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FINITE ELEMENT WAVELETS ON MANIFOLDS
HOANG NGUYEN AND ROB STEVENSON

ABSTRACT. We construct locally supported, continuous wavelets on manifolds I' that
are given as the closure of a disjoint union of general smooth parametric images of an
n-simplex. The wavelets are proven to generate Riesz bases for Sobolev spaces H*(T)
when s € (—1, %), if not limited by the global smoothness of I'. These results generalize
the findings from [DSt99], where it was assumed that each parametrization has a constant
Jacobian determinant. The wavelets can be arranged to satisfy the cancellation property of
in principal any order, except for wavelets with supports that extend to different patches,

which generally satisfy the cancellation property of only order 1.

1. INTRODUCTION

This paper deals with the construction of wavelets on Holder continuous piecewise
smooth compact manifolds. As main application we have in mind the numerical solution
of operator equations, in particular boundary integral equations. Essential requirements
on the wavelets are then that they are locally supported, generate a Riesz basis for a rel-
evant Sobolev space giving uniformly well-conditioned stiffness matrices, and furthermore
that they have sufficiently many vanishing moments, or more generally cancellation prop-
erties, allowing for sparse but sufficiently accurate approximations of these matrices. For
a thorough treatment of these topics, we refer to [Dah97, Sch98, Coh00].

As shown in [Dah96], the key to get such wavelets is to search them as L2-stable bases
of the subspaces generating L2-biorthogonal multi-level space decompositions of two mul-
tiresolution analyses that satisfy Jackson and Bernstein estimates. Aiming at constructing
wavelets on general polygonal domains, in [DSt99, Ste00] for both multiresolution analyses
we used continuous Lagrange finite element type spaces. Having constructed once and for
all some local bases on a reference element, which determine the order of the wavelets, the
number of vanishing moments as well as the availability of locally supported dual wavelets,
the concept of affine equivalence was applied to obtain explicit simple formulas for the
wavelets in terms of the local topology of the mesh.

Other constructions of wavelets in (two-dimensional P;) finite element spaces can be
found in [KO95, FQ99, FQO00, CES00, HMO00]. Alternative approaches to construct wavelet
bases on non-tensor product domains or manifolds are based on domain decomposition like
techniques, cf. [DSch99a, CTU99, DSch99b).
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As shown in [DSt99], our finite element wavelet construction can immediately be gen-
eralized to a restrictive class of manifolds consisting of a number of patches, where each
patch can be described by a parametrization having a constant Jacobian determinant. Ex-
amples of such patches include parts of hyperplanes, spheres or cylinders. The point that
hampers an application to general descriptions is that in case of non-constant Jacobian
determinants, L?-orthogonality between two functions on the reference element generally
does not imply orthogonality between their push-forwards with respect to the canonical
L?-scalar product on the manifold.

To circumvent this problem an approach followed in the literature, e.g. in [DSch99a,
CTU99, FQ99, FQO0], is to consider space decompositions that are biorthogonal with
respect to a modified L2-scalar product constructed by ignoring the Jacobian determinants.
A somewhat hidden problem with this approach is that if the Jacobian determinants have
jumps over the interfaces between patches, then the resulting wavelets cannot yield Riesz
bases of Sobolev spaces H*(I') for s < —%. Another disadvantage is that in this case
wavelets with supports that extend to different patches have no cancellation properties,
except when patchwise cancellation properties are realized as in [CTU99].

Assuming that each patch is described by a smooth parametrization, the approach fol-
lowed in this paper is to ignore the Jacobian determinant for constructing wavelets with
supports inside one patch; whereas for wavelets with supports that extend to more than
one patches the Jacobian determinants are taken into account in the sense that they are
approximated by piecewise constants. The resulting wavelets span spaces which approxi-
mate the biorthogonal complements with respect to the canonical L?-scalar product. Using
a perturbation argument, we prove that the wavelets generate Riesz bases for H*(I") when
s € (-1, %), which interval safely includes the case s = —% interesting for applications. De-
pending on the local bases applied on the reference element, wavelets with supports inside
one patch satisfy the cancellation property of in principal arbitrary order, whereas wavelets
with supports that extend to more than one patches satisfy the cancellation property of
at least order one, and in some cases even of the same order as the wavelets with supports
inside one patch. The wavelets can be implemented as efficiently as in the domain case.

The following notations will be used in this paper. In order to avoid the repeated use
of generic but unspecified constants, by ¢ S D we mean that C can be bounded by a
multiple of D, independently of parameters which C' and D may depend on. Obviously,
CZ Disdefinedas DSC,and C T DasC S Dand C 2 D.

For some countable collection ® of functions in a separable Hilbert space H with scalar
product { , ) and norm || ||, and for ¢ = (c4)ges a vector of scalars, with ¢ ® we will mean
the expansion sca Co®. We always consider spaces of scalar vectors as being equipped

with scalar product (c,d)e = 4 cedy and norm |c||,2 = <c,c>§2, and consequently,
the spaces of possibly infinite matrices as being equipped with the corresponding operator
norm. For z € H, with (®,z) and (z,®) we will mean the column- and row-vectors
with coefficients (¢, ) and (z, ), ¢ € ®. More generally, when ® is another countable
collection in H, with (®, ®) is meant the matrix ((¢, gz~5>)¢€q>,¢~)€ci). A collection P is called a
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Riesz system when ||cT®|| = ||c||,2, and ® is called a Riesz basis when it is in addition a
basis for H.

2. BIORTHOGONAL SPACE DECOMPOSITIONS

Continuing work from [DSt99, Ste00], we construct biorthogonal finite element type
wavelets on manifolds. In [DSt99] it was assumed that the manifold is given as a dis-
joint union of images of parametric mappings, where each of them has a constant Jacobian
determinant. Here and in the next sections, we will show how the construction can be
generalized to general descriptions that may not satisfy this condition.

Our starting point is the standard closed reference n-simplex

n+1
T={\AecR"":> N\=1X\2>0}

(=1

The intersection of T' with any lower dimensional coordinate plane will be called a face
of T. To avoid some technical complications, we will always assume that n < 3. We
fix a refinement, sometimes called a triangulation, of T into 2" congruent subsimplices
T,,...,Ts, each of them determined by some ordered set of vertices.

For any closed n-simplex T, let Ap(z) € [0,1]"" denote the barycentric coordinates of
z € T with respect to the ordered set of vertices of T. Above dyadic refinement of T
induces such a refinement of T into 2" congruent subsimplices (A' o )\r_}i o Ar)(T). The

barycenter A;l(%ﬂ, e n%q) of T" will be denoted by ((T).
Starting with a collection 7y, consisting of one n-simplex T, C IR" only, we obtain an
infinite sequence of collections of simplices (7;);>0 by defining 7,41 as the collection of all

simplices that arise by applying above refinement to all simplices from 7;.

