Monodromy, Hecke orbits and Newton polygon strata

Frans Oort (Utrecht University)

Bonn, 24 - II - 2003 Informal notes. Not for publication

We study the moduli spaces A = A_{g,1} ⊗ F_p of principally polarized abelian varieties in characteristic p, and Newton polygon strata in this moduli space. We focus on a proof of Theorem (1.5).

Much of this research originated in the seminal paper: [18] Yu. I. Manin –

–The theory of commutative formal groups over fields of finite characteristic. (1963). The fascinating structures, studied by Manin forty years ago, reveal more and more their beautiful features to us..... after tenacious research.

In this talk we mainly discuss results on moduli of principally polarized abelian varieties, leaving aside questions on other components of A_g ⊗ F_p . In this note we freely use notions, notations and results of [12], [13], [17], [18], [22], [24], [29], [30], [31]. Various tools used have been described in:

F. Oort – Stratifications and foliations of moduli spaces, Seminar Yuri Manin, Bonn, 30 - VII - 2002; see http://www.math.uu.nl/people/oort/

1 Newton polygon strata

(1.1) As said, we consider A := A_{g,1} ⊗ F_p . We consider symmetric Newton polygons. As usual, σ denotes the “supersingular polygon”, i.e. all slopes of σ are equal to 1/2; see (3.1).

For a symmetric Newton polygon ξ we write W_ξ = W_ξ(A) = {(A, λ) ∈ A | N (A) ≺ ξ}.

By Grothendieck-Katz we know that W_ξ ⊂ A is a Zariski-closed subset; see [7], see [13], Th. 2.3.1 on page 143. These are called the Newton polygon strata.

(1.2) Notation. Let us write π_0(W_ξ) for the set of irreducible components of W_ξ ⊗ F_p .

(1.3) By [17] we know that the supersingular locus W_σ has “many components” (component in this note = geometrically irreducible component). In fact, see [17], 4.9:

#(π_0(W_σ)) = H_g(p, 1) if g is odd,

#(π_0(W_σ)) = H_g(1, p) if g is even.

See (3.10) for the connection between π_0(W_σ) and these class numbers H_g(p, 1) and H_g(1, p); for g fixed and p → ∞ these numbers “go to infinity”.

(1.4) Question. What can be said about the number #(π_0(W_ξ)) of irreducible components of W_ξ for other Newton polygon strata? This seems an endless task. However:

(1.5) Theorem. For every ξ ˚ σ the locus W_ξ ⊂ A = A_{g,1}⊗F_p is geometrically irreducible. I.e.

ξ ≠ σ ⇒ #(π_0(W_ξ)) = 1.

This was expected as Conjecture 8B in [28].

In this talk I sketch a proof for this theorem.

2 Monodromy and Hecke orbits (following Ching-Li Chai)

(2.1) In this section we fix a prime number p, we fix an integer N ≥ 3 (to be used to define level structures), such that p does not divide N, and we choose a prime number ℓ not dividing pN. We fix an algebraically closed field k ⊃ F_p . We write B = A_{g,1,N} ⊗ k, the moduli space of principally polarized abelian varieties over an extension of k with a symplectic level-N-structure. In this note A and B wil be used.

(2.2) Hecke-ℓ-orbits. Consider [(A, λ)] = x ∈ A; suppose that (A, λ) is defined over a field K ⊃ F_p ; or, consider [(A, λ, β)] ∈ B. Consider all diagrams (A, λ) ⊗ Ω^φ←− (C, ζ)^ψ−→ (B, μ), where:

Ω is an algebraically closed field containing K, (C, ζ) is a polarized abelian variety over Ω, φ : C → A is an isogeny such that φ^∗(λ) = ζ, (B, μ) is a principally polarized abelian variety over Ω, and ψ : C → B is an isogeny such that ψ^∗(μ) = ζ;

we assume that φ and ψ have a degree which is a power of ℓ; moreover we assume that A, B and C have symplectic level-N-structures compatible with φ and ψ.

For Hecke correspondences also see [5], VII.3.

(2.3) Notation. H_ℓ·x = {[(B, μ)] = y ∈ A}, where all moduli points [(B, μ)] = y are considered which can be constructed from [(A, λ)] = x via a diagram as above, with the conditions mentioned. Analogously H_ℓ·[(A, λ, β)] ⊂ B.

