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Introduction

The affine threefold Z with equation

b+ O+ T+ E T HEFET =0 (1)

fibres via the projection to P(&) into surfaces which turn out to be open parts of
K3-surfaces for &, # 0,00, +1,43+21/2. We examine this in detail in section 2. The
relative 2-form
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gives a nowhere vanishing 2-form on these K3-surfaces . Its periods are multi-valued
functions of &, which satisfy a third order differential equation, the Picard-Fuchs
equation. This equation is determined in section 3. It appears to be equivalent with
a recurrence Apéry used in his proof for the irrationality of ¢(3) (cf. [Po]). The
monodromy of the Picard- Fuchs equation is determined in section 4. Here some in-
teresting modular functions and cusp forms come up, which were previously studied
in [Be] and [Be2] in a different context.

D. Gieseker, H.Knérrer and E. Trubowitz have for some time been studying Fermi
curves. These are certain real curves associated to electrons, moving in a periodic
2-dimensional potential created by a 2-dimensional lattice of positive ions. In fact
they consider a discrete approximation which equally well can be formulated in any
dimension. But whereas in two dimensions the theory is fairly complete, the tech-
nical complications in higher dimensions are so enormous that virtually no result
is available. So the interest arose in simple 3-dimensional potentials, e.g potential
zero. The corresponding Fermi-variety is now a surface depending on a parameter s
(essentially the energy of the electron) and in the coarsest discrete approximation is
given by the equation &+ ¢+ &+ &1+ €3+ & = 5. Replacing s by —& — £5 has
certain advantages , discussed at the end of section 2. For this reason we call (1) the
Fermi-threefold and the family of K3-surfaces the Fermi-fibration. The integral of
the 2-form w over the 2-cycle [&] = |&;] = |&| = 1 (when not empty) has a physical
interpretation as density of states function. We recall this background in section 1.
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One of the motivations for our work has been to extend the domain of the density of
states function to all of C (minus a few singular points). Since this function is defined
as a period integral, we can find such an extension as a solution to the Picard-Fuchs
equation for the Fermi-fibration.

1 Fermi-surfaces

In solid state physics the wave function 9 : R® — C describing an electron with
energy A moving about a lattice I' C R? is determined by a potential V : R® - R
which is assumed to be periodic in I'. The physical meaning of ¢ is given by the
probability [g ||¢|?dz/ frs ||#]?dz to find an electron in a region B C R® . To find
% belonging to energy A one solves the time-independent Schrédinger equation

(A +V)p =2y (3)

and one restricts to solutions ¢ for which

Pz +9) =™ p(z) VyeT

Here k : R® — R is a linear functional and one is led to consider those k € (R®)*
for which non zero solutions 4 for (3) exist. In solid state physics it is assumed that
these k form a surface -the Fermi surface for energy A. This surface is periodic in
k-space and so one may equally well consider its image in the three- torus obtained
by identifying opposite faces of a fundamental domain for the lattice dual to T.

Following Gieseker, Kndrrer and Trubowitz [G-K-T] we look at a certain discrete
analogue. We replace R® by Z® and T' by the sublattice with basis a;e;, aze;, ases.
Here {e;,e,,es} is the standardbasis for R®. The Laplacian is replaced by the second
order difference operator

1
Af(z):= E(Z flz+n) - f(z)), ne{te,te;tes}
n
and potentials are allowed to be complex-valued (but still periodic with respect to
T). The Fermi surface F)(R) is the intersection with S* x S* x S ¢ C* x C* x C*
of the complex Fermi surface

