Linear Splines and their Derivatives on Uniform Simplicial Partitions of Polytopes

Jan Brandts^∗ and Michal Křížek^†

June 17, 2002

Abstract

Superconvergence of the gradient for the linear simplicial finite element method applied to elliptic equations is a well-known feature in one, two, and three space dimensions. In this paper we show that, in fact, there exists an elegant proof of this feature independent of the space dimension. As a result, superconvergence for dimensions four and up is proved simultaneously. The key ingredient will be that we embed the gradients of the continuous piecewise linear functions into a larger space for which we describe an orthonormal basis having some useful symmetry properties. Since gradients and rotations of standard finite element functions are in fact the rotation-free and divergence-free elements of Raviart-Thomas and Nédélec spaces in three dimensions, we expect our results to have applications also in those contexts.

Keywords: uniform partition, n-simplex, point symmetry, elliptic problems, linear splines, finite element method, superconvergence AMS subject classification: 65N30

1 Introduction

In their famous 1969 paper, Oganesjan and Ruhovets [29] proved that the gradient ∇u_h of the continuous piecewise linear finite element approximation u_h of the solution u of the Poisson problem −Δu = f with homogeneous Dirichlet boundary conditions on a rectangular twodimensional domain using uniform triangular partitions, is closer to the gradient ∇L_hu of the nodal linear Lagrange interpolants L_hu of u than to ∇u. In fact, using standard notation for Sobolev spaces and norms, they showed that

‖∇(u_h − L_hu)‖_0 ≤ Ch^2|u|_3, (1)

whereas both ∇u_h and ∇L_hu approximate ∇u only with order O(h). This phenomenon, which has since the 1991 paper [27] by Lin et al. been called supercloseness to the nodal interpolant, can be exploited to develop post-processing schemes to improve the approximation order of ∇u_h from O(h) to O(h^2). This explains why [29] is often considered as the paper

�Korteweg-de Vries Institute, Faculty of Science, University of Amsterdam, Plantage Muidergracht 24, 1018 TV Amsterdam, Netherlands

yMathematical Institute, Academy of Sciences of the Czech Republic, Žitná 25, 115 67 Praha 1, Czech Republic. E-mail: krizek@math.cas.cz

that initiated the research in the by now well-developed area of superconvergence in finite element methods.

We have found that in one space dimension, the supercloseness of the finite element solution was considered in the paper [33] by P. Tong 1969, but we suspect that in the engineering society, the same result has already been known much longer, although we could not find an earlier reference. The corresponding result in three space dimensions was firstly proved by Chen [10] in 1980. Unaware of the developments in China, Kantchev and Lazarov proved essentially the same result in 1986 [22]. Also in the paper [18] by Goodsell, the same supercloseness can be found. Interestingly, the proofs for one, two and three dimensions are all quite different in nature, and rather technical. In this paper, we will present just one key argument that proves the supercloseness (1) for all space dimensions n ≥ 1 simultaneously. For dimensions four and up, we need to assume higher regularity of the solution u to guarantee that its nodal interpolant L_hu is well-defined, but since this interpolant is not present anymore in Theorem 4.7, we can remove those additional regularity assumptions by a density argument, which results in Corollary 4.8.

Since the paper by Oganesjan and Ruhovets, a large number of superconvergence results have been derived by different authors in various contexts [19, 24, 26]. The supercloseness (1) to some local interpolant remained essential and of central importance in many of them. Indeed, apart from the fact that similar results were obtained for higher order triangular elements [1, 2, 7, 20] and for elliptic systems [21], also for elliptic equations in three space dimensions, one succeeded in proving (1) for tetrahedral partitions with a certain symmetry [10, 18, 22]. Typical difficulties with superconvergence in IR^3 are surveyed in [9].

1.1 Motivation

The value of this paper lies in three aspects. First, it presents a proof for supercloseness in dimensions one, two, and three that may be easier to understand than the proofs in the original papers [33, 29, 10]. Second, for dimensions four and up, the supercloseness is a new result. It might seem that in current practical applications of the finite element method there is no need for simplicial higher dimensional elements. Nevertheless, it is well-known that for example in areas like financial mathematics [35, 36], particle physics, statistical physics [13] and general relativity, higher dimensional PDEs need to be solved. As an example, we quote G.B. Cook and S.A. Teukolsky from the 1999 issue of Acta Numerica [12], in which they contemplated (page 11) on simplicial meshes in four dimensions:

”Given that general relativity is a four-dimensional theory, a natural approach for solving the equations might be to discretize the full four-dimensional domain into a collection of simplices and solve the equation somehow on this lattice. A discrete form of Einstein’s equations based on this idea was developed by Regge [31, 34]. While considerable efforts have been made to implement numerical schemes based on this Regge calculus approach, they have not yet moved beyond test codes [4, 16]”.

Finally, finite element discretizations based on tensor product partitions in three dimensions often lead to non-monotone matrices and a corresponding loss of the discrete maximum principle. Hence, the numerical solution might not preserve exactly those properties of the continuous system that are relevant. This may for instance result in a cash-flow opposite to the flow of the corresponding continuous problem or in matter-spitting black holes. Simplicial meshes seem to be the solution to this problem, as was proved for n = 3 in Korotov et al.

[23]. We expect that for the applications mentioned above, this is of vital importance. As a third motivation, as we will outline in more detail in Section 1.3, the supercloseness may be of use in the study of more complicated three-dimensional mixed finite element methods.

Our (for n ≥ 4) supercloseness result (1), which follows from the strengthened Cauchy- Schwarz inequality (3), implies superconvergence for the standard finite element method. The superconvergence result itself may also be derived using an L^∞ estimate from the paper [32], whereas the individual bounds (1), (3), and (6) can not be found in [32].

