES 1961.

[15] A. Grothendieck – Groupes de Barsotti-Tate et cristaux de Dieudonné. Sém. Math. Sup.

45, Presses de l’Univ. de Montreal, 1970.

[16] S. Harashita – Ekedahl-Oort strata contained in the supersingular locus. Manuscript. See:

http://www.math.sci.hokudai.ac.jp/ harasita/

[17] S. Harashita – Ekedahl-Oort strata and the first Newton polygon strata. Manuscript 2005.

See: http://www.math.sci.hokudai.ac.jp/ harasita/

[18] T. Ibukiyama, T. Katsura & F. Oort - Supersingular curves of genus two and class numbers. Compos. Math. 57 (1986), 127 - 152.

[19] L. Illusie – Déformations de groupes de Barsotti-Tate. Exp.VI in: Séminaire sur les pinceaux arithmétiques: la conjecture de Mordell (L. Szpiro), Astérisque 127, Soc. Math. France 1985.

[20] A. J. de Jong - Crystalline Dieudonné module theory via formal rigid geometry. Publ.

Math. IHES 82 (1995), 5 - 96.

[21] A. J. de Jong & F. Oort – Purity of the stratification by Newton polygons. Journ. Amer.

Math. Soc. 13 (2000), 209 - 241. See: http://www.ams.org/jams

[22] A. J. de Jong – Homomorphisms of Barsotti-Tate groups and crystals in positive characteristics. Invent. Math. 134 (1998) 301-333, Erratum 138 (1999) 225.

[23] T. Katsura & F. Oort - Families of supersingular abelian surfaces. Compos. Math. 62 (1987), 107 - 167.

[24] T. Katsura & F. Oort - Supersingular abelian varieties of dimension two or three and class numbers. Algebraic geometry, Sendai 1985 (Ed. T. Oda). Adv. Stud. in Pure Math. 10 (1987), Kinokuniya Cy Tokyo and North-Holland Cy Amsterdam, 1987 ; pp. 253 - 281.

[25] N. M. Katz – Slope filtration of F –crystals. Journ. Géom. Alg. Rennes, Vol. I, Astérisque 63 (1979), Soc. Math. France, 113 - 164.

[26] N. M. Katz – Serre-Tate local moduli. In: Surfaces algébriques (Ed. J. Giraud, L. Illusie, M. Raynaud). Lect. Notes Math. 868, Springer – Verlag, Berlin 1981; pp. 138 - 202.

[27] H.-P. Kraft – Kommutative algebraische p-Gruppen (mit Anwendungen auf p-divisible Gruppen und abelsche Varietäten). Sonderforsch. Bereich Bonn, September 1975. Ms. 86 pp. [28] S. Keel & L. Sadun – Oort’s conjecture for A_g ⊗ C. Journ Amer. Math. Soc. 13 (2003), 887 – 900.

[29] H. W. Lenstra jr & F. Oort – Simple abelian varieties having a prescribed formal isogeny type. Journ. Pure Appl. Algebra 4 (1974), 47 - 53.

[30] K.-Z. Li & F. Oort - Moduli of supersingular abelian varieties. Lect. Notes Math. 1680, Springer - Verlag 1998; 116 pp.

[31] Yu. I. Manin – The theory of commutative formal groups over fields of finite characteristic.

Usp. Math. 18 (1963), 3-90; Russ. Math. Surveys 18 (1963), 1-80.

[32] Elena Mantovan – On certain unitary group Shimura varieties. Harvard PhD-thesis, April 2002.

[33] Laurent Fargues & Elena Mantovan – Variétés de Shimura, espaces de Rapoport-Zink et correspondances de Langlands locales. Astérisque 291 (2004).

[34] B. Moonen – Group schemes with additional structures and Weyl group cosets. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 255-298. 24

[35] B. Moonen – Serre-Tate theory for moduli spaces of PEL type. Ann. Scient. Ec. Norm.

Sup. 4^e Série 37 (2004), 223 – 269.

[36] B. Moonen – A dimension formula for Ekedahl - Oort strata. Ann. Inst. Fourier 54 (2004), 666 – 698.

[37] D. Mumford – Abelian varieties. Tata Inst. Fund. Research and Oxford Univ. press, 1970. [38] P. Norman – An algorithm for computing moduli of abelian varieties. Ann. Math. 101 (1975), 499 - 509.

[39] P. Norman – Lifting abelian varieties. Invent. Math. 64 (1981), 431 - 443. [40] P. Norman & F. Oort – Moduli of abelian varieties. Ann. Math. 112 (1980), 413 - 439. [41] T. Oda & F. Oort – Supersingular abelian varieties. Itl. Sympos. Algebr. Geom. Kyoto 1977 (Ed. M. Nagata). Kinokuniya Book-store 1978, pp. 3 - 86.

[42] A. Ogus – Supersingualr K3 crystals. Journ. Géom. Algébr., Rennes 1978, Vol. II.

Astérisque 64, Soc. Math. France 1979, 3 - 86.

[43] F. Oort – Commutative group schemes. Lect. Notes Math. 15, Springer - Verlag 1966. [44] F. Oort – Subvarieties of moduli spaces. Invent. Math. 24 (1974), 95 - 119. [45] F. Oort – The isogeny class of a CM-type abelian variety is defined over a finite extension of the prime field. Journ. Pure Appl. Algebra 3 (1973), 399 - 408.

