A simple proof of the exponential convergence of the modified Jacobi-Perron algorithm

Ronald Meester

Abstract It has recently been shown in Ito et al. (1993) that the modified Jacobi-Perron algorithm is strongly convergent (in the sense of Brentjes 1981) almost everywhere with exponential rate. Their proof relies on very complicated computations. In this paper we will show that the original paper of Podsypanin (1977) on the modified Jacobi- Perron algorithm almost contains a proof of this convergence with exponential rate. The only ingredients missing in that paper are some ergodic-theoretical facts about the transformation generating the approximations. This leads to a very simple proof of the beforementioned exponential convergence in the modified Jacobi-Perron algorithm.

Mathematics Subject Classification: 11J70, 11K50, 28D05.

1 Background of the problem

The archetypal example of a multi-dimensional generalisation of the regular continued fraction expansion is the Jacobi-Perron algorithm (JPA), see Bernstein (1971), Brentjes (1981) and Schweiger (1973). This algorithm produces, for almost all points (x, y) in the unit square, a sequence (^{pn}_{qn} ,^{rn}_{qn} ) of rational vectors with the same denominator such that p_n q_n → x, and r_n q_n → y, (1) for n → ∞.

In Podsypanin (1977) a modification of this algorithm was introduced which is referred to as the modified Jacobi-Perron algorithm (MJPA). Podsypanin showed that this algorithm also produces a sequence of rational vectors with the convergence properties in (1). For a general account on convergence in this type of algorithms, see Kraaikamp and Meester (1997). We begin this paper with a description of the MJPA.

Let E be the unit square and define the subsets E_0 = E ∩ {(x, y); x ≥ y, x > 0} and E_1 = E ∩ {(x, y); x < y}. For (x, y) ∈ E we define the map T : E → E by

T (x, y) = (^y_x , {^1_x}), if (x, y) ∈ E_0, ({^1_y },^x_y ), if (x, y) ∈ E_1, (0, 0), if x = y = 0, where {·} denotes fractional part. We write (x_n, y_n) = T^n(x, y), n ≥ 0, and define two sequences of digits (a_n)_n and (ε_n)_n by

(a_n, ε_n) =

([^1_{xn}�_1 ], 0), if (x_{n−1}, y_{n−1}) ∈ E_0, ([^1_{yn}�_1 ], 1), if (x_{n−1}, y_{n−1}) ∈ E_1, where [·] denotes integer part. Podsypanin shows that 1 x y = θ_n n∏ k=1 a_k ε_k 1 − ε_k 1 − ε_k 0 ε_k ε_k 1 − ε_k 0

1 x_n y_n (2) where θ_n = n−1∏ k=0 max(x_k, y_k) ∈ [0, 1].

For n ≥ 1, the matrix product n∏ k=1 a_k ε_k 1 − ε_k 1 − ε_k 0 ε_k ε_k 1 − ε_k 0 is denoted by B^{(n)} = B^{(n)}(x, y) and written as

B^{(n)} = q_n q^′_n q^{′′}_n p_n p^′_n p^{′′}_n r_n r^′_n r^{′′}_n . (3)

Note that q_n = q_n(x, y) and similarly for the other quantities. For future use we define in addition (q_{−2}, p_{−2}, r_{−2}) = (0, 0, 1), (q_{−1}, p_{−1}, r_{−1}) = (0, 1, 0), (q_0, p_0, r_0) = (1, 0, 0) and ε_0 = ε_{−1} = 1.

Among other things, Podsypanin showed that if (x, y) ∈ E and at least one of x and y is irrational, then lim_{n→∞} p_n q_n = x, lim_{n→∞} r_n q_n = y. (4)

In Ito, Keane and Ohtsuki (1993), the following result concerning the speed of the approximations in (4) was given. See also the corrected version of their proof in Fujita et al. (1996):

Theorem 1 For the MJPA there exists a constant δ > 0 such that for almost every pair of numbers (x, y) in the unit square there exists n_0 = n_0(x, y) such that for any n ≥ n_0, | | |x − p_n q_n | | | < 1 q^{1+δ}_n , | | |y − r_n q_n | | | < 1 q^{1+δ}_n , where the integers p_n, r_n and q_n are as in (3).