1.2 The main inequality

Consider a face-to-face partition of a bounded polytopic domain Ω ⊂ IR^n into n-simplices. Denote the space of continuous piecewise linear polynomials with respect to this partition by V_h and let V_{0h} = V_h ∩ H^1_0 (Ω). Discretizing the Poisson equation −Δu = f ∈ L^2(Ω) with homogeneous Dirichlet boundary conditions using V_{0h} as approximating space, means finding u_h ∈ V_{0h} such that (∇u_h, ∇v_h) = (f, v_h) for all v_h ∈ V_{0h}. This gives the Galerkin orthogonality relation (∇(u−u_h), ∇v_h) = 0 for all v_h ∈ V_{0h}, and hence the difference u_h −L_hu can be studied as follows. Assuming that u is smooth enough for L_hu to be well-defined, we get that ‖∇(u_h − L_hu)‖^2_0 = (∇u_h − ∇L_hu, ∇(u_h − L_hu)) = (∇u − ∇L_hu, ∇(u_h − L_hu)). (2) Application of the Cauchy-Schwarz inequality at this point would only result in ‖∇(u_h − L_hu)‖_0 being less than or equal to ‖∇u − ∇L_hu‖_0, which is not enough for our purposes of post-processing. Therefore, we will use an alternative analysis to show that, under additional assumptions on the mesh, and with s = 3 if n ≤ 5 and s > n/2 if n ≥ 6, ∀u ∈ H^s(Ω) ∩ H^1_0 (Ω), ∀v_h ∈ V_{0h}, |(∇u − ∇L_hu, ∇v_h)| ≤ Ch^2|u|_3|∇v_h|_0. (3) According to the Sobolev Embedding Theorem, the condition s > n/2 assures that u has a representation as a continuous function, and hence that L_hu is well-defined. The condition s ≥ 3 comes from a Bramble-Hilbert argument in the proof of (3), and obviously s = 3 is necessary and sufficient to get the factor h^2 in (3) for all n ≤ 5. This explains why no attention needed to be paid to this aspect in the existing proofs for space dimension up to three.

1.3 A more general setting for mixed finite elements

It is possible to formulate our objectives more generally. For this, we recall the notion of simplicial Nédélec [28] mixed finite elements in arbitrary dimension. These elements are used in the discretization of problems in which the unknowns are vector fields. Connected with the lowest order spaces N^0_h is an interpolation operator Π_h defined for vector fields q ∈ W ⊂ [H^2(Ω)]^n having a certain smoothness. Denoting by τ(e) a unit vector along a given edge e, it is well-known that there exists a unique Π_hq ∈ N^0_h such that for all edges e ∫ e (q − Π_hq)^T τ(e)de = 0. (4)

For this interpolation operator, it typically holds that [28]

∀q ∈ W, ‖q − Π_hq‖_0 ≤ Ch|q|_1. (5)

An interesting fact is, that the subspace Z_h of curl-free elements of N^0_h satisfies ∇V_{0h} ⊂ Z_h ⊂ ∇V_h. Equality to either V_h or V_{0h} arises when the equation to discretize has homogeneous boundary conditions of either Dirichlet or Neumann type, whereas mixed boundary conditions result in a Z_h strictly in between them. Moreover, if q = ∇u, then whenever both interpolants are well-defined, we have Π_hq = ∇L_hu, which is expressed in the following commuting diagram:

V_{0h} N^0_h- ∇

H^s(Ω) W- ∇ ?^{Lh} ?^{Πh}

Therefore, as a generalization of (3), we would like to show that ∀q ∈ W, ∀v_h ∈ V_{0h}, |(q − Π_hq, ∇v_h)| ≤ Ch^2|q|_2|∇v_h|_0. (6) In this paper, we will prove (6) for all n and with the most general possible choice for W ⊂ [H^2(Ω)]^n. For n = 2, (6) yields supercloseness results not only in triangular lowest order Nédélec elements, and hence through (3) for the standard finite element method. In [6, 7] it was moreover shown that also for lowest and one-but-lowest Raviart-Thomas triangular mixed finite elements for elliptic equations relation (6) yields superconvergence. Of central importance in that context is the property that curls are gradients that are rotated pointwise over π/2. In three space dimensions and up, this is not the case anymore. This complicates the analysis considerably. We refer to [17] for the definition and a summary of main results concerning the three-dimensional mixed elements. Denoting the lowest order H(div ; Ω)- conforming Raviart-Thomas space by RT^0_h, in [17] it is moreover shown on page 275 that for all q_h ∈ RT^0_h, q_h is divergence-free if and only if q_h ∈ curl N^0_h. So even though in three and higher dimensions, the relationship between Raviart-Thomas and Nédélec elements is more obscure, gradients and curls of continuous (vector-) piecewise linear functions are present, either implicitly or explicitly, as subspaces of physically relevant quantities. This motivates why we will pay special attention to them in this paper.

1.4 Outline

In Section 2, we will concentrate on simplicial partitions of n-dimensional polytopes and define the concept of uniformity. For n = 2 this will coincide with the usual definition of uniform triangulations, which is that any two triangles sharing an edge form a parallelogram. In Section 3, we derive results for continuous piecewise linear functions on such partitions. The main feature is that their gradients can be written as linear combinations of mutually orthogonal functions with small and point symmetric support. This point symmetry will be the basis of the proof of the strengthened Cauchy-Schwartz inequality (6). In Section 4 we will concentrate on post-processing, resulting in superconvergence. Finally, once the success of the post-processing on the gradient of the finite element solution has been shown, we remove the additional smoothness assumptions that were due to the definition of the interpolant by a density argument.

