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Abstract

Subspace iteration for computing several eigenpairs (i.e. eigenvalues and eigen-
vectors) of an eigenvalue problem is an alternative to the deflation technique
whereby the eigenpairs are computed successively by projecting the problem onto
the subspace orthogonal to the already found eigenvectors. The main advantage
of the subspace iteration over the deflation is its ‘cluster robustness’: even if some
of the computed eigenvalues form a cluster (i.e. are very close to each other), the
convergence does not deteriorate. For standard subspace iteration eigensolvers the
above fact is well-known, and it is supported by convergence estimates. This pa-
per tackles the so-called preconditioned gradient subspace iteration eigensolvers —
a relatively new class of methods designed to efficiently compute several extreme
eigenpairs of large-scale eigenvalue problems. Using a new approach to the conver-
gence analysis of subspace iterations, based on dealing with eigenvalue sums rather
than individual eigenvalues, the paper presents new convergence results for a class
of preconditioned gradient subspace iteration eigensolvers which are fully cluster
robust, i.e. involve the distances between the eigenvalues in a cluster neither in
the assumptions nor in the estimates themselves.

1 Introduction

This paper is concerned with the convergence of numerical methods for computing
several smallest eigenvalues and corresponding eigenvectors of the problem

Lu = AMu (1)

where L and M are symmetric positive definite operators in a Euclidean space £. The
paper’s focus is on methods which can be applied efficiently to large-scale problems
resulting from the discretization (e.g. finite element one) of partial differential ones,
i.e. problems where L is a discretization of a partial differential (unbounded) operator
and M of a non-differential (bounded) one.

The large scale of targeted problems rules out the use of matrix transformation
methods (QZ-algorithm and the like), which work with full matrix representations of
L and M and, hence, require N? storage, where N is the dimension of £. Hence, such
problems are tackled by vector iterations, i.e. iterative methods in which L and M are
only used to compute Lv and Mv (or a linear combination thereof) for a given vector v.
This paper studies the convergence of a class of such methods known as ‘preconditioned
gradient methods’ [14, 13].

Preconditioned gradient methods are the oldest among iterative methods for eigen-
value problems which use preconditioning — the first (asymptotic) convergence result
for such methods was obtained as early as in 1958 [25].! They are also among the best

* Presented at the mini-simpozium “Iterative Methods”, University of Utrecht, 12 June 2002
T Harrow School of Computer Science, University of Westminster, London UK.
Tt is quite remarkable that the asymptotic convergence factor given in [25] (see (5)) still remains
the smallest proven for the method studied there, and that it was not until recent paper [20] that the
corresponding non-asymptotic estimate had been obtained.



studied, especially as far as computing the smallest eigenvalue of (1) is concerned, as
demonstrated by the extensive list of references in [13]. The idea behind these meth-
ods is quite simple and natural: the minimization of (or just reducing) the Rayleigh
quotient in the direction of its gradient taken in some auxiliary scalar product. Their
implementation is also fairly simple compared to various two-level methods built around
the powerful shift-and-invert technique, such as Rayleigh quotient iterations, Jacobi-
Davidson method etc.? (see e.g. [1] and the references therein), which invariably involve
complicated stopping criteria for the inner iterations (see e.g. [18]). One of the most
promising methods of the class, the so-called locally optimal block preconditioned conju-
gate gradient (LOBPCG) method [9] is shown numerically to outperform many of the
preconditioned eigensolvers used nowadays (see [11, 12]).

The application of the preconditioned gradient technique to computing several
smallest eigenvalues of (1) brings about quite a few theoretical and practical difficul-
ties. The straightforward deflation technique whereby the orthogonalization to already
computed eigenvectors is used (see e.g. [1]) may lead to slow convergence when eigen-
values form a cluster, i.e. a close group. This situation is adequately described by
the theoretical convergence estimates (see e.g. (9) below) which show that, assuming
that A\; < Xji1 (throughout the paper the eigenvalues A; of (1) are enumerated in
increasing order with each one counted as many times as its multiplicity) the asymp-
totic convergence factor ¢; for A; is controlled by the ratio A\;j/A;41 with ¢; — 1 as
Aj+1 = Ay

An efficient remedy in dealing with clusters is to use subspace iterations rather than
vector ones. Indeed, this technique coupled e.g. with the inverse iterations leads to the
reduction of the error in computing A; by a factor of O ((A\j/A,)%*) after i iterations,
where n is the dimension of the iterated subspace (see e.g. [24]). This estimate is
an obvious improvement over O ((A;/);j4+1)%) estimate for the inverse iterations with
deflation, and it shows that subspace iterations are ‘cluster robust’, i.e. even in the
presence of a cluster (a one which does not include A,) the convergence to clustered
eigenvalues does not depend on the distances between them?3.

