Lifting an automorphism of a curve to characteristic zero

Frans Oort (Utrecht University)

Talk at the University of Pennsylvania, 7 - V - 2003.

Informal notes. Not for publication.

Question. Given a connected curve C_0, proper and smooth over a field K of characteristic p, given a subgroup H ⊂ Aut(C_0); can we lift the pair (C_0, H) to characteristic zero? ((We shall see that the answer is “NO” in general; for cyclic groups we conjecture that the answer is “YES”.))

Example (1) (Roquette). Consider the normalization of the completion of the curve given by the affine equation Y^2 = X^p −X. For p ≥ 5 its genus equals (p−1)/2 and over an algebraically closed field #(Aut(C_0)) = 2p·(p^2−1). For p ≥ 5 we see that g ≥ 2 and #(Aut(C_0)) > 84(g−1). By the Hurwitz bound we conclude that (C_0, H) cannot be lifted to characteristic zero for H = Aut(C_0).

Remark. By this example we knew that the Hurwitz bound #(Aut(C)) ≤ 84(g − 1) for a curve of genus g ≥ 2 does not hold in characteristic p.

Stichtenoth proved: #(Aut(C)) ≤ 16·g^4. Another bound was given by B. Singh.

Example (2). Take the curve defined in the previous example with p = 5; in this case g = 2. Consider automorphisms of this curve defined by

β(X) = X + 1, β(Y ) = Y, and γ(X) = −X, γ(Y ) = 2Y.

The group N :=< β >∼= Z/5 is normal in H :=< β, γ >, because β^{−1}αβ = α^4, and G/N ∼=< γ >∼= Z/4. The pair (C_0, H) cannot be lifted to characteristic zero.

Example (3). Let F_p ⊂ K and a, b ∈ K such that a ∉ F_p(b) and b ∉ F_p(a). Define σ_a ∈ Aut(P^1_K ) by σ_a(X) = X + a, where X is an affine coordinate on P^1_K , and analogously σ_b ∈ Aut(P^1_K ). Then H :=< σ_a, σ_b >∼= Z/p × Z/p. For p > 2 we see:

Z/p × Z/p ⊄ Aut(P^1_C).

Hence (P^1_K , H) cannot be lifted to characteristic zero.

Perhaps we fail because we do not consider hyperbolic ordinary curves? For abelian varieties the ordinary ones in characteristic p “behave like” abelian varieties in characteristic zero.

Definition. An abelian variety A of dimension g over K ⊃ F_p is called ordinary if A[p](k) ∼= (Z/p)^g. A curve is called ordinary if its Jacobian is ordinary.

Example (4). Here is an example of an ordinary curve and a subgroup of its automorphism group which cannot be lifted to characteristic zero. Let C_0 be the normalization of the completion of the affine curve given by the equation (X^p − X)(Y^p − Y ) = 1; this is an ordinary curve with g = (p − 1)^2 and #(Aut(C_0)) = 2p^2(p − 1). Let H = Aut(C_0). Note:

p ≥ 41 ⇒ #(Aut(C_0)) > 84(g − 1).

Hence for p large, the pair (C_0, H) cannot be lifted to characteristic zero.

What can be said about liftability of (C_0, Aut(C_0)) to characteristic zero with C_0 as in the previous example, and p some small prime number ? Probably none of these curves with their full group of automorphisms can be lifted to characteristic zero.

Nakajima proved: for an ordinary curve of genus g ≥ 2 we have #(Aut(C)) ≤ 84(g − 1)g.

Remark (5). Drinfeld modular curves are ordinary, and for high level the Hurwitz bound is violated; these give examples of ordinary curves which cannot be lifted with their automorphism group to characteristic zero.

Question (Katz). Given an ordinary curve C_0; consider its Jacobian Jac(C_0) = (J_0, λ_0), which is an ordinary abelian variety. Let (J, λ) be the canonical lift in the sense of Serre and Tate. Is (J, λ) a Jacobian?

The answer is “NO” in general, as was proved by Dwork - Ogus, by Oort - Sekiguchi, by De Jong - Moonen - Oort. By (4) and (5) we also see that the answer is “NO” in general.

Remark. It was proved by Garuti that for a curve C_0 and a subgroup H ⊂ Aut(C_0) there exists a singular model C^′_0 (cusps in the point of wild ramification) such that the pair (C^′_0, H) can be lifted to characteristic zero (actually the result is stronger).

Conjecture (FO, 1985). Suppose given a connected curve C_0, proper and smooth over a field K of characteristic p of genus g > 1; let β ∈ Aut(C_0); we expect:

the pair (C_0, G =< β >) can be lifted to characteristic zero (?)