This set H_ℓ·x ⊂ A is called the Hecke-ℓ-orbit of the point x. A subset S ⊂ A is called Hecke-ℓ-stable if for every x ∈ S we have H_ℓ·x ⊂ S.

(2.4) Let Z ⊂ A be a locally closed subset. Let Z^0 be an irreducible component of Z. Let η ∈ Z^0 be the generic point. Let A → Z be the universal abelian scheme restricted to Z. Let

ρ_{A,ℓ} : π_1(Z^0, η) −→ Sp(T_ℓ, <, >_ℓ)

be the ℓ-adic monodromy representation in the Tate-ℓ-group of A_η. Identify the Tate-ℓ-group of A_η over η with Z^{2g}_ℓ with the standard pairing.

(2.5) Theorem (C.-L. Chai). Choose notation as above. Let Z ⊂ B be a locally closed subscheme, smooth over Spec(k), such that:

Z is Hecke-ℓ-stable, and the Hecke-ℓ-action on the set π_0(Z) is transitive, and η ∉ W_σ (equivalently: Z contains a non-supersingular point).

Then:

ρ_{A,ℓ} : π_1(Z^0, η) −→ Sp(T_ℓ, <, >_ℓ) ∼= Sp_{2g}(Z_ℓ)

is surjective, and

Z is irreducible, i.e. Z = Z^0.

See [2], 4.4.

3 A proof of (1.5)

We will see that (1.5) follows from (2.5) if we use all kind of facts known about strata and Hecke orbits. We use the word “component” instead of the expression “geometrically irreducible component”.

A remark on the basic idea of the proof below: abelian varieties are considered; in families we “go to the boundary”; by this we do not mean that the abelian varieties degenerate, but that we “degenerate the p-structure”, where the superspecial points are considered as the most special points.

(3.1) Tool 1: Supersingular abelian varieties. Some references: [38], [22], [36], [25], [26], [17].

Proposition / Definition. Let K be a field, let k = k be an algebraically closed field containing K, and let E be an elliptic curve over K. The following are equivalent:

(a) the ring End(E ⊗ k) has rank 4 over Z;

(b) the characteristic of K equals p > 0, and #(E(k)[p]) = {0}; (c) (Definition) the elliptic curve is called supersingular.

Proposition. A supersingular elliptic curve E over a field K has the property j(E) ∈ F_p2 ; hence there exists an elliptic curve E^′ over F_p2 and an isomorphism E^′ ⊗ k ∼= E ⊗ k. Indeed, Ker(F^2 : E → E^{(p2)}) = E[p]. 2

As corollary we have:

#({j(E) | E is supersingular}) < ∞.

Remarks. The exact number h_p of supersingular j-values has been computed (Hasse, Deuring, Igusa); this we will not need here.

Any two supersingular elliptic curves over k are isogenous. In fact, for any prime number ℓ different from p there is an ℓ-power isogeny between them.

For every prime number p there exists a supersingular elliptic curve defined over F_p .

Definition. An abelian variety A is called supersingular if there exsist a supersingular elliptic curve E and an isogeny A ⊗ k ∼ E^g ⊗ k.

We write σ = σ_g for the Newton polygon where all slopes are equal to^1_2 ; this will be called the supersingular Newton polygon.

Property. An abelian variety A is supersingular iff its Newton polygon N (A) = σ.

Let G be a group scheme in characteristic p > 0. We write a = a(G) for the integer such that G[F ] ∩ G[V ] is of rank p^a. In case K is perfect, we have

a(G) = dim_K Hom(α_p, G).

P. Deligne proved, see [36], 1.6: for g > 1 and supersingular elliptic curves E_1, · · · , E_{2g} over k there exists an isomorphism E_1 × · · · × E_g ∼= E_{g+1} × · · · × E_{2g}.

Proposition / Definition. Let K be a field, let k = k be an algebraically closed field containing K, and let A be a supersingular abelian variety over K of dimension g ≥ 2. The following are equivalent:

(a) a(A) = dim(A);

(b) the characteristic of K is positive, and for every supersingular elliptic curve E there exists an isomorphism A ⊗ k ∼= E^g ⊗ k;

(c) (Definition) the elliptic variety A is called superspecial.

From now on we work over an algebraically closed field k of characteristic p.

(3.2) Step 1.

Claim. For every symmetric Newton polygon ξ and every irreducible component W of W_ξ we have W ∩ W_σ ≠ ∅, i.e. W contains a supersingular point.

