SUPPRESSING FLOW-INDUCED VIBRATIONS BY PARAMETRIC
EXCITATION

Siti Fatimah*, and Ferdinand Verhulst?

Mathematisch Instituut, Unwversity of Utrecht, PO Box 80.010, 3508 TA Utrecht, The Netherlands

ABSTRACT. The possibility of suppressing self-excited vibrations of mechanical systems using
parametric excitation is discussed. We consider a two-mass system of which the main mass is
excited by a flow-induced, self excited force. A single mass which acts as a dynamic absorber
is attached to the main mass and, by varying the stiffness between the main mass and the
absorber mass, represents a parametric excitation. It turns out that for certain parameter
ranges full vibration cancellation is possible. Using the averaging method the fully non-linear
system is investigated producing as non-trivial solutions stable periodic solutions and tori.
In the case of a small absorber mass we have to carry out a second-order calculation.

1. INTRODUCTION

In this paper we solve an open problem formulated by Ecker and Tondl [1]; also we analyse
their model to discover many interesting bifurcational phenomena.

Suppressing flow-induced vibrations by using a conventional spring-mass absorber system
has often been investigated and applied in practice. It is also well-known that self-excited
vibrations can be suppressed by using different kinds of damping, see [2] and [3]. However,
only little attention has been paid to vibration suppression by using interaction of different
types of excitation.

In the monograph by Tondl [4], some results on the investigation of synchronization phe-
nomena by means of parametric resonances have lead to the idea to apply a parametric ex-
citation for suppressing self-excited vibrations. The conditions for full vibration suppression
(also called quenching) were formulated first in [5] and [6].

Using the Harmonic Balance Method (see [7]and [8]) in Ecker and Tondl [1] a two-mass
system is studied; see Figure 1. The main mass is excited by a flow-induced, self-excited
force, in which the self-excitation is of Rayleigh type. This mass is connected to the absorber
mass by a linear spring. The connecting stiffness between two masses is a harmonic function
of time and represents a parametric excitation. The analysis in [1] shows that the interval
of self-excitation can exist in the vinicity of the combination resonance n = Q5 — €4, where
Q; and €25 are the natural frequencies of the linearized system without damping and 7 is
the parametric excitation frequency. There are two conditions for suppressing self-excited
vibrations. The first condition involves the overall damping of the system. The second one is
related to the parametric excitation frequency. It determines whether full quenching can be
achieved or not in a certain interval. In general only a few frequency ratios can be used to
obtain the necessary parametric resonance; see for instance [[1],[2],[4],[8]].
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2 Suppressing flow-induced vibration by parametric excitation

A numerical investigation of the fully non-linear system in [1] shows that the contribution
of the parametric excitation can be predicted correctly by their first order approximative
analysis only for values of the mass ratio M > 0.1. We will show that for smaller mass ratio
we have to re-scale the system and a higher order approximation will be necessary to obtain
more accurate results for lower values of the mass ratio.

In this paper the same system as in [1] is considered; the model is described in section 2.
We will use the averaging method and numerical bifurcation techniques to study the system.
The first order approximation is used to analyze the conditions for full vibration suppression
in section 4-6. It turns out that full vibration cancellation is possible in an open parameter
set. This is illustrated analytically. In section 7 and 8 we study what happens when vibration
cancellation does not take place. It turns out that several Hopf bifurcations are possible,
producing periodic solutions. Also Neimark-Sacker bifurcations arise which produce stable
tori with relative high amplitudes. Finally, in section 9 we return to the realistic problem of a
small absorber mass. A second-order approximation has to be calculated in this case with as
a result that, although full vibration cancellation is impossible, a fairly large part of vibration
quenching can be achieved.

2. THE MODEL

Our study is based on a model for the suppression of flow-induced vibrations by a dynamic
absorber with parametric excitation formulated in [1]. Consider a two-mass system consisting
of a main mass mq which is in flow-induced vibration and an absorber mass m; which is
attached to the main mass by a spring-damper element, see Figure 1. The elastic mounting
k(t) of the absorber mass is a combination of a spring and a device operating such that the
stiffness k() is changed periodically. Damping is represented by the linear viscous damper ¢;.
The main mass mg is supported by a spring with constant stiffness ky; it has a linear viscous
damper with damping parameter ¢3. In actual constructions one usually has m; < ms.

A flow-generated self-excited force is acting on the main mass mq with critical flow velocity
U, and a limited vibration amplitude in the over-critical region; as usual it is represented by
a Rayleigh force.

The displacements of mass my and mass mqy are denoted by the coordinates y; and ys, re-
spectively. The variation of the stiffness of the absorber element is supposed to be a harmonic
function with a small amplitude.

This system is represented by the following nonlinear equations of motion

myyy + e (yy — yg) +
+ k(14 ecoswr)(yr —y2) =0,

(¥}
(
(2.1) o
(

m2y2 - aly, — y?)
— k(1 +ecoswr)(yr — ya) + ey + kayz — b U(1 — vo3 ")yl = 0.
where ¢ is a small positive parameter, 0 < ¢ << 1.

In the decoupled system, where we only consider vibrations of the main mass mo, self-
excited vibrations occur if ¢ — b U? < 0.
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FIGURE 1. System consisting of a flow-excited main mass mq and a vibration
absorber m; with time-dependent connecting stiffness k(t).

3. TRANSFORMATION OF THE SYSTEM TO A STANDARD FORM

Dimensionless coordinates z; can be defined with respect to a given reference value y,:

(31) T; = yj/yo .] = la 27
By introducing the characteristic parameters of the system
kl ]CQ w (DQ
3.2 _2:— 02:_ - 2:_
( ) w m] Y w m2 Y 77 wo Y Q wo2 7

and by using the time-transformation
(33) Wol =T,

the following dimensionless form of system (2.1) is obtained

ri + w1 (2] — 25) +

+ Q*(1 +ecosnt)(z1 — 23) = 0,

3.4
B e k(e -2l +
— MQ*(1 +ecosnr)(zy — 23) + koxh + 29 — BVE(1 - 737'22);19’2 = 0.
where
4] Cy boUo2
M e T T g = mew
(35) 1% ) 2%o 2%
2 U 2 m
Vv v =vowo© , M= —.

