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Abstract

We consider the problem of recovering smooth functions from noisy data, using
the sup-norm as the quality criterion. Starting with a natural projection estimator,
we show a data-driven procedure to be adaptive asymptotically minimax.

1 Introduction

In this paper we study the problem of recovering an unknown function f(¢), ¢t € [0, 1],
from noisy data

dY (1) = f(1)dt + odb(1), (1)

where b(t) is a standard Wiener process. As the quality criterion of an estimator we will
use the sup-norm
gllee = sup [g(1)].
tefo,1]

The optimality of an estimator can be assessed in several ways. Three main ap-
proaches have greatly influenced the development of modern theoretical statistics. With
the minimax approach, one assumes that the unknown function f(Z) belongs to a given
functional class F and that the performance of an estimator f(¢,Y) is characterized by
its maximum risk

where ||-|| is a norm. The goal is to evaluate the minimax risk R(F) = inijR(f, F) and
to construct an estimator f*(¢,Y) that approaches this quantity. Usually one tries to
find the so-called asymptotically minimax estimator f* such that
R *
lim M = 1.
o—0 R(F)
The solutions are known for a selection of functional classes F. Pinsker (1980) solved

the problem using Lj-losses and ellipsoidal restrictions. In the case of the Holder classes



F = H(p, L), the solution for the sup-norm was obtained by Korostelev (1993) and
Donoho (1994) who demonstrated that an asymptotically minimax estimator f* can be
found among the kernel smoothers. Another exampleis the class F = A(r, L) of functions
analytic inside the strip around the real axis in the complex plain of size 27 (Golubev,
Tsybakov and Levit (1996)). The asymptotically minimax estimator was again a (spatial)
kernel smoother which at the same time could be viewed as a projection estimator in the
frequency domain.

In general, the asymptotically minimax estimators depend on the functional classes F
at hand. Thus in the case of the Holder classes both the optimal bandwidth and the shape
of the optimal kernel depend on the parameters (3, L). In the case of analytic functions
the asymptotically minimax estimator depends on the parameter 7. Since in practice
precise information about the functional classes F is hardly ever available, applications
of the “purely” minimax approach are very restricted.

To overcome this difficulty, a popular model selection approach is often used, associ-
ated with so-called “oracles”. In contrast to the minimax approach, where the functional
class is assumed to be given and no restrictions are imposed on the family of estima-
tors, now the class of estimators, say € = {fi(z,Y),h € H}, is chosen beforehand. For
example, & may be the family of kernel estimators

x—1

fule, V) = %/01 K< - ) v (1),

where the bandwidth parameter h describes the family. The objective is to choose the
“best” estimator within the family £, which is of the same quality as the “oracle estima-
tor” that achieves inffeg Efo— fl|. Substantial progress in this area has been achieved
recently in the case of the Ly-losses, following the pioneering papers by Akaike (1973)
and Mallows (1973). For the state of the art in this area see Nemirovskii (1998) and
Barron, Birgé and Massart (1999).

The third approach can be seen as intermediate between the model selection and the
minimax approach. It is often called the adaptive or functional scale approach. Here we
are dealing with an appropriate family of functional classes F,, a € ¥. We will call an

estimator f* adaptive asymptotically minimaz if for any a € ¥

hm R(f*,f;;)

= 1.
o—0 B(Fa)

The adaptive approach has an obvious advantage over the minimax approach: the adap-
tive minimax estimator no longer depends on a particular functional class F,.

It is perhaps natural that in constructing such estimators, one concentrates first of all
on the functional scales for which the exact asymptotics of the minimax risk R(F,) are
known. Even for such scales, finding the adaptive asymptotically minimax estimators
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may be quite challenging. Efroimovich and Pinsker (1984) obtained such estimators
using Ly-losses and Sobolev classes. A different approach to this problem was proposed
by Golubev and Nussbaum (1990). A typical trait of such models is that the loss function
Hf — f]| has an asymptotically degenerate distribution.