We consider compact n-dimensional manifolds I' C IR™. We assume that either I' € ™0
for some 1 <m € IN, or ' € C" for some 0 < ¢ € IN, which means that for s € [0,m] or
s € [0,t), the Sobolev spaces H*(I") can be defined in the usual way using a partition of
unity relative to some atlas. For s in above range, H*(I") will be understood as the dual
of H*(T).

We will assume that T is given as I' = U?_ T, where T'; = &;(Ti™), with &, : R" — R"
being some smooth regular parametrization, and 7™ the interior of T,. We assume that
for 1 < i # 7 < p, the intersection I'; N T is either empty, or there exists a permutation
7 R™ — IR™! such that

(2.1) ToAp okt = Aok on ;N

Remark 2.1. We assume here that I' is given as a disjoint union of parametric images of
an n-simplex. Alternatively, the wavelet construction outlined below can also be carried
out, even requiring a few technicalities less, when instead an n-cube is taken as reference
domain.
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With p being the induced Lebesgue measure on I', we have

[ i = Z [ st e 02

where |0k;(z)| are the Jacobian determinants. Besides p, for jo € IN we will make use of
auxiliary measures j;, on I' defined by dpu;,(z) = mj, (x)dp(x), where

(2.2) mjo() = [0k (C(D))|0ki(k; (@)1 if @ € w(T™), T € 7,
giving .
[, =32 3 00D [ i) oG d

All these measures are uniformly equivalent to s, in the sense that for v = p or v = py
the space L*(T") of v-measurable functions u on I' with [, |u[*dv < oo is the same, and all

norms ( . lu|2dv)2 are uniformly equivalent. The notation ||ul| r2(ry will stand for any of
these norms of u. With (u,v), we will mean [, utdy, where for notational convenience we
suppress the fact that it concerns an L?-scalar product on I'.

The smoothness of the x; shows that

(2.3) sup [10ri(2))| = |ow: ()] S 277,

1<i<p,T€Tj,,2,2€T

and so

(2.4) [, 0) = (1, V), | S 27 ull oy [0l 2y (u,v € L))

Let V' be some finite dimensional space of continuous functions on the reference n-
simplex T, which is refinable in the sense that

(R) Vv ={ueO(T) uor eV, 1<k< 2"}
Apart from this ‘primal’ space V', we consider a ‘dual’ space V that is also refinable, with
dimV = dimV.
We assume that for some d,d > 2,
(2.5) V > Py (T), V> P; (T),
being the spaces of all polynomials over T' of degree d — 1 and d — 1 respectively. We put
y=sup{s:V C HT)}, 4 =sup{s:V C H¥T)}.

We define sequences of ‘global’ primal and dual finite element type spaces (V;);>o and

(Vj)jz0 on I' by
Vj:{ueC(F):uol{io)\;lév,TGTj,lﬁiﬁp}a
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and analogous definition of V;. Both sequences are nested by assumption (R).

We assume that some bases ® = {¢, : A € I}, ® = {¢, : A € I} for V| V are available
with index set I C T'. To be able to use these bases as building blocks for constructing
bases for V; and Vj, we assume that

(V) ¢, vanishes on any face that does not include A,
(8) (I NIT)=1INIT and ¢, = (P © T)|,p for any permutation
7 R — R"!

(J) Fore=T, or for e being any face of T, {¢,|_: A € I Ne} is independent,

and analogous conditions on ®. 3
A connection between (V) and (V) will be established by assuming that

(2.6) Re (®, ®),, > 0,

where (u,v), = fT uvdp with p being the induced Lebesgue measure on T'.
With I; := UY_| Ure,, ki(A7'(I)), we define collections ®; = {¢;, : « € I;} of functions
on I' by
(2.7)
PPy iy A (kT () if x,y € mi(T) for some 1< <p, T € 75,
¢j,x(y) - !
0 elsewhere.

So these global functions result from connecting the local basis functions over the interfaces
between the ‘elements’ x;(T"). Note that because of our assumption that n < 3, we have
an automatic matching of triangulations at interfaces. That is, if y € #;(T) N ks(T)
with 1 < i #7<porT #T € 75, then Ap(k;(y)) is equal to Ap(k;*(y)) modulo
some permutation. Using (V), (8), one therefore concludes that the ¢;, are well-defined,
continuous functions on I', and that the ®; are uniformly local in the sense that

diam(supp(¢;.)) < 277
Together with (J) it even follows that ®; is a basis for V.

Obviously, similar observations hold for the dual collections ij defined analogously using
P.

Remark 2.2. Although in this paper we focus on a construction of wavelets on compact
manifolds I', clearly it also applies to domains €2. Possible essential homogeneous boundary
conditions can easily be incorporated just by removing the points on 00 from the index
sets I;. In that case, for s > 0, H*(T') should read as H*(2) N Hj(Q2). In case Q is a
polygon, we may assume that the ; are affine mappings, which implies that u = p;, for
all jo € IN.

We constructed (, ), from (, ), by ‘freezing’ the Jacobian determinant on the pull-back

of each K,(T) for 1 <i <pand T e T;,- As a consequence, for j > jo > 0 and z,y € [,
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we have
(2.8) (@), éjy)um
p
T in M<T> y
=D, > O CTDIZ™ Ty A Parter @) Poaer ) D
=1 {Ter), , Ter;: TCT, vi(T)3,y}
p -
-~ Z Z <¢)\T(n;1(x))’ d))\T(H;l(y)))“.
i=1 {Ter;:;(T)2z,y}

Here and below, whenever it is relevant, the S, 2 and Z symbols will not only refer to
uniformity in j (and here in z,y € I;), but also in j, € IN . By replacing gzgj,y by ¢,
in (2.8), one easily infers that the ®;, and analogously the ®;, are uniform L*(T)-Riesz
systems, with which we mean that ||c”®;||,2(r) = ||c||s2 holds also uniformly in j.
Furthermore, using (2.8) one deduces that (2.6) implies that for j > j, > 0,
Re(®;, d;) o Z 1. Since ®; and ®; are uniform L?(I")-Riesz bases, the latter result shows

that for j > jo > 0,

Uiy W)y
(2.9) inf  sup I j>~M’°| 1.
o€V 02u;ev; |l L2y || 2y

From (2.4) we conclude that in any case when j, is sufficiently large, for j > jo,