The proof of Theorem 1 in Ito, Keane and Ohtsuki (1993) requires the explicit density of the invariant measure associated with T . (This density was given by Schweiger (1978)) The computations in their proof are very involved and complicated. Schweiger (1996) introduced a completely different approach to the problem; he was able to prove the analogue of Theorem 1 for the JPA. This is remarkable, since the invariant measure for the transformation generating the JPA is not known explicitly. In fact, Schweiger pointed out that the classical paper of Paley and Ursell (1930) already essentially contains a proof of the theorem; the only ingredient which was not available to Paley and Ursell was the ergodic theorem and some ergodic theory of multidimensional continued fractions.

In this paper, we will show that the original paper of Podsypanin on the MJPA contains all the ingredients for a proof of Theorem 1. The only additional ingredient will be some ergodic theory. The method used is similar in spirit to the method in Schweiger (1996), although the important estimates are based on completely different quantities. The next section reviews well known facts about the MJPA. The new proof of Theorem 1 is given in the last section. As in Ito et al. (1993), this new proof also in fact leads to a value for δ in the statement of Theorem 1.

I would like to thank Cor Kraaikamp for stimulating discussions, and Fritz Schweiger for explaining his result on the JPA.

2 Ingredients

In this section we collect some classical facts about the MJPA.

Lemma 1 (Schweiger (1978, 1991)) The transformation T admits an invariant probability measure μ on E such that (E, T, μ) is ergodic. The measure μ is absolutely continuous with respect to Lebesgue measure. Corollary 1 (see also Ito et. al (1993)) For μ almost all (x, y) ∈ E we have lim_{n→∞} 1 n log q_n = − ∫ E log θ(x, y)dμ(x, y), where θ(x, y) = max{x, y}. Proof From (2) we have 1 = θ_n(q_n + x_nq^′_n + y_nq^{′′}_n), and hence 0 = 1 n log θ_n + 1 n log q_n + 1 n log(1 + x_n q^′_n q_n + y_n q^{′′}_n q_n ). Since q_n ≥ q^′_n and q_n ≥ q^{′′}_n, the last term tends to zero and we find lim_{n→∞} 1 n log q_n = − lim_{n→∞} 1 n log θ_n = − ∫ E log θdμ, where the last equality is just the ergodic theorem. 2 We write v_n, v^′_n and v^{′′}_n for the columns of B^{(n)}. Furthermore, define j(n) = max{m < n ; ε_n ≠ ε_{n−1} ≠ · · · ≠ ε_{m+2} = ε_{m+1}}.

In words, j(n) is found by looking backwards from time n: j(n) is the first time after we have seen two equal consecutive ε_k’s. So for instance, if ε_n = ε_{n−1}, then j(n) = n − 2, which is the maximal value j(n) can obtain. Lemma 2 (Podsypanin (1977)) If ε_n = 1 then v^′_n = v_{n−1} and v^{′′}_n = v_{j(n)}; if ε_n = 0 then v^′_n = v_{j(n)} and v^{′′}_n = v_{n−1}.

Proof This follows from straightforward inspection of the algorithm. 2 Remark The fact that the relations in Lemma 2 involve indices arbitrarily far back from n is one of the main differences between the JPA and the MJPA. In the JPA, the analogue of j(n) is always equal to n − 2.

Next we define Δ_n = xq_n − p_n, Δ^′_n = xq^′_n − p^′_n, Δ^{′′}_n = xq^{′′}_n − p^{′′}_n.

Lemma 3 (Podsypanin (1977)) (i) For all n ≥ 1 we have |Δ_{n+1}| ≤ max{|Δ_n|, |Δ^′_n|, |Δ^{′′}_n|} = max{|Δ_n|, |Δ_{n−1}|, |Δ_{j(n)}|}.

(ii) If ε_{n+1} = 1 then Δ_{n+1} = −x_{n+1}Δ_n − y_{n+1}Δ^′_n; If ε_{n+1} = 0 then Δ_{n+1} = −y_{n+1}Δ_n − x_{n+1}Δ^{′′}_n. We therefore always have

|Δ_{n+1}| ≤ (x_{n+1} + y_{n+1}) max{|Δ_n|, |Δ^′_n|, |Δ^{′′}_n|} = (x_{n+1} + y_{n+1}) max{|Δ_n|, |Δ_{n−1}|, |Δ_{j(n)}|}.