However, adaptive minimax estimators do not always exist. For instance, they do not
exist when the unknown function belongs to the Hélder scale H(3, L), 5 € (0,1), L > 0,
and the sup-norm losses are used (Lepski (1992)). This can be explained intuitively from
the fact that for any given (3, L) both the kernel and the bandwidth of the asymptotically
minimax estimator are derived from a strict balance between the bias and the variance
(Korostelev (1993), Donoho (1997)). One therefore has little freedom in constructing
such estimators, so an asymptotically minimax estimator for one Holder class cannot at
the same time be optimal for any other Holder class.

In situations where the adaptive asymptotically minimax estimators do not exist,
one can study both the optimal rates of convergence and the exact asymptotics of the
best adaptive estimators. A great deal of work has been done on establishing the optimal
rates of convergence of adaptive estimators (Lepski (1991)). In some cases asymptotically
optimal adaptive estimators have been found, even in situations where explicit minimax
estimators are still not known (see for instance Lepski and Spokoiny (1997), Tsybakov
(1998)). Optimal adaptive pointwise estimators for analytic functions have been studied
by Lepski and Levit (1998, 1999). A particular feature of the functional classes studied
in the last two papers is that in the case of known functional classes the asymptotically
minimax estimators were asymptotically unbiased.

The problem studied in the present paper bears both the hallmarks of the functional
scales for which adaptive minimax estimators have been constructed so far. The variance
of the estimators we are studying dominates their bias and in addition the sup-norm losses
Hf — f]le exhibit degenerate asymptotic behavior.

Our functional scales will be introduced in terms of the Fourier coefficients, with re-
gard to orthonormal bases in Ly(0, 1) that possess some additional properties. Examples
of such functional scales include harmonic polynomials and periodic analytic functions.
The goal of the present paper is to construct adaptive asymptotically minimax estimators
for the scales of such functional classes, with respect to the sup-norm. To achieve this
objective we start with the projection-type estimators. By obvious analogy with band
limitation, we will refer to the number of terms in a projection estimator as its bandwidth.

2 Main results

In this paper we study projection estimators with data-driven bandwidths. To specify
such estimators one needs, first of all, a basis. Let ¢i(z) be an orthonormal basis in the



Hilbert space Ly(0, 1) equipped with the inner product

<> = [ 1) dr

Any function f € Ly(0,1) can then be expanded into the Fourier series

o0

Ft) = 3" <[, 06> @i(t).
k=0
A natural way to recover an unknown function f(¢) from the noisy data (1) is to use the
projection estimator

]?W(tv Y) = E <Y7 S‘ok>99k(t)7 (2)

k=1
where

<Vopio= [ o) av ().

The number W of terms in (2) will be called the bandwidth of the projection estimator.
Wy _ |_VV2J
=2

If W is a non-integer, we will adopt the following convention: >"y?

Since the performance of fW(t, Y) strongly depends on W, choosing the bandwidth
is one of the primary statistical problems. A projection estimator can easily be split into
the stochastic or variance term and the non-random part or bias. Accordingly, the risk

of fw(t, Y) is controlled by

EHfW f”oo < ok sup Efk%‘ok —I_ sup Z <f7 S‘Qk>9‘9k(t) ’ (3)
t€[0,1] 1 p—q t€[01] 1 p—w 41

where & are i.i.d. standard normal A (0,1).

To evaluate the variance term, we will impose some additional conditions on the basis
k(). First, we will assume that the functions ¢i(z) are bounded uniformly in & and
T SUP,epoqx [Pk(z)| < co. In addition, some properties of @x(t) will be formulated in
terms of the ‘incomplete reproducing kernel’

KN — Y ol r.t,s € 1[0,1].
le[rN,N]

We will assume that for any r € [0,1] and N — oo the kernel KN (¢, s) satisfies the
following conditions:

e for any v > 0 uniformly in ¢t € [N7'*7, 1 — N=117]

KNt t)=1—r+o(1); (4)
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e for any v > 0 and some positive constant C' uniformly in ¢,s € [N7!*7 1 — N71+7]

C

KN ()| < N =) (5)
o uniformly in s € [0, 1] i

e o) )
o uniformly in s € [0, 1] .