(A) inf  sup |<uj,u{>u| 21,
0za;€V; 04u;ev; sl L2yl 22 (r)

meaning that the (, ),-angle between V; and V; stays away from % uniformly in j > jo.
As shown in [DSt99, Theorem 2.1], (A) implies that there exists a unique sequence
(Q;);>jo of uniformly bounded projectors @Q; : L*(I") — L*(T") such that

m(Q,;) = ~ |
Im(Q;)=V;, Im(I-Q;)= VJ <,>u’
and so for the adjoints,

Im(Q7) = V;, Im(I - Q) = el

J

The existence of continuous, uniformly local, uniform L?(T')-Riesz bases implies (cf.
[Osw94]) the validity of the Bernstein inequality

(B) Jwil sy S 27|l 22y (uj € V;, s € [0,min{3,~}) with s <m or s < t),

and likewise for the dual sequence with 7 replaced by 4. Assumption (2.5) implies the
Jackson estimate

(9) ing lu—will 2wy S 27°|ullgs@y  (uwe€ H(T), s € [0,d] with s <m or s < t),
eV,

J

and likewise for the dual sequence with d replaced by d. By (A), (B), (J), and the
nestedness of both sequences, the general theory about stability of biorthogonal space
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decompositions (cf. [Dah96, DSt99]) shows that with @);,—1 := 0,

(210) [lullipsy = D 4°I(Q) = Qi-ulliary  (we H(T),s € (=5,3) N (=7,7)

J=jo

N[OV

with |s| < m or |s| < t).

and

) ~ 2 YNQ — Q)ulfery  (we HY(D) s € (=5,5) N (=.7)

J=jo

(2.11) ||ul

with [s| < m or |s]| < 1).

Remark 2.3. In all examples constructed in [DSt99, Ste00], the functions in V and V
are either polynomials or continuous piecewise polynomials. As a consequence, the values
of v and 7 are either co or 2, meaning that in (B), (2.10) and (2.11), the conditions
involving v and 4 are superfluous. Therefore, for ease of presentation in the following we
will drop these conditions. Yet, on the other hand one may think of interesting examples
were in particular V' contains functions that are implicitly defined as the solution of some
refinement equation, which may have a lower regularity. For these cases, results derived
in this paper based on the Bernstein inequalities should be restricted to the corresponding

smaller ranges of Sobolev norms.

Remark 2.4. If one, at least formally, wants to include unbounded manifolds or domains,
yielding infinite dimensional spaces V; and Vj, the maximum angle condition (A) should
be appended with the analogous condition, also resulting from (2.6), in which the roles of
V; and f/J are interchanged.

Below, possibly for a jy larger than in (2.10), we will construct uniform L?(T')-Riesz
bases W; for the spaces

Im(Qj+1 — Q;) = Vi1 N ‘%Lw (J = Jo),
which elements are then called wavelets. Then (2.10) shows that

¢, U U;’;jOZ*js\Ifj is a Riesz basis for H*(T"),
for the range of s as in (2.10).

For simplicity, let us assume that I is a subset of the ‘refined index set’
27’L
I = Az ().
k=1

Suppose that collections ® = {6, : A € I} and E = {&, : A € I")\I} of functions on T'
are available, such that © U Z satisfies (V), (8) and (J), ® U Z is a basis for V", and

(2.12) (©,®), =1.
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As ®; and ij were defined from ® and ®, above ©® and = give rise to collections
©;,={0;,:xe;} and =; = {¢, : y € ;1+1\1;} of functions on I" defined as in (2.7). The
same arguments that were used earlier show that ©; U Z; are uniform L*(T')-Riesz bases
for the spaces Vj;.

Example 2.5. From [DSt99], we recall an example of such collections ®, ®, © and E,
which quadruple will determine the whole wavelet construction. Let I be the set of vertices
of the n-simplex T, so that I'") is the set of vertices and midpoints of edges of T. The
sets @ = @ are defined by ¢,(u) = dx, (A, € I). Tt holds that V = V = span® =
Py(T), giving d = d = 2. Since V = V, in this case (2.10) refers to an orthogonal space
decomposition. Note that in the domain case, the spaces V; = f/] are just the standard P,
finite element spaces. With ¢{) € V) defined by ¢\ (1) = 6x, (A, i € I™), sets © and
E satisfying above conditions are given by 6, = w( E\T) — 2=+ g ) (A € I), and

vn+1
&= ¢({) (A € I™\I), see Figure 1.

FIGURE 1. ®,®,©,E from Example 2.5 for n =1

Anticipating to the discussion at the end of §3, to get wavelets with more vanishing
moments, or more generally, a cancellation property of higher order, it makes sense to
select V # V such that V includes all polynomials of some higher degree. Examples are
given in [DSt99].

From (2.6) we obtained (2.9). So comparing (2.12) with (2.6), we may conclude that for
.j > jO > 07

Vi, Ui)

(2.13) inf sup [, jzum| 21,
0#1,€V; 0#£v; Espan®; ||Uj ||L2(F) ||U'] ||L2(F)

and thus that for jy being sufficiently large and j > jo,

0+ €V, 07#v, Espan® ||Uj||L2(r)||ﬂj||L2(r)
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In [Ste00] it was shown that (2.14), together with the fact that ©,;UZ; and ®; are uniform
L*(T')-Riesz bases for V1 and V; respectively, implies that for j > jo,

(2.15) V=5, — (5, 9;).(0;,9;),'6;

-1
are uniform L?(T')-Riesz bases for the spaces V1 NV “ Note that U, is the result of

~ 1
projecting =; along span®; onto V; “% In particular this means that V; is independent

of the choice of the bases of span®; and Vj. In the terminology from [Dah97], Z; and ¥;
correspond to ‘initial’ and ‘target’ ‘stable completions’ of ©; in V.
Analogously, using (2.13), we conclude that for 7 > jo > 0, the ‘auxiliary’ collections

(2.16) WY = 2 — (25, 05),,, (6, D)), O

J

are uniform L?(T')-Riesz bases for V;11 N f/] ’%, where here ‘uniform’ also refers to 7jj.
The fact that the \I/§j°) are uniform L?(T')-Riesz systems will be used in §4.