A similar improved convergence estimate for a particular preconditioned gradient
subspace iteration method was obtained in [3]. However, the assumptions on the prob-
lem and the initial subspace in [3] are quite strong: the eigenvalues are assumed to
be simple and the distance between the initial subspace and the corresponding invari-
ant subspace of (1) (measured in a certain metric) is assumed to be not greater than a
rather small quantity depending strongly on the distances between the computed eigen-
values. Furthermore, this estimate is not recursive — the errors on the i-th iteration are
estimated in terms of the initial errors rather than previous ones, and the reduction in
the errors on each iteration is not guaranteed, which prevents applying this estimate to
other practically important preconditioned gradient methods such as LOBPCG. The
most recent estimate for preconditioned gradient subspace iteration methods given in
[12] is recursive and, moreover, sharp but, according to this estimate, the reduction in
the error for A; is determined by A;/Aj41 — just like for the deflation technique. Apart
from (seemingly) being in contradiction with the results of [3] such an estimate does

2 Actually, some of these two-level methods can also be interpreted as preconditioned gradient ones
with a different (more complicated) kind of preconditioning (see [20]) — the true distinction between the
two approaches compared lies in whether or not the preconditioning used involves some inner iterations,
i.e. is the method in hand one-level or two-level one.

3In more precise terms, there is an upper bound for the asymptotic convergence factor (cf. left-hand
side of (5)) which is less than 1 and does not depend on the distances between the eigenvalues in the
cluster.



not explain the numerical results in [12] itself (see also [13]), which clearly demonstrate
cluster robustness of preconditioned gradient subspace iterations.

The main goal of this paper is to establish convergence estimates for (a class of)
preconditioned gradient subspace iteration methods which would be truly cluster ro-
bust, i.e. would not involve the distances between the eigenvalues in a cluster at all —
neither in the assumptions nor in the estimates themselves. The convergence results
n [22] (for a special kind of preconditioned gradient subspace iterations) suggest that
cluster robustness can be achieved by working with eigenvalue sums rather than in-
dividual eigenvalues, and the present paper follows this approach. The convergence
analysis for eigenvalue sums is, however, rather complicated and involves quite a lot of
technicalities, which are presented in the appendices.

2 Preconditioned gradient methods

Let us denote by A(u) the Rayleigh quotient for (1) on the vector w and by r(u) the
corresponding residual vector, i.e.
L
Au) = (i () = (L= A )
The minimal eigenvalue Ag of (1) is the minimum of A(u), therefore it can be found
by applying to A(u) one of the methods for the minimization of a functional, e.g. the
steepest descent method

ut =o' — 1 VA(uh) (3)

where 7; are parameters which have to be chosen in such way that A\* = \(u’) converges
to A\g. One possible choice for 7; is the value which minimizes u**!, and it is this choice
that has become associated with the term ‘steepest descent method’.*

The gradient direction VA(u) depends on the scalar (inner) product used. In the
standard steepest descent method the usual scalar product (-,-) in & is used, which
leads to a very slow convergence of the iterations (3) when the ratio (A\y — Ao)/An—1 is
small. In the preconditioned steepest descent the scalar product (-,-) -1 = (K1)
is used where K is a symmetric positive definite operator which will be specified later
on. The gradient of A\(u) in this scalar product becomes

2
and (3) becomes
utt =t — 7 Kr(u) (4)

The above iterative scheme was first studied in [25] where the following estimate for
the asymptotic convergence factor has been obtained:®

1
_— )\Z - )\0 : b(] — Qg 2
= lim;_, —_— < )
Qoo teo )\0—)\0 - b0+a0 ()
“In fact, this association is rather confusing: ‘steepest’ actually refers to the direction of descent
rather than to the particular point in that direction where A(u) reaches its (locally) minimal value.
It would be more proper to call iterations (3) with the (locally) optimal choice of 7; ‘locally optimal
steepest descent’.

5The very same asymptotic result was later reproduced (apparently independently and in a some-
what different context) in [19]




where ag and by are resp. the minimal positive and the maximal eigenvalue of K (L —
AoM). Subsequently, various non-asymptotic convergence estimates for (4) have been
obtained (see e.g. [8] or Chapter 9 in the monograph [6] and the references therein)
— however, all of them, apart from that in the recent paper [20], lead to asymptotic
constants which are greater than g, above in the general case, i.e. for K that does not
commute with L.

In [16] the iterative scheme (4) is interpreted in a different manner. In the simplest
version of the well-known inverse iteration method for (1) (see e.g. [5]) u’*! is found by
solving Lut! = M Mu’. The last equation can be solved using the iterative scheme®

Pl =k — TK(L’Uk — AN Mub) (6)

where K is a preconditioner for L, i.e. an operator ‘similar’ to L' in the following
sense:

al7' < K <bL7! (7)

If only one iteration (6) is performed, we obtain the iterative scheme which is called in
[16] preconditioned inverse iteration (PINVIT):

ut = — T Kr(ut) (8)

We observe that PINVIT is a particular case of (4) with 7, = 7. Further, we observe
that K in (4) can be interpreted as a preconditioner. Hence, it is natural to call (4) a
preconditioned gradient method.

In [17] a sharp convergence estimate for PINVIT is given. In its simplified form
presented in [12] it reads:

NN o N,
Ajpr = AT T A =AY

=7+ (1= Q
Jj+1

where v = (b—a)/(b+a) and j is such that A; < A" < Aj+1. According to (9) the upper
estimate for the asymptotic convergence factor is ¢? and it is somewhat greater than
that in [25],[19] and [20] (for j = 0, which is the case considered in the latter papers).
This is quite expectable, as the value of 7 in PINVIT is not optimal neither locally nor
globally (cf. [12, 13]).

