A NOTE ON ROTATIONS AND INTERVAL EXCHANGE
TRANSFORMATIONS ON 3-INTERVALS

KARMA DAJANI

ABSTRACT. We prove the conjecture that an interval exchange transforma-
tion on 3-intervals with corresponding permutation (1,2,3) — (3,2,1), and
rationally independent discontinuity points, is never measure theoretically iso-
morphic to an irrational rotation.

1. INTRODUCTION

Interval exchange transformations were first introduced by Keane in [K1], and
are defined as follows. Let I = [0,1), n > 2 and @ = (a1, - ,a,) a proba-
bility vector with «; > 0. Define By = 0 and 3; = 22:1 ap, and set I; =
[Bi—1,0;). Let 7 be a permutation of {1,2,--- n}, and consider the probability
vector a” = (ay-1(1), " ,@r-1(n)). Note that a,-1(;) > 0 for all i. Let g7 = 0 and
Bl = 22:1 Qr=1(k), and set 17 = [B]_y, B7).

Define T': I — I by

Te=z—fi-1+ ﬁZ(i)_1

if € I;. T is called an (a, 7) interval exchange transformation on n intervals. Tt
is clear that T is invertible, T3;_1 = ﬁ:(i)—l and 7" maps I; 1sometrically onto
I:(i). Further, T' is continuous except possibly at {81, -, Bn—1}. At these points
T is right continuous. Note that T is continuous at 3; if and only if 7(i + 1) =
7(i) + 1. In other words, T is discontinuous at #; if and only if T5;_1,T5; do not
appear in this order as consecutive terms in the ordered set {g7", -, 45=}. We
say T is in standard form if T is discontinuous at f; for all i = 1,2,--- ,n — 1
or equivalently, if 7(i + 1) # 7(i) + 1 for all i = 1,2,---,n — 1. Notice that any
interval exchange transformation on n intervals can be written in standard form as
an interval exchange transformation on m intervals with m < n. Since if 7" is not
in standard form, then 7" is continuous at 3; for some 4, then 7(i + 1) = 7(2) + 1,
and so T maps the interval [3;_1, B;+1) isometrically onto [ﬁ:(i)_l, ﬁ;(i)-}-l)' Thus,
we can redefine 7' on intervals with end points

{[7)01 e aﬂi—laﬁi-}-la e aﬂn}

We repeat this process until all the remaining #’s are discontinuity points of 7.
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The permutation 7 corresponding to 7' is said to be irreducible if
r({1,2,--- k}) #{1,2,--- k}, forall k=0,1,--- ;n—1.

Note that if 7 is reducible, then T can be decomposed into two interval exchange
transformations, one on [0, Bx) and the other on [f;, 1). We assume throughout this
paper that T is irreducible.

Interval exchange transformations have been studied by several authors. Here
we mention few of the known results. In [K1], Keane studied the minimality of
such transformations, and in [K2] questions concerning unique ergodicity were in-
vestigated. It is easy to see that if n = 2, T corresponds to a rotation and if n = 3,
then T can be seen as an induced transformation of a rotation. Thus, if the §’s
are rationally independent, then in both cases T is uniquely ergodic. Keynes and
Newton [KN], and also Keane [K2] gave examples of interval exchange transforma-
tions that are not uniquely ergodic. Masur [M], and independently Veech [V1, V2,
V3, V4, V5] showed that almost every minimal interval exchange transformation is
uniquely ergodic. Later Boshernitzan [B] gave another proof of this result by more
elementary means. Some of the spectral properties were studied by Veech in a series
of papers [V3,V4,V5]. Oseledets [O] and Goodson [G] constructed ergodic inter-
val exchange transformations with simple spectrum. Recently, Berthé, Chekhova
and Ferenczi [BCF] proved that every ergodic interval exchange transformation on
three intervals has simple spectrum. The first interval exchange transformation
with continuous spectrum was given by Katok and Stepin [KS], their example is
also an exchange on three intervals. In [BCF], the authors gave other examples
of exchanges on three intervals with continuous spectrum, and they conjectured
that no non-trivial exchange on three intervals is measure theoretically isomorphic
to an irrational rotation. In section 2 we prove this conjecture as a corollary of a
recent result by Simin Li [S], where he gave necessary and sufficient conditions for
an interval exchange transformation to be conjugate to an irrational rotation.