3. CONSTANT JACOBIAN DETERMINANTS

In general, (O, Cﬁj);l will be a densely populated matrix, meaning that (2.15) yields
wavelets with global supports, which is undesirable for practical computations. On the
other hand, formula (2.8) shows that assumption (2.12), i.e. (®,®), = I, implies that
(©;,2;) | ' i
products using (2.8), we infer that \Ifg.]‘)) = {wj(];) :y € Ij11\I;} is given by
(3.1)

w(JO éj,y -

is diagonal for j > jo > 0. By also expanding (=}, (f]> in terms of local scalar

Hio

Z Z{i,TETjO7T€Tj!TCT,K,’(T)9$,y} |8K’Z(C(T))| <€)\T(n;1(y))’ ¢))\T(n;1(m))>ﬂ' )
~ 75X
z€l; Z{i,TETjO Ter; TCT w;(T)3x} |alil (C(T)) |

and in particular,

£ Z Z{i,TGTj:ni(T)Sx,y} |0 (C(T0))] <€AT(,@;1(y))> ¢)\T(Hi_l(x))>l~" 0.
" zel, D (iTer;ny(Tyzay 10K (C(10)))] e

From the fact that =, ij and ©; are uniformly local, we conclude that the sum over

(32) )=

x € I; in (3.1) is uniformly finite, and thus that the \If§j°) are uniformly local. In particular,
with

33) Aj,())={Ter;:31<i<p, T ¢ 7; with y € K;(T) and r;(T) N k(T ) # 0},
it holds that
(3.4) suppt? © UP_ k(A (0)),

see Figure 2.
In view of above observations, as in [DSt99], throughout this section we will assume that

H = po,
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® yGIjH\Ij CF_1

{2} = r1(N;,(1))

FIGURE 2. Illustration of sets ;(A;,(7)) for a 2-dimensional manifold

meaning that all Jacobian determinants |0k;| are constant functions. Apart from the polyg-
onal domain case discussed in Remark 2.2, manifolds consisting of patches that for example
are parts of hyperplanes, spheres or cylinders, can be described by such parametrizations.

Under this assumption, (A) and thus (2.10) are valid for j > 0, and ¥; = qlgo). We con-

clude that ®oU U;>0277%F; is a Riesz basis for H*(T) for the range of s as in (2.10), where
moreover now the collections ¥, are uniformly local.

In the following three remarks, we discuss some generalizations or extensions of the
results we obtained so far.

Remark 3.1. Instead of p = pg, we could also have assumed that o = p;, for some jo € IN.
By breaking the T'; into the smaller patches x;(T) (T € 7j,), it is easily seen that this
generalization can be reduced to the previous situation.

Remark 3.2. As discussed in [Ste00], the condition (2.12), i.e. (@, ®),, = I, can be relaxed
as follows: With respect to some partitioning I = Uj_,T @ where 7(I'Y NoT) = 1Y NoT
for all permutations 7, let (©, <1~I>),L be a block triangular matrix with identity matrices as
diagonal blocks. Then with respect to a corresponding partitioning of the sets I; into ¢
subsets, for j > jo the matrices (0, @} u;, are block triangular with diagonal matrices as
diagonal blocks. It follows that both the matrices (©;, ®;) i and (O, éi);;t are uniformly
bounded, and uniformly local in the sense that entries corresponding to z,y € I; with
distance larger than some multiple of 277 are zero. The first property shows that ij
and (O, (fjﬁjt ©; are (, ), -biorthogonal uniformly L*(I")-Riesz bases for V; and span©;
respectively. The existence of such bases implies (2.13). As we have seen, (2.13) in turn

) ~ Loy,
shows that the collections \Ifgjo) from (2.16) are uniform L*(T')-Riesz bases for V; 1NV P

The uniform locality of (0, (fjﬁjt shows that the \Ilyo) are uniformly local. Concluding,
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©
~ | J

bases for V; 41 NV, “ " Note however that (3.1), and thus (3.2), and also (3.4) are no
longer valid.

Also the wavelet construction presented in §4 can be carried out when (2.12) is replaced
by above relaxed assumption. Yet, for ease of presentation, in the remainder of this paper
we stick to assumption (2.12), i.e., (©, ®),, = I.

assuming that p = po, the wavelets U, = W>” are uniformly local, uniform L*(T')-Riesz

Remark 3.3. In [Ste00], examples of quadruples (P, &, 0, E) are given with @ = &, that
is, (P, @)M = I, or more generally, (®, ‘i)>u is a block triangular matrix as in Remark 3.2.
In these cases, and assuming that ¢ = po, the sets ®; and (®;, éjﬁl&)j are uniformly local,
(, ) -biorthogonal scaling functions. It can be shown that as a consequence also uniformly

local dual wavelets become available. Note that for @ = &, it follows that span®; =V},
and so (2.9) and (2.13), and also (A) and (2.14) are equal.

Apart from generating Riesz bases, the other essential property that makes wavelets
suitable for solving operator equations is that they have vanishing moments, or more
generally, to cover cases where piecewise polynomials are not included in the dual spaces,

. . . . _ )
that they have cancellation properties. St~111 assuming that pu = o, the wavelets W; = W,
satisfy a cancellation property of order d, with with we mean that following estimate is
valid:

Proposition 3.4. Forv being a continuous function on I', which is patchwise smooth, one
has

, < 9—j(d+n/2) 1
(3.5) (v, ¢J,y>u| ~ 2 1§z‘§;{,nTae}§\j,y(z’) |vo /fz|wd,00(T)

Proof. For g € IN, let N, : C(T') — P,(T') be the interpolant defined by (IN,v)(\) = v())
for A € (IN/q)""' NT. We define N, ,: C(T) — [, [Ire,, 5i(Fy(T)) by

(N v) 0k 0o A = Ny(vor;oAst) (1<i<pTerm).

Since IN, reproduces polynomials of order ¢, the Bramble-Hilbert lemma and a homogene-
ity argument show that for continuous, patchwise smooth v,

(3.6) (I = Njg)vll(maryy S 279 v 0 kil waroo ).

The choice of the interpolation points and the matching condition (2.1) ensure that N,
maps into C(I'). As a consequence, from our assumption that V' O P; |(T') we infer that
N; ., maps into Vj. Finally, from ¢;, L), V; and diam(supp(v;,)) < 277, we obtain

J
that

(v, Yj)ul = (L — Nj,cﬁ1)”7¢jvy>u|
ST = N, g )l 2, < 2721 = Nj g0l oo (supp ()

The proof is completed by (3.4) and (3.6). O
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With a cancellation property of sufficiently high order, a wavelet representation of an
integral operator can be approximated by a sparse matrix without lowering the order of
convergence of the resulting discretization. For details, we refer to [Sch98, Dah97].

Remark 3.5. For the domain case discussed in Remark 2.2, if the functions from ‘7] satisfy
essential homogeneous boundary conditions, then (3.5) restricts to those v that also satisfy
these conditions.

4. GENERAL PARAMETRIZATIONS

The assumption that p = pg made in §3 clearly restricts the field of applications. There-
fore we now study the situation that this assumption is not valid. Then (2.15) will generally
not result in uniformly local wavelets.