(3.3) Tool 2: EO strata. For details, see [29]. We make use of the fact that finite, commutative group schemes of given rank annihilated by p are finite in number (up to isomorphism over an algebraically closed field); this was proved by Kraft and by Oort; indeed we need more, namely also the polarization has to be taken into account, see [29], Section 9. On A we can consider for a given geometric isomorphism class φ of (A, λ)[p] the set S_φ thus defined. In this way we obtain the Ekedahl-Oort stratification of A. Some of the basic facts:

the isomorphism types are characterized by “elementary sequences”; for every value of g these form a partially ordered, finite set (in fact there are two orderings, see [29], 14.3);

for every φ the locus S_φ ⊂ A is locally closed and quasi-affine;

the superspecial S_Eg_{[p]} has dimension zero, and all other strata have positive dimension; consider A^∗, the “minimal compactification” (or, the Satake compactification); for every φ there is a naturally defined T_φ ⊂ A, see [29], 6.1; for every φ such that the dimension of S_φ is positive (i.e. φ not superspecial), the Zariski closure of S_φ contains a point in A not in S_φ.

(3.4) Tool 3: Finite Hecke orbits (Chai).

Proposition. A Hecke-ℓ orbit H_ℓ·x is finite iff A_x is supersingular. See [1], Prop. 1 on page 448.

Proof of Step one (3.2). Consider Γ := ∪_{W ⊂Wξ ,W ∩Wσ=∅} W, the union over all irreducible components of W_ξ which contain no supersingular point (and we show that Γ is empty). From the fact that any component H^′ of a Hecke-ℓ^i-correspondence

A_g ← H^′ → A_g is finite-to-finite outside characteristic ℓ we see that Γ as defined above is

Hecke-ℓ stable.

Consider all EO-strata meeting Γ; let φ be an elementary sequence appearing on Γ which is minimal for the “⊂” ordering. Let x ∈ Γ∩S_φ, hence ES(A_x) = φ. Note that x ∉ W_σ. Hence

H_ℓ·x is not finite by (3.4). Note that H_ℓ·x ⊂ Γ ∩ S_φ. Hence S_φ ∩ Γ has positive dimension.

By (3.3) this implies that there is point y in the closure of Γ ∩ S_φ ⊂ A which is not in S_φ. This is a contradiction with minimality of φ. 2(3.2)

(3.5) Step 2.

Claim. For every symmetric Newton polygon ξ and every component, W ⊂ W_ξ there is a component T ⊂ W_σ such that T ⊂ W .

For every ζ ≺ ξ, ordering by inclusion of components gives a well-defined map π_0(W_ζ) → π_0(W_ξ) which moreover is surjective: every component of W_ζ is contained in a unique component of W_ξ and every component of W_ξ contains at least one of W_ζ .

(3.6) Tool 4: Purity. See [12], 4.1: In a family, if the Newton polygon jumps, it already jumps in codimension one.

(3.7) Tool 5: Deformations with constant Newton polygon. For any principally polarized abelian variety (A, λ) there exists a deformation with generic fiber (A^′, λ^′) with N (A) = N (A^′) and a(A^′) ≤ 1.

See [12], (5.12), and [31], (3.11) and (4.1).

(3.8) Tool 6: Cayley-Hamilton. See [30], 3.5 and use (3.7). In particular this shows that around any point x ∈ A, with N (A_x) = ζ and a(A_x) = 1 the Newton strata {W^{/x}_ξ | ξ ≻ ζ} are formally smooth and nested like the graph of all Newton polygons below ζ. The dimension of W_ξ ⊂ A equals sdim(ξ), and the generic point of any component of W_ξ has a-number at most one.

Remark. Using (3.7) and (3.8) we can prove a conjecture by Grothendieck, see [30] and [31].

For the definition of sdim(ξ) see [30], 3.3, or [31], 1.9. Note that different components of

W_ξ(A_g ⊗ F_p) may have different dimensions: our formula using sdim(ξ) works for principally

polarized abelian varieties.

Proof of Step two (3.5). We have seen by (3.2) that W contains a supersingular point. By Purity, (3.6), we know that Newton polygons jump in codimension one; by (3.8) we know what the dimensions are of all strata defined by symmetric Newton polygons; in particular the difference of the codimensions of W_σ and of W_ξ in A is precisely the length of the longest chain of symmetric Newton polygons between ξ and σ. Combining these two we conclude: W contains a component of W_σ: by purity a component of W_ξ ∩ W_σ has at least codimension sdim(ξ) − sdim(σ) in W_ξ, hence dimension at least sdim(σ) and, being contained in W_σ which is pure of dimension sdim(σ) the statement follows.