2. NON-TRIVIAL EXCHANGES ON 3-INTERVALS

Let 0 < I < m < 1 with 1,{,m rationally independent. Consider the interval
exchange transformation 7' given by

z+1-1 z €10,1),
Tz = r+1—1l—m =z€ll,m),
z—m z € [m,1).

T corresponds to the permutation (1,2,3) — (3,2, 1). Notice that 7" is the only
interval exchange transformation on 3-intervals which is irreducible and in standard
form. Moreover, by a result of Keane [K1], T' is minimal. We call T" a non-trivial
exchange transformation on 3-intervals. It is well known that 7" is an induced
transformation of the interval exchange transformation S defined on [0,1 — 1+ m)
by
Sy — { r+1—1 =z€[0,m),
z—m z € [m,1—1+m).

Since after normalization S is isomorphic to an irrational rotation, S is minimal
and uniquely ergodic, and hence so is 7.
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Let o = 1_1,_+lm and 8 = ﬁ In [KS], the authors proved that if « has
unbounded partial quotients and if for some subsequence ¢, of denominators of

convergents of «, we have

Pn 1 r
| (Jnl < o(q%), and |8 in >
for all r and some constant ¢ > 0, then 7" is not measure theoretically isomorphic to
an irrational rotation. In [BCF], it is proved that when « has bounded partial quo-
tients, and # € K («) for some Cantor set K (), then T is not measure theoretically

isomorphic to an irrational rotation.

C

n

Simin Li [Li] gave recently necessary and sufficient conditions for an interval
exchange transformation to be conjugate to an irrational rotation.

Theorem 1 (Li). Let T be an interval exchange transformation, and let d(T™) be
the number of discontinuities of T™. Then, T 1s conjugate to an irrational rotation
if and only if (i) T™ is minimal for all n > 1, (it) {d(T™)} is bounded by some
integer N > 0 and (iii) there exists k > 0 and M > IN*+3N* such that d(T*) =
d(T*) = - = d(TVF).

Since a non-trivial interval exchange on 3-intervals is uniquely ergodic, to show
that it is not measure theoretically isomorphic to an irrational rotation, we prove
that {d(7™)} is an unbounded sequence.

Theorem 2. LetT be a non-trivial interval exchange transformation on 3-intervals
with rationally independent discontinuity poinis. Let D(T™) be the set of disconti-
nuity points of T, and let d(T™) denote the cardinality of D(T™). Then

D(T™) ={T~",Tm:0<i,j<n-—1},
and hence, d(T™) = 2n.
Proof: The proof is done by induction on n. The result is true for n = 1. Suppose
D(TH) = {77, T m:0<i,j<k—1},
for k =1,2,--- ,n. We prove the result for k =n + 1. Let
0<BL <Pa<--<fPan<1

be the discontinuities of 7™ written in increasing order. By the induction hypoth-
esis,

DT =A{g:1<i<2n} ={T 1, T7?'m:0<4,j<n-—1}
Let 8o = 0 and fan41 = 1. The underlying partition of T™ is given by

P(Tn) = {[ﬂi,ﬂH_l) 1= 0, 1, . 271}
Let 7, be the permutation corresponding to 7" (notice that 7™ is an interval
exchange transformation). Then,

Tn{ﬂoaﬂla o a[bﬂ} = {ﬂgn’ In’ T QT;LL}
with By = gi = 0, and T"3; = ﬁ:n(i+1)—1 for i = 0,1, -, 2n. Furthermore, since
1,1 and m are rationally independent, and each BI™ is a linear combination of 1,1

and m with integer coefficients, it follows that I,m ¢ {83", 31", -, B=}. Now
invertibility of T implies that T 83", -+, T G5, Tm, Tl are all distinct.