- Uvo2 ’ my
Parameter U, is a chosen reference value for the flow velocity. When U, reaches the critical
flow velocity U, = y/ca/b,, the relative critical flow velocity is V., = 1.
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In order to transform the system into a standard form and to make the size of the parame-
ters more explicit, we scale K19 = €R1,2, and = 3 while assuming that the other parameters
are O(1) with respect to e. However, in quite a number of applications the absorber mass m,
will be small with respect to the main mass mgy; we shall return to this case in section 9. If
¢ = 0, the linear parts of (3.4) now depend on the mass ratio M and the frequency ratio ().

Note, that if £ > 0, three frequencies play a part. Using the linear transformation
T =T1+ g,
o = 013_01 + (ZQ;fQ.

(3.6)

leads to the standard form
i’1’+fo1:—a 8@
1 — a2
(3.7) ., . c

R
F1($1,$1,$2,$2,777'),

- =/ = =/
F2($1,$17$27$2a777')7
a1 — Gy

where the natural frequencies of the linearized system without damping and for e = 0, €
and €g, are

(3.8) 0F,=1/2(14+Q*(1+ M)) F/1/4(1 + Q*(1 + M))? — Q?

and a; 5 satisfy the relations

(3.9) Q%+ (MQ* +1-Q%)a; — Q*M =0, (j=1,2)
from which follows
B0 aa=g (%(—MQQ S14+QY)+ \/}<MQ2 F14Q7)7 - Q?) .

Note that the functions Fy and F; (system (3.7)) are depending on the parametric excitation
frequency 7, and that the following conditions hold

(311) Qy > Ql, ajay=—-M, 0<a; <1, and a9 < —M.

4. THE NORMAL FORM BY AVERAGING

We will use the method of averaging to study the system near the combination resonance
Qy — Q1 = 1. Transforming ¢ — 17 and allowing detuning near 7, by putting

(4.1) n =1+ e0.

system (3.7) becomes to first order in

.- _ £ oo — = — =
T —|—w%$1 = — ﬁbl(xlamlam%x?vt)?
(4 2) (al - a2)770

* . & = ,_ - —_ >
T9 +W§j2 = — F2($17$17$27$27t)'

(al - 112)772

Q
where wy 5 = % and
o]

(4.3)
Fy = =2(a1 — a2)w1 1071 + 0110021 + O12m072 — (Q11Z1 + Qr222) cost + Byl (arZy + azzy)?
Py = —2(a1 — ag)wr 2232 + 021671 + O22m0T2 — (Q2171 + Q2272) cost — B77§’(£$151 + 0252)3
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(4.4) Qiz = Q*az+ M)(1 - ay)

(4.5) Qu = -Q*(ar+M)(1-a)

(4.6) 017 = —Ki(ag+ M)(1—ay)+ ay(ky — BV?)
(4.7) 30 = Ki(ay+ M)(1 —ay) — ay(ky — BV?)
(4.8) B = BV

To study the behavior of the solutions, we transform

(4.9) T1 = uycoswit + vy sinwit, Z7 = —wyiugsinwit + w0y coswyt
4.9

Tog = Ug cOswal + vo sinwat, X9 = —wotgy sin wat + wovy COSwWat.

This transformation is useful when studying the stability of the trivial solution of system
(4.2); stability implies the possibility of vibration cancellation. In later sections the polar
coordinate transformation will be useful for studying non-trivial solutions. After averaging
over 2m and then rescaling time through -—= we obtain the normal form

(ﬂrl—az)ﬂg’

. _ 1 3 1

Uy =—011m0u1 —2(ay — az)Q15v, — 5%1}2— §n°33u1 <§w%a‘;’(u%+v%) + wgalag(ug-l—vg)) ,
1

) _ 1 3 1

v1=2(a1 — ag)Qlo'ul—611n001+§%u2—5n033v1 <§w%a?(u%+v%) +w§a1a§(u§+vg)> ,

(4.10) L0 ' ; X
Us :—iw—ﬂv] —099mous—2(aq — (12)925’1’2+§7]°33U2 (a%agwf(u%—kvf) + §a§’w§(v§+u§)>,
2
1@

_ 3 1
u1+2(a; — (1,2)920'11,2—9221701)24—5770331)2 <a:]3(1,2w]2(u:]2+v]2) + 5(1‘2’@0%(1)5—{—11%))

U2
wa

where we use again the dot to indicate derivation with respect to the re-scaled time.
System (4.10) can be reduced to the three-dimension system by transforming the system
using the following transformation,

(4.11) u; = —R;cosv;, and wv; = R;sin;, 1=1,2,

to transform system (4.10) to

. 1 3 3
Ry = —611m.Ry — 5%—]121%2 sin U — ZnOBBa‘?wfR‘? - 5n03Ba1a§w§R1R§
4.12 By = —BymoRy + Y9 Ry sin 0 4 203 Badu R + 20 Bad sty 2
( . ) 9 = —bpn. My + iw—g 181in W+ Z"]o ayw3y Fty + 5770 a1112w132R1
. 1 R 1 R
U =2(ay —az)noé—}—(—%—]—}——@i)coslll

2w2 R2 2(.«)1 Rl

where W =ty — ¢y and R; = y/u? + v?, i = 1,2. Note that fixed points we will find in system
(4.12) correspond with periodic solutions of system (4.10). We also obtain the normal form
system (4.12) by directly introducing the polar coordinate transformation z; = R; cos(w;t+1);)
and 7; = — R; cos(w;t+1;) (i = 1,2) to transform system (4.2) and average it over 27, rescaling
time by T £

ay—az)ni’
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5. CONDITIONS FOR VIBRATION CANCELLATION:LINEAR CASE

In [3,6,8] systems have been studied involving interaction of self-excitation and paramet-
ric excitation. In the methods used there an implicit assumption on the magnitude of the
parameters corresponds with our assumptions in the preceding section; in section 9 this will
change. Here we present an independent analysis of the stability of the trivial solution based
on the averaged normal form (4.10).