Eyi={(&,62,&) € C*® | T : Z3 - C  solving (3)
with ¢(z + a;¢;) = &9(z),7 = 1,2,3}
If we collect these Fermi surfaces for all complex values of the energy we obtain a
variety B in C*® x C. It fibers over C and we let 7 be the projection onto C. The
relative 2-form w defined by

d s  ds

G Vg BTN
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is regular on Fy. If 4(}) := F5(R) is non empty the integral of the relative two form :
Lywlr, ( the density of states function )

has a physical interpretation (cf [G-K-T]). In the sequel we study the simplest sit-
uation where V. = 0 and T' = Z3. It is easy to determine the equations of the
corresponding Fermi-surfaces, since there is only one function with € = (¢, £, €3) as
quasi-periodicity factor, namely

eg: YA of eg(z1, 22, 23) = €71 €3765°
The relation Aeg = g(& + &7 + &2+ &1 + & + &7 — 6)eg implies the following
equation for F)

G+ &+ e+ + &+ & =600 +1).

We end this section by observing that from this equation we can easily deduce the
explicit representation of the form w we gave in the introduction (see (2)).

2 The Fermi threefold

The affine threefold X given by the equation

L+t + 6L+ 6T+ &+ 6=

admits a nice compactification X in P® x P! x P! x P! x P!, which in terms of

the coordinates ((wa Uy, U2, Uz, V1, V2, US), (pls ql)a (p2’ q2), (P3, q.'i), (S) T)) is given by
the equations

pivi = qw, ¢, =pw (1=1,2,3)

(4)

T(u1 + v1 + uz + v2 + ug + vs) = Sw

The isomorphism X \ {w = 0} — X is defined by s = ST~! and & = ww™! for
t = 1,2,3. The threefold X has 48 singular points, all situated on T = 0 . Projection
onto the last Pl-factor defines a fibration 7 : X —— P!. The fibre of 7 over a
point (S,T) # (1,0) will be denoted by X, , where s = ST~! . From (4) we see
that this fibre is an intersection of three quadrics in P® in which 12 rational double
points where w = 0 have been resolved into a P!. For s ¢ {2,-2,6,—6,00} it is
smooth and hence a K3-surface (it is simply connected by Lefschetz’ theorem and
the canonical bundle is trivial by the adjunction formula applied to the embedding
of X, in P8 x P! x P! x P!). The fibre has exactly 3 (resp 1) rational double points
if s = £2 (resp. +6). Resolving these, we obtain K3-surfaces too.

Let G = Ssx(Z/2Z)3, where the first factor acts by permutation on the second
factor. This group acts on each surface X ,; the first factor permutes the indices 1,2,3
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Figure 1: A cube of lines on the Fermi K3

and the i-th generator of the second factor simultaneously interchanges (u;,v;) and
(pi, ;) leaving the the other coordinates fixed.

The zero locus of w on X, consists of the following twenty lines:

the 12 lines forming the G-orbit of

LO++ = {((0, Os 11 ""1,0,0,0), (pl’QI)’ (01 1)7 (0’ 1))|(p11 ¢11) € Pl}

and the 8 lines in the G-orbit of
L+++ = {((05 Uy, U2, "’350,0,0), (0; 1)1 (0, 1)1 (0, 1)‘”1 +uz +us = 0}

(coordinates as in (4) with s omitted).

The pattern of these 20 lines is presented in Fig. 1, in which the vertices cor-
respond to lines with self-intersection -2 and the edges represent intersections of
multiplicity 1. The indexing of the vertices should be obvious. We remark that our
group G actually is isomorphic to the group of symmetries of the cube.

Let L be the sublattice of H*(X,,Z) generated by the cycle classes of the 20 lines
pictured in Fig. 1.
Notation: Lattices A;, D;, E; denote the usual (positive definite) root lattices, H

. 01
stands for the hyperbolic plane, i.e the rank two lattice with Gram matrix ( 10 )

and finally (s) is the rank one lattice with Gram matrix (¢). If T is a lattice with
form (, ) the lattice kT is the lattice with the same group as T', but with form k(, ).
Finally I'* is the dual of T' and if T is non degenerate, (, ) embeds it naturally in I'*.