2n>»
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Tn

Suppose I € (8., 08:"), and m € (8;",, 37"). We consider three cases.

Case 1. If r = s, then T="1,T~"m € (Bp-1,5,) where p = 7,7 '(r). Since T
is an order preserving isometry on [8,_1,,), it follows that T-"! < T~"m. The
underlying partition of 771! is then given by
Pl(Tn+1) = {[601 ﬁl)a R} [ﬂp—?a ﬁp—l)a [ﬂp—la T—Tll)’ [T—Tll’ T—Tlm)’ [T—Tlm’ ﬂp)a
(Bp, Bpt1), -+, [B2n, Bong1)}-

To prove the result, we need to show that

{ﬁla e sﬂp—l;T_nlaT_nmaﬂpa i Jﬁ2ﬂ}
is the set of discontinuity points of 77!, Let

D1 = {ﬁoa o aﬁp—hT_nLT_nm:ﬁIH e aﬁQTl}
and
El = {ﬂgnv ) Iil,l,m,ﬂ:”,-~- ) 52}7
both considered as ordered sets. Then TD; = Fi, and by discontinuity of 7" at
Bp, we have T" 3, # Br~. Further, 8/~ € (0,{) for 1 <1< r—1, and g/* € (m,l)
for r <7< 2n,. Hence,

™D, = TE,
= {Tm=0,Tp",--- , T8, Tl=1-m,
Tﬂgn: _laTﬂlrn""’Tﬂ:ZI'

Here, the elements of TF; are listed in increasing order.

We first show that 77+ is discontinuous at 3; for i # p. To do this, we need
to prove that 77+13;_; and 77t'8; do not appear in this order as consecutive
terms in T F. By assumption, 7™ is discontinuous at [;, hence T73;_1 and T"3;
do not appear as consecutive terms of the form ﬂ;“,ﬂﬁ_l in Fy. Let Iy = [0,1),
I =[l,m) and I, = [m,1). If T"3;_1,T"B; € I; for some j = 0,2, then since
T maps I; isometrically onto T';, it follows that 7"+ 3;_; and T"+!3; cannot
appear as consecutive terms in TFEq. If T"@;_1 € I; and T"3; € I for j # k,
then either 773,17 € Iy and T"3; € Iz, or T"B;_1 € Iy and T"f3; € Iy. In the
first case we get 7”13 < 1 —m < T"Bi_1, and in the second case, we get
T3 < 1—m < T?*t13;. Hence, T"3;_1 and T" 3; do not appear as consecutive
terms of the form ﬂ;” , ﬁﬁ_l in E1, and so 77! is discontinuous at ;.

Now, the discontinuity of 7™ at 3, implies that 7"+ 3, # T3 and

Tm=0<TB" < T3,

Hence T"*(T~"m) = Tm = 0 and T"*' 3, do not appear as consecutive terms in
TE;. So T"*! is discontinuous at 3.

The discontinuity of 7"+ at 7" follows from the fact that 7"*!3,_; is an inte-
rior point of T'Iy, while T"*Y(T~"1) = 1 — m is the left end-point of T';. Finally,
T (T="m) = 0 < TPI* < 1—m =T T (T~"1) implies that T"*! is discontinu-
ous at T~"m. Therefore, D; = D(T"+1).

Case 2. If r < sand p= 7, 'r < 17's = ¢, then T7"1 € (Bp—1,3,) and T""m €
(Bg=1, By). The discontinuity of 7" at 3, and G, implies 7”8, # i~ and T"f3, #
BT, The underlying partition of 77! is easily seen to be

Po(T™*) = {[Bo, A1), - [Bp=2, Bp=1), [Bp—1, T"1), [T "1, By),
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[ﬂp1ﬂp+1)’ e [ﬂq—lw T_nm)’ [T_nm7 qu)’ [ﬂ(b ﬂq+1)7 T [ﬁan 1)}
To show the discontinuity of T7*! at @1, -, fon, T, T~ "m, we consider the
ordered sets