The linearization of averaged system (4.10) at the trivial solution has the form

—011 70 =2(ay — az)o 0 _%%_1]2
(5.1) 2(a1 — a2)hi@ —61170 %%_122 0
0 —%QW—Q; —632m0 =2(a1 — a9)Qy5
%Qw_il 0 —2(@1 - 02)925 —022770

where its characteristic equation can be expressed as
(5.2) MAaX + @V +@aA+q =0,

in which ¢, ¢2, g3 and ¢4 are depended on the parameters. Note that we have (13 < 0 and
Q21 < 0. The linear damping coefficients #;; and 5, have a positive sign if 3V? — By < 0;
in this case there is no self-excitation. In the case of self-excitation fV? — &y > 0, there are
three conditions for #17 and 62 617 < 0 and 622 > [011], 622 < 0 and 617 > |fa2|, and both of
A2 and f1; are positive.

The signs of the linear damping coefficients 6,7 and 635 are important to determine condi-
tions when the vibrations can be suppressed. At the boundaries 611 = 0 and 32 = 0 from

(3.10), (4.7), and (4.8), we have

(5.3) Qi=Q= \/M-I— (1 _07}\/[)62' — 2 (l = 172)'

7

where )1 corresponds to 6;; = 0 and ()2 to 022 = 0. The value of ¢; is depending on & 2, ﬁ_,
and V.

In Figure 2 and Figure 3 we show the boundaries when the 6y, and 3, change sign. For
numerical calculations we use the parameter sets, from [8] as listed in Table 1.

Table 1: Parameter values for numerical examples.

Parameter Set I Set II

€ 0.1 0.2
K1 01 02
Ko 0.1 0.1
v 0.1 0.2

1% V21 V21

0% 4 4
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FIGURE 2. Boundaries of #;; and 6,3 in the (M,Q)-plane for Parameter
Set 1 , see Table 1. The curves ;1 and (), correspond with 6;; = 0 and
Ay = 0, respectively. Region I, 6;; < 0 and 635 > 0. Region II, 6;; >
0 and 6y, < 0. Region 111, both #;; and 5, are positive. On the right side
of the line M* = 0.1, 611 + 622 > 0 and 611 + 622 < 0 on the left side. (a) For
Parameter Set 1, (b) for Parameter Set 11, see Table 1.

Applying the Routh-Hurwitz criterion to get conditions when the real parts of the eigenval-
ues of (5.1) have a negative sign leads to two conditions that must be met. The first condition
of the Routh-Hurwitz criterion gives

(5.4) 011+ 022 > 0.
The second condition gives the relation
(5.5) Pt +padt +ps > 0

where p;, 7 = 1,2,3 depend on @, M, if the other parameters are fixed . Solving at the
boundary, we obtain

1 011+ 022 \/_ 4Q1Q9011022 + Q12021 P19

5.6 g, ==+ ) )
(56) 4 (ay; — ag) Q19011022

where the others two roots are always imaginary. To obtain real values of &; we have the

condition 4€1Q56:1699 + Q12621 > 0 and either 67 or 8,5 are not negative simultaneously.

In the case both of them are positive, the second condition (5.5) is always satisfied.
Furthermore, we obtain

(BV? = i) — i1

K1

that is related to condition (5.4).
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Substituting equation (5.6) into (4.1), the interval of stability of the trivial solution is
determined by

(58) 770+€5'2 <n< no+€51

6. STABILITY OF T'HE TRIVIAL SOLUTION

The parametric excitation is used in the case when self-excited vibrations occur. In the
coupled system the effectiveness depends on conditions of the parameter damping 61 or 6q5.
When both of 11 and 62, are positive, this represents the case where the dynamic absorber
successfully cancels the self-excited vibration. This happens in region I1I in Figure 2 (a) and
Figure 2 (b).

In Figure 2, within the small area IV to the left of line M = M™, both of 8, and 8, are
negative. There we have that self-excitation is dominant and full vibration quenching is not
possible at all. The condition (5.4) is satisfied on the right side of the line M = M™*.

In Figures 3 and 4 we show the instability boundaries of the trivial solution in the (n,Q)-
plane for fixed M. These figures represent the instability boundary for parameter Set | and
Set 11, see Table 1. They show the same characteristic shape of the region of full vibration
suppression. One can recognize an overlap of area that stretches along the combination
resonance 7 = 1, + ¢ and another area that is independent of the parameter excitation
frequency 7. Inside the curves we find the trivial solution is stable and unstable outside.
Within the area independent of 7, vibration cancellation is not caused by the parametric
excitation, but the stretching of the area along the anti-resonance curve is caused by the
parametric excitation.

0/98 * QZ_Ql:”

04 02 02 04 01 0. 03 04

(a) (b)

FIGURE 3. Stability boundaries for Parameter Set I and fixed M = 0.2. (a)
In the (7,Q)-plane, (b) in the (n,@Q)-plane. Inside the curves in (a) and (b)
the trivial solution is stable (full vibration suppression) and it is unstable
outside.
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0. V\& leh

F1GURE 4. Stability boundaries for Parameter Set II and fixed M = 0.65.
(a) In the (7,@Q)-plane, (b) in the (1, Q)-plane. Inside the curves in (a) and
(b) the trivial solution is stable (full vibration suppression) and it is unstable
outside.