Proposition 1 The lattice L has rank 17, signature (1,16) and discriminant 16
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Proof: The lattice L contains the lattice Lo generated by four (—D;)-lattices cen-
tered at lines with indices 4+ +,+ — —, — 4+ —, — — 4 and the rank 1 lattice (4) with
basis
2(L...... + LO—— + L_o_ + L__o + L+_.. + L~.§... + L.._+)+
+Lyo- + Loy + Loy + Lyo+ Lyo + Los.

This yields a sublattice of rank 17, signature (1,16) and discriminant 4°. Relations
in L are found as follows. We observe that projecting the fibre onto one of the (p;, :)-
axes gives an (elliptic) pencil with two special fibres at (0,1) and (1,0) composed of
the lines in two opposite faces of the cube of Fig. 1. Modulo Lg this gives the three
relations

L+.—+ + L_++ = L___ + L++_ mod Lo
L+_+ + L++.. L___ + L_++ mod LO
L+~+ + L___ L++_ + L_++ mod Lo.

Since 2L___ € Ly, by the construction of L, we find
2L...=2L, . =2L_,, =2L,, =0mod I

and
L_...._. + L+_+ + L_++ + L++_ =0 mod Lo.

The divisors Ty = Ly o+ Lo, To = L_40+ L o, Ts = Ly + Lo-_ intersect
the elements of Ly with even multiplicity, whereas

L+,.+ * Tl = 1, L+_+ . Tg = 0, L+_+ . Ts =0
Loy Th=0, L4y -T2=1, L4y -T5=0
Liy--Th=0, Ly - T3 =0, Ly -Ts=1.

This shows that {L;_4, Lyy_, L_,.} reduces modulo Ly to a basis of L/Lo. So
the index of Ly in L is 8. Hence L has discriminant 4°/8% = 16 . i

The lattice L is embedded in H?(X,,Z) for every s # oo and is independent of s.
The monodromy action of m;(C \ {£2,+6},s) on H*(X,,Z) (s # +2,+6) is trivial
on this sublattice. For s # +2, 0o we have 12 more lines forming the G-orbit of the
line
M1++ = {(w’ oW, Uz, —Us, a_lw7 V2, _92)’ (1:0)3 (p29 42): (ph —Q2)l
P2tz = Quw, ¢a¥2 = pw}

Here o is fixed so that 0 + 07! = s and coordinates are as in (4). We label these
twelve lines as My o4, k =1,2,3, a,8 =+, — in such a way that in the parameter

presentation one has uy =ow ifa =+, yy = o wifa= —, u; = ~u; if 4,7 # k
and f = +,u; = ~v; if {,j £ kand f = —.
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Lemma 1 The intersection products of the M-lines are

'f (k, aaﬂ) = (ha s 6)

if (ka)=(h,7), B#S6

if (a,8)=(1,6), k#h

sf all indices differ
otherwise

Mg - Mpys =

C e i NN

The tntersection products of the L-lines and the M-lines are

_ 1 f e, =0andfB=eie;, sFk#FjF1
Miap - Leserer = { 0 otherwise

O

Let M, be the sublattice of H%(X,, Z) generated by the cycle classes of the L-lines
and the M-lines.

Theorem 1 The lattice M, 1s 1sometric to
—Esl — Es LH1({—12)
for every s # +2,00.
Proof: Consider the following three sublattices of M, :
Kl = (L+-Oa L——-H Lg_+, L+-+1 L+0+’ L+++’ L(H--H M1++)’

K; = (L—+0) L.__ ’ L—O—-’ L—-+-— ’ L0+-, L++— ’ L+0—: M2+_>,
and finally
Ks = (Loe-—L__o+L_oy —Msyy — Ms_,,
Ly —+L 4+ ~Myyy ~My - —Ms__,

—L_o+ + Ms—t + 2Msyy + 2Myyy + 2L044 + 20444
+2Lyo4 +2Ly—y + Ly—o + Lo-+)-

Using Fig. 1 and Lemma 1 one checks that the preceding three lattices are mutually
orthogonal, that the first two are isometric to —Ey and that the intersection matrix
for the third sublattice (for the given basis) is