[46] F. Oort – Which abelian surfaces are products of elliptic curves? Math. Ann. 214 (1975), 35 - 47.

[47] F. Oort – Moduli of abelian varieties and Newton polygons. Compt. Rend. Acad. Sc. Paris 312 Sér. I (1991), 385 - 389.

[48] F. Oort – CM-liftings of abelian varieties. Journ. Algebraic Geometry 1 (1992), 131 - 146. [49] F. Oort – Complete subvarieties of moduli spaces. Abelian variees. Proceed. Internal.

Conf. Egloffstein 1993 (Ed. W. Narth, K. Hulek, H. Lange). De Gruyter 1995; pp. 225 - 235.

[50] F. Oort – Some questions in algebraic geometry, preliminary version. Manuscript, June 1995. http://www.math.uu.nl/people/oort/ [51] F. Oort – Newton polygons and formal groups: conjectures by Manin and Grothendieck.

Ann. Math. 152 (2000), 183 - 206.

[52] F. Oort – A stratification of a moduli space of polarized abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 345 - 416.

[53] F. Oort – Newton polygon strata in the moduli space of abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 417 - 440.

[54] F. Oort – Foliations in moduli spaces of abelian varieties. Journ. Amer. Math. Soc. 17 (2004), 267-296. 25

[55] F. Oort – Monodromy, Hecke orbits and Newton polygon strata. Talk Bonn 24 - II - 2003.

Manuscript 9 pp. See: http://www.math.uu.nl/people/oort/

[56] F. Oort - Hecke orbits and stratifications in moduli spaces of abelian varieties. Talk at the Orsay / SAGA, 14 - X - 2003. See: http://www.math.uu.nl/people/oort/

[57] F. Oort – Hecke orbits in moduli spaces of abelian varieties and foliations. Talk at the ETH in Zürich, 2 - IV - 2004 See: http://www.math.uu.nl/people/oort/

[58] F. Oort – Newton polygons and p-divisible groups: a conjecture by Grothendieck. In:

Formes automorphes (I) (Semestre printemps 2000, Centre Émile Borel) (Ed. J. Tilouine et al). Astérisque 298, Soc. Math. France 2005; pp. 255 – 269.

[59] F. Oort – Abelian varieties isogenous to a Jacobian. In: Problems from the workshop on ”Automorphisms of Curves” (Leiden, August, 2004). Editors G. Cornelissen and F. Oort. Rendiconti del Seminario Matematico, Padova, 113 (2005), 129 – 177.

[60] F. Oort – Minimal p-divisible groups. Annals of Math. 161 (2005), 1 – 16.]

See: http://www.math.uu.nl/people/oort/

[61] F. Oort – Abelian varieties and p-divisible groups. Yuri Manin’s Eemeritierungs Conference, 24/26-II-2005. Manuscript 10 pp. See: http://www.math.uu.nl/people/oort/

[62] F. Oort – Foliations in moduli spaces of abelian varieties and dimension of leaves. Felix- Klein-Kolloquium, Düsseldorf 2-VII-2005. Manuscript 20 pp. See: http://www.math.uu.nl/people/oort/

[63] F. Oort– Simple p-kernels of p-divisible groups. [To appear in Advances in Mathematics] See: http://www.math.uu.nl/people/oort/

[64] F. Oort & T. Zink – Families of p-divisible groups with constant Newton polygon. Documenta Mathematica 7 (2002), 183 – 201.

See: http://www.mathematik.uni-bielefeld.de/ documenta/vol-07/09.html

[65] V. Platonov & A. Rapinchuk – Algebraic groups and number theory. Academic Press 1994. PR

[66] M. Rapoport – On the Newton stratification. Sém. Bourbaki 54 2001-2002, n^0 903, March 2003.

[67] T. Shioda – Supersingular K3 surfaces. In: Algebraic Geometry, Copenhagen 1978 (Ed.

K. Lønsted). Lect. Notes Math. 732, Springer - Verlag (1979), 564 - 591.

[68] J. Tate – Endomorphisms of abelian varieties over finite fields. Invent. Math. 2 (1966), 134-144. Tate;66

[69] J. Tate – Classes d’isogénie de variétés abéliennes sur un corps fini (d’après T. Honda).

Sém. Bourbaki, 21 , 1968/69, Exp. 352.

[70] T. Wedhorn - The dimension of Oort strata of Shimura varieties of PEL-type. Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 441 – 471.

[71] T. Wedhorn – Specializations of F -Zips. Ms. 22 pp., 20-VI-2005. 26

[72] T. Zink – Cartiertheorie kommutativer formaler Gruppen. Teubner-Texte Bd 68, Teubner 1984.

[73] T. Zink - The display of a formal p-divisible group, University of Bielefeld, Preprint 98– 017, February 1998.

[74] T. Zink - A Dieudonné theory for p-divisible groups. Manuscript, 23 pp., September 1998.

[75] T. Zink – On the slope filtration. Duke Math. Journ. 109 (2001), 79 - 95.

Frans Oort Mathematisch Instituut P.O. Box. 80.010 NL - 3508 TA Utrecht The Netherlands email: oort@math.uu.nl