Just like in the case of solving linear systems, the convergence of the preconditioned
steepest descent can be accelerated by using data from previous iterations. The simplest
approach, underpinning a group of methods known as preconditioned conjugate gradient
methods, is to use an iterative scheme of the form

ut =t — 1 Kr(u?) — vt (10)

Particular methods of this group differ by the choice of the parameters 7; and v;. In
the so-called locally optimal preconditioned conjugate gradient method (LOPCG) [9]
7; and v; are such that A(u'*!) is minimal possible (hence, the above convergence
estimates apply to LOPCG as well). Some other choices are considered e.g. in [7]:
respective convergence estimates for the general case a < b are not yet available?,
but the numerical experiments demonstrate essentially the same convergence as with
LOPCG [21].

®In [16] K is scaled so that 7 = 1.
"In the case a = b =1 (i.e. K = L™') asymptotical convergence results are given in [2].



A straightforward generalization of (10) is to introduce more previous approximate
eigenvectors (i.e. u'~2, u~3 etc.) into the right-hand side. However, as the numer-
ical experiments in [13] show, this approach does not lead to any noticeable further
acceleration of the convergence. Furthermore, numerical experiments in [21] show that
the same is true for the generalized Davidson method [23, 24, 1, 20] where all previous
u’ are used. Some insights on why this might be so are provided in [9, 11], where
locally optimal preconditioned conjugate gradient iterations for the eigenvalue problem
(1) are compared with those for the linear system (L — AgM)u = 0. In the latter case
the preconditioned conjugate gradient methods mentioned above are equivalent, since
they all produce the best (in the semi-norm induced by L — A\gM) approximation to u
in the Krylov subspace for K(L — A\gM). Consequently, invoking u’~2 etc. does not
affect the convergence at all (in exact arithmetic), as the approximate solution remains
in the same subspace. While the same does not hold for the eigenvalue problem (1),
the two cases at hand are closely related because the functionals minimized on each
preconditioned conjugate gradient iteration for (1) and for the above linear system are
asymptotically close to each other, as indicated in [9].

3 Preconditioned gradient subspace iterations

Preconditioned gradient subspace iteration eigensolvers combine the preconditioned
gradient descent technique (4) with the Rayleigh-Ritz method. A straightforward sub-
space generalization of (4), known as the block preconditioned steepest descent (see
e.g. [12]), defines new approximations {A§+1,u§+1} to the eigenpairs {\;,u;} of (1) as
the Rayleigh-Ritz eigenpairs in the subspace

T+ = i3y Y i Ko
= span{u; *}ji—on-1, u; = uj — 7 Kr(uj) (11)

The use of the above scheme raises the issue of the choice of parameters 7;;. In [4] locally
1

optimal ones for each vector are chosen, i.e. 7;; minimizes /\(u;+§). No convergence
proof for this scheme is available at present, but the numerical results in [4] demonstrate
that it is working. The paper [3] assumes that

-7l <K <(Q+y)L7! (12)

where v < 1, and suggests 7;; = 1, which leads to the following convergence result:
assuming that

n—1 2 4

1- 7) )‘0 )\n—l
§ 1— P))u,l|? < ( 1— 1
j=0H( sl < 1999A2 ()‘n—l ( An )) (13)

where

A A
A= max LA
0<j<n )‘j—I—l — )\j

and Py is the (-, -)z-orthogonal projection onto Z, one has:

>‘j An 2% 2
— = < 1.03—————0%"|[(1 — Py)u; 14



where

N 1-— 571—1 Aj )‘n — )\n—l
5; =6, J
A R W [ Wy v

g =7+ (1-1) i—]

n
We note that although the estimates (14) are asymptotically cluster robust, the same
cannot be said about the above convergence result as a whole because of the condi-
tion (13) on the initial subspace Z9, where the distances between eigenvalues feature
prominently.

The same choice of 7;; under the same condition on K is also considered in [15],

where the following sharp recursive convergence estimates are given:

AL N < A )2 AL — g
] J < J J J — _

i =q1\7 70 Q(U, U) =u+ (1 U)U (15)
)\k;j-f—l - >\j+1 >‘k‘j+1 )‘ijrl - )‘]

where k; is such that Ay, < )\; < Akjt1-

A radical solution to the problem of optimal choice of 7;; is the use of the subspace
8

Tts = span{u},K?‘(u})}j:O,n—l (16)

instead of Z¢*! given by (11). The new subspace Z**! is then defined as the one spanning
the Ritz eigenvectors in 7 i+3 corresponding to n smallest Ritz eigenvalues. It turns out,
that, just like in computing a single eigenvalue, adding the previous approximations
ué»_l to Ti+3 dramatically improves the convergence. A group of methods built around
this idea is known under the collective name of locally optimal block preconditioned
conjugate gradient (LOBPCG) method [11]. Again, a surprising fact is that increasing
T2 any further does not have any tangible effect [11, 13].