A potential solution is to replace throughout §2, the Lebesgue measure 1 on I' by the
measure [y, that is, to consider space decompositions that are biorthogonal with respect

to (, )y, instead of with respect to (, ),. Then (2.10) holds with j, = 0 and the wavelet

collections yielded by (2.15) are just the collections \Ilgo).

A point however that deserves attention is the interpretation of (2.10) if s < 0. The
operators ); should be interpreted as extensions of mappings L*(I') — V; to mappings
H*(T') — V;, by identifying u € L*(T") with the functional v — (v, u),, yielding a set that
is dense in H*(T). Likewise, for the consequence that ||y, cf277°U;] %{s(r) ~ > ez,
the H*(T')-norm of the series of functions in L*(T") should be interpreted with respect to
the same dense embedding of L?(T") into H*(T).

Replacing i by po changes this embedding from

E:u— (v~ (v,u),)

into Ep : u — (v — (v,u),,). For s < —1, and for an my, defined in (2.2), that has jumps
over the interfaces between patches, both embeddings result in a non-equivalent H*(T')-
norms of L?(T")-functions. Indeed, suppose that the norms would be equivalent, then for
ve H#(I),

| (v)] (v, u)ul = (v, w),.

|vl|g-sqry = sup ———— = sup = sup
o 0£feHs (D) f] Hs(D)  0#£ueL2(I) | E(u) Hs(D)  0#£ucL2(D) HEO(U)HHS(F)

[{v/mo, w) |

= Ssup = [lv/mo|| (),
ouezm) [E(w) ey |
which is known not to be valid for s < —% and such mgy. We conclude that for mg having
jumps and s < —%, a space decomposition that is biorthogonal with respect to (, ), results

in a wavelet system that cannot be a Riesz basis for H*(I") with respect to the embedding
of L*(T') into H*(T") using (, ),, and vice versa.

The application of wavelets that we focus on is that of Galerkin discretizations of operator
equations. In applications the variational formulations of these equations are formed using
the duality pairing with respect to (, ),. This implies that the relevant embedding of
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L*(T) into H*(T) for s < 0 is the embedding F based on (, ),. Another consequence is
that cancellation properties should indeed be measured with respect to (, ),.

Instead of 149, more generally one may consider the option to replace p by p, defined by
dpgy = gdp, where g > 0 with g,1/g € L>(I'). Above analysis shows that the approach
to construct space decompositions that are biorthogonal with respect to (, ),, give rise
to ‘stable splittings’ of H*(I') for s < 0, in the sense of (2.10) and with respect to the
embedding F, if and only if

(4.1) f+— fg is a homeomorphism in H*(T").
On the other hand, our approach to construct uniformly local, uniform L?(T')-Riesz bases

~1
for the subspaces V; 1 NV “mg only applies when for each 1 < i <p,
(4.2) [y =@ : 2 g(x)|0ki(k; }(x))| is constant.

Before trying to circumvent these restrictive conditions, in the following simple one-
dimensional example we illustrate above findings with numerical results, at the same time
exemplifying the wavelet formula (3.2):

Example 4.1. Let I' = U2 T; be the unit circle in R?* and T, = [0,1]. We use
(@, ®,0,E) from Example 2.5 (with n = 1). We take

k1 1 2 (cos(3mz), sin(372)),

Kotz (cos(3m(z + 1)), sin(37m(z + 3))).

2

Both Jacobian determinants are constants, with values 3

m and %7?, and so

() = S0 0wl [l ()l

Since 1 = po, formula (3.2) yields locally supported wavelets ;, = wj(oy) Yet, to

illustrate the preceding analysis, here we also consider wavelets, denoted by v;,,, that result
from ignoring the jump in the Jacobian determinant, which approach has been followed

in the literature. These wavelets z/v)j,y arise from replacing p by p, throughout §2, where
g(z) = |0ki(k; " (2))| " if 2 € Ty, or

(), = Y [ utr@lTE -

Note that this g does not satisfy (4.1) for s < —1.
For y € I;11, let us denote with y;, and yr both its direct neighbours in ;. Using that

(B, ®), = H\/Q i\/i] and &, = ¢j11,, formula (3.2) yields

,lvz)j,y = ¢j+1,y - i\/é Z % ej,aza

ze{yr,yr}



14 HOANG NGUYEN AND ROB STEVENSON

where
: N 2|0k, if v ey,
w(y) = |0k ifyely, w(x)_{ |0k1 | + [Ors] if r € T, NIy
By substituting
050 =3V2j110 — 2V2(djs100 + Ditron)s

we find 1;, given as a linear combination of 5 nodal basis functions, generalizing the well-
known ‘prewavelet’ construction on uniform partitions of the line, which can for example
be found in [CW92]. Replacing o by g, yields

,lvz)j,y = ¢j+1,y - %\/é Z ej,ar
ze{yr,yr}

Both 1;, and ﬁj,y are illustrated in Figure 3. Note that 1;, is equal to Q/UJJ-’y except when
=1
{} =L\l

{o}=TinT:

FIGURE 3. Wavelets ;, (‘—") and v;,, (‘——") with supports that intersect
an interface, and wavelets v, , = ¢;,, (‘—") with support inside one patch

their supports intersect an interface between the two patches I'; and T'y, in which case zzj,y
has no cancellation properties.

Let us define U9 = &, U U2 T, and b9 = U UIZb27%0,. We are interested in
/{Hs(p)(q/gj)) and /{Hs(p)(\i/gj)), where for a countable collection of functions T C H*(I') N
L*(T),

1Y%, 1 . 1T Y120 ¢
fieay(T) = sup o inf 0
ote=(co)oer  NI€ll Ote=(co)ver  ||c]|

where thus for s < 0 we use the embedding E : L*(T') — H*(T"). We start with searching
for equivalent quantities that are computable for general |s| < 1.

As norm on H'(T'), we may use ||u| g = \/Z?=1 |uo Hi”?ﬂ(To)' We have

HuJTcI)j”le(F) = (Aju;,u;)pe + (Mjuy,uj) 2,
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where
- (3 s
z,yel;
and
M, (= (8;,2,), =( /%MZ¢MMD>
z,yel;
are 2771 x 271 Toeplitz matrices with ‘stencils” 47[—1 2 —1] and [; % ] respectively.