For an inclusion T ⊂ W we choose a point x ∈ T with a(A_x) = 1, which exists, by (3.8), or by [17], (4.9.iii). Around this point x ∈ T ⊂ W we apply (3.8). This ends the roof of Step 2. 2(3.5)

Notation. For g ∈ Z_{>1} and j ∈ Z_{≥0} we write Λ_{g,j} for the set of isomorphism classes of polarizations μ on the superspecial abelian variety A = E^g ⊗ k such that Ker(μ) = A[F^j ]; here E is a supersingular elliptic curve defined over F_p . Note that Λ_{g,j}^∼−→ Λ_{g,j+2} under μ → F^t·μ·F . (3.9) Tool 7: Characterization of components of W_σ. There is a canonical bijective map π_0(W_σ)^∼−→ Λ_{g,g−1}.

See [17], 3.6 and 4.2; this uses [22], 2.2 and 3.1.

(3.10) Tool 8: Transitivity. The action of H_ℓ on π_0(W_σ) is transitive. By (3.9) the problem is translated into a question of transitivity of the set of isomorphism classes of certain polarizations on a superspecial abelian variety. Use [4], pp. 158/159 to describe the set of isomorphism classes of such polarizations. Use the strong approximation theorem, see [35], Theorem 7.12 on page 427.

(3.11) Tool 9 = (2.5) (Chai).

The end of the proof of (1.5). We show that W(A_{g,1,N} ⊗ F_p ) is geometrically irreducible for ξ ≠ σ; from this the conclusion of (1.5) clearly follows. Write B = A_{g,1,N} ⊗ F_p . Indeed, by Step 2 we know that π_0(W_σ) → π_0(W_ξ) is surjective, and the same we conclude for π_0(W_σ(B)) → π_0(W_ξ(B)). By (3.9) and (3.10) we conclude that the action of Hecke-ℓ on π_0(W_ξ(B)) is transitive. Hence by (2.5) we conclude that W_ξ(B) is geometrically irreducible for ξ ≠ σ. This ends the proof of (1.5). 2

Not all references below are needed for this talk, but I include relevant literature for completeness sake.

References

[1] C.-L. Chai – Every ordinary symplectic isogeny class in positive characteristic is dense in the moduli. Invent. Math. 121 (1995), 439 - 479.

[2] C.-L. Chai – Monodromy of Hecke-invariant subvarieties. Manuscripts 22 - XI - 2002; 7 pp. [3] S. J. Edixhoven, B. J. J. Moonen & F. Oort (Editors) – Open problems in algebraic geometry. Bull. Sci. Math. 125 (2001), 1 - 22. See: http://www.math.uu.nl/people/oort/

[4] T. Ekedahl – On supersingular curves and abelian varieties. Math. Scand. 60 (1987), 151 - 178.

[5] G. Faltings & C.-L. Chai – Degeneration of abelian varieties. Ergebnisse Bd 22, Springer - Verlag, 1990.

[6] G. van der Geer – Cycles on the moduli space of abelian varieties. In: Moduli of curves and abelian varieties. Ed: C. Faber & E. Looijenga. Aspects Math., E33, Vieweg, Braunschweig, 1999; pp 65–89.

[7] A. Grothendieck – Groupes de Barsotti-Tate et cristaux de Dieudonné. Sém. Math. Sup.

45, Presses de l’Univ. de Montreal, 1970.

[8] T. Ibukiyama, T. Katsura & F. Oort - Supersingular curves of genus two and class numbers.

Compos. Math. 57 (1986), 127 - 152.

[9] T. Katsura & F. Oort - Families of supersingular abelian surfaces. Compos. Math. 62 (1987), 107 - 167.

[10] T. Katsura & F. Oort - Supersingular abelian varieties of dimension two or three and class numbers. Algebraic geometry, Sendai 1985 (Ed. T. Oda). Adv. Stud. in Pure Math. 10 (1987), Kinokuniya Cy Tokyo and North-Holland Cy Amsterdam, 1987 ; pp. 253 - 281.

[11] A. J. de Jong – Homomorphisms of Barsotti-Tate groups and crystals in positive characteristics. Invent. Math. 134 (1998) 301-333, Erratum 138 (1999) 225.