2 Simplicial partitions of polytopes

It is not standard terminology what is meant by a uniform simplicial partition of an ndimensional polytope for n > 3, so we will concentrate on this in Section 2.1. In Section 2.2, we prove that for each n there exist n-simplicial partitions having the required properties.

2.1 Regular families of uniform partitions

We will be interested in regular families (Δ_h)_h of simplicial partitions of the polytope Ω ⊂ IR^n. By this we mean that (Δ_h)_h satisfies:

(R) There exists α > 0 such that for all Δ_h ∈ (Δ_h)_h and for all n-simplices S ∈ Δ_h, the ratio of the volume of S and the volume of the circumscribed n-sphere S (see [15]) is larger than α.

Moreover, we assume that each partition Δ_h ∈ (Δ_h)_h is uniform, which means that it satisfies the following uniformity conditions:

(U1) There exist n linearly independent unit vectors χ_1, . . ., χ_n such that for each S ∈ Δ_h and each j ∈ {1, . . ., n}, the simplex S has an edge parallel to χ_j (j = 1, . . ., n).

(U2) For each internal edge e ⊄ ∂Ω in one of the directions χ_j (j = 1, . . ., n), the patch of simplices sharing e is point symmetric with respect to the midpoint of e.

Remark 2.1 In two space dimensions, it is clear that (U2) implies (U1), and after some puzzling one can show the same for n = 3. It is unclear, though not unlikely, that the same implication also holds for n > 3. The converse implication (U1) ⇒ (U2) only holds in the trivial case n = 1.

2.1.1 Two-dimensional meshes

For n = 2, it can easily be checked that the so-called three-directional mesh satisfies both (U1) and (U2). Historically, this is the partition that is often called uniform, so this justifies our definition of uniformness for higher dimensions. The two-dimensional chevron mesh and the criss-cross mesh clearly satisfy (U1) whereas they do not satisfy (U2). See Figure 1 for the three mesh types just mentioned.

Figure 1. Three-directional mesh (left), chevron, and criss-cross mesh (right).

Remark 2.2 Note that the so-called Union Jack mesh, which is often seen [3] as another, differently structured mesh-type in two dimensions, is actually nothing else than the crisscross mesh rotated about 45 degrees.

For the three-directional mesh, each choice of two independent directions χ_1, χ_2 out of the three directions present in the mesh, satisfies both (U1) and (U2). For the chevron mesh, there is only one possibility to choose χ_1 and χ_2 satisfying (U1), namely, the x- and y-direction. The patches corresponding to the y-direction are, however, not symmetric with respect to a point. For the criss-cross mesh, a similar observation holds for the two diagonal directions. This shows that (U1) and (U2) are not equivalent.

2.1.2 Three-dimensional meshes

One of the standard ways to construct a partition into tetrahedra in three space dimensions, is to first decompose the domain into parallelepipeds (with blocks and cubed as special cases) and then to continue according to Figure 2, in which we took the cube as example.

Figure 2. Partitioning of a cube into six tetrahedra.

This leads to a uniform partition, by choosing for χ_1, χ_2, χ_3 the three edge directions that define the parallelepipeds. Depicted in Figure 3 are the patches corresponding to different edges in the partition.

Figure 3. Point symmetric patches around edges.

Each patch is symmetric with respect to a point. Note that patches corresponding to the block-directions χ_1, χ_2 and χ_3 and to the direction of the longest diagonal are space-fillers. As opposed to the two-dimensional case, there exist directions in the mesh that are not present in all tetrahedra. The patches corresponding to these directions do not fill space.

2.2 Construction of uniform n-simplectic partitions

We will now construct partitions of Ω ⊂ IR^n into n-simplices that satisfy conditions (U1)- (U2). At the basis lies the generalization of the following description of the partition of the unit square into two congruent triangles S_{12} and S_{21},

S_{12} = {x ∈ IR^2 | 0 ≤ x_1 ≤ x_2 ≤ 1} and S_{21} = {x ∈ IR^2 | 0 ≤ x_2 ≤ x_1 ≤ 1}. (7)

By Σ^n we denote the group of all n! permutations of the numbers 1, . . ., n. We will write σ(j) ∈ {1, . . ., n} for the j-th component of σ ∈ Σ^n. Recall [5] that a path simplex is a simplex of which the mutually orthogonal edges form a path.

Lemma 2.3 The unit n-hypercube K^n = [0, 1]^n can be decomposed into n! path simplices of dimension n such that n of the^1_2 n(n + 1) edges of each simplex coincide with n orthonormal edges of K^n.

Proof. It is well-known that K^n can be decomposed into n-simplices S_σ (σ ∈ Σ^n) where S_σ is elegantly described as S_σ = {x = (x_1, . . ., x_n) ∈ IR^n | 0 ≤ x_{σ(1)} ≤ · · · ≤ x_{σ(n)} ≤ 1}. (8) Now, let σ ∈ Σ^n and j ∈ {1, . . ., n} be given. According to (8), x_{σ(j)} can, within S_σ, range from zero to one if (and actually, only if) x_{σ(i)} = 0 for all i < j and x_{σ(i)} = 1 for all i > j. This is exactly at an edge of K^n. The path starting at the origin and consisting of edges in the x_{σ(n)}, x_{σ(n−1)}, . . ., x_1 directions consecutively, and ending at (1, 1, . . ., 1), lies in S_σ. This proves that it is a path simplex. QED

A more descriptive characterization of the simplices that build up the hypercube is the following. First note, that each of the simplices contains the origin O as well as the point P furthest away from the origin with all coordinates equal to one. Hence, the longest diagonal of length √ n is shared by all simplices. The path simplex S_σ is then defined by walking from O to P along n edges of the cube: first in the direction x_{σ(n)}, then in the direction x_{σ(n−1)}, and so on, as illustrated in Figure 4.