Using [[u] ®||z2ry < [[uy]le2, and by applying interpolation, we find that
(4.3) 0] @5l sy < [1(A; + M) 2uylle (s € [0,1]).
As follows from (2.10), the (,),-orthogonal projector @; : L*(I') — V; satisfies

1Qilmsy—msry S 1 (|s| < 2). As a consequence, for u; € V; and s € (—3,0], we
have
sup |<Uj,’l}]> | < ||U,]| Ho () = sup |<uj7ij>M| 5 sup |<uj7vj>u| :
osv;ev; |10l -s(r) ozver—s(r) |Vlla—=@) " ozv=quev; [[VjllH-+r)
and so for s € [—1, 0],
_ Mu;,v; . v
@4 e s sp Y kN

070, =vT®; €V, (A + M)~ 2v,] e
where M; = (@, ®;),,.
From (4.3), (4.4), one infers that for T, being a basis for V;, and T% the matrix such
that TT = (IDTTT , and (T ) its matrix adjoint,

K((T (A + M) TY) if s € (0, 1],

(45) /fHS(F)<Tj) ~ HS,J(TJ) = { /{((T )*M (A +M )SM T ) if s € [—1,0]

We have computed numerical values of x (U9 and &, J (U9 using the Lanczos method.
By evaluating the application of (A +M. ;)° using the FFT, each iteration can be performed
in O(dimV} log(dimV;)) operations. As expected, the results given in Figures 4 and 5 show
that in contrast to /isd(\I’(J ), for s < —1, /137]»(\1/9)) is not bounded as function of j. In
the limit case s = —%, the growth is approximately linear in j. For s < /{S,j(\ilgj ))
turns out to be exponentially increasing as function of j.

1
-3,

For general parametrizations, often a g satisfying both (4.1) for s < —3 and (4.2) does
not exist. Therefore, below we will give up biorthogonality of the space decompositions.

That is, we will construct collections
(4.6) Vi ={vjy 1y € Lia\I;} C Vi,

gt
that will not (exactly) span spaces Vj1 NV, Y5 Nevertheless, as it will turn out, they
will give rise to Riesz bases for a range of Sobolev spaces, including H*(T") for s < —%, and
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FIGURE 4. ﬁs,j(\llgj)) (‘=) and I@'s,j<\i/5j)) ((—=)fors=—-1andj=2,...13
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FIGURE 5. /fs,j(llfgj)) (‘=) and /@S,j(\ilgj)) (‘—=)fors=—2andj=2,...13.
For s = —2 and j = 13, we found f@s,j(\i/gj)) =83 x10?

their elements v, , will satisfy cancellation properties, which means that it is appropriate
to call them wavelets. Note that the notations ¢;, and ¥; that up to now were reserved

~ 1
for wavelets that span Vj 1 NV, @4 are now used for the new collections.
Given j € IN and y € [;11\I;, for all 1 < i < p for which A;,(¢), defined in (3.3) and
illustrated in Figure 2, is non-empty, select some

Now define

(4-8) wj,y = fj,y - Z

z€l; Z{lgigp,TETj:Iii(T)Efl'} ‘a"fl<z]7y<z))‘

E{lgigp,TETj:Iii(T)Bl',y} |8"fi(zj,y(i))|<€>\T(n;1(y))a ¢>\T(H;1(l«))>u

9j71"
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Note that as Suppg/JJ(-f;), suppv;, is contained in UY_, k;(A;,(7)). Furthermore, if all but
one sets A;, (i) are empty, i.e. suppt);, is contained inside one patch T;, then v;, = @Z)j(»f)y),
and the choice of z;,(7) is irrelevant. So in this case the non-constant Jacobian determinant
is ignored, which however is assumed to be smooth on suppt;,. In the other case that
suppv;,,, extends to different patches, the non-constant Jacobian determinant is taken into
account, in the sense that it is replaced by a piecewise constant. Generally v;, and wj(-?y)
are now different.

We start by showing that these new wavelets induce a ‘stable two-level splitting’. By
using (2.3), comparison of (4.8) and (3.1) shows that for 0 < jy, < j,

(4.9) i = 053 2y S 270,
By the uniform locality of both ¥; and \I/§j°), it follows that
lef (2 = ) llzzey S 27 el
Since, as was shown in §2, for j > j, > 0 the \Ilg-jo) are uniform L?(T')-Riesz systems, we
conclude that for jo being sufficiently large and j > jo, the ¥; are uniform L*(T')-Riesz
systems. R
For j > jo, let W, :=span¥;. By (4.9) and (2.4) it holds that for z € I;, y € I;11\1;,
|<q§j7$7 wj7y>u| = |<¢;j,xa ,lvz)j,y - ¢§2>u + <§Z~Sj,x7 wj(,jy)>ﬂ - <§Z~Sj,x, @D‘;Z)MA ,S 2_j
Since ®;, ¥; are uniformly local, uniform L?(T')-Riesz bases for V;, W;, we conclude that
(4.10) (@5, 05}l < 2700105 2y [y |2y (85 € Vi, 1y € W),

meaning that ¥, spans a subspace of V;;; which is nearly orthogonal to \7j
Possibly for a larger jo, for j > jo let Q; : L*(I") — L*(T") be the uniformly bounded

L

projectors from §2, satisfying Im(Q;) = V; and Im(/ - Q;) =V
Im(Q3) = V; and Tm(I — Q5) = Vf”“. From (4.10), for w; € W, we have

, and so for the adjoints,

0D Al
Qs = sup Lol -, [(050 0]
ozvev;  villzey  ozvev;  lvillze)
(4.11) S 27NQ 2y 2y 1] 2y S 277 |1 2y

Wlth Wj = Im(Qj+1 —Q]) = Im(([— Qj)‘vj-H
tors Q; shows that the pairs (V;, W;) satisfy the following uniform strengthened Cauchy-
Schwarz inequality;,

), the uniform boundedness of the projec-

(412) sup sup |<U]7w]>ﬂ|

< 1.
>0 00, €V, 02w;ew; |[V5 ]| 22y |wj || 2

Writing for v; € V; and w; € Wj,
(v, Wi)u = Vg, Qi) + (v, (I = Q) 5)
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from (4.11) and (4.12), we infer that for j, being sufficiently large and j > jo, also the
(V;, W;) satisty a uniform strengthened Cauchy-Schwarz inequality. Since furthermore
Vi, Wj C Vj41 and dimVj, = dimVj + diij, we may conclude that for 7 > j, there exist
uniformly bounded projectors

Q; : L(I) 5 Viy — V; € L(D),

such that ImQj =V, and Im( — Qj) Wj, which result we meant by stability of the

two-level splitting. Note that ®;, U Uﬁ i Vj 1s a basis for Viiq.