08 T

FIGURE 5. Stability boundaries of the trivial solution in the (7, @)-plane for
Parameter set | (see Table 1) for fixed values of the parameter and varying ¢

and M = 0.2.

Note that the region of full vibration suppression in Figure 3 and Figure 4 depends on the
mass ratio M. The excitation frequency n has a wider range than the frequency ratio .
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Near the combination resonance n = 1, or ¢ = 0, the enlargement is increasing with higher
values of M, but it does not increase proportionally with 7.

Figure 5 shows the influence of the amplitude ¢ of the parametric excitation on the sup-
pressing area. The parameter mainly influences the size of the area near the combination
resonance 7 = Qy — Q. The area of suppressing increases with increasing amplitude e,
indicating that € is a very effective parameter to obtain a large area of vibration suppression.

We point out that this study of stability of system (4.2) is for the realistic case of mass
ratio M smaller than 1. For a fixed value of M in this interval we obtain the shapes along
the combination resonance and the area as shown in Figure 3 and Figure 4. In the numerical
simulation shown in [8], this area along the combination resonance is splitting up for small
M. In section 9 we explain this analytically by a second order approximation.

7. BIFURCATIONS OF THE TRIVIAL SOLUTION

In section 6 we have studied the stability of the trivial solution of system (4.10) for a
fixed value of k; = 0.1. We will vary the damping parameter 6y (632) by varying k; — 0
and fixing the other parameters to study the bifurcations of the trivial solution leading to
periodic solutions and an attracting torus. To study the dynamics of the system near the
trivial solution, it is appropriate to use system (4.10). The equivalent system (4.12) in polar
coordinates will be used to study the behavior of solutions away from the trivial solution in
section 8.

In Figure 6, we present the parameter diagram in the (x,@)-plane for Parameter Set I and
fixed @ = 0.95. The curves o1 and o3 represent Hopf bifurcation curves of the trivial-solution
X, of system (4.10). The curves are obtained from equation (5.6). Figure 13 (discussed again
in section 8) illustrates qualitatively the bifurcation diagram of the trivial solution of system
(4.10) in for varying ;. Fixing &; = 0.1, we find that the hyperbolic trivial-solution X,
is stable for k1 > k11 and unstable for k; < k1;. The stable trivial solution X, undergoes
Hopf bifurcation at point H; then a stable periodic solution X; emerges. For fixed value x4
in the interval k195 < K1 < k17 the real parts of the eigenvalues of the trivial solution X,
which correspond with the vector field (uy,v;), are negative. The other two, corresponding
with the vector field (ug,v,) are negative; they become positive for k; < k12. We have again
Hopf bifurcation at Hy for the value k; = k15 and an unstable periodic solution X4 emerges.
Using the continuation program CONTENT [9], we can indicate the appearance of a stable
periodic solution X;. It becomes unstable at k1 = k13 and a stable torus emerges via a
Neimark-Sacker bifurcation. We note that the torus occurs in the interval k14 < K1 < K13,
where k11 = 0.09936, k12 = 0.08675, k13 = 0.06367, and x14 = 0.0228011. The stability of
the system (4.10) for k1 < K14 goes to the periodic solution X5 which becomes stable at that
interval.

We write the amplitudes of the solution of system (4.10) corresponding with the (u;, v;)-

variables as R; = y/u? 4+ v where i = 1,2. In section 8 we will discuss more extensively the

periodic solutions X;,1= 1,2, and also the appearance of the torus.
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04+

02+

FIGURE 6. The parameter diagram in the (k1,0)-plane of system (4.10)
for Parameter Set 1 (see Table 1), M = 0.2 and @ = 0.95 . The curves
oi,t = 1,2. indicate Hopf bifurcation curves of the trivial solution X,. The
horizontal line & = 0.1 is a bifurcation path of the trivial solution. Only
for k1 > k17 the trivial solution X, is stable. The dashed line indicates the
unstable trivial solution and a full line indicates the stable trivial solution .
Note that K11 = 0099367 K12 = 0086757 K13 = 006367, and K14 = 0.0228011.

n n=1

I

L ]

005 0.06 007 0.08 K_]_ 009
2 k

1

Ficure 7. Graphical representation of the existence of non-trivial fixed
points of system (4.12) in the (k1,@)-plane for Parameter Set I, see Table
1, and for fixed M = 0.2. The number of non-trivial periodic solutions is
indicated by n. Note that k17 = 0.09936 and k15 = 0.08675. The horizontal
lines @ = 0.95 relate to Figure 11 and Figure 12.

11
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8. DYNAMICS OF THE FULL SYSTEM

Away from the trivial solution the analysis of the amplitude-phase equations (4.12) is
natural and more convenient. Fixed points of this system correspond with periodic solutions
(constant amplitudes Ry, Rs, and phase-locked: 5 — 1 constant). A Hopf bifurcation of
such a fixed point produces a periodic solution of system (4.12) and a torus in the original
system. The results are summarized in Figure 10.

8.1. Existence of the Fixed Points. Putting B, = 0 and Ry = 0 in system (4.12), we
find that R, is a quadratic function of R;; the relation is given by z; = f(Ry, Ry) = 0.
From Ry = 0 and ¥ = 0, we have the relation 23 = g(Ry, R2,5) = 0. The curve z; in the

(R1, R2)-plane intersects the Rj-axis or the Rg-axis at the origin, at ( —%#M,O), or
1*1°%0

(0, %ﬁ) . Since a9 is negative, B and a; are positive, the curve z; will intersect both

the Rj-axis and the Rs-axis at nonzero points iff #;; < 0 and 635 < 0. The origin or point
(4 /—%#M, 0) is also an intersection of the curve zp with those axes. The curve z; has two
1710

branches parameterized by & for #;; < 0, and it has only one branch for 6;; > 0.