Due to their recursiveness and in view of the minimax principle, estimates (15)
apply to any iterative scheme which uses the Rayleigh-Ritz method in a subspace
containing Zits given by (16), in particular, to LOBPCG (although they, of course,
do not explain the remarkable convergence features of the latter). As admitted in
[12], a serious disadvantage of estimates (15) is that they are not ‘cluster robust’ in
the sense specified in Introduction, whereas there is at least numerical evidence that
methods using the subspace given by (16) are (see [12, 13]). Furthermore, assuming
that k; = j, the (upper estimate of the) asymptotic convergence factor according to
(15) is the square of v+ (1—~)\;/Aj+1, whereas according to [3] it should be the square
of v+ (1 —¥)Aj/An. Given that (15) are claimed to be sharp, there may seem to be
a contradiction. However, there is none, because estimates (15) are sharp in a very
specific sense: (15) for a given j covers any subspace Z° with the same Ritz eigenvalue
)\2 and any preconditioner K satisfying 7 with a given ratio b/a. But if Z® happened to
be a very ‘bad’ subspace as far as the convergence to some eigenvalue is concerned, the
subsequently calculated subspaces Z°t* may improve in this respect, as can be seen e.g.
from [3] or from the new estimates below. Finally, the preconditioner K remains the
same throughout the iterations, and if Z* and K happened to be a ‘bad’ pair, this does
not necessarily apply to Z*t* and K. In short, estimates (15), despite being ‘sharp and
short’, are somewhat ‘too pessimistic’ and certainly not ‘cluster robust’.

The new estimates presented in the next section achieve ‘cluster robustness’ by
dealing with eigenvalue sums rather than individual eigenvalues. It should be noted

8This version of the block preconditioned steepest descent might also be called ‘locally optimal’



that the same idea was used in [22]; however, the method suggested there proved to
be less efficient than LOBPCG. The convergence results of the present paper produce
smaller estimates for the asymptotic convergence factor than that in [22] and, moreover,
they apply to a class of preconditioned gradient methods which includes LOBPCG.

4 New convergence estimates

The new estimates below apply to a class of preconditioned gradient subspace iteration
methods based on iterative schemes of the following form:

7 = span{u;(X)}jmon-1, X' D I' + span{Kr;(T')} o1 (17)

where Z* is the iterated subspace, r;(X) = r(u;(X)) and u;(X) are the Ritz eigenvectors
in the subspace X, i.e.

(r(uj(X)),v) =0 Yvedk

enumerated in the increasing order of A(u;(X)) starting from 0. We observe that the
above class of methods includes e.g. (locally optimal) block preconditioned steepest
descent (cf. (16)), the original version of LOBPCG and the block version of the gener-
alized Davidson method in [11]. Tt is important to note, however, that with regard to
the last two methods the estimates of this paper can only be considered as preliminary
ones, as the methods themselves demonstrate much better convergence in practical
calculations (see [11, 12, 13]).

The estimates below are given in terms of the inverses p; = )\j_l of the eigenvalues
of (1) and those of the Ritz eigenvalues X, ie. p’ = (A;)~!, which proved to be
more convenient for the convergence analysis. This is equivalent to rewriting (1) as
Mu = pLu. Accordingly, we denote the Rayleigh quotient for the latter problem by
p(uw), ie. p(u) = A(u)~!, and use the notation s(u) = (pu(u)L — M )u and sé- = s(u;) for
the residuals. The enumeration of u; and ué» starts from 0 and is in decreasing order.

The gap between subspaces X’ and ) measured in the scalar product (-, -) is denoted
by 6(-,-). Further, we denote

T = span{u; }j—0,m—1, Ifﬁ = Span{uz‘}j:&m—l

A A 0.
Oim =0(Z,,, In)L, tim =tan(Z,,, Iy = Sl
1-62,,
m1||5i|2
_ L1
Pim = Y —
=0 Hj
O/‘k‘E‘L ot = ot - ﬂzgij
We start with two preliminary results. The first one relates to the convergence of
a group of approximate eigenvalues ,u%, j=0,...,m—1, where m < n is such that
[t > flm-



Theorem 1 If K satisfies (7) and p0, | > jim for some 0 < m < n then /L; converges
topj, 7=0,...,m—1, and, furthermore, the following convergence estimate holds for
the iterative scheme (17):

i1 ;.0 + € X
(nj—p5) < W (ks — 123) (18)
j=0 i j=0
where
KRi0 1
qi0 = Z ;o R = (1+ tzz,m)2a$n_

b
e = 5(1 + pim)(aF pim + B )

and a? and bg depend on o, %, m and t; ,, only, in a continuous and monotonically
mcereasing way.

Proof. First, we transform the problem (1) into the one with L = I as described in
Appendix A.1 (note that the reverse transformation turns 6(Z%,,Z,,) into 6(Z%,,Z,,) 1,
tan(Z: , Z,,) in‘;o tan(Z: ,Z,,)r and |55l into ||s§-||L_1). The convergence of 7} to Z,,
(and, hence, wj to pj) follows from the minimax principle, lemma 23 and lemma 10.
Applying lemma 33 with £k = m and [ = 0, we obtain the estimate of this theorem with
af = cq and b9 = c5/(1+¢3,,) + ce. O

The second preliminary result improves the asymptotic convergence factor in theo-
rem 1 for rightmost eigenvalues p; in the above group.

Theorem 2 Assuming that K satisfies (7) and that p,_1 > pm and pQ | > uy for
some 0 < k < m <mn, the following convergence estimate holds for the iterative scheme

(17):

k-1 . @ +e k-1 ‘
D (g = 15t < o 3y — ) (19)
— €F
Jj=0 v =0
where
qi = ﬁ: T T (1+1t,) @2,m5

b .
¢ = (L4 pia) (@} pi + bt + Ci12)

and a;, b; and c; depend on aﬁwn, al, B2k, tim and t; only, in a continuous and

ak
monotonically increasing way.