Figure 4. The simplex defined by σ = (2, 3, 1) is the one starting at the origin and following the path of orthogonal edges of the cube in respective directions x_1, x_3 and x_2. Its nodes are black bullets in the picture. Starting at the origin and walking in the reverse order, i.e., along edges in the directions x_2, x_3 and x_1 consecutively, defines the simplex that lies point symmetrically with respect to the center to the original one. Its two missing nodes are open bullets.

Lemma 2.4 Let Δ = {S_σ | σ ∈ Σ^n} be the partition of K^n into n-simplices according to (8). Define ρ ∈ Σ^n by ρ(j) = n + 1 − j (j = 1, . . ., n) and let R : K^n → K^n, x → 2M − x be the reflection with respect to the center M of K^n. Then,

S_{σ∘ρ} = R(S_σ). (9)

Proof. Let s = (s_1, . . ., s_n) ∈ S_σ. Then 0 ≤ s_{σ(1)} ≤ . . . ≤ s_{σ(n)} ≤ 1. The permutation that orders the coordinates of R(s) = (1 − s_1, . . ., 1 − s_n) is the reverse ordering of σ, which is σ(n), . . ., σ(1), and this is exactly ρ. QED

The point symmetry property is clearly visible from (7) for n = 2. For n = 3, it is depicted in Figure 4. An important consequence of Lemmas 2.3 and 2.4 are the properties (U1)-(U2) for the partition Δ_h of IR^n that is defined by translation of the partitioned hypercube over all v ∈ ZZ^n.

Theorem 2.5 Let Δ_I be the partition of IR^n into n-simplices defined by translation over all v ∈ ZZ^n of the unit n-hypercube K^n partitioned according to Lemma 2.3. Then Δ_I is face-to-face and satisfies properties (U1)-(U2) with (χ_j )_{j≤n} the canonical basis of IR^n.

Proof. (i) Note that each two faces of K^n that are point symmetrically opposite to each other with respect to the center M, are themselves point symmetrically partitioned with respect to their centers. Therefore, translation over unit distance in the direction orthogonal to those faces results in a face-to-face contact. Now, according to Lemma 2.3, the partition Δ of K^n satisfies (U1) with (χ_j )_{j≤n} the canonical basis of IR^n. Simplices that are formed through translation of K^n in the canonical directions clearly inherit this property.

(ii) According to Lemma 2.4, the partition Δ of K^n is point symmetric with respect to its center M. This means that also each neighboring hypercube K̃^n that is obtained through translation over 0 ≠ v ∈ ZZ^n with v(j) ∈ {−1, 0, 1}, is point symmetrically partitioned with respect to its center M̃. But then the union of K^n and K̃^n is also point symmetric with respect to (M + M̃)/2, which is a midpoint of an edge. So each simplex S ⊂ K^n satisfying (8) has an image S̃ ⊂ K̃^n reflected in (M + M̃)/2. This holds in particular for any simplex containing the point (M + M̃)/2, proving (U2). QED

Clearly, not only the partition Δ_I from Theorem 2.5 satisfies the uniformity conditions (U1)- (U2), but also transformations and subsets of it in the following sense.

Corollary 2.6 Each nonsingular n × n matrix A induces a uniform simplectic partition of IR^n by the formula Δ_A = {AS | S ⊂ IR^n, S ∈ Δ_I }, (10) where the normalized columns of A form the directions χ_j from (U1). Given a polytope Ω ⊂ IR^n, Δ_{A,Ω} = {S ∈ Δ_A | S ⊂ Ω} (11)

is a uniform simplectic partition of Ω if each S ∈ Δ_A is either inside or essentially outside Ω.

Several techniques that tile IR^n into congruent n-simplices are described in [14].

3 Linear splines and their derivatives

Now that we have defined the partitions on which to define continuous linear splines, we can concentrate on some special properties of directional derivatives of such linear splines which follow from the uniformity of the partition. First, we define V_{0h} = V_h ∩ H^1_0 (Ω), where

V_h = {v ∈ H^1(Ω) | ∀S ∈ Δ_{A,Ω}, v_{|S} is linear}. (12)

So we implicitly assume that we are dealing with a polytope Ω ⊂ IR^n that can be uniformly partitioned into n-simplices, using the columns of some nonsingular n × n matrix A to define the directions χ_j from property (U1). These directions give rise to a corresponding set of directional derivatives ∂χ_j as follows,

∇_A = A^T ∇ = χ^T_1 ∇ . . χ^T_n ∇ = ∂_{χ1} . . ∂_{χn} . (13)

It is easy to see that for all v ∈ H^1(Ω), σ_1‖∇v‖_0 ≤ ‖∇_Av‖_0 ≤ σ_n‖∇v‖_0, (14) where σ_1 and σ_n are the smallest and largest singular values of A, respectively. Finally, we will from now on assume that Ω is convex. This implies that the Poisson problem is H^2-regular on Ω.

3.1 Constant directional derivatives on patches

The main observation that we wish to point out is not very difficult, and can easily be understood by looking at the two-dimensional case. For convenience, we first introduce some notations.

Definition 3.1 Let Δ_{A,Ω} be a uniform partition of Ω. Given j = 1, . . ., n, let E_j be the set of all edges of Δ_{A,Ω} parallel to χ_j . For e ∈ E_j, let P_e be the union of all S ∈ Δ_{A,Ω} for which e is an edge. We will call P_e a patch. Let M_e be the midpoint of e and ϕ_e the characteristic function of P_e.

