Computational Methods for Large Eigenvalue Problems

Henk A. van der Vorst

Mathematical Institute Utrecht University Utrecht, The Netherlands

Contents

Chapter I. Introduction 4

1. Background and scope 4 2. The history of eigenvalue algorithms 7 3. Layout of this article 14

Chapter II. Basic Theory 18

4. Canonical forms 18 5. Perturbation results 22

Chapter III. Jacobi’s Method 29

6. The algorithm 29 7. Modern time developments 32

Chapter IV. Methods for the Complete Eigenproblem 34

8. The Power method 34 9. Simultaneous iteration 37 10. The QR method 38 11. Efficient implementation of QR 42 12. Generalized problems: the QZ method 45 13. Divide-and-Conquer 49

Chapter V. Krylov Subspaces 53

14. Construction of a basis 53 15. The Ritz values and Ritz vectors 56 16. Ritz values and harmonic Ritz values 57 17. Refined eigenvector approximations 58 18. Block Krylov methods 59

Chapter VI. The Lanczos method 62

19. Reduction to tridiagonal form 62 20. The Ritz values and Ritz vectors 63 21. The polynomial characterization 64 22. Upper bounds 70 23. A generalized Lanczos scheme 75 24. Lanczos in finite precision 77 25. Alternative approximations 78 26. Accuracy of harmonic Ritz values 85 27. Refined eigenvector approximations 86

Chapter VII. Arnoldi’s Method 90

28. The computation of eigenpairs 90 29. Numerical examples 91

30. Shift-and-invert 97 31. Implicitly Restarted Arnoldi 98 32. Harmonic Ritz values for Arnoldi’s process 103 33. Numerical examples 105

Chapter VIII. The Two-sided Lanczos Method 109

34. The Petrov-Galerkin approach: Bi-Lanczos 109 35. Numerical example 115 36. Harmonic Petrov values for Bi-Lanczos 117 37. Breakdown and Look-ahead 120

Chapter IX. Jacobi-Davidson Methods 125

38. Davidson’s method 125 39. Numerical example 127 40. Davidson’s method and preconditioning 129 41. The methods of Jacobi 131 42. The Jacobi-Davidson iteration method 133 43. The iterative solution of the correction equation 136 44. A numerical example 138 45. A simple Jacobi-Davidson Algorithm 140 46. Restart and deflation strategies 143 47. Preconditioning 147 48. A complete algorithm 148 49. Harmonic Ritz values 152

Chapter X. Generalized Eigenproblems 154

50. Preliminary remarks 154 51. Reduction to standard form 155 52. Rational Krylov methods 158 53. The Jacobi-Davidson QZ method 161 54. An example of a generalized eigenproblem 166

Chapter XI. Polynomial and Constrained Eigenproblems 170

55. Introduction 170 56. Quadratic eigenproblems 171 57. Higher order polynomial eigenproblems 174 58. Constrained eigenproblems 178

Chapter XII. Related Issues 180

59. Sensitivity of eigenproblems 180 60. Homotopy problems 182 61. Implementation aspects 184

Index 187 References 191