81‘8;7(;’5) _=omn (7)

Later on we will need the following result, which can be derived e.g. from Cramér

and Leadbetter (1967), Ch.13.5, p.294 or Lifshits (1995), Ch. 14, p. 203,

Lemma 1 Let the assumptions (/-6) be satisfied and &y, be i.i.d. N(0,1). Then there
exists a constant C' such that all N and r € [0,1)

sup

P{mte[m] g: fkgok(t)‘ > ;L’} < CON(1 —r)exp(—22/2).

k=Nr

Let D(z) = /2zlog x. Using the lemma, the variance term of the projection estimator
can be bounded by

E sup
te[0,1]

> Gupn(t)| < (1+o(1)DOW), W = o, Q

k=1

In order to control the bias, we assume that the unknown function f(z) belongs to
the scale of functional classes

o0

S [<f] < op(W)DN)]. (9

fW:{f:

Here p(z) — 0 as @ — oo is an arbitrary fixed function, which however is typically
unknown to the statistician. The parameter W, also unknown, effectively determines the
dimensionality of the statistical problem. One of the typical features of non-parametric
problems is increasing dimensionality. Therefore we will assume that W > W ;, for some
W inin — 00.
Now, by using (3), (8) and (9) the risk of the estimator fw(t, Y), is bounded, uniformly
over Fw, by R
fse%-P Ellfw — flle < (1 +0(1))c D(W), Wiin — 0. (10)
w



It is not difficult to show (cf. section 5) that the projection estimator (2) is asymptotically
minimax with respect to the corresponding class Fy, i.e.

inf sup E|[f = flloo = (14 0(1))0D(W), Wiin — o0, (11)
f feEFw

where inf is taken over all possible estimators.

Remark 1. Many different orthonormal systems satisfy the above conditions (4) —
(7). In a sense, they are all close to the classical trigonometric bases, for which these
conditions can be verified by simple algebra. One such system that is often used consists
of the eigenfunctions of the following boundary value problem (see e.g. Dunford and

Schwartz (1971), Sect. XI1X.4)

2m

(=1)" —amen(t) = Arepx(t) = 0,
e (0) = (1), T=m, ... 2m—1.

In particular, one obtains for m = 1 the well-known cosine basis @o(t) = 1, @p(t) =
V2 cos(mkt).

Remark 2. At first sight, our definition of the functional classes Fw may seem some-
what artificial. To shed some additional light on this definition, consider the following
two examples. Assume first that p(z) = 0. In this case Fw is the linear space spanned
by functions {go(t),...,ew(t)}. For a less trivial example, assume that f € A(r, L),
where

A(r, L) = {f : i <[, pr>%exp(27k) < LQ},
k=0

and @ (?) is the ordinary trigonometric basis. By the Cauchy-Schwartz inequality

Z |<f,or>| < Lexp(—tW)(1 — exp(—ZT))_1/2
k=W
and, therefore, A(7, L) C Fw, with W = 7='log(L/c) and
p(W) = DTH(W)(1 — exp(—27))"/%,

Note that our assumption W > Wy, is then equivalent to the following a priori re-
strictions 7 < Tmax, L 2 Lmin, With some 7. < oo and Ly, > 0. In this case
Wnin = Tt 10g(Limin/0) — oo when o — 0.

The above-mentioned optimality property of the estimator fW referred to the situation
where the classes Fy were known. We now turn to the situation where W is unknown
except for W > Wi, Our adaptive estimator in this case will be constructed as follows.
Let

WE = Wmin(l + 5)k, k= 0, ceny log(Wmm)
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be an exponential grid, where 6 > 0 is a sufficiently small number. Consider the family
of projection estimators

o~ wk .
fu}k (t7 Y) - Z <Y7 S«Ql>§9[(t), k == 0, ceey log(Wmin).