Proof. Just like with theorem 1 we apply lemma 33 (with [ = 0) to obtain the estimate
of this theorem with af = ¢4, bf = ¢5/(1+t7,,) and ¢} = cs. 0
For the main result below some more notation is needed:

Ty = span{u;}j—; k-1, Ili,k = span{ué}j:l,k,l

0(Zi ke, T 1)
Lk = —
V1= 0@ 7))}




Theorem 3 Assume that K satisfies (7) and that ,uigfl > fhn, u?_l > ug and ,uf“_l >
w for some ig and some 0 <l <k <m <n. If

ilfl( | i0)<#2((2+@) io)—Q (%)2 o0
ro = M) =5k =12 ) to
and
1 oy 1 fim + 1o i H0\ nio) "t
> ) < 5 (24 B2 (1 mpp ) o) A (21)
Ho =5 8 i i Ho

then the following convergence estimate for (17) holds for i > ip:

k—1 q2 +¢ k—1

P .
D (uy—pith) < Tre > (= 1) (22)
=l =l

where q; is defined in theorem 2,

b
2 2
€ = 2— (14 pig)(aipi + bitim + citiy 1)
and a;, b; and c; depend on a}%vm, ol b, B, /;—‘l), ﬁ—;, k—1, tim and t;;; only, in a
continuous and monotonically increasing way.

Proof. Again, it is enough to apply lemma 33 (with £ = ¢ = 0.5) and to notice that if
(20) and (21) are valid for a given i then they remain so for i > ig. O

Remark 1 The (fairly technical) results of § A.5 can be used to derive explicit for-
mulas for the coefficients in theorems 1-3. Those, however, are bound to be extremely
cumbersome, which is the only reason why they are not presented in the paper.

Remark 2 The above results remain valid if the left-hand side inequality in (7) is
replaced with
K>a(I -—m) L7}

where 7 is the spectral projection onto I, (cf. remarks 3 and /).

Taking a closer look at the above convergence result one observes that it involves
four groups of parameters:

1. The (spectral) condition number b/a of KL and the ‘cluster depth’ parameter
ozi,’m. These two parameters might be called ‘essential’ as they determine the
asymptotic convergence factor (cf. (23) below).

2. Parameters related to ‘eigenvalue macrostructure’ or ‘cluster parameters’ (here
and below ‘cluster’ refers to pj, j=1,...,k—1): k=1, po/pu, po/ i and piy/ o

3. Those related to the ‘cluster resolution’: a};, ali, ﬁli. We observe that these
parameters are monotonically decreasing in i, and their upper bounds (at i = 0)
depend on the ‘quality’ of the initial guess Z° measured by ug, whereas their lower
bounds, which they approach as one proceeds with the subspace iterations (17),
are relative distances between the cluster limits and the rest of the spectrum.



4. ‘Asymptotically insignificant’ parameters p;x, t;,m and t;;,. We observe that
Pik, tim and t;; 1, can be estimated, using corollaries 4, 3 and lemma 19, in terms
of the parameters of the previous two groups. Furthermore, from lemmas 10, 23
and 24 one can obtain the upper bounds for t%’m proportional to the total error
of ,u%, Jj=0,...,m—1, for p;; to that of ,ué-, j=0,...,k—1, and for tzz,l,k to
that of ué, 7 =1,...,k—1, all the constants involved again depending only on
the parameters of the previous two groups.

It is important to emphasize that the ‘eigenvalue microstructure’ parameters (i.e.
the distances between the eigenvalues in a cluster) never appear in the convergence
estimates of theorems 1-3. Furthermore, even the ‘macrostructure’ parameters and
‘cluster resolution’ parameters only appear in asymptotically insignificant terms.

We observe further that theorem 1 implies that conditions (20) and (21) are satisfied
after a number of iterations which depend only on the parameters of the above first
three groups. Finally, we observe that the asymptotic convergence factor for ,ué», j =
l,...,k—1, is estimated by

1-¢ 2 a Hm
w=(1re) - =5 (1) (@)
Thus, by taking a = b = 1, k = [+ 1 and m = n one can obtain from (23) the
well-known convergence result for inverse iterations (see e.g. [5]).

The above considerations show how the convergence estimates of theorems 1-3 can
be used in order to ascertain the robustness of a particular application of (17) with
respect to a certain parameter ¢ on which the problem (1) depends (e.g. a discretization
parameter). If a preconditioner is used for which b/a can be estimated from above
uniformly with respect to ¢, and if similar estimates can be obtained for the parameters
describing ‘eigenvalue macrostructure’ in the above sense, then starting with an initial
guess of a sufficient quality (i.e. with p% _; > u,, and with a2, not exceeding a given
arbitrary value independent of t) one has convergence rate estimates (18), (19) and,
eventually, (22) which are independent of ¢.

Let us now turn to the comparison between the above new convergence results and
(15).