Lemma 3.2 Let v_h ∈ V_h and j ∈ {1, . . ., n}. Then for each e ∈ E_j, ∂_{χj} v_h is constant on P_e. The patches P_e form a partition of Ω. If e ⊄ ∂Ω, then P_e is point symmetric with respect to M_e. If e ⊂ ∂Ω and v_h ∈ V_{0h}, then ∂_{χj} v_h is zero on P_e.

Proof. Given e ∈ E_j, the derivative ∂_χv_h is for each S ⊂ P_e determined by two different values of v_h on e, and hence constant on P_e. By property (U1), each S ∈ Δ_{A,Ω} has exactly one edge e ∈ E_j so the union of the patches covers the domain. If v_h is zero on e ⊂ ∂Ω, any derivative tangential to the boundary vanishes. QED

Corollary 3.3 Let Δ_{A,Ω} be a uniform partition of Ω. Then each v_h ∈ V_h has an expansion

∂_{χj} v_h = ∑ e∈Ej α_eϕ_e, (15)

with coefficients α_e ∈ IR. Moreover, if v_h ∈ V_{0h} and if e ⊂ ∂Ω then α_e = 0.

Now we are able to extend the supercloseness result (1) to arbitrary space dimensions by giving a proof for (6).

Theorem 3.4 Let (Δ_h)_h be a regular family of uniform partitions of the polytope Ω. Let q ∈ [H^2(Ω)]^n be such that Π_hq is well-defined. Then for all v_h ∈ V_{0h}, |(q − Π_hq, ∇v_h)| ≤ Ch^2|q|_2|∇v_h|_0. (16) Proof. By definition of ∇_A, and writing e_j for the j-th column of the n × n identity matrix, we have

|(q − Π_hq, ∇v_h)| = |(A^{−1}(q − Π_hq), ∇_Av_h)| = | n∑ j=1 (e^T_j A^{−1}(q − Π_hq), ∂_{χj} v_h)|.

Let j ∈ {1, . . ., n} be given. Use decomposition (15) for ∂_{χj} v_h and consider for some internal e ∈ E_j the single term F (q) = (e^T_j A^{−1}(q − Π_hq), ϕ_e). (17) Using the Cauchy-Schwarz inequality and a priori bound (5), we find that |F (q)| ≤ Ch|q|_{1,Pe}|ϕ_e|_{0,Pe} . (18) For any constant vector field r on P_e we have that F (r) = 0 because r = Π_hr. However, also for linear vector fields r we get F (r) = 0 because we may assume that r is odd at the center of gravity of P_e. In that case, its interpolant Π_hr is odd too, with zero mean as a result. Following a Bramble-Hilbert like argument, we then find, using (18), that |F (q)| = |F (q − r)| ≤ Ch|q − r|_{1,Pe}|ϕ_e|_{0,Pe}, (19) for all linear vector fields r. Then, standard approximation theory yields that |F (q)| ≤ Ch^2|q|_{2,Pe}|ϕ_e|_{0,Pe}. (20) By mutual orthogonality of all ϕ_e, this finally results in

|(A^{−1}(q − Π_hq), ∇_Av_h)| ≤ Ch^2 n∑ j=1 ∑ e∈Ej |q|_{2,Pe}|α_eϕ_e|_{0,Pe} ≤ Ch^2|q|_2 ( ∑ e∈E |α_eϕ_e|^2_{0,Pe} ) 1_2

≤ Ch^2|q|_2|∇_Av_h|_0 ≤ Ch^2|q|_2|∇v_h|_0, (21) the latter inequality is due to (14). This proves the statement. QED The proof of this theorem serves as a basis for the following result, which can be used to prove superconvergence for elliptic problems with variable coefficients.

Theorem 3.5 Let B be an n × n matrix-valued function on Ω with bounded total derivative D_B. Then, under the conditions of Theorem 3.4, |(B(q − Π_hq), ∇v_h)| ≤ Ch^2 (|q|_1 + |q|_2) |∇v_h|_0. (22) Proof. Let P_e be a patch. Then, by the Mean Value Theorem, for each x ∈ P_e there exists a convex combination ξ of x and M_e such that B(x) = B(M_e) + D_B(ξ(x))(x − M_e). Then, (17) changes into |(e^T_j BA^{−1}(q − Π_hq), ϕ_e)| ≤ |(e^T_j B(M_e)A^{−1}(q − Π_hq), ϕ_e)| + Ch^2‖D_B‖_∞|q|_{1,Pe}|ϕ_e|_{0,Pe}. (23) The first term in the right-hand side can be treated similarly as in the proof of Theorem 3.4 because B(M_e) is just a constant factor, and the result follows easily. QED

4 Post-processing

Post-processing by an operator K_h is based on the property that K_h applied to the gradient of a quadratic function, locally recovers this gradient exactly. Together with an application of a Bramble-Hilbert-like argument, this results in an increase of the approximation order. The procedure, of which the computational costs are negligible compared to the computation of u_h, is a fairly standard idea from the superconvergence community (see, for example [25, 26]), but now extended to higher dimensional problems.

4.1 Main idea and implementation of the post-processing Let S ∈ Δ_{A,Ω} be given, and q a quadratic polynomial on S. Then for each j we have

∂_{χj} (L_hq)(M_e) = ∂_{χj} q(M_e) (24)

at the midpoint M_e of the edge of S in the direction χ_j . Basically, this states that the top of a parabola is situated at the average of its zeros. This means that if ∇L_hq is given on a patch of elements that is large enough, it is possible to recover ∇q. We will give an example how this reconstruction may take place.

Illustration of the reconstruction process on a two-dimensional domain

In Figure 2, we see a two-dimensional partition with mesh size h. Suppose the piecewise constant gradient of the interpolant L_hq of some unknown quadratic polynomial q is given. We will now recover the linear vector field ∇q at the vertices O, Q and T .