—6 4 5
4 —4 -6 ].
5 -6 -8
The matrix relation

1 2 -1 -6 4 5 1 -2 0
-2 -5 4 4 —4 -6 2 -6 1=
0 1 -1 5 —6 -8 -1 4 -1

-0 0O
I

[

(eI ST o)
OO
S
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shows that X3 is isometric to H 1 (—12). An easy argument, using the fact that the
generic fibre of a non constant family of K3 surfaces has Picard number at most 19
shows that K; 1K, 1XKj has finite index in M, and as in the proof of [P, prop. 7.1.1]
we show that this index must be one . ]

As in [P, lemma 7.1.2] we then find:

Corollary 1 For every s # +2,+6, 00 the orthogonal complement of M, in H*(X ,,Z)
is isometric with the lattice H 1(12).

Remark 1 For the minimal resolution of singularities of the fibres X .4 one computes
the Néron-Severi lattice in a similar fashion and one finds that it is isometric to
—FEgl — Eg L H1(~12)1(—2) and its transcendental lattice is therefore isometric to
(2) L(12).

For X4y we find —Eg | — Eg LH 1 (—4)1(~2), resp. (4)L1(2).

Remark 2 The monodromy action of m(C \ {£2,%6},s) on H*(X,,Z) stabilizes
the sublattice M,, but the monodromy action is not trivial. Positive simple loops
around the two points +6 act trivially, but for similar such loops around the points
+2 this only holds for the L-lines. The M-lines are pairwise permuted:

Mg & My_gfor k=1,2,3,8==.

The M-lines are obviously fixed on the double cover of P*(s) given by s =0 + 07!

(see the parametrization of these lines as given before). It follows that monodromy
on the sublattice M, has become trivial on this double cover. For the action on the
orthogonal complement this implies that monodromy takes place in the subgroup of
isometries of T = H 1L (12) inducing the identity on the discriminant lattice T*/T =
Z/12Z.

From the preceding remark we see that it is natural to make the substitution s =
—& — €51, The relation between the s-parameter and the new parameter is depicted
in Fig. 2.

The resulting threefold Z

L+ + o+ G+ 6+ G+ o+ 61 =0 (5)

we call the Fermi-threefold. A compactification Z of the Fermi-threefold in P® x P! x
P!xP!xP!xP! with coordinates ((w,uy, ug, to, v1,v2,v0), (81,%1), (82, t2), (83, t3), (50, %0))
is given by
SiUs = t,-w, t,‘U,' = 8w (t = 1,2, 3,0)
Uy + v+ U+ v +us+ vs + uo + vo = 0.

There is an isomorphism

Z\{w =0} — Z
L=v/w (:=1,2,3,0).
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Figure 2: Relation between s and &.

We call the projection onto the £y-axis
w0 : Z — PY(&) (6)
the Fermi-fibration. An immediate corollary is the following central result.

Theorem 2 For & ¢ 8 := {0,00,%1,3 % 2/2, -3 + 2¢/2} the fibres of the Fermi-
fibration are K8-surfaces. The Néron-Severt lattice of the generic fibre is isometric
to —~Ezl — Eg L H1(—12) and its transcendental lattice is 1sometric to T = H1(12).
The monodromy is trivial on the Néron-Severt lattice and on the transcendental lattice
takes place in the subgroup of isometries of T inducing the identsty on the diserimi-
nant lattice T* /T = Z/12Z.