The fixed points of system (4.12) are obtained by intersecting z; and z3, where z; Nz = ()
for o3 < ¢ < 7y and 03 < 0 and &1 > 0. The explicit expression for 7; (i = 1,2) can be found
from equation (5.6).

Figure 7 shows graphical representations in the (k1,Q)-plane of the existence of non-trivial
fixed points of system (4.12) for Parameter set I (see Table 1), d = 0.1 and M = 0.2. System
(4.12) has no non-trivial fixed point in region I. There is only one non-trivial fixed point X;
in region II. The non-trivial fixed points X; and X5 exist in region III.

We note that 611 and 6,9 always have a different sign in region II. Figure 8 and 9 show
non-trivial fixed points of system (4.12) for each region in Figure 7. For fixed values @) = 0.95
and k; = 0.1 in region Il, the curve 2z, has two branches parameterized by &, see Figure 8.
There is one intersection point between the curve z; and 23 indicated by point Xil. In Figure
7, we fixed ) = 0.8 and k1 = 0.1 in region II; there is only one branch of the curve 23, in this
case we have 617 > 0 and 35 < 0. Figure 9 illustrates the non-trivial fixed points in region
III. For fixed @ = 1 and k1 = 0.05, there are two branches of the curve z; parameterized by
& which intersect the curve z; at point X‘1 and point X‘2

When we fix () = 0.95, the boundaries of the existence of the non-trivial solution is shown
in the (k1,7)-plane, see Figure 10. The curves ;,7 = 1,2. represent the boundaries of the
existence of the non-trivial fixed points X; and X3, respectively. Note that only in the right
side of the curve &y the trivial solution is stable. The domains of the region I, IT and III are
g1 < 70,0 < & < g, and & < 7y, respectively. The curves C'H; and C'Hy indicate Hopf
bifurcation curves of the non-trivial fixed points Xy and X, respectively. These curves are
found by using the continuation program CONTENT [9].

Region III is divided by the curves C'H;,7 = 1,2 into regions Illy to Ille. The region 1115
is for CH; < 0 < 73,1 =1,2.. The region Ill} is for CHy <o < CH;or0 <o <CH; . The
region Ill¢ is for 0 < & < CLP, region Ill§ for CLP < & < CH;,i=1,2., and region Ille for
CHy <6 <(CHyor0<ad < CH,.

In region I of the Figure 10, there is no non-trivial fixed point of system (4.12). The non-
trivial fixed point X exists in region Il and III. It is only stable in region Il and IlI,. The
non-trivial fixed point X, exists in the region III. It is stable in the region III,, III;, and III..
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The stable non-trivial solution Xj is indicated by X1+ and X for the unstable non-trivial
solution X;, 1=1,2.

§=0.5 5=0.2 s=0.15

$=0.15

777777 3 2 5=0.5

F'1GURE 8. The non-trivial fixed point of system (4.12), for Parameter Set
I, see Table 1, M = 0.2. (a) For @ = 0.95 and x; = 0.1 in region 1l Figure
7, there is a single fixed point X‘1 shown by the intersection of two curves z;
and 2z, (parameterized by &). (b) For fixed ¢ = 0.8 and sy = 0.1 in region II,
there is a single fixed point X‘1 shown by the intersection of two curves z; and
z3 (parameterized by &).

5=0.5 5=0.2 5=0.15

FiGURE 9. The non-trivial fixed point of system (4.12), for Parameter Set I,
see Table 1, M = 0.2. For fixed ) = 1 and k1 = 0.05 in region III, there are
two fixed points X‘1 and X‘2 shown by the intersection of two curves z; and zy
(two branches parameterized by &)
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FIGURE 10. The parameter diagram of system (4.12) in the (x1,@)-plane, for
Parameter Set I, see Table 1, M = 0.2 and ¢ = 0.95. The curves &;,2 = 1, 2.
give the boundaries of the existence of the fixed points X; and Xg, respectively.
X1+ indicates a stable non-trivial fixed point Xj and X; indicates an unstable
one for i =1,2. The curves CH;,7 = 1.2 indicate Hopf bifurcation curves of
the non-trivial fixed points X; and Xg, respectively. As these fixed points
correspond with periodic solutions, the curves C'H; represent Neimark-Sacker
bifurcation of the original system. The point GH at k1 = x] = 0.046897 and
o = 0* = 0125067 indicates an interchange point of the supercritical Hopf bi-
furcation and the subcritical Hopf bifurcation of the non-trivial fixed point Xs.
Note that for ¢ > o* the bifurcation is subcritical, and it is supercritical for
& < &*. The horizontal line @ = 0.1 is an example of a bifurcation path of the
solutions of system 4.12. The curve C'L P represents a limit point bifurcation
curve of the periodic solution Ps which appears via a Hopf bifurcation at curve
CH;. Crossing this curve the stable periodic solution Ps vanishes. Note that
g% = 0.07769, ¢! = 0.279403, x1; = 0.09936, k12 = 0.08675, 13 = 0.06367,
and k14 = 0.0228011.

8.2. Bifurcations: Periodic Solutions and an Attracting Torus. Applying the contin-
uation program CONTENT [9] we obtain the stability diagram of the non-trivial fixed point
X1 of system (4.12) for Parameter Set I (fixed M = 0.2 and Q = 0.95) in the (o, R;) and
(@, Ry) planes, see Figure 11. The illustrations are obtained by varying & along line () = 0.95,
see Figure 3 (a) in section 6 for the diagram parameter in the (&,())-plane. The trivial so-
lution X, of system (4.10), corresponding with By = 0 and Ry = 0, is stable inside interval
03 < 0 < 01 and it is unstable outside. The points ¢ = &y and ¢ = &9 are Hopf bifurcation
points of the trivial solution X,, see also Figure 11. In this case a stable periodic solution
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emerges when the trivial solution X, looses its stability. This stable periodic solution relates
to the non-trivial fixed point Xy of system (4.12) which exists for & > &; or ¢ < d,. From

equation (5.6) we have 7y 5 = £0.107992 .