Figure 5. Post-processing of the gradient of the continuous piecewise linear interpolant of a quadratic function.

Linear interpolation between those three vectors will then result in ∇q. We will start with finding the exact value of ∇q at the point O. Around O, we see four midpoints of edges, denoted by N, E, S, and W . Since q is quadratic, by (24) we have ∂ ∂x (L_hq)(E) = ∂ ∂x q(E) and ∂ ∂x (L_hq)(W ) = ∂ ∂x q(W ). (25)

Since^∂_{∂x}q is linear on the line going through E and W , its value at O is simply the average of the values at E and W , so ∂ ∂x q(O) = 1 2 ( ∂ ∂x (L_hq)(E) + ∂ ∂x (L_hq)(W ) ) . (26)

Note that we can write this accordingly as ∂ ∂x q(O) = (L_hq)(T ) − (L_hq)(R) 2h , (27)

which is in fact a reconstruction in the form of a so-called long difference quotient. Clearly, the y-derivative at the point O can be computed similarly, using the values of the y-derivative of L_hq at the points N and S in the form (26), or the closest-by nodal values of L_hq in the y-direction in the form (27). Finally, by doing the same at the points Q and T , we obtain the six scalar values that are necessary to find ∇q on the element OQT . Note that in case of non-orthogonal directional derivatives, the gradient can be easily recovered by the formula ∇v = A^{−T} ∇_A. Remark 4.1 In case a node is at the boundary, we compute the exact value by extrapolation from the nearest suitable points. For example, supposing that in Figure 5 the point T is at the boundary, we compute^∂_{∂x}q(T ) by extrapolating the x-derivatives of L_hq at the points W and E (cf. [21]).

Definition 4.2 Let v_h ∈ V_{0h}. Then K_h denotes the linear operator that maps ∇v_h onto the continuous piecewise linear vector function K_h∇v_h obtained by means of the reconstruction process which is the n-dimensional analogue of the one explained above for n = 2. For each n-simplex S, we denote the convex hull of the patch of elements that is needed to obtain the reconstructed function on S by P (S).

The reconstruction process above can be applied to gradients of arbitrary functions v_h ∈ V_{0h}. If v_h = ∇L_hw with w smooth enough, then K_h∇L_hw is an improved approximation of ∇w.

4.2 Post-processing of the interpolant

First we study the reconstruction process applied to gradients of interpolants. The following technical lemma will be needed. It is presented in an L^∞ setting, whereas the corresponding result in L^2 is formulated in Lemma 4.6.

Lemma 4.3 Let v_h ∈ V_{0h} be given. Then for all S ∈ Δ_{A,Ω}, ‖K_h∇v_h‖_{∞,S} ≤ 2‖∇v_h‖_{∞,P (S)}. (28) Proof. First, assume that S is an element whose nodes are not on ∂Ω. Then the nodal values of K_h∇v_h on S are convex combinations of values of partial derivatives of v_h on P (S), therefore, ‖K_h∇v_h‖_{∞,S} ≤ ‖∇v_h‖_{∞,P (S)}, (29) since the maximum of a linear function over an element is attained at one of the nodes. Second, if S is an element such that one of its nodes lies on ∂Ω, then the reconstructed value is obtained by linear extrapolation, as mentioned in Remark 4.1. Since the extrapolation does not go over a longer distance than half the edge length (i.e., the length between the points E and T in Figure 2), we have ‖K_h∇v_h‖_{∞,S} ≤ 2‖∇v_h‖_{∞,P (S)}. (30) This proves the statement. QED

A direct corollary is the following result for interpolants. If n ≤ 5, we will set s = 3, whereas if n ≥ 6, it will denote a number larger than n/2.

Corollary 4.4 Let w ∈ H^s(Ω). Then for all S ∈ Δ_{A,Ω}, ‖K_h∇L_hw‖_{∞,S} ≤ 2‖∇w‖_{∞,P (S)}. (31) Proof. Since w ∈ H^s(Ω), by the Mean Value Theorem we have that ‖∇L_hw‖_{∞,P (S)} ≤ ‖∇w‖_{∞,P (S)}, (32) hence, the corollary follows directly from Lemma 4.3. QED Theorem 4.5 Let (Δ_h)_h be a regular family of uniform partitions of Ω. Then there exists a constant C > 0 such that for each S ∈ Δ_h and for all w ∈ H^s(Ω), ‖∇w − K_h∇L_hw‖_{0,S} ≤ Ch^2|w|_{3,P (S)}. (33) Proof. Switching from the L^2-norm to the supremum-norm gives, using a crude triangle inequality, that for arbitrary w ∈ H^s(Ω), ‖∇w − K_h∇L_hw‖_{0,S} ≤ Ch^{n/2}‖∇w − K_h∇L_hw‖_{∞,S} ≤ Ch^{n/2} (‖∇w‖_{∞,S} + ‖K_h∇L_hw‖_{∞,S}) ≤ Ch^{n/2}‖∇w‖_{∞,P (S)}, (34) where in the latter bound we have used Corollary 4.4. Since the constant C in (34) does not depend on w, the following holds for all polynomials q that are quadratic on P (S), since on S we have that ∇q = K_h∇L_hq by construction, and thus ‖∇w − K_h∇L_hw‖_{0,S} = ‖∇(w − q) − K_h∇L_h(w − q)‖_{0,S} ≤ Ch^{n/2}‖∇(w − q)‖_{∞,P (S)}. (35) Interpolation theory in Sobolev spaces ([11], p. 124) yields that by choosing for q the best approximation for w on P (S) in the W^{1,∞} sense, ‖∇(w − q)‖_{∞,P (S)} ≤ Ch^{−n/2}h^2|w|_{3,P (S)}. (36) Combining (35) and (36), this Bramble-Hilbert approach proves the theorem. QED. 4.3 Post-processing of the finite element solution We are now able to prove that our post-processing operator K_h is also successfully applicable to the gradient of the finite element approximation.