(=0

Our goal is to select the “best” estimator within this family. To achieve this objective we
use the method proposed by Lepski (1991), which consists of comparing the differences
wak fleoo When [ € Fw and w; > wr > W, both the biases of fwk and fwl will be
much smaller than o D(w; — wy) (cf. (9)). Therefore by Lemma 1 the random variables
wak — fleOO with a high probability do not exceed (1 + 6)o D(w; — wy). We therefore

arrive at the following “estimator” of W
W = min {wy : || fu, = furlloo < (14 6)oD(wy — wy) for all 1> k}.
The adaptive estimator is then simply
FY) = gt Y).

The main difficulty in analyzing this estimator is connected with evaluating part of
its risk corresponding to the event W < W. This difficulty is caused by, first, the use of
the sup-norm and, second, the need to demonstrate that no extra losses are involved in
having to estimate the unknown bandwidth W or, in other words, that one doesn’t have
to pay a price for the adaptation. The following theorem represents the main result of
the paper.

Theorem 1 For any Co > 1 uniformly in W € [Wiin, CoWmin] and o as Wipin — o0
R(f*, Fw)/leD(W)] <1+ 0(6).

Since ¢ is arbitrary and can be chosen slowly converging to zero as Wi,in — 00, one can
conclude that, according to (11), the estimator f* is adaptive asymptotically minimax.
Note that this estimator does not depend on the constant (g appearing in the Theorem.

3 Auxiliary results

The following result will play a key role in the proof of Theorem 1. Consider two inde-
pendent Gaussian random processes

1 alN 1 N
Ul(t):\/—ﬁ’z fz’%’(t)a 772 = NZ&%

where a > 1 and §; are i.i.d. N(0,1).



Lemma 2 For any sufficiently small ¢ > 0, uniformly in ¢ € R' and T C [0,1] as
N — oo

P{suply+m(t)] < AX(N)IP{suplg + m() 2 AZ (M)} =o(), (12

teT teT

where AZ(N) = (1+¢)y/2(a — 1)log N, AZ(N) = (1 —¢)\2alog N.

Proof. Without loss of generality one can assume that g > 0 and that the set T' is
closed since the functions n1(t), 12(t) are continuous. It is clear that for any s € T

P{Sttelg lg+m(t)] < A?(N)} < P{g +m(s) < A?(N)}-

Since the functions 7(¢) are uniformly bounded, En(¢) < C for some C' > 0. Therefore
the right-hand side of the last inequality tends to 0 if

9> (142¢)y/2(a — 1)log N.

The case
0<g<(1+2)y/2(a—1)log N. (13)
has to be considered next. Define the points {{q,¢1,12,...,¢p} in T as follows
to=min{t €T :t>0}, ..., tggy =min{t €T : ¢t >4, + N1}, ...,
where v > 0 is a sufficiently small number. Obviously, {to,{1,%2,...,ta} is an N7 !'-net
in T. Let Ty = {t €[0,1] : |t — tx] < N"71/2} and
M-1
7- T
k=1
We have

P{SUP lg+m(1)] < Ai(N)} < P{g +_sup m(ty) < Ai(N)}

+ P{g + m1(lo) < A:r(N)} + I_’{g ‘|‘_771(75M) < A;r(N)}
Therefore
P{supg -+ ()] < AZ(V) [ P{suplg + na(0)] > 4Z(N)} (14)

teT teT

< P{g+ sup m(tk)SAi(N)}P{g+§2;[>|nz(t)lZAQ(N)}

k=1,..M-1

+ P{g +m(lo) < Ai(N)} P {9 +sup na2(t)] = A!(N)}

+ Plg+ i) < ATV [P{g + sup [ma(0)] = AZ(V)}.

t€Twpr
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The last two terms in the above inequality are small. Indeed using (13) and Lemma 1
one obtains

P{g+mlt) < AX(V) [P{g+ sup Ina(0)] > 47(V) (15)