An immediate consequence of (4.11) and the uniform boundedness of Q; is that for
.j > jOu
(4.13) 1Q; = @Qjll2y—r2y = Q5 — @)llz2y—r20) S 27
Theorem 4.2. Consider the wavelet collections V; defined by (4.6), (4.8). From (4.13),
and the fact that these ¥; are uniform L?*(T')-Riesz bases for W; = Im(I — Q;), it follows
that ®;,U U;j>,27°W; is a Riesz basis for H*(T') when s € (—1,3) with |s| <m or|s| < t.
Proof. We define the auxiliary spaces H¢(I") for s > 0 as the closure of

Us:={ueCl):uok; € H(Tp), 1 <i < p}

with respect to the norm ||u|| g, = \/ i1 1w o Killfe g, and for s < 0 as H_y(T')". For

s € [0, %) with s < m or s < t, U is also a dense subset of H*(I'). Since furthermore
|wo kil s (1) = [|ul| ms(r,), we infer that H*(I") and H,(I") agree as sets and have equivalent
norms. By duality, these results extend to s € (—=2,0) with s > —m or s > —t. We

conclude that it is sufficient to prove that

(4.14) ®j, U Uj»j,277°0; is a Riesz basis for Hy(T') when s € (-1, 2).

The point of introducing the spaces Hy(I") is that it is now sufficient to prove the Riesz
basis property for s in an interval that is always open.

The spaces Hy(I") were also used in [DSt99] to prove the stability (2.10) of biorthogonal
space decompositions. With respect to the H,(I') spaces, the Bernstein inequalities (B),
and the Jackson estimates (d) hold for the ‘full’ ranges s € [0, 2), and s € [0,d] or s € [0, d|
respectively, yielding for |s| < 2

(4.15) [l ) = Zﬂw —Qiulbary  (u€ Hy(I)),
J JO

and

(4.16) lullz,ry = D 4@ — @ ulfaqy  (ue Hy(L)).
Jj=jo

We will show that for any s € (—1, %), there exists an w < 1 such that
(4.17) [ (5, 00) sy | S w727 oy | 2y 2% el 2y (o < 5 < 0),
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and that for any s € (—1, 0],

(4.18) sup [|Q; Q1 -+ Qell )y < 00

25270
Then, using (4.15), for s € (=1, 2) an application of [Ste98, Theorem 3.1] (with ‘’= 0 and
‘¢’€ (—1, min{s, 0}]) shows that

¢ ¢
lvio + Y @ill3 iy = il ey + Y 4005132y (vi € Vig, @5 € W)).
J=jo g=jo
Since ®;,, ¥; are uniform L?*(T')-Riesz bases for Vj,, VAV] respectively, it follows that ®; U
Ul_;, ¥, are uniform (in ¢) H,(T')-Riesz bases for Vi 1, and thus that ®;, UUX, U is a
Riesz system in H,(I"). Since its span includes U;V;, we conclude (4.14).

Vi
First we prove (4.17). It is sufficient to show that for s € (=1, 3),
(4.19) sl ey S 2% sl ey (1 € W),

since this implies that for s € (—1, 2), and with € > 0 such that s € € (-1, 2),

[y, Do) a1,y | S Nl |0,y S (27) D@ | o)) (27 el 2r)-
For s > 0, (4.19) follows from the Bernstein inequality. Now let s < 0. Then the

uniform boundedness of [|Q%,||r_,r)—m_,r), which is an easy consequence of (4.15) or
(4.16), shows that

N w;, v |<lD-,Q* v) |
10l .y = sup 1y, o)l sup Lt
ozver () [1Vllr_am) opeen o) [0l

< sup |<wj’Q;+1v>u| _ sup (I — Qj)wj7@j+1>u‘
O#UGH—S(F) ”Q;-‘rlvl‘Hfs(F) 0756j+1€‘~/j+1 Hﬂj+1HH75(F)

Now by
(I = Qj)wj, Vj41)ul = [((Q5 — Q)10j, Vjya)y + (W, (QF — Q1) Tj41) ]
S 2770 2@y 10541 ez ey + 101 22y 271051 |1y ()

which follows from (4.13) and (4.16), we conclude (4.19) and thus (4.17).
Now we will show (4.18), which is the crucial part of this proof. Given some s € (—1,0],
for jo <j</l+41,let

Z o
py = max [|QuQ;Qsm - Qi

Jo<k<j

HS(F)HHS(F)7
€ = jgrgl%}g{j ||Qk(Q] - Qj)HHs(F)HHs(F)'

Then from Q;Q; = Q, and thus
QrQ;Qj+1 Qe = Qu(Qj — Q)Qjs1 -+ Qv + QrQjy1 -~ Qu,
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we find that py) < (¢ + 1)p§+1 By the uniform boundedness of ||Qx| HS(F)HHS(F) we have

Z S S
piy S1and ¢ S Q) — Qjllmmy—mm) S 279°Q5 — Qjll2wyr2@y S 2019 by (4.13).
We infer that

A A A ) < m(—1-s)
sup [|Qj Q)1+ Qellmury—mm < sup p) S sup Y e S Y 2 < 00,
52 1QiQ5 - Qullwymiey < 5w 4} MOZ Z

which completes the proof of the theorem. O

We now discuss the cancellation properties of the wavelets defined in (4.8). Let y €
I;11\1;, and let A;,(7) and z;,(i) be as in (3.3) and (4.7). Define g on I' by

(4.20) 9(x) = |0ki(2j,(1))||0ki(z)|""  if z € T; with 4 such that A;, (i) # 0,

and say g(z) = 1 otherwise. Then by construction, 1;, L), V;. Proposition 3.4 with (, ),
replaced by (, ),, shows that for v being a continuous function on I', which is patchwise
smooth, and IN 3 k < d it holds that
(4.21) (0, s g | S 27702/ inglA%i(i) |00 Kilweo ()
In fact, it is sufficient when v restricted to U;k;(A;,(i)) D suppy;, is continuous, and
smooth on each x;(A;,(7)).

Obviously, one has

(4.22) (0, i) = (v/9,;, y>ﬂg'
So in case all but one sets A;, (i) are empty, and so suppy;, is contained in one patch T,
the smoothness of g on this patch shows that

(0,050l S 27 max flvork

i TEA; y(3) lwao ),

i.e., ¥, has the cancellation property of the full order d.

Now consider 1;, with support that extends to more than one patches [';. Then, if the
2;4(7) can be selected such that the function g from (4.20) is continuous on U;k;(A; (7)),
then above arguments show that again ), , has the cancellation property of the full order
d. For example, for a one-dimensional manifold this can always be realized by selecting
2;4(1) as the pull-back of the interface point inside supp); ..

Finally, if above requirement is not satisfied, then from sup,cqupp(y, ) [1/9(2) — 1| S 279,
(4.22) and (4.21), one infers that

[Vl S 270 max oo sillwre .
or, in any case 1;, has the cancellation property of order 1.