]
Remark 3 The precise monodromy representaion is given in Theorem 6. The exact
meaning of “generic” is explained in Remark 7
3 The Picard-Fuchs equation

Consider, for [s| > 6, the integral

— (9rg)-3 §1165 ¢ dé A dE A ds
I(s) - (27”) /&l 1/&’:1 /lfa]=1 &+ E;l + & + &-';1 + &+ E;l s

By the Poincaré residue theorem one has

1 d& de
1) = @ni)* o e e A
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where T, is a 2-cycle on the surface X,. On the other hand one can expand I(s) as

a power series in the variable t = s71:

I(s) = = 3 ant™!

n=0
with
= (2m5)3 +E LG G EY”
@ = (2mi) fxexl=1j;eel=1/iesl=1(fl Grari+b+s)
So

&6 6

Gy =0
(2m)!
pHgtr=m (p!q!r!)Z

We shall construct a differential equation, of which I(s) is a solution, from a recur-
rence relation for the coefficients agp,.
First we note, setting k = m — p,

on= (W) S () 2 (6) = ()
w=5 () (%)

In [S-B, p.288] it is shown that these integers u,, satisfy the recurrence relation

Azm =

with

(m+ 1)2um+1 — (10m2 +10m + 3)um + 9miuy,-1 = 0.

2m+ 2

Multiplying this relation with 8(m+1) ( w1

) one obtains the following recurrence

relation for the integers a,,

(2m + 3 —1)%agpmiz — 8(5(2m + 1)? + 1)(2m + 1)agm+
+144(2m — 1+ 1)(2m — 1)(2m ~ 1 4 2)azm-2 =0

From this one immediately sees that the function I{t~!), given by the power series

had 1
=3 @™ for ft| < 5

m=0

is annihilated by the differential operator
(© —1)% - 8t2°0(50% + 1) + 144t*0(© +1)(0 + 2),

where © = td/dt. Setting s = t~! so that © = —sd/ds, a simple calculation shows
that I(s) satisfies the differential equation

[(s? — 4)(s* — 36)(d/ds)® + 63(s? — 20)(d/ds)? + (7s* — 48)(d/ds) +s] I =0
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We note that all other periods of the form w (see (2)) also satisfy this differential
equation. The argument is the same as that given in [B-P, p.46-47]. In fact the
differential operator as studied in loc. cit. is the same as the preceding one, up to
change of parameters as we shall state in a more precise form in Remark 4. So we
arrive at

Theorem 3 The Picard Fuchs equation for the periods of the form w(s) s given by
{(s® — 4)(s* — 36)(d/ds)® + 6s(s* — 20)(d/ds)® + (7s* — 48)(d/ds) + s}I =0
In particular, the periods of w(s) span the solution space.
O

In his proof of the irrationality of ¢(3) = ¥_{° n~% Apéry considered the recurrence
relation

(n + 1)%vp41 — (340 + 51n? + 27n + 5)v, + n®v,y =0,

of which one solution is given by

~=2() 04 g

(cf.[Po]). Apéry’s recurrence is equivalent with
(2n + 2)30p41 — (34(2n + 1)® +6(2n + 1))v, + (2n)%vp-1 =0
This form shows immediately that the generating power series

F(Z) — Z vnx2n+1

n20

is annihilated by the differential operator
L=(P~-1)®—-2*34P% +6P) + z*(P + 1),

where P = zd/dz. One now easily checks the following remarkable identity of
differential operators

i =(z—z7Y) P (z—=z!) - 32P%

The differential operator (z — z7!)"'z %[ is invariant under the involution z +» z™}
and is (the pull back of) an operator in the variable s = z + z7'. Indeed, from
the easy to prove identities d /ds = (z — z7!)"Y(zd/dz) and (zd/dz)  (z —z7') =
(s* — 4)(d/ds) + s, this operator becomes

((? — 4)(d/ds) + 5) (d/ds) (s —4)(d/ds) + s) — 32(d/ds) ((s* — 4)(d/ds) + s)(d/ds),
which by direct calculation is seen to be equal to

(s? — 4)(s? — 36)(d/ds)® + 6s(s? — 20)(d/ds)? + (7s* — 48)(d/ds) + s.

