
Seminar on Hilbert’s Tenth Problem
Homework week 12, due December 16

Exercise 1. (5 points)
Let R be a commutative ring with 1, let k ≥ 1 and let S, T ⊂ Rk be Diophantine. Prove:
(a) If R is an integral domain, then S ∪ T is also a Diophantine subset of Rk.
(b) If the fraction field of R is not algebraically closed, then S ∩ T is also a Diophantine
subset of Rk.

Exercise 2. (10 points)
In this exercise, we will prove Proposition 2. Recall that p is assumed to be odd. The first
two exercises are preliminary.
(a) Prove that, for every a ∈ N, we have degXa = a and X−a = Xa.

(b) Prove that, for every a ∈ Z and b ∈ N, we have Xapb = (Xa)
pb .

Now we prove Proposition 2: let A,B ∈ Fq[Z] with B non-constant. Then

∃k ∈ N
(
A = Bpk

)
⇔ ∃m ∈ Z (A = Xm(B)) ∧ ∃n ∈ Z (A+ 1 = Xn(B + 1)).

(c) Suppose that A = Bpk for some k ∈ N. Prove that the right-hand side holds with
m = n = pk.
(d) Now suppose the right-hand side holds. Explain why we can assume that m,n ∈ N.
Show that Xn(B + 1) = Xn(B) + 1.
(e) Since X0 = 1, we cannot have n = 0. Now write n = cpk with c, k ∈ N and p - c. Prove
that Xc(B + 1) = Xc(B) + 1.
(f) Show that the assumption that c ≥ 2 leads to a contradiction. Conclude that proposi-
tion 2 holds. Hint: write Xc(Z) = αZc + βZc−1 + terms of lower degree.

Exercise 3. (5 points)
Let n be a positive integer. Prove that

Zn − 1 =
∏
d|n

Φd(Z).
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