< P{sup [na(1)| 2 y/2log N[Va(l = &) = V= T(1 4 2¢)]} = o)

and similarly
P+ mlta) < ATV [P+ sup lna(1)] = AZ(N) } = o{1) (16)

To bound the first term on the right side of (14), we will approximate the process ()
on the set {{1,19,...,tp—1} by a sequence of independent Gaussian random variables.
Consider Gaussian vector i, where n;, = n1(t3), k = 1,..., M —1. Let B be the covariance
matrix of 7. One can represent n as n = v/ B¢, where £ is N(0, E), the matrix VB is
positive semidefinite and VBvVB = B. Therefore

p = \/diag B¢ + (.,

where ( = (v/B — v/diag B)¢ and the diagonal matrix diag B has the entries (diag B)gx
= Byy,. To evaluate E (2, the following inequality can easily be checked

(VB — \/diag B)(V'B — \/diag B)T
< (diag B)"Y*(B — diag B)(B — diag B)T(diag B)~/2.
It now follows from (5) that

oy mely )
E{ < C i - -
k =Ttk Bji N i1 ksm 7r(t — k)
N1=Y
< CN—% , < CN™?,
]’:12]:7&19 (J — k)2

Therefore any = > 0
P{m]?X|Ck| > .TL‘} < EP{K;J > ;L’} < N'™7exp(—Cz*N*) = o(1).
k
This together with (4) implies

Plo+ swp () < 4X(V) (17)

k=1,....M -1

< M- ((1+g),/210gzv— \/agj) +o(1),
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where ®(z) is the standard normal cdf.
Next using Lemma 1 we get

P{g+supla(0)] 2 47 (W)} < CM = )N exp [-5(4 (V) =97 . (1)

We still have to check that the product of the terms appearing on the right-hand sides of
(17) and (18) correspondingly tends to 0 as N — oco. Let us assume that the right-hand
of (17) is bounded away from 0. Using the asymptotics of ®(z) for large x and (13) we

obtain ,
1 g
M —1 < Cy/log N exp [5 ((1—|—€)\/210gN—m) ]

With this the inequality (18) becomes

P{g-+ sup Ina(0)] = AZ(N)}
< ON"\/log N exp [% ((1+25)\/M— \/agjﬂ
X exp [—% (1 2)2alogN —g) | < CN"log ¥
xexp{?logN[(1+2€)1/2(1—x) (1) (f $F1+25) ]}

where x = g[2log N(a—1)]7"/2(142¢)~" < 1, cf. (13)). Thus to prove that the right-hand
side of the last inequality is small, we only have to check that

max A(z) < 0,

z€[0,1]

where A(z) = (1 — .TL‘) — (Va—zva— ) Obviously A(z) = (2 — a);L'2 + ... attains its
maximum over [0, 1] at the boundary points when a < 2. Note that A(0) =1 —a <0,

and A(1) = —(y/a — va —1)? < 0. When a > 2, both roots of A(z)

NCES
Ty = —F———.
Y a—1+1

satisfy 12 > 1. Therefore A(z) < 0 for € [0,1]. This together with (14-16) proves
Lemma 3.

Lemma 3 For any ¢ > 0 uniformly in g(t) as N — oo

P{ sup [g(t) +m(0)] < ARV }P{ sup Jg(t) +ma(0)] = AZ(V)} = o(1).

t€fo,1] te[0,1]
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Proof. One may assume that

sup |g(1)] < (1+2¢)y/2(a — 1) log N. (19)

tel0,1]

Indeed if

l9(to)| > (1 4 2¢)y/2(a — 1) log N
for some ty € [0, 1], then

P{ sup [g(0) +m()] < AV} < P{lglto) + mlto)] < AF(V)]

tefo,1]

< P{m(to) < —6\/2(a —1)log N} — 0.

Now consider for a sufficiently small 6 > 0 the sequence g = +/2log Nké, with
k] < (14 2e)y/(a—1)/6 (cf. (19)). Let

T, = {t € 0,1 : lgx — g(t)] < 6/210g N/Q} .