This is precisely the differential operator which we found to annihilate the period
integral I(s) (cf. Theorem 3}.
Combining the results of this section we arrive at the following geometric picture.
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Theorem 4 The Fermi-fibration (6) is a fibration into K$-surfaces. The Picard
Fuchs operator for the transcendental periods of the form w (see (2)) is

(&0 — &) (& d/do)® - (€0 — &51) — 32(&0 d/d&o)®,

For power series solutions

&-0) Z v €2n+l

n2>0
the differential equation 1s equivalent with Apéry’s recurrence relation on the v,.

Remark 4 In [B-P] Apéry’s recurrence is translated into a differential equation for
the generating power series G(u) := ¥ ,5ovn%" and it is shown that this is the
Picard-Fuchs equation for the transcendental periods of a family of K3-surfaces. We
have worked out the coordinate transformations relating the family of K3-surfaces
from [B-P] to the Fermi-fibration (6). It turned out that the fibered threefold in
[B-P] is the quotient of (1) by the involution (&, &1, &2, €3) < (—&o, —&1, — &2, —&3).
Since F(&) = £G(¢3) the Picard-Fuchs equation for G(u) from [B-P] lifts to the
Picard-Fuchs equation for F(&).

4 The monodromy representation

Theorem 2 tells us that the monodromy of the Picard-Fuchs equation in Theorem 4
takes place in the index 4 subgroup of isometries of the lattice T = H 1(12) inducing
the identity on the discriminant lattice. In this section we shall determine the exact
monodromy representation. We shall do this by representing ¢, as a modular function
and use it to pull back the variation of weight two Hodge structure on the smallest
irreducible local system containing the transcendental lattices of the Fermi-fibration
(6) to the upper half plane

H = {r € C|Imr > 0}.

To keep the notation simple we write ¢ instead of . First we recall Dedekind’s
n-function:

71(7) — emf/l? H(l Zﬂrn ,7TEH

n=l

and its basic functional equations (see [R], p.163)
n(r +1) = M) , n(=1/1) = V—irg(r) (8)
Now define

) = 7](7‘)17(67') é - en‘f - _e2n'rn6
&(r) (M%M@ﬂ) L ) (9)

From (8) one obtains the functional equations for £(r)

€ +1) =—¢lr), E(-1/60) = €0), E(o—3) =€) (10)
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Table 1:
T stabilizer £(r) ”vanishing cycles”

. 1 2
io00 (01) 0

1F12 6 )

+1/2 —24 1+12

+1+i/v6 6 ) ~3+2V2 (1,£1,-7)

+2/5+1/(5+/6) 30 +12

(

i/V/6 ( 36 {1) ) 3-2v2 (1,0, ~1)
( 7
(

28 ) 3+2v2 (—5,+2,5)

+3/5 + i/(5/6) ( f;g :1;18 ) —3-2v2| (5,43,-11)

Theorem 5 The space of solutions of the differential equalion

[(€ - €7)(€ d/de)* - (€ - €7") — 32(¢ d/d€)’] 9(¢) =0

has a basis of multiple valued functions on the §-line, which on the upper half plane
can be given as the triple {G(r),7G(7),72G(7)} of univalent functions, where G(7)
15 a cusp form of weight two for T'1(6,2) which satisfies G(—1/61) = —672G(r).

Proof: We use [Be, sections 1 and 2]. First one observes that any solution h(t)
of equation (A4) in [Be] yields a solution g(¢) := £h(¢?) of the above differential
equation (cf. Remark 4). The results of [Be] in combination with the argument
of [S-B, p. 296] now show that this differential equation has a basis of solutions
E(r)F(r),7€(r)F(r),7*¢(r)F(r), where F(r) is given in [Be, p.205]. From [loc. cit.
p.206] one may conclude that G(r) = £(r)F(r) has the desired properties . a

Remark 5 The space of cusp forms of weight two for I';1(2,6) has dimension one,
since the canonical morphism of modular curves
I‘1(6, 2)\H' — P1(6, 2)‘\H‘

is a double cover of P! branched in the four points 3 + 2¢/2, —3 £ v/2 and hence the
source is an elliptic curve. Since n(r)n(27)n(37)n(67) is easily seen to be a cusp form
of weight two for I';(6,2) with the same first Fourier expansion term as G(r), we
have identified G(r) as

G(r) = n(r)n(27)n(37)n(67).