07 07=

083
056
049
042
0351
028
o2t
014
o1f X X

0071 1 1

0 i i i A% [ 5], i i N : ; ; 152 Saf; ; ; Y
01 0% 04 0% oM 0 DM 0% 042 0% 07 07 5% 04 028 014 0 01 08 042 0% 07
5 5

(a) (b)

FiGure 11. The stable non-trivial fixed point X; of system (4.12), corre-
sponding with the stable periodic solution X; of system (4.10), for Parameter
set I, see Table 1, and M = 0.2 and @) = 0.95. (a) in the (7, Rq)-plane, (b) in
the (&, Ry)-plane. Note 7y 5 = £0.107992
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F1GURE 12. The stability diagram of the non-trivial solution of system (4.12),
for Parameter Set I (varied parameter k1, M = 0.2 and @) = 0.95), see Table 1.
(a) in the (K1, R1)-plane, (b) in the (k1, R2)-plane. Note that k11 = 0.09936,
k12 = 0.08675, k13 = 0.06367, and k14 = 0.0228011
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As mentioned in section 5, interesting behavior such as the presence of a torus in system
(4.10) happens when we vary the damping parameter ¢ for fixed @ near 1. We show more
completely the parameter diagram in the (x1,7)-plane in Figure 10. This figure represents
the parameter diagram of system (4.12) for Parameter Set I, M = 0.2, and = 0.95. The
curves o7 and &y are the existence boundaries of the fixed points X; and X5 of system
(4.12), respectively. The Xi+ indicates a stable non-trivial fixed point X; and X; indicates
an unstable one, i=1,2. The curves C'H;,7 = 1.2 indicate Hopf bifurcation curves of the
non-trivial fixed points X; and X3, respectively. The point GH at xk; = k7 = 0.046897 and
g = &* = 0125067 indicates an interchange point of the supercritical Hopf bifurcation and
the subcritical Hopf bifurcation of the non-trivial fixed point X5. Note that for ¢ > o* the
bifurcation is subcritical, and it is a supercritical for & < *. The horizontal line & = 0.1 is an
example of bifurcation path of the stability of the solutions of system 4.12. The curve CLP
represents a limit point bifurcation curve of the periodic solutions Ps which appears via a
Hopf bifurcation at curve C'H;. Crossing this curve the stable periodic solution Ps vanishes.
Note that 3% = 0.07769, 61 = 0.279403, 1, = 0.09936, x1o, = 0.08675, 13 = 0.06367, and
k14 = 0.0228011.

In our numerical example, we vary the parameter sy along line & = 0.1, see Figure 10
and 13. We find that a hyperbolic non-trivial fixed point X is stable in the interval x13 <
k1 < K11. Crossing the curve C'H; at point Hy, it becomes unstable and a supercritical Hopf
bifurcation takes place. Figure 12 (a) and (b) show the stability diagram of system (4.12) in
the (1, Ry)-plane and in the (1, Ry)-plane, respectively. The non-trivial fixed point Xz is
unstable in region llla for k14 < K1 < K12. It becomes stable when crossing the curve C'Hy
and a supercritical Hopf bifurcation emerges at point Hy. A stable periodic solution Ps exists
in the interval K14 < K1 < K13.

In the full system (4.10), the non trivial fixed points of system (4.12) correspond with their
periodic solutions. The stability diagram of the solutions is illustrated in Figure 13. We
represent them in the k;-line for & = 0.1. The curves 5;,7 = 1,2. are the Hopf bifurcation
curves of the trivial solution X,.

We show the trivial solution X, is stable for k; < k11 and it undergoes Hopf bifurcation
at k1 = K13. The stable periodic solution X; emerges and changes its stability when it
crosses the curve C'Hy at k1 = K13, see Figure 10. The curves C'H;,© = 1,2. relate to the
Neimark-Sacker curves of system (4.10). We denote the Neimark-Sacker bifurcation points as
N S;, 7= 1.2 which correspond with the Hopf bifurcation points H;,7 = 1,2. in Figure 10. We
note that for increasing & from a certain value, the Neimark-Sacker bifurcation of periodic
solution Xy is subcritical. It becomes a supercritical bifurcation when & is decreased and
tends to zero.

When the stable periodic solution X looses its stability then a supercritical Neimark-
Sacker bifurcation NS; appears at k1 = k13. The unstable periodic solution X5 appears
when the trivial solution X, is crossing the curve &5. It becomes stable at k1 = k14. We find
that a subcritical Neimark-Sacker bifurcation emerges at point NSy (point Hy in Figure 10)
for k1 = K14. A stable torus T, related to the stable periodic solution Ps, takes place for
K1 < K13 and it disappears when k7 reaches 4. Note that for k1 < k14 we also have a stable
periodic solution Xz. We find that for k1 < k13 the amplitude R; of the periodic solution X,
is bigger than for the non-trivial solution X2, but the amplitude R5 of the non-trivial Xy is
less than for the periodic solution X5. Both R; and Ry are increasing when k4 is decreasing.
Note that Ry — 0 for k1 — k75 and Ry — 0 for k1 — K7y, see Figure 13.
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Ficure 13. The Stability line of the trivial solution X,, the periodic so-
lutions X3 and Xz and the torus T of the system (4.10) for varying s and
Parameter Set | (see Table 1), M = 0.2, @ = 0.95, and &; = 0.1. The solid line

indicates a stable solution and dashed line for unstable solution. Numerical
calculation shown that %, = 0.0484171, k¥, = 0.0287773, and x{* = 0.0280696

9. THE CASE M ORDER ¢

In applications we usually have to take the absorber mass (and so the mass ratio M) really
small and the question rises whether we can still suppress or at least significantly reduce
self-excited vibrations in this case. In [8] a numerical simulation is given which does not agree
with the harmonic balance result of the authors. We shall show that this is caused by the
necessity to rescale the parameter M with as a consequence that we have to take into account
second order effects. We rescale M =eM.

