Seminar on Logic. Exercise to be handed in 13th of March

1. (5pt.) Let M and N be categories which allow ultraproducts in itself. Let F' : M — N be a functor
that preserves small filtered colimits. We have seen in the lecture that, for every collection of objects
M, and ultrafilter y on S there exists a (unique) map o, such that the following diagram commutes:

F(lLies, Ms) — Tlies, (F(M5))

lF(qEO) quo

F(fg Mgdp) —"— [o(F(M,))dp

Show that the morphisms {c,} satisfy conditions (0) and (1) of Definition 1.4.1, that is, show that
they can be seen as an ultrastructure on F, so F' can be regarded as an ultrafunctor?.

2. (3pt.) Show that the ultraproduct functor f 5(®) du preserves finite limits, initial objects and effective
isomorphisms, as is stated in Proposition 2.1.3.

3. (2pt.) Show that there exists a bijection Fun™""* (M, Fun(C, Set)) — Fun(C, Fun™Y" (M, Set)) by giving
the bijection explicitly.

LFor condition (2), I refer to Proposition 1.4.9.