D2 = {ﬂ01"' aﬂp—laT_nlaﬂpa'"' aﬂq—laT_nmaﬂQ7""' 7ﬂ2n}

and
Ey={Be", - By LB By, m B Ban )
Then, T" Dy = F5. Notice that g{",- -, 8", are interior points of Iy, g7, -+ fi",
are interior points of Iy and A=, .-, #i= are interior points of I5. Thus,
T"t'Dy = TE,
= {Tm:OT[)’T“~~~ ;:L,Tl_l—
TE™, - TR, T =1— Tﬂ

Here, the elements of T E5 are listed in increasing order. We first prove that 77+!
is discontinuous at 3; for ¢ # p,q. If 7" F;_1,T"B; € I;, then since T"G;_1,T™f;
do not appear as consecutive terms in E; and since 7' is an isometry on [;, we
have that 7?%13;_; and T"t13; are not consecutive terms of s, and thus 77!
is discontinuous at §;. If T"f3; € I; and T"B;_1 € I}, for k # j, then we consider
several cases.
o IfT"3; € Iy and T™B;_1 € I or Iy, then since T"f3;_1 # | we have T3 <
l—m< TG .
o IfT"3; € I and T"3;_1 € Ia, then since T™3; # 1 it follows that T3 <
1—m< T,
o IfT"3; € I, and T"B;_1 € Iy, then T"H13; < T"H13;_;.
o IfT"3; € Iy and T B;—1 € Iy, then since ¢ # ¢ we have T3 < TR, <
TE < TG,
o IfT"3; € Iy and T?B;_1 € I», then T**13_1 <1 —m < T"H13;.
In all the above cases we see that 771! is not continuous at £;.
The discontinuity of 7"*+! at 3, and 3, follows from the fact that 7"+ 3, # T3
and T"*'3, # TP, so that neither 7"+ 3, and T+ (T~"1) nor T"+'3, and
Tn+1(T~"m) appear as consecutive terms in TFEs. Finally, from T"+Y(T—"]) =
l-m<1—1<TB", and T (T~"m) = 0 < 1—m < TP, we have that 7T"+!
is discontinuous at T"*+1(T="1) and T"+(T~"m). Thus, Dy = D(T"*1).

1

Case 3: If r < s and p= 7,7 'r > 7, 's = ¢, then the underlying partition of 77+1

is given by
PB(TH-H) = {[ﬂoa ﬂl)a T [ﬂq—% ﬁq—l)a [[)’q_l,T_”m), [T_nma ﬁq)a [ﬁqa ﬁq+1)a R
[ﬂp—% ﬁp—l)a [ﬂp—la T_nl)a [T‘”l[)’p), [ﬁpa ﬂp+1)a T [/7’271, 1)}

Let
D3 ={Bo,+,Bg—1, T7"m, By, -+, Bp1, T, Bp, -+, Pan}
and
E3:{ﬁg)—na"' r— 1’11 ﬁs 1amﬂ;—n""’ ;Z}
Then,
T"t'D;y = TEs
{Tm=0,T6.",--- T[)’;;‘L,Tl_l—

Tﬁ:n’ Tﬂ 1’T[7)Tn_1 “"Tﬂr—l
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The elements of D3, F'3 and T E5 are listed in increasing order. A similar argument
as in the above two cases shows that D3 = D(T™*+1). Thus, the theorem is proved.

Theorem 3. Any non-trivial interval exchange transformation on 3-intervals with
rationally independent discontinuity points is not measure theoretically isomorphic
to an irrational rotation.

Proof: By theorem 2 and unique ergodicity, the result follows from Li’s theorem.

In [BCF], the authors proved that every ergodic interval exchange transformation
on three intervals has simple spectrum. Using this result and theorem 3, we have
the following corollary.

Corollary 1. FEvery non-trivial interval exchange transformation on three inter-
vals with rationally independent discontinuity points has either rational or contin-
uous spectrum.
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