We now take a basis {eo, e;,e;} of the lattice T with Gram matrix (

-0 O
O = O
N
O O -
S —

and we define :
w(r) := G(r)(eo + Te; — 67%e;).
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~-1+i/V6

|
| |
| -3/5+1/5V ~2/5+1/5V6 2/5+1/5V6 3/5+1/5V6 |
| |

lé (T)
8]

-1 -1/2

Figure 3
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To describe the transformation behaviour of {(r) we need the following subgroups of

Gl(2,Q):

T'i(6) = z Z € SL;Z |a=d=1mod 86, cEOmodﬁ},
r.(6,2) = : Z €T1(6)] ¢=6bmod 12 },
Iy(6)* = group generated by I';(6) and we, with we = ( —06 (1) ) )
I'y(6,2)* = group generated by I';(6,2) and ws.
Proposition 2
ar +b a b R
£(c1‘+d) = §(r) for ( ¢ d ) €T4(6,2)".
Proof: This follows from [R, p.163] and (10) . a

The group I'1(6,2)* acts by fractional linear transformations on the extended
upper half plane H* := HU QU {¢{o0}. A fundamental domain for this action is
shown in Fig. 3.

The function £(r) extends to a meromorphic function on H*. Its only zero in
the fundamental domain is at f00 and has order 1. Consequently, £(7) generates the
field of modular functions for the group I'4(6,2)* and induces an isomorphism of the
modular curve I'y(6,2)*\H* onto P1. Since w? acts trivially, the action on H* factors
through an effective action of

PT4(6,2)" :=T4(6,2)* /{(wd).

The points in the fundamental domain with a non-trivial stabiliser are listed in the
first column of Table 1. The second column gives a generator for this stabiliser
which is of infinite order for the first two entries and of order two for the remaining
ones. The third column gives the ¢{-images of these points; these values have been
determined up to sign in [Be2, Proposition 2.1}, while the signs are found upon using
(9) and (10). The last column will be explained below (cf. Remark 6). The group
PT4(6,2)" acts freely on

H° := H \ {PT(6,2)"-orbit of \/Lé U1+

and so £ induces an unramified covering

1 UE_{__LUg.{_._i_}
V6 5 56 5 56
¢:H° — P!\ {0,00,3 + 2v/2, -3 £ 2V/2} (11)

with covering group PI';(6,2)*. We pull back the Picard-Fuchs equation from The-
orem 4 and obtain a basis of solutions.
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The vector valued function w(r) is a global section of the vector bundle T ®z Ogo.
The trivial local system T on HP° carries a variation of Hodge structure of weight two
given by

T®z Opo D 7' D72
72 = line bundle spanned by w(r), (12)
o= (FHh
Introduce the three dimensional representation (using the basis {eo, e1,e;} for T)

7:T4(6,2)" — GUT)

o b d? 2¢cd  —c*/6
(c d) — bd ad+bc —ac/6 |-(—6)F ifad—bc=6%k¢cZ,

—667 —12ab  a?
and the groups

0°(T) = {isometries of T inducing the identity on the discriminant lattice of T'}
g11=1mod 12 and a3 = a3 mod 12

oNT) = { (aij) € O°(T) or }
213 =1mod 12 and a;; = ass mod 12

Note that O%(T), resp. O'(T) has index 4, resp. 16 in the group of all isometries of
T.

Proposition 3 We have for ( Z' 3 ) €T, (6,2):

N 1 A L

er+d

The map j tnduces an $somorphism
7: PTy(6,2)" = O'(T).