[12] A. J. de Jong & F. Oort – Purity of the stratification by Newton polygons. J. Amer. Math.

Soc. 13 (2000), 209-241. See: http://www.ams.org/jams/2000-13-01/

[13] N. M. Katz – Slope filtration of F –crystals. Journ. Géom. Alg. Rennes, Vol. I, Astérisque 63 (1979), Soc. Math. France, 113 - 164.

[14] H.-P. Kraft – Kommutative algebraische p-Gruppen (mit Anwendungen auf p-divisible Gruppen und abelsche Varietäten). Sonderforsch. Bereich Bonn, September 1975. Ms. 86 pp. [15] H.-P. Kraft & F. Oort – Finite group schemes annihilated by p. [In preparation.] [16] H. W. Lenstra jr & F. Oort – Simple abelian varieties having a prescribed formal isogeny type. Journ. Pure Appl. Algebra 4 (1974), 47 - 53.

[17] K.-Z. Li & F. Oort – Moduli of supersingular abelian varieties. Lecture Notes Math. 1680, Springer - Verlag 1998.

[18] Yu. I. Manin – The theory of commutative formal groups over fields of finite characteristic.

Usp. Math. 18 (1963), 3-90; Russ. Math. Surveys 18 (1963), 1-80.

[19] Elena Mantovan – On certain unitary group Shimura varieties. Harvard PhD-thesis, April 2002.

[20] P. Norman – An algorithm for computing moduli of abelian varieties. Ann. Math. 101 (1975), 499 - 509.

[21] P. Norman & F. Oort – Moduli of abelian varieties. Ann. Math. 112 (1980), 413 - 439. [22] T. Oda & F. Oort – Supersingular abelian varieties. Itl. Sympos. Algebr. Geom. Kyoto 1977 (Ed. M. Nagata). Kinokuniya Book-store 1987, pp. 3 - 86.

[23] A. Ogus – Supersingualr K3 crystals. Journ. Géom. Algébr., Rennes 1978, Vol. II.

Astérisque 64, Soc. Math. France 1979, 3 - 86 [24] F. Oort – Commutative group schemes. Lect. Notes Math. 15, Springer - Verlag 1966. [25] F. Oort – Subvarieties of moduli spaces. Invent. Math. 24 (1974), 95 - 119. [26] F. Oort – Which abelian surfaces are products of elliptic curves? Math. Ann. 214 (1975), 35 - 47.

[27] F. Oort – Moduli of abelian varieties and Newton polygons. Compt. Rend. Acad. Sc. Paris 312 Sér. I (1991), 385 - 389.

[28] F. Oort – Some questions in algebraic geometry, preliminary version. Manuscript, June 1995. http://www.math.uu.nl/people/oort/ [29] F. Oort – A stratification of a moduli space of polarized abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 345 - 416.

[30] F. Oort — Newton polygons and formal groups: conjectures by Manin and Grothendieck.

Ann. Math. 152 (2000), 183 - 206.

[31] F. Oort – Newton polygon strata in the moduli space of abelian varieties. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 417 - 440.

[32] F. Oort – Foliations in moduli spaces of abelian varieties. [To appear]

See: http://www.math.uu.nl/people/oort/

[33] F. Oort – Minimal p-divisible groups. [To appear]

[34] F. Oort & Th. Zink – Families of p-divisible groups with constant Newton polygon. [To appear.]

[35] V. Platonov & A. Rapinchuk – Algebraic groups and number theory. Academic Press 1994.

[36] T. Shioda – Supersingular K3 surfaces. In: Algebraic Geometry, Copenhagen 1978 (Ed.

K. Lønsted). Lect. Notes Math. 732, Springer - Verlag (1979), 564 - 591.

[37] T. Wedhorn – The dimension of Oort strata of Shimura varieties of PEL-type. In: Moduli of abelian varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress Math. 195, Birkhäuser Verlag 2001; pp. 441 - 471.

[38] J. Tate – Classes d’isogénies de variétés abéliennes sur un corps fini (d’àpres T. Honda).

Sém. Bourbaki 21 (1968/69), Exp. 352.

[39] Th. Zink – The display of a formal p-divisible group. [To appear in Astérisque.]

[40] Th. Zink – On the slope filtration. Duke Math. J. Vol. 109 (2001), 79-95.

Frans Oort Mathematisch Instituut P.O. Box. 80.010 NL - 3508 TA Utrecht The Netherlands email: oort@math.uu.nl