Then

P sup lg(t) + ()] < ATV PP sup 9(0) + ma(t)] = AZ(V) |

te[0,1] tef0,1]

< % Plaplg+n()] < 47N}
kl<vass - rETk

< P{sup o+ ma(0)] 2 AZ(N)(1 - 6)]

tel0,1]

< 3 Plaplgtnl < AXN0 +6)
kl<vays €Tk

x P{Sup lgx + 12(1)] > AZ(N)(1 — 5)}-

tETk

This together with Lemma 2 proves Lemma 3.

4 Proof of the Theorem

Let f € Fw. Denote
W = min{wy, : wy > W} = wg
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an approximation of W by the the bandwidths nested in the exponential grid introduced
in Section 2. Let Whax = W{log(Winin)] < WS We will split the risk of f* into two parts:

R™=E| /"~ fl1{W <W}, and R* =E|f* - fll1{W >W}.  (20)
First let us show that R* is small. Consider the following event
A={Y () || = fllee = 20 D(Winax)}-
Now R* can be bounded as
R* <Ef|[f* = flleol{W > WH1{A} + 20 D(Woar P{W > W} (21)

By the Cauchy-Schwartz inequality one obtains

Efllf* = flloet{W > W}1{A} <Ey)|f - fll1{A} (22)
< X B SRR~ flleo 2 20 D(Wana) .

k<k<log(Wiin)

Next note that fwk (t) — f(t) = by, (t) + onw, (1), where

nwk(t)zifzw(t), bu, (1) = i <f.or>ei(t), (23)
=1 {=wg+1

and ¢ are i.i.d. N'(0,1). By the definition of Fyw (cf. (9)) we have ||by, || < ocD(W)/2,
since wy, > W). Therefore

1 i = Fllse < s lloe + o D(W) /2. (24)
Further by Lemma 1
P{|[nu, ]| > Viora } < Crogexp(—22/2). (25)

Combining (24), (25) we arrive at

P{||fu, = flloo = 20 D(CoWunin) } < P{[|nw,|lcc > 30D (wy)/2} (26)

< Cwgexp(—9logw/4) < Cw;5/4.

By similar reasoning we obtain for any wy, > W

EfoAwk — f]|2 < 40wy log wy,.
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Hence, by (22) and (26)

Efllf* = fllo1{W > Wi{A} < CoWLlog"* Wias.

(27)

The probability P{W > W} has still to be evaluated. Note that by (9) for any 6 > 0
and wy > W

by, — byl < 20p(W)D(W) < 0(1)80 D(wy — W).
Therefore using Lemma 1 one obtains

P{W > W} < Z P{wak _fwz‘

E>i>k

< Z P{”nwk = Nwi|loo =

E>i>k

w0 > (1 +6)D(wy — w;)}

[1 46+ o(1)]D(wy, — w;) }

S Z (wk _U)z —&+40(1 Z 1—|—5 5—|—o(1)2w S+o(1

)< oWt
E>i>k i>k
Together with (21) and (27)) this finally gives the following bound
Rt < CoW= M= D(Winax) = o(1)o D(W). (28)

Now let us consider the second term R~ of the risk. Let B = {Y(¢) : ||f* — f|l >
oD(W)}. Now one can estimate R~ as follows

R™ = Ef|f = fle{W < WH{B} + B/ — | 21{W < W}1{B}  (29)
< oD(W) + Ef|lf* = flle {W < WI{BJ{||f* = flloc > 30 D(W)}]
+ B[ = flloo1{W < WIL{BJ{|IF* = flloe < 30D(W)}.

In the case of the event W < W we have by the definition of f*
1" = fiwlles < (14 8)a D(W).

