Hilbert’s Tenth Problem Seminar
Homework set 7

Eduardo Gomezcana
(Due to Nov. 18)

Exercise 1. Let A(d) be any quadratic ring and let

Vd if d=2,3 mod4
w = .
VA if =1 mod 4

Prove that for every element = € A(d) there are a,b € Z such z = a + bw.
Exercise 2. Let Q(v/d) is a quadratic number field.

(a) Show that the norm is multiplicative, i.e., if 2,y € Q(v/d) then we have
N(zy) = N(z)N(y).

(b) Show that if n € N and 2 € Q(v/d) then N(nz) = n?N(z).
(¢) Show that if d < 1 then N(z) > 0 for any = € Q(V/d).
(d) Show that if 2 € Q(v/d) is a unit, then N(z) = +1.

Exercise 3. Let n,k and a be natural numbers with ¢ > 1. Show that the
integral solutions to Pell’s equation can be computed recursively by

Tnk(a@) + Ynr(a)Va? =1 = (mn(a) + yn(a)Va? — 1>k.

Conclude that, writing =, = zs(a) and ys = ys(a), that

k —1i 4 i—
Ynk = E , (Z>(xn)k (yn)'(a® — 1)( R
i=1
i odd

Exercise 4. Let A(d) be any quadratic ring and let y € A(d). Show that if
y? € Q, then y? € Z. Furthermore, show that if d > 1, y?> € N.

Exercise 5. Let A(d) be any imaginary quadratic ring.

(a) Show that the only possible units are

+1+4iv3

+1, 44
b 27 2

(b) Use this to prove that the fact that 5h + 2 is a unit, for h € A(d), is
contradictory.