Proof (i) The inequality is Lemma 6 in Podsypanin (1977) and the equality follows from Lemma 2. (ii) The inequality is obtained in the course of the proof of Lemma 6 in Podsypanin (1977) and the equality is again Lemma

2. 2

3 A simple proof of Theorem 1

We only prove the first inequality, the second is proved similarly. From the definitions we have, for all n, | | | |x − p_n q_n | | | | = |Δ_n| q_n . (5)

It follows from Corollary 1 that for some R > 1 we have

q_n ≤ R^n. (6)

Suppose now that we can show that |Δ_n| goes down exponentially fast, i.e. suppose we can show |Δ_n| ≤ r^n (7) for some 0 < r < 1. We can then choose δ > 0 so small that r < R^{−δ}. It then follows, using (6), that |Δ_n| ≤ r^n ≤ ( 1 R^n )δ ≤ q^{−δ}_n . Hence the right hand side of (5) is bounded above by q^{−(1+δ)}_n and the proof is complete.

It remains to prove (7), and this is where Lemma 3 comes in. Exponential decay is not immediate from this lemma, although it is not hard to believe that it is not too far off either. The problem lies in the fact that we have no a priori control over j(n) (and as mentioned before, this problem does not arise in the JPA). To deal with this problem, we will create ‘blocks’ of consecutive ε_k’s equal to 1, which will force the j(n)’s to be not too far away from n. Let F = E_1 ∩ {(x, y); x + y ≤ 1} and A = (_2 ⋂ i=0 T^{−i}E_0 ) ∩ (_5 ⋂ i=3 T^{−i}F ) . It is not hard to check that μ(A) > 0. Define the function f by f(x, y) = max{(x_3 + y_3), (x_4 + y_4), (x_5 + y_5)}, where (x_n, y_n) = T^n(x, y) as before. Let n_0 = n_0(x, y) = min{n ≥ 0; T^n(x, y) ∈ A}, and for k ≥ 1, n_k = n_k(x, y) = min{n > n_{k−1}; T^n(x, y) ∈ A}. Note that n_0(x, y) = 0 for (x, y) ∈ A. Also, by construction we have n_{k+1} ≥ n_k + 6 which makes the recursion in the next lemma simple to state and to prove. Finally, let M_k = M_k(x, y) = max{|Δ_{nk} |, |Δ_{nk+1}|, |Δ_{nk+2}|}.

Lemma 4 For all n_k + 3 ≤ n ≤ n_{k+1} + 2 we have |Δ_n| ≤ f(T^{nk} )M_k. In particular, we have M_{k+1} ≤ f(T^{nk} )M_k. (8)

Proof Since T^{nk} (x, y) ∈ A, we have that ε_{nk +1} = ε_{nk+2} = 0 and hence j(n_k + 2) = n_k. Therefore it follows from Lemma 3(ii) that |Δ_{nk+3}| ≤ (x_{nk+3} + y_{nk+3}) max{|Δ_{nk} |, |Δ_{nk+1}|, |Δ_{nk+2}|}.

For n_k + 4 we obtain in a similar fashion, |Δ_{nk+4}| ≤ (x_{nk+4} + y_{nk +4}) max{|Δ_{nk+1}|, |Δ_{nk+2}|, |Δ_{nk+3}|} ≤ (x_{nk+4} + y_{nk +4}) max{|Δ_{nk+1}|, |Δ_{nk+2}|, max{|Δ_{nk} |, |Δ_{nk+1}|, |Δ_{nk+2}|}} = (x_{nk+4} + y_{nk +4}) max{|Δ_{nk} |, |Δ_{nk+1}|, |Δ_{nk+2}|}, and similarly for n_k + 5.