Lemma 4.6 Let (Δ_h)_h be a regular family of uniform partitions of Ω. Then there exists a constant C > 0 such that for each S ∈ Δ_h and for all v_h ∈ V_{0h}, ‖K_h∇v_h‖_{0,S} ≤ C‖∇v_h‖_{0,P (S)}. (37) Proof. Working through the supremum-norm gives ‖K_h∇v_h‖_{0,S} ≤ Ch^{n/2}‖K_h∇v_h‖_{∞,S} ≤ Ch^{n/2}‖∇v_h‖_{∞,P (S)}, (38) using Lemma 4.3. Consider the discrete inverse inequality ([11], p. 142) for continuous piecewise linear finite element functions, which states that ‖∇v_h‖_{∞,S} ≤ Ch^{−n/2}‖∇v_h‖_{0,S}. (39) Applying it to (38) proves the statement. QED

Theorem 4.7 Let (Δ_h)_h be a regular family of uniform partitions of Ω, and suppose that the solution u is in H^s(Ω). Then we have ‖∇u − K_h∇u_h‖_{0,Ω} ≤ Ch^2|u|_{3,Ω}. (40) Proof. We start with a simple triangle inequality, ‖∇u − K_h∇u_h‖_{0,Ω} ≤ ‖∇u − K_h∇L_hu‖_{0,Ω} + ‖K_h∇(L_hu − u_h)‖_{0,Ω}. (41) The first term in the right-hand side of (41) can be bounded by splitting it into contributions over each element, and applying Theorem 4.5. The second term in the right-hand side of (41) can be related to (1) by applying Lemma 4.6 and Theorem 3.4 which results in ‖K_h∇(L_hu − u_h)‖_{0,Ω} ≤ C‖∇(L_hu − u_h)‖_{0,Ω} ≤ Ch^2|u|_{3,Ω}. (42) By adding the two contributions, we arrive at the bound (40). QED

4.4 Density argument So far, in order to have a well-defined nodal interpolant, we have assumed that the solution u ∈ H^s(Ω) with s = 3 if n ≤ 5 and s > n/2 if n ≥ 6. The latter assumption is, however, an artifact of the proof. Indeed, the formulation of Theorem 4.7 above does not involve the nodal interpolant, but still suffers from the assumption u ∈ H^s(Ω). We will now use a density argument to prove (40) for all u ∈ H^3(Ω).

Let F_h : H^1_0 (Ω) → V_{0h} be the Galerkin projection, defined as usual by (∇F_hw, ∇v_h) = (∇w, ∇v_h) for all v_h ∈ V_{0h}. Then the choice v_h = F_hw shows that ‖∇F_hw‖_0 ≤ ‖∇w‖_0 (43) for all w ∈ H^1_0 (Ω). Now, let u ∈ H^3(Ω) and ε > 0 be given. Then L_hu = ∇u − K_h∇F_hu is well-defined, and by density of H^s(Ω) in H^3(Ω) there exists a function w ∈ H^s(Ω) such that ‖u − w‖_3 ≤ ε. Moreover, ‖L_h(u − w)‖_0 ≤ ‖∇(u − w)‖_0 + ‖K_h∇F_h(u − w)‖_0 ≤ (1 + C)‖∇(u − w)‖_0 ≤ Cε, (44) where we have used Lemma 4.6 globally to get rid of K_h, and (43) to get rid of F_h. This results in ‖L_hu‖_0 ≤ ‖L_h(u − w)‖_0 + ‖L_hw‖_0 ≤ Cε + Ch^2|w|_3. (45) Corollary 4.8 Suppose that a regular family of uniform partitions is used in the discretization and that the solution u is in H^3(Ω). Then, ‖∇u − K_h∇u_h‖_{0,Ω} ≤ Ch^2|u|_{3,Ω}. (46) Acknowledgments Jan Brandts was supported through a research fellowship of the Royal Netherlands Academy of Arts and Sciences. Michal Křížek was supported by Grant No. A 1019201 of the Academy of Sciences of the Czech Republic. Both authors gratefully acknowledge discussions with Asif Lakhany and Lutz Tobiska.

References

[1] A.B. Andreev (1984). Error estimate of type superconvergence of the gradient for quadratic triangular elements. C. R. Acad. Bulgare Sci., 37:1179–1182.

[2] A.B. Andreev and R.D. Lazarov (1988). Superconvergence of the gradient for quadratic triangular finite elements. Numer. Methods Partial Differential Equations, 4:15–32.

[3] I. Babuška, T. Strouboulis, C.S. Upadhyay, and S.K. Gangaray (1996). Computer-based proof of the existence of superconvergence points in the finite element method; superconvergence of the derivatives in finite element solutions of Laplace’s, Poisson’s, and the elasticity equations. Numer. Methods Partial Differential Equations, 12:347–392.

[4] J.W. Barrett, M. Galassi, W.A. Miller, R.D. Sorkin, P.A. Tuckey, R.M. Williams (1997).

A parallelizable implicit evolution scheme for Regge calculus. Int. J. Theor. Phys., 36:815–839.

[5] M. Bern, P. Chew, D. Eppstein, and J. Ruppert (1993). Dihedral bounds in mesh generation in high dimensions. SODA: ACM-SIAM Sympos. on Discrete Algorithms, 189–196.