Remark 4.3. Instead of applying the U, defined by (4.8), another option to handle the

general case of non-constant Jacobian determinants would be to use the collections \I/y ),

Ly

As shown in §2, these \Ifgj ) are uniform L*(T)-Riesz bases for V; 1 N V . Furthermore,



FINITE ELEMENT WAVELETS ON MANIFOLDS 21
the same arguments that were used to prove Theorem 4.2 show that ®oU UjZOZ*jS\Ifg-j )is a
Riesz basis for H*(I") when s € (—1,2) with |s| < m or |s| < t. The reason however not to
propose this wavelet construction is that each %(-,]y)a
in one I';, generally has the cancellation property of only order 1.

thus also when its support is contained

Remark 4.4. Just as the wavelets corresponding to the case of constant Jacobian deter-
minants, our new wavelets are given in the form ¥; = =; — Gf@j, where the G, are
matrices that are uniformly local. This means that the discussion from [DSt99] about
constructing an efficient implementation of the inverse wavelet transform, i.e., the trans-
formation from wavelet to single-scale basis, here applies without modification. Instead of
expressing an expansion d?llfj directly in the form CJTH(I)jH, the idea is to express it first
as d] Z; — (G;d;)"©;, and then to write df Z; in the form €}, ®;,,, and (G;d;)"©; in
the form Zi:o é?+1_k¢j+1_k for some fixed ¢; the latter step by expressing each 6;, as a
minimal linear combination of elements from ®;,4,...,®;1;_,. Often 5, is just a subset of
®,,1, whereas the transformation involving ©; is cheap since card®,/card¥; ~ (2" —1)~1.

Remark 4.5. As was already noted in Remark 3.3, in [Ste00], examples of quadruples
(P, P, 0O, E) are given with ® = ®, meaning that when p1 = 1, the sets ®; and (@, (fj);léj
are uniformly local, (,),-biorthogonal scaling functions. With non-constant Jacobian de-
terminants, this biorthogonality on the global level is lost, and so we do not obtain formulas
for the dual wavelets. On the other hand, since for ® = @ each 1), is given as ¢;, mi-
nus a uniformly finite linear combination of coarse-grid scaling functions 6;, = ¢, ., the
wavelet transform, i.e., the transformation from single-scale to wavelet basis, is of optimal
complexity also in case of non-constant Jacobian determinants.

Finally, we give some numerical results obtained with the newly introduced wavelets:

Example 4.6. As in Example 4.1, let T' = U2_T; be the unit circle in IR*, and Ty = [0, 1].
Again we take (@, ®,0,E) from Example 2.5 (with n = 1). This time, we take x;(z) =
k(2), k2(2) = k(2 + 1), where

k(2) i= (cos(2m(27/% — 1)), sin(21(27/? — 1)),
yielding

(u,v), = 7T10g(2)/0 u(k(2))v(k(2)) 2°/%dz.

Note that the Jacobian determinant is not equal to any piecewise constant function, and
so p # pj, for all jo € IN.
The new wavelets defined by (4.8) read as

w\y
,lvz)j,y = ¢j+1,y - i\/é Z ~< ) ej,aza

w(z)

z€{yL,yr}
where now with z; (i) being some point in A; (%),
_ NI SN 2[0ki(2), ()| if v € T,
w(y) = 0ri(z,(1)| ity el w(r)= { 10k1 (2, (1)) + |0K2 (2, (2))|  if 2 € Ty N Ty,
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and
0= 3v2 Djt10 — %\/5 (jr1,0r + Pjttan)-

If both y;, yr & ['1NTy, the choice of z;, (i) is irrelevant. In the other case, to ensure that for
J > 0 all 9;, satisfy the cancellation property of the full order order 2, we take z; (i) being
the pull-back of the interface point inside suppt); ,. That is, either z;,(1) = 1 and z;,(2) =
0 and so |0k1(2;,(1))] = |Oka(zj,4(2))| thus yielding an ‘unmodified’” wavelet, which is
appropriate since the Jacobian determinant connects continuously over this interface, or
zjy(1) = 0 and z;,(2) = 1 and so |91 (2, (1))| = $|0ka(z;,(2))] yielding a wavelet adapted
to the jump in the Jacobian determinant over the other interface, cf. Figure 6. The lowest

! =1
{-} =L\

{e} =T1nTy

FIGURE 6. Wavelets ¢;, (‘—’) and zzj,y (‘——") with supports that intersect
the interface where the Jacobian determinant has a jump, and wavelets ¢, , =

ﬁj,y (‘—-") with support inside one patch

level corresponds to an exceptional case: Both wavelets 1, for y € I;\Iy have supports
equal to I" and therefore intersect both interfaces. We took zq,(1) =0, 29,(2) = 1.

With ¥; being the resulting wavelet collections defined by (4.6) and (4.8), and oY) =
dy U UJ_j27T,, we computed ﬁs,j(\llg])) defined as in (4.5), where obviously M; =
(®;,P;), and Ti{j) now refer to the current parametrizations and wavelet collections. As
in Example 4.1, for comparison we also computed /ﬁs,j(\flgj )) where \flgj ) = Dy U Ui;éQ_fs\flg,
and U, results from ignoring the non-constant Jacobian determinants, i.e.,

Vg = i1y — V2 > o

ze{yr,yr}

Recall that ¥, spans V4 N le”g where g(x) = |0ki(k; ' ())| 7t if x € Ty, or

<u,v)ug:/0 u(k(2))v(k(2))dz.
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As in Example 4.1, the results given in Figures 7 and 8 show that in contrast to /fsyj(llfgj )),

70

60

50

40~

301 T

20 Eaiel

10 I I
0 5 10 15

FIGURE 7. e ;(UY)) (=) and kg ;(UY)) ((—=) for s = —1 and j =2,...13
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’
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FIGURE 8. /fs,j(llfgj)) (‘=) and /@S,j(\i/gj)) (‘—=)fors=—2andj=2,...13.
For s = —3 and j = 13, we found ko (UY)) = 4.2 x 103

for s < —%, /{S,j(\i/gj)) is not bounded as function of j. In the limit case s = —%, the growth
is approximately linear in j. For s < —1, /ﬁs,j(‘ilgj )) turns out to be exponentially increasing
as function of j. Unfortunately, although the Y are uniform H (I')-Riesz systems, our
computation of f@s,j(\llgj )) as the spectral condition number of a product of a number of
matrices which are not all uniformly well-conditioned starts to become numerically unstable
around level j = 13, which slightly shows up in the figures.

An alternative would have been to compare with the wavelets that span V;1; N VjLH 0

that is, the wavelets yielded by (3.2). Since |9r1(3)]/|0k2(3)| = V2, this construction
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yields ‘wrong’ wavelets at both interfaces. We may expect similar results as obtained with

;.
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