In the case the mass ratio M is small; to avoid linear resonance we omit the case @ # 1.
There are two possibilities to get a set of natural frequencies of the linearized system (3.7)
without damping, €, and €3, which depend on the value of ), see equation (3.10). The
possibilities are

for 1<@Q for 0<@<1
or
Q] =1 and QQ = Q Q] = Q and QQ =1

The combination resonance takes place if 9, = |Qy — 4].
To get a standard form (3.7), we use transformation (3.6) where now

for 1<@Q for 0<@<1
or
a; =0 and azz% ale;EI and ay; =10

After rescaling time by 5, to second order (see [10]), the averaged system for the

1
2(a1—a2)no
case 1 < @ is in the form

Rinour + (@11 — 2Q7)v1 + Q13v2) + € G1(U1, U1, U2, Vo, J),
(11 — QQO' up — K1nov1 — Qizuz) +¢ G‘)(U1,U1, ug, Vg, i),
(Ry — BV )nous + (15 — 26) vy + Cug(uj + v3)) + e2Ga(uy, v1, uz, vo, ),
(am —20)uy — (Kg — gV? YNov2 + C’vg(u2 + vz)) + 52G4(u1,v1 , U, Vg, 1),

111— 9
=&

(-
(-

9.1
O
(-

=&
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2 TO2(1_ _ 2 . .
where a1 = —]:281 , Q13 = 7]”@&2(:}2 “2)7 Q13 = (1=02)Q7 ZE)Q ,and C' = —%QéBnoaﬁ and
Gi1 = Ajui+ Aoy + Asus + Agvg + Asui (vl 4 v2) + Asua(ul + v2)
Gos = —Asui + A1vr — Agus + Asve + Asvr (ud + v2) + Asva(ul + v3)
Gs = Bivi + Boua + Bavs + Baus(ul + v3) + Bsva(ul + v3) + Beva(ul + v3)?
G3 = —Blul — BgUg + BQ’UQ + B4’l)2(ug + U;) — B5U2(U§ + Ug) — B(;UQ(Ug + 'U;)2

see (A.1) and (A.2) in Appendix A for A; and B; for i = 1..6. We note that the system for
the case 0 < @ < 1 is obtained by transformation (3.6), with z; — z3 and zo — z;. This
implies that system (9.1) is transformed by u; — v; and v; — u; for i = 1,2 and exchanging
€ and €29, and conversely.

We find that to the lowest order in ¢ the trivial solution of the system (for both cases) is
unstable. The eigenvalues of the trivial solution of system (9.1) are

Mz = —Fin £ (a1 — 2Q0)i
A3y = (BVQ — RQ)T]O + (0513 - 25’)2

1

Note that, because of our assumption of the presence of self-excitation, we have V2 — &y >
0. Using transformation to polar coordinates (4.11), we reduce system (9.1) to a three-
dimensional system. It is now in the form

Ri=¢ (=R1noR1 + Q13Rasin(v)) 4+ e>G1(Ry, Ra, ¥, ),
(92) RQ =& (_(RQ - BVZ)UORZ + CR%) + EZGQ(Rla R?; %H)a
b =¢(2(1 = Q) + 71 + Qi3Ra/ Ry cos(v)) + e2Gs(R1, Ra, ¥, p),

where a long but straightforward calculation produces

Gi = AiRi+ AsRiR3+ A4Rysiney + (AgRj + A3Rs) cos )
Gy = BiRisiny + BysRy + B4R}

3
Gy = A,+ AGR%IA?’RQsinl/) + (A;%?z — le%ljl)cosip

Y1 = a11 + a3, B and Ry are bounded away from zero.

_ (BV2=kz)no
C

As C'is negative, it is easy to see that up to first orderin g, Ry = corresponds

with an invariant manifold. On this invariant manifold, system (9.2) has a fixed point R, =
QISRQO
VE+H2(1=-Q)+om)’
\/ —WLT]”)%, and g = arccos(%;;xm“)). Note that q3 is positive. To study the
stability of this fixed point we check the characteristic equation of the linearization of system

(9.2) at that point up to order £. The characteristic equation is in the form

(R10, Rao, o) corresponding with a periodic solution where Ryg = Ryp =

M4 p\2 4+ g+ r=0.

We find that all the coefficients of the equation are positive and pg — r > 0, so that the fixed
point R, is stable.

Figure 14 shows the maximum amplitude B = /R% + RZ, of the system (3.4) as a function
of time ¢ with the parameter set L1l for the numerical simulation as listed in Table 2.

Table 2: Parameter values for numerical examples.
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Parameter Set I11

M 0.12
€ 0.1
K1 01
K9 0.1
3 0.1
% V2.1
0% 4

As C is proportional to 7,, we note that to first order in £ the amplitude R is independent
of the parameter value  which means the absorber does not influences the vibration much.
Adding the second order € terms, we transform

(9.3) Ri = R+ €R1
(9.4) Ry = Rgo+ €R2
(9.5) b = dot+ey

yielding a system of the form

I_é1 =c (CIRI + Co Ry + Catp + Kl) +0(e?)
Ry =€ (CyRy + K3) + O(£?)