For the indices n_k + 6 ≤ n ≤ n_{k+1} + 2 we use induction: Suppose that for all n_k + 3 ≤ i ≤ n we have |Δ_i| ≤ f(T^{nk} )M_k. Since by construction j(n) ≥ n_k + 3 for all these values of n, it follows from Lemma 3(i) that also |Δ_{n+1}| ≤ f(T^{nk} )M_k. 2 Define on A the induced transformation T_A by T_A = T^{n1} and more generally, T^k_A = T^{nk} . Since (E, T, μ) is ergodic, so is the system (A, T_A, μ(·)/μ(A)). From (8) we find, writing g = T^{n0} , 1 k log M_{k+1} ≤ 1 k k∑ i=0 log f(T^{ni} ) + 1 k log M_0

= 1 k k∑ i=1 log f(T^{ni} ) + 1 k log M_0 + 1 k log(f ∘ g)

= 1 k k∑ i=1 log f(T^{ni−n0} ∘ g) + 1 k log M_0 + 1 k log(f ∘ g)

= 1 k k∑ i=1 log f(T^i_A ∘ g) + 1 k log M_0 + 1 k log(f ∘ g).

Since g cannot map a set of positive μ measure onto a set of μ measure zero, the point g(x, y) is generic for μ almost all (x, y) ∈ E. Therefore the ergodic theorem (applied to T_A) tells us that for almost all (x, y) ∈ E, this last expression converges for k → ∞ to μ(A)^{−1} ∫ A log fdμ, which is strictly negative since f(x, y) ≤ 1 on A. It follows that M_k goes down exponentially fast almost surely. From Lemma 4 we see that for all n ≥ n_k + 3, |Δ_n| ≤ M_k. Finally, n_k/k converges almost surely to μ(A)^{−1} as n → ∞ by the ergodic theorem (applied to T ). Therefore, |Δ_n| itself also goes down exponentially fast, and the proof is complete.

In fact, we even get an explicit bound on the rate at which |Δ_n| tends to zero: Since M_k goes down at least as fast as exp{kμ(A)^{−1} ∫ A log fdμ}, |Δ_n| goes down at least as fast as exp{n ∫ A log fdμ}. Since the behaviour of q_n on the exponential scale is known exactly (see Corollary 1), this leads to a value for δ in the statement of Theorem 1. 2

References

[1] Bernstein, L. (1971) The Jacobi-Perron Algorithm. Its Theory and Application, Springer Lecture Notes 207, New York, Springer.

[2] Brentjes, A.J. (1981) Multi-dimensional Continued Fraction Algorithms, Math. Centre, Amsterdam.

[3] Fujita, T., Ito, S., Keane, M. and Ohtsuki, M. (1986) On almost everywhere exponential convergence of the modified Jacobi-Perron algorithm: a corrected proof, Ergodic Th. and Dyn. Sys. 16, no. 6, 1345-1352.

[4] Ito, S., Keane M.S. and Ohtsuki, M. (1993) Almost everywhere exponential convergence of the modified Jacobi-Perron algorithm, Ergodic Th. and Dyn. Sys. 13, 319-334.

[5] Kraaikamp, C. and Meester, R. (1997) Convergence of continued fraction type algorithms and generators, to appear in Monatshefte für Mathematik.

[6] Paley, R.E.A.C. and Ursell, U.B. (193) Continued fractions in several dimensions, Proc. Camb. Phil. Soc. 26, 127 - 144.

[7] Podsypanin, E.V. (1977) A generalization of the algorithm for continued fractions related to the algorithm of Viggo Brunn, Studies in Number Theory (LOMI), 4. Zap. Naucn. Sem. Leningrad Otdel. Mat. Inst. Steklov 67, 184-194.

English translation: Journal of Soviet Math. 16, 885-893 (1981).

[8] Schweiger, F. (1973) The metrical theory of the Jacobi-Perron algorithm, Springer Lecture Notes 334, New York, Springer.

[9] Schweiger, F. (1978) A modified Jacobi-Perron algorithm with explicitly given invariant measure, Springer Lecture Notes 729, New York, Springer.

[10] Schweiger, F. (1991) Invariant measures for maps of continued fraction type, Journal of Number Theory 39, 162-174.

[11] Schweiger, F. (1996) The exponent of convergence for the 2-dimensional Jacobi-Perron algorithm, Proceedings of the Conference on Analytic and Elementary Number Theory (ed. by W.G. Nowak and J. Schoissengeier) Vienna, 207-213.

University of Utrecht, Dept. of Mathematics, P.O. Box 80.010, 3508 TA Utrecht, The Netherlands, meester@math.ruu.nl.