The action of T'1(6,2)* on the variation of Hodge structure (12) induces one on
the quotient local system over P1\ {0,00,3 & 2v/2,—3 £ 24/2} (cf. (11)) and the
monodromy group of this variation ts the group O'(T).

Proof: The first assertion follows directly from the the transformation properties
of the form G(r) : it is modular with respect to I'(6,2) and G(—1/67) = —67%G(7).
One checks injectivity of 7 directly. Surjectivity can be seen in the following way.
After multiplying with j(we) if necessary we may assume

an = 1mod 12,
a3 = ag; mod 12
2ay1a031 + 12&%1 = 0

2a13a33 + 12a§3 = 0

ajlass + ajzas; + 12aza23 = 1
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The only integral solutions of these equations are

— g2 2 _ 2 — _ a2
ay = d*,a33 = a*, ag; = —6b%,a;3 = —c*/6
ag = bd, azz = —a.c/6

( ‘: g ) € I'1(6,2).

The remaining equations for the a;; then yield

with

a1 = 2Cd, agg = —12ab, Q9o = ad + be.
The last assertion is obvious . 0

This proposition translates now immediately into the geometric setting of the Fermi-
fibration (6), which is our main result.

Theorem 6 For the Fermi-fibration (cf (6))
mo:Z \7mg'S — P\ S

where
S :={0,00,+1,3 + 2v/2, -3 + 2¢/2}.
the form (cf. (2))
1 d&, dG,
w{bo) = ——= A
R
gives a variation of weight two Hodge structures on the irreducible subsystem of
R*(mo)4Z whose fibres contain the transcendental lattices. The function

€ = ( n(r)n(67) )“

n(27)n(37)

pulls back this variation to the the variation (12) restricted to

H\ {PT(6,2)*-orbit of —+\f8 Ui +\/~8 f u1+\,—

Ui+ Vi +i)
The monodromy group of this variation s PT'((6,2)* = O*(T) (see Proposition 8). A
triple of multivalued functions forming a basis for the solutions of the Picard-Fuchs
equation

[(é0 — €57) (&0 d/dé0)® - (€0 ~ &) — 32(60 d/d&0)*] 9(&o) = O

associated to this variation lifts to the univalent triple { G(7),7G(r),7*G(r) } on the
upper half plane, where G(r) = n(r)n(27)n(37)n(67).
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Remark 6 The monodromy group is generated by the j-images of the matrices
given in Table 1. The corresponding elements in the monodromy group, which have
finite order can be viewed as Picard Lefschetz transformations in certain vanishing
cycles, i.e. reflections of the form z ++ z + (z, e)e, where e is the element of norm -2
given in the last column of Table 1. A set of generators for the fundamental group
of P\ {0,00,+3 =+ 21/2} is depicted in Fig. 3: the arcs in the upper half plane give
the closed arcs in the punctured projective plane. Here we use the identifications of
the boundary arcs connected by each of the dashed arcs given by the matrices (from
top to bottom)

1 -2 6 —5 7 —4 -5 2 ..
0 1/’ \-6 6 -12 7/’ \ 12 -5 6

Remark 7 It follows from section 2 that the Picard Number (= the rank of the
Néron- Severi lattice) of a K3-surface in the Fermi-fibration is 19 or 20. For the fibre
over &o(r) this rank is 20 if and only if there exists a vector peg + ge; +rep in T which
is perpendicular to w(r) i.e. if and only if —6pr? + 12¢r + r = 0. Thus one sees that
this fibre is a K3-surface with Picard number 20 if and only if r satisfies a quadratic
equation over Q. So in Theorem 2 the generic fibres are those over &(r) with 7 not
in an imaginary quadratic number field. Notice also that by this argument every
vector in T with negative norm 12¢? + 2pr becomes an algebraic cycle in some fibre.

Remark 8 The monodromy of the original family of Fermi-surfaces over P*(s) is
obtained from the monodromy of the Fermi-fibration by adding w, = ( ?5 :; ) to
the generators of PT;(6,2)*. This follows directly from (10).
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