Combined with the inequality || f* — f|loo < ||f*— ]?WHOO + |\fw— [l this gives a bound
for the last term on the right-hand side of (29)
Emﬁ—ﬂmqw<ﬁﬂ{Bhwﬁ—mm>wDMW» (30)
< (14 8)aD(W mmm,fm_ W)}
+ sl fiw = fllee {1 fi7 = Flloe > (2 W)}



14

Since on Fy the bias of fW is bounded by o(1)o D(W), one can deduce that both right-

hand terms are small. Indeed by Lemma 1
P{|lfiw = fll-o > (2 = 6)eD(W)} < CW+4
and

Eyllf— Floa1{ll i — fllo > (2 =)o D(W)}
< C’UD(W)W/QO: o 1/2‘/Vexp(—:1;2/2) dx < CoW=3/2+8,

Hence according to (30)

Ef|lf* = Ml {W < WH{B}{||f* = fllo > 30 D(W)} < CoW 2

Consider now the last term in (29). We have

Eyllf" = fllool{W < WH{BJ1{|lf* — [l <30D(W)}
< 30D(W)E{W < W}1{B}
< 30D(W) 3 Es1{|lfux — flle 2 o D(W)}

k<k

< || fu, = frlloe < oD(W —wy)}.
Note that by (23)
3 <f,a,ok>gok(-)H < o(1)D(W).

k=W o0

Let

g(t) = > <[,ee>ei(t).

k:wk

Since the processes fwk and fwk — f3 are independent

E1{|fu, = flloo 2 e DOW)J1{|| fu, = fiplloe < aD(W — wy)}

(31)

(32)

< Py{lln, + glleo > (1= 8)e DW)}P ({ [, — n37 + gllo < o D(W — wy) .

Lemma 3 shows that right side in the above inequality is o(1). Hence by (29-32) R~ <

(14 o(1))e D(W). This inequality together with (20) and (28) proves the theorem.
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5 Remark on the lower bound

In this section we will briefly discuss the minimax property of projection estimators. The
next lemma provides easily verifiable conditions which ensure that projection estimators
are asymptotically minimax over certain subsets ® C L;[0,1].

Lemma 4 Assume that conditions (4-6) are fulfilled. Let

(1-e)W
fot) = > bipi(t),
1=0
where 0; are i.i.d. N(0,c%dw). If dw — oo and P{fy ¢ O} — 0 as W — oo then
i infsup B lF = Flle/lo DOW)] = (1 - O(2)),
—o° f fe®

where inf is taken over all estimators.

We omit the proof, which is based on the Anderson lemma (see e.g. Ibragimov, Has-
minskii (1981)) and the well-known arguments put forward by Pinsker (1980). Consider
instead a simple example that shows how this lemma works. Assume that the Fourier
coefficients of the periodic function f(t) are decreasing exponentially. More precisely, we
are dealing with the following functional class

O ={f:[<f,er>| < Lexp(—Tk)}.

Suppose we want to recover f(-) from the noisy data (1), where o — 0. Using Lemma 1 it
is not difficult to show that the projection estimator fyw, (¢,Y) in (2) with the bandwidth
W, = 77 'log(L /o) has the asymptotic risk (cf. Golubev, Levit and Tsybakov (1996))

- 2. L L'/
R(fw,,0)=[1+o(1)]o <— log — log log —) .
T o o

Here the estimator fwa (t,Y) is an asymptotically minimax estimator over ©. Indeed
according to Lemma 4 it is sufficient to exhibit a sequence d, — oo, such that for ¢ — 0

P{O‘da|&| < Lexp(—72), 0<:i<(1— e)Wg} — 1.

Since exp(—7i) > exp[—(1 — &)W, 7] = L= '¢'= for i < (1 — &)W, the above probability
is bounded from below by

P{adg|@| < Lo, 0<i<(1-— a)Wg} (33)

_ [1 —P{dg|§1| > LEJ-EHW"(I_E) > 1= (1= &)W, expl—(L/o)*/(2d,)].

When d,, is chosen equal to log(L/o), the right-hand side of (33) tends to 1 as o — 0,
proving that the projection estimator is indeed asymptotically minimax.
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