Particular cases which are proved:

Tame ramification. Grothendieck showed that a covering of curves which is tamely ramified (i.e. p does not divide any of the ramification indices) can be lifted to charactersitic zero.

Inertia of order p. By Sekiguchi - Oort - Suwa this conjecture is true if p^2 does not divide the order of β.

Inertia of order p^2. By Green - Matignon this conjecture is true is p^3 does not divide the order of β.

The global - local principle. For abelian coverings see Sekiguchi - Oort - Suwa, for arbitrary covers see Bertin - Mézard in order to conclude: if for a Galois cover in characteristic p we can lift all germs (plus inertia-group) of the covering to characteristic zero, it follows that the covering can be lifted to characteristic zero. Hence in order to prove the conjecture it suffices to show liftability of Γ_0 → Γ_0/(Z/p^n) for every n, where Γ_0 is a germ of a smooth curve in characteristic p. At this moment this seems to be an open problem.

References

[1] J. Bertin & A. Mézard – Déformations formelles des revêtements sauvagement ramifiés de courbes algébriques. Invent. Math. 141 (2000), 195 - 238.

[2] G. Cornelissen & F. Kato – Equivariant deformations of Mumford curves and of ordinary curves in positive characteristic. Duke Math. Journ. 116 (2003), 431 - 470.

[3] B. Dwork & A. Ogus – Canonical liftings of Jacobians. Compos. Math. 58 (1986), 111 - 131.

[4] M. Garuti – Prolongements de revêtements geloisiens en géométrie rigide. Compos. Math.

104 (1996), 305 - 331.

[5] B. Green & M. Matignon – Lifting of Galois covers of smooth curves. Compos. Math. 113 (1998), 239 - 274.

[6] A. Hurwitz – Über die algebraische Gebilde mit eindeutigen Transformationen in sich.

Math. Ann. 41 (1893), 403 - 442.

[7] S. Nakajima – p-ranks and automorphism groups of algebraic curves. Trans.AMS 303 (1987), 595 - 607

[8] F. Oort – Lifting algebraic curves, abelian varieties and their endomorphisms to characteristic zero. Algebraic Geometry, Bowdoin 1985 (Ed. S. J. Bloch). Proceed. Sympos. Pure Math. 46 Part 2, AMS 1987; pp. 165 -195.

[9] F. Oort & T. Sekiguchi - The canonical lifting of an ordinary jacobian variety need not be a jacobian variety. Journ. Math. Soc. Japan 38 (1986), 427 - 437.

[10] F. Oort – Some questions in algebraic geometry, preliminary version. Manuscript, June 1995.

[11] F. Oort – Canonical liftings and dense sets of CM-points. In: Arithmetic Geometry, Cortona, Italy October 1994 (ed. F. Catanese). Ist. Naz. Alta Mat. F. Severi 1997, Cambridge Univ. Press; pp. 228 - 234.

[12] P. Roquette – Abschätzung der Automorphismenzahl von Funktionenkörpern bei Primazahlcharaktersitik. Math. Zeitschr. 117 (1970), 157 - 163.

[13] T. Sekiguchi, F. Oort & N. Suwa – On the deformation of Artin-Schreier to Kummer.

Ann. Sc. Ec. Norm. Sup. 4.Serie 22 (1989), 345 - 375.

[14] T. Sekiguchi & F. Oort – On the deformation of Witt groups to tori. Algebraic and topological theories - to the memory of Dr. Takehiko Miyata (Ed. M. Nagata et al). Kinokuniya Cy Tokyo, Japan 1986; pp. 283 - 298.

[15] T. Sekiguchi – On the deformations of Witt groups to tori, II. Journ. Algebra 138 (1991), 273 - 297.

[16] T. Sekiguchi & N. Suwa – Théories de Kummer - Artin - Schreier - Witt. C. R. Acad.

Sc. 319 (1994), 105 - 110.

[17] B. Singh – On the group of automorphisms of a function field of genus at least two. Journ.

Pure Appl. Algebra 4 (1974), 205 - 229.

[18] H. Stichtenoth – Über die Automorphismengruppen eines Funktionenkörpers von Primzahlcharakteristik. Archiv der Math. 24 (1973), 527 - 544, 613 - 631.

[19] D. Subrao – The p-rank of Artin - Schreier curves. Manuscr. Math. 16 (1975), 169 - 193.

Frans Oort Mathematisch Instituut P.O. Box. 80.010 NL - 3508 TA Utrecht The Netherlands email: oort@math.uu.nl