Estimates (15) are certainly impressive: they are explicit, sharp, take minimal as-
sumptions on the preconditioner K and no assumptions at all on the current subspace
T*. However, they do not adequately reflect some convergence aspects of the precon-
ditioned gradient subspace iterations. Firstly, they are not cluster robust. A closely
related issue is that of the asymptotic convergence factor: the esimate for this factor
that can be derived from (15) is larger than that given by (23); furthermore, it is deter-
mined by fig; 41 / pk;» and, hence, (15) does not demonstrate any advantage of subspace
iterations compared to the deflation technique. Yet another limitation of (15) is even
more serious.

From the minimax principle and from lemma 23 it follows that the Ritz eigenvalues
,ué- converge to eigenvalues of (1) for any initial subspace Z°. However, unless some
assumptions on Z° are taken, it is impossible to identify to which eigenvalues they
will have converged. An assumption which is often taken is u® ; > u,, for some
m < n (see e.g. [6, 8]): it appears to be the weakest possible in terms of eigenvalues
only which guarantees the convergence of u§ to pj, 5 =0,...,m —1, and it is used
in the above new results. By estimating ¢;o and €2 from above it is not difficult
to obtain from (18) an estimate of the number of iterations needed to compute p;,

10



j=0,...,m—1, to a given accuracy (such estimates are important in ascertaining the
robustness of the convergence for parameter-dependent problems — cf. the discussion
above), and theorems 2 and 3 allow one to improve this estimate for the respective
groups of eigenvalues. Based on (15), however, such an estimate can only be obtained
for those p; for which the interval [p1;, f141] contains at least one ,u};. Hence, to estimate
the number of iterations needed to compute all p; , 7 = 0,...,m — 1, to a given
accuracy one has to assume that each interval 11}, 1tj41] contains precisely as many Ritz
eigenvalues as the multiplicity of p;. This assumption is obviously much stronger than
the assumption p0 | > fi,,, especially in the presence of closely situated eigenvalues.

A  Proofs

A.1 Notation

All the vectors and matrices featuring below are real-valued.

Below & denotes a Euclidean space. As usual, (-, -) denotes the scalar (inner) product
and || -|| the associated norm in &€, and £(€) denotes the space of linear operators acting
from & into £. The norm of A € £(&) subordinated to || - || (the square root of the
maximal eigenvalue of AT A) is denoted by ||A||. The unit operator in £(€) is denoted
by I (or, where the dimension N of £ matters, by ), and the null operator by 0. The
trace of A € L(€) (i.e. the sum of the eigenvalues of A) is denoted by Tr(A), and || A ¢
denotes the Frobenius norm of 4, i.e. ||A||%2 = Tr(AT A).

If P € £(€) is a projection (i.e. P2 = P)then P = I —P. The orthogonal projection
onto X C & is denoted by Py . Since PXpy = Px(PX — Py) and PXpy = (PX — Py)PX
we have

|PxPyll <6(X,D), [|PxPy| <6(X,Y), [PxPyPx| <6(X,))° (24)
If 0(X,Y) <1 then
0(X,))
tan(X = —r
an( 7y> 1—9(_)(,)))2
For 0 < A = AT ¢ L(€) the notation (u,v)s = (Au,v) and ||julla = /(u,u)4a

is used. If 0 < A = AT € L(&) then (-,-)4 is a scalar product in &, and Py 4
denotes the projection onto H C £ which is orthogonal in this scalar product, i.e.
(1 = Py a)u,v)a =0 for any u € £ and v € H.

In order to simplify notation, we rewrite the problem (1) and the iterative scheme
(17) as follows. Let us denote (in this paragraph only) M = L~Y2ML"Y? K =
L™'2KL~Y2 and @ = LY?u for any u € £. Then (1) becomes

= \Ma (25)
or else Mii = pii, and the subspace X in (17) becomes
X o T+ Span{[?ﬁé}jzom_l (26)

where 7’;- =(I- )\;» y )12; and {Aé-, ﬂé} are the Ritz eigenpairs for (25) in X%. Comparing
(25) with (1) and (26) with (17) we observe that in (1) and (17) one can assume

L=1I (27)
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without any loss of generality. Below we take this assumption and, accordingly, assume
that

al < K <bl (28)

If 7 is an invariant subspace of M then 77 = Pr = Pr ) and I = 7€. The invariant
subspace of M corresponding to a part o of its spectrum is denoted by Z,, and 7, = 7z, .
Conversely, the part of the spectrum of M corresponding to an invariant subspace Z is
denoted by o7. For any X', )Y C £ and any non-zero u € &

Opu(u, X) = min |ps(w) — p(v)]

Finally, we denote

||2

Z HSZ

where m is the dimension of X C &, p;(X) = p(u;i(X)), si(X) = s(u; (X)), and u;(X)
are the Ritz eigenvectors of M in X. Ritz eigenvalues for M are normalized in || - || as,
and the enumeration is in decreasing order of p;(X).

A fundamental result frequently used below is the so-called minimax (Courant-
Fisher) principle:

i = min max_A(u)
X C€& 0#ueX
dimX =i+1

from which, in particular, it follows that A; < \j(X) < A\;(Y) for any Y C X C €.

A.2 General auxiliary results

Lemmas 1-3 below are elementary, hence, the proofs are omitted.
Lemma 1 For any A= AT € L(€) and any 0 < B = BT € L(&) one has

TrAB < ||A| TrB (29)
Lemma 2 Let A= AT € L(&). If A< then (I — A)~! > I+ A.