[6] J.H. Brandts (1994). Superconvergence and a posteriori error estimation for triangular mixed finite elements. Numer. Math., 68:311–324.

[7] J.H. Brandts (1999). Superconvergence of mixed finite element semi-discretizations of two time-dependent problems. Appl. Math., 44:43–53.

[8] J.H. Brandts (2000). Superconvergence for triangular order k = 1 Raviart-Thomas mixed finite elements and for triangular standard quadratic finite element methods. Appl. Numer. Anal., 34:39–58.

[9] J.H. Brandts and M. Křížek (2001). History and future of superconvergence in threedimensional finite element methods. Proc. Conf. Finite Element Methods: Threedimensional Problems, GAKUTO Internat. Series Math. Sci. Appl. vol. 15, Gakkotosho, Tokyo, 22–33.

[10] C.M. Chen (1980). Optimal points of stresses for tetrahedron linear element (in Chinese).

Natur. Sci. J. Xiangtan Univ., 3:16–24.

[11] P. Ciarlet (1978). The finite element method for elliptic problems. North-Holland, Amsterdam.

[12] G.B. Cook and S.A. Teukolsky (1999). Numerical relativity: Challenges for computational science. Acta Numer., 8:1–45.

[13] I. Coulibaly and C. Lécot (1997). Monte Carlo and quasi-Monte Carlo algorithms for a linear integro-differential equation. Proc. Conf. Monte Carlo and quasi-Monte Carlo Methods, Springer-Verlag, Berlin, 176–188.

[14] H.E. Debrunner (1985). Tiling Euclidean d-space with congruent simplexes. Proc. Conf.

Discrete Geometry and Convexity, Part V. Tiling, Packing, Covering, and Weaving, New York, 1982, Ann. N.Y. Acad. Sci., 440:230–261.

[15] M. Fiedler (1954). Geometrie simplexu v E_n (in Czech). Časopis Pěst. Mat. XII, 297–320.

[16] A.P. Gentel and W.A. Miller (1998). A fully (3+1)-d Regge calculus model of the Kasner cosmology. Class. Quantum Gravit., 15:389–405.

[17] V. Girault and P.A. Raviart (1986). Finite element methods for Navier-Stokes equations.

Theory and Algorithms. Springer Series in Computational Mathematics, Springer-Verlag, Berlin Heidelberg.

[18] G. Goodsell (1994). Pointwise superconvergence of the gradient for the linear tetrahedral element Numer. Methods Partial Differential Equations, 10:651–666.

[19] G. Goodsell and J.R. Whiteman (1989). A unified treatment of superconvergent recovered gradient functions for piecewise linear finite element approximations. Internat. J. Numer. Methods Engrg., 27:469–481.

[20] G. Goodsell and J.R. Whiteman (1991). Superconvergence of recovered gradients of piecewise quadratic finite element approximations, Part I, L^2-error estimates. Numer. Methods Partial Differential Equations, 7:61–83.

[21] I. Hlaváček and M. Křížek (1987). On a superconvergent finite element scheme for elliptic systems. Apl. Mat., 32:131–154.

[22] V.K. Kantchev and R.D. Lazarov (1986). Superconvergence of the gradient of linear finite elements for 3-D Poisson equation. Proceedings of the Conference on Optimal Algorithms (B. Sendov, ed.), Publ. House BAS, Sofia, 172–182.

[23] S. Korotov, M. Křížek, and P. Neittaanmäki (2001). Weakened accute type condition for tetrahedral triangulations and the discrete maximum principle. Math. Comp., 70:107– 119.

[24] M. Křížek and P. Neittaanmäki (1984). Superconvergence phenomenon in the finite element method arising from averaging gradients Numer. Math., 45:105–116.

[25] M. Křížek and P. Neittaanmäki (1987). On a global superconvergence of the gradient of linear triangular elements. J. Comput. Appl. Math., 18:221–233.

[26] N. Levine (1985). Superconvergent recovery of the gradient from piecewise linear finite element approximations. IMA J. Numer. Anal., 5:407–427.

[27] Q. Lin, N.N. Yan, and A Zhou (1991). A rectangle test for interpolated finite elements.

Proc. of Systems Sci. & Systems Engrg., Great Wall (H.K.), Culture Publ. Co., 217–229.

[28] J.C. Nédélec (1980). Mixed finite elements in IR^3. Numer. Math., 35:315–341.

[29] L.A. Oganesjan and L.A. Ruhovets (1969). Study of the rate of convergence of variational difference schemes for second-order elliptic equations in a two-dimensional field with a smooth boundary. Ž. Vyčisl. Mat. i Mat. Fiz., 9:1102–1120.

[30] P.A. Raviart and J.M. Thomas (1977). A mixed finite element method for second order elliptic problems. LN in Math., 606:292–315.

[31] T. Regge (1961). General relativity without coordinates. Nuovo Cimento, 19:558–571.

[32] A.H. Schatz, I.H. Sloan, and L.B. Wahlbin (1996). Superconvergence in finite element methods and meshes that are locally symmetric with respect to a point. SIAM J. Numer. Anal., 33:505–521.

[33] P. Tong (1969). Exact solutions of certain problems by finite-element method. AIAA Journal, 7:178–180.

[34] R.M. Williams and P.A. Tuckey (1992). Regge calculus: a brief review and bibliography.

Class. Quantum Gravit., 9:1409–1422.

[35] P. Wilmott, J. Dewynne, and S.Howison (1995). Option pricing: mathematical models and computation. Oxford Financial Press.

[36] P. Wilmott, S. Howison, and J. Dewynne (1995). The mathematics of financial derivatives. A student introduction. Cambridge University Press, Cambridge.