(9.6) 9
ZE =¢ (C5R1 + CGRQ + 0715 + 1(3) + 0(62)

where K;,72 = 1,2,3 are constants depending on Rig, K29, and g, and so do the coefficients
Ci,i=1.7,see A.3 and A.4in Appendix A. The fixed point of system (9.6) up to the lowest

order of € is (R1,, Ry, %0), where Ry,, Ra,, and 1 are obtained by taking 12y = 0, Ry = 0
and 1) = 0, respectively.

Since Ry, can be obtained explicitly, the amplitude of variable z, of system (3.4) can be
given immediately. The expression is

(9.7) Ry, = |as| Ry
This amplitude will reach the minimum value at

_ (31— V3kim)
(9.8) 0i =3 20-0)

In Figure 15 we show the maximum amplitude R,, of the system (3.4) with respect to
parameter n and Q. (a). For the case 1 < @ and (b). for the case 0 < @ < 1. Figure 16
illustrates the areas where the amplitude R,, can be reduced. For Parameter Set III, see
Table 2, we show that inside the curves the amplitude R,, is suppressed. Figure 16.(a) is
for the case 1 < @ and Figure 16.(b) for 0 < @ < 1. We show that the minimum value at
n = 0.77607 is 0.441621 for fixed @ = 1.105, see Figure 17.
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1.105.

The maximum amplitude R =

R? 2 of system (3.4) to
first order approximation for parameter Set 111 (see Table 2) and fixed @ =

0.6 T

06 7

FIGURE 15.

1 < @ and (b). for the case 0 < Q) < 1.

The maximum amplitude R;, = |az|R2 of system (3.4) to second
order approximation, for parameter set 11T (see Table 2). (a)

For the case
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FIGURE 16. Diagram parameter (7,()) for parameter Set Ill (see Table 2).
Between the curves the maximum amplitude R, can be reduced. (a). For the
case 1 < ) and (b). for the case 0 < @ < 1.

FIGURE 17. The maximum amplitude R,, of system (3.4) Parameter Set I1I
(see Table 2) and fixed = 1.105. The minimum value can be reached at
n = 0.77607 and R,, = 0.441621.

10. CONCLUSION

21

We have studied system (3.4), modeling flow-induced vibrations, by using the averaging
method. There are two conditions needed for suppressing self excited vibrations. The first
condition evaluates that the sum of the negative and the positive linear damping components
determine the stability of certain modes and must be positive. T'he second condition is related
to the parametric excitation frequency and determines, whether full quenching can be achieved
or not in a certain interval. The presented results also demonstrate that a dynamic absorber
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with parametric excitation is capable of enlarging the range of full vibration suppression near
the combination resonance frequency.

The dynamics of the averaging system (4.10) is complex and it can be understood by the
parameter diagram shown in Figure 10. By varying the parameter x; we find equilibria,
periodic solutions and torus solutions. The emergence of these solutions and their stability is
tied in with Hopf and Neimark-Sacker bifurcations.

For applications the case of a small absorber mass (small M) is important. If M is of order
€ the absorber influences the vibration in second order approximation. In Figure 16, we find
the areas where the vibration is decreased. We can also calculate the minimum value that
can be reached by the maximum amplitude of system (3.4) which shows that a large amount
of quenching is still possible.
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APPENDIX A. T'HE SECOND ORDER APPROXIMATION OF AVERAGING SYSTEM

The expressions for the coefficients of the second order approximation of system (9.1):

(A.1)
11700 ~
Ay = —% — 013n, + 20110
Ay — _l (11 + 6@12@1)2 B 19%1772 o3 1 Q%l B 2a116
2 4 wf 4 w1 W ((.U] + wg) 2 (4&.}% — 1)&)1 Wi Mo
Ao = L 0w2@Qubiz 1 (011Q1  022Q1
o8 2wy (w1 + w2) 877O w? wiwy
A, — C1Quzaies | 1Q126  1Qp0m1 | TausQiz | 1 auz@u logs Qa0
4 8 w? dwiwy 8 WP 8 wiw? 2wi(wr +w2) 2wy W1 Mo
3 QB 3
A5 — _a11w2 770
2w twy
A — lezsznf 3 QuwiBn3
o6 32 w1 8w (wl +OJ2)
Bo_ 1 an@Qu lan
! 2 wa (wl + wg) 2 wa
a1161270 _
B2 e 1171277 + 40220- + 2014770
w1 + ws
B3 — _ (w26- + 0513)5' _ 110013 . 10%2772 . 105_%3 0z136
(A.2) w3 wr(wr +wp) 4 wy 4 w3 WMo

3 0411‘«033772
4 w1 -|- (%) 8
3
Bs = —§¢922£*J2B77:>1
27

32,6
=3B
6 128“)2 Mo

B4:

3 3
— ~(—2wya + aq3) Byl + Zalanf + 3wiBnla
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where a3 = =2Q), Q11 = Q% Q2= (1- 02)Q3, 011 = R1, 012 = R (1 — ag) — (R2 — BV?),

013 = MI_Ql, 014 = MI_Ql(l — ag), and 022 - /_{2 - ﬁvz

The expressions for the coefficients of the second order approximation of system (9.6):
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Ch1 = —Fkine
1 .
Ca2 = 5—Qu2sin o
le

1
C3= 2—Q12R20 COs 1/)0
Wi

9
(A.3) Cs= —ZRgoaéw%an = 0227
- 1 QIQRQO COSs ’LL70
Cs = T p2 ..,
2 Rlowl
Cy = lle cos g
2 Rigw
O — 1 Q12Ra0sin g
= o2 7
2 Ripwr
(A.4)

Ky = (AR + :46330) cos g + AgRaosin ¥ + RigA; + AsRioR5,
Ky = BiRypsin ¢0 + By Ry + B4R:230

A4R BiR AsR As R}
1('3:( a7 = 10) coszbo—l—( 3720 4 6 20) sin ¥+ Ay — By — BsR3y — BsRj

Rm R20 R10 RIO