Corollary 1 Let0 < A= AT € L(€) and B= BT € L(E). If B < A then (A—-B)™!
A1+ ATTBAL

Lemma 3 Let A= AT € L(€) and 0 < B = BT € L(E). If —aB < A < aB for some
a > 0 then |(Au,v)| < allul|||v||B for any u,v € .

Lemma 4 Let Ay and By be symmetric positive definite operators in L(E) and let
A= Ag+ A and B = By + 6B, where 6A and 6B are symmetric. Let \) and \; be
the eigenvalues of BJIAO and B~ A resp. enumerated in the same order. If

—OéAO < 0A < OéAo, —ﬂBO < 6B < ﬁBo, B > ’}/B(] (30)
then
\)\—)\0\<aj;/8 : (31)
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Proof. For any non-zero u we have

(Au,u)  (Aou,u) 1 . (Agu,u) .
(Bu,u)  (Bou,u)  (Bu,u) <(5A L) (Bou.w (§Bu, ))

Hence, using (30) and the minimax principle we obtain (31). O

Lemma 5 Let A = A — 0A be a symmetric and B = I — B a symmetric positive
definite matrixz, where A is a diagonal matrixz. Then

Tr(B™'A) = Tr(Dp 'Dy4) — Tr(Ay) + Tr(Az) + Tr(A4s) (32)
where

A1 :DB_léBDB_l((SA—f—D), AQ :DB_1D5BDB_1(D5A+D)7
As =D 'DB 'DpDp~ A,
Dy = DiagX, Dx =Dx — X

and D s any diagonal matriz.
Proof. We have

Bl = (Dp — DB)_l = DB_l(I — DBDB_l)_l
= DB_l(I + DBDB_1 + DBB_lDBDB_l)
=Dp ' +Dp 'DgDp '+ D 'DpB'DpDp~!

B7'A = (DB_l + DB_lDBDB_l + DB_lDBB_lDBDB_l)(DA — DA)
=Dp 'Da+Dp 'DpDp 'Da— D 'Da— D 'DpDp~'Da
—{—DBilDBBilDBDBilA

Since Tr(DxDyDyz) =0 for any X, Y and Z we have
Tr(DB_1DBDB_1DA) =0, TI‘(DB_lDA) =0
and since 6X = Dsx — Dsx = Dsx + Dx, X = A or B, we obtain

Tr(Dp 'DpDp'Dy) = Te(Dp '6BDp 'Dy)
= Tr(Dp'6BDp Y (6A + D)) — Tr(Dp~'6BDp " (Dss + D))
= Tr(Dp '6BDp ' (6A+ D)) — Tr(Dg 'DsgDp ' (Dsa + D))
which leads to (32). O

Lemma 6 In the notation of lemma 5, let 0A = §A_+ A, where Tr(JA_—D_) <0
and Tr(§A4 — D4 ) > 0 for some diagonal matrices D_ and D, and let §B > 0. Then

—(a_ +ay) < Te(B'A) - Te(Dp7'Dy) <a_+a, +4 (33)
where
_ [9B|| Tx(D- —6A_) oy = [0B[| Tr(6A+ — D) §= [A[I9B]%
(1—oB|)* (1—|oBl})* (1= lsB])?

13



Proof. By lemma 5 we have

Tr(B7'A) — Te(Dp'Dy) = — Tr(A;) + Tr(As) + Tr(As)
= TI‘(Al_) — TI“(AQ_) — TI‘(A1+) + Tr(A2+) + TI“(Ag)

where

Ay_ =D 'BDp~YD_ —6A_), A1, = D 'éBDp ' (6A, — Dy),
Ay =D 'DspDp~ ' (D- — Dsa), Asy = Dp~'DspDp ™" (Dsa — D)

Since 6B > 0, D_ —dA_ > 0 and 64+ — Dy > 0, the matrices A1_, A4, As—, Aoy,
and Ag are positive semi-definite. Using the first inequality in (29) and the fact that
|Dg|l = I — Dsg|| >1—||Dsg|| > 1 — ||6B|| we obtain for any Z = Z7 >0

Tr(Dp '6BDp 'Z) < |Dp '6BDp | TrZ
[0B]]

<|IDsl210B| T Z < —— =y
(1 —[loB]))?

TrZ

and, thus, Tr(A;_) < a_ and Tr(A;+) < a4. Since ||Dsg| < ||0B]], in a similar
way we obtain Tr(A4s_) < a_ and Tr(Asy) < a4. Finally, for A3 we use the second
inequality in (29) to obtain

Tr(As) < Te(Dp~'DpB'DpDp ")||A| = ||Dp ' DB~ 2| %] A

I = IA[[16B]%
< |[DslI?IBHIIAIDs]F < +—miis
= @—eBl)?
O
Lemma 7 If, in the notation of lemma 5, A >0, Dsa <0 and 6B <0 then
Tr(B~'A) > Tr(Dg~'Dy4) — Tr(6B)||6A| (34)

Proof. By lemma 5 we have (32), whereAy > 0 and As > 0. Hence, using lemma 1, we
obtain

Tr(B~'A) > Tr(Dp~'D,) — Tr(Dp~'6BDp~1)||6A|
Since B =1—90B > I we have Dp > I, and, thus, the above inequality leads to (34).0

Lemma 8 Let A = AT > 0 and B = BT > I,, be matrices of the size n represented
as 2-by-2 symmetric block matrices with the blocks A;; and B;; resp. Denote by v; the
eigenvalues of B™1A and by v} the eigenvalues of Bj_lejj enumerated in ascending

order starting from 1. If v, < vpy1, where m is the size of the block Ay, then

1%
0<1 k< ., k=1,...,n—m (35)
TR Sy
If vy, < v} then
0 m 2
vy | Ao — v Biol| _
ogy—k—1gz T k=1,....,m (36)
i=1 ? 1



Proof. Denote by xj, the eigenvector of B~'A corresponding to v, and normalized
by ||zk||p = 1. Let ug and vy be vectors of dimension m and n — m incorporating the
first m and the last n — m components of xj, resp. For k£ > m we have

Lkuk = Rkvk (37)

where L, = —Agy + v Boo and Ry, = Ag1 — vpBoi. Since v, > 19 we have L >

m
(v, — v2)Boo > v, — V2, and, hence, from (37) we obtain

2 2 2 2 2
[Brokll® _ NRelFlokll” 1Bl

lurllZ, = HRkkai;l <

A A T VN
< RelPllzll _ IRl
- oy =Y, v — VY,
and
R.I12
ol < e (38)
Let

n
Tr = E a;T;

i=m-+1
and let u be the vector of dimension m incorporating first m components of . We have

P )
g < 32 aF D il < lolly >
i=m+1  i=m+1 i=m+1 \7? m
from which it follows that

Lo IR
KRN T

i=m+

where 0p is the gap in the norm | - || g between the invariant subspace of B~1A cor-
responding to n — m largest eigenvalues and the subspace of vectors of dimension n

with the first m components equal to 0. Since v} are the Ritz eigenvalues of the prob-

lem Ajjv = v!Bjiv in the subspace Z, applying lemma 3.1 from [3] to the matrix
Bl_ll/QAuBl_ll/2 we arrive at (35). Similar calculations lead to (36). O

A.3 Auxiliary results for the Rayleigh-Ritz approximation

A.3.1 General results

Lemma 9 Let m = wg, where Z is an invariant subspace of M. For any non-zerou € &
(M = p(w)D7u, wu) = () — p(rw))||ul®

Proof. We have

0 = (p(w)I — Mu,u) = ((u(u)I — M)mu,wu) + ((u(u) ] — M)7u, 7u)
— (u(w) — p(@u))llwul® = (M — plu)])7u, 7u)

15



Corollary 2

I7ul® _ plrw) — p(w)
[ul® pl(u) = p(7w)

Lemma 10 Let T be an invariant subspace of M. For any non-zero u € £
Ou(u, I)||lmzul < [ls(u)ll

Proof. Denote M, = (M — p(u)I)?. The eigenvalues of M,v are v; = (u; — pu(u))?,
the cigenvectors being the same as for M. Therefore, ||s(u)||* = ||lull3, > |7zul3, >

b, T)? . 0
Lemma 11 Let T be an invariant subspace of M and let u € £ be a non-zero vector.

If 6,(u,Z) > 0 then

s (w)]? s (w)]?
AN ) < (M — p(u))mzu, izu) < 5, (w7 (39)

where It =T,x and o~ = {p€or:p< p)}, ot ={p€or:p> ()}
Proof. Consider the eigenvalue problem
mr(M — p(u)I)rrv = vMyv

where M, is defined in the proof of lemma 10. Non-zero eigenvalues of this problem
are v; = (p(u) — p;) 7, and, thus, 6,(u,Z7)~! <v; < §,(u,IT)~! which leads to (39)
since [s(u)||* = [Julfy, - O

A.3.2 Results related to extreme eigenpairs

In what follows Z is the invariant subspace of M corresponding to m largest eigenvalues
o = H1 2 s 2 Pl > i, T =TT and 7 C £isa subspaceNOf dimension m. For
the gaps between 7 and Z the notation 6 = 0(Z,Z) and 0y = 6(Z,Z) is used, and we
denote t = tan(Z,Z). We also denote

fi=wi(D), w=u(I), ri=r(l), si=s(i), 0= 5M(f,f)
Lemma 12 If fiy,—1 > pm then

<1
Ho — fm
Proof. See corollary 2. a
Corollary 3 If fip,—1 > pm then
+2 < ¢g%
Hm—1 — Um
Lemma 13 Let
M, = pr+ (ud — M)7 (40)
If uw > pp, then
(1= pa) I < M, < pl (41)
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Proof. The eigenvalues v; of M, v are, obviously, v; = p, i =0,...,m—1, and v; = p—p;,
i > m. Since vy, < v; < u, we arrive at (41). O

Lemma 14 Let 1’ C T be an invariant subspace of M, and denote w' = wz:. For any
non-zero u € T

8w, )| ul| < O]s(u)] (42)
Proof.? We have

(pe(r'u) — p(w)) 7" = (M — p(u)D)7"u, ')
= (s(u),m'u) = (s(u), ( = Pp)m'u)

Hence, [pu(u) — p(m'w)l|7"u]|* < 0]]s(u)||[|7"u], leading to (42) O

Lemma 15 In the notation of lemma 14, let w € T be a non-zero vector for which
0u(u, I'y > 0. Then

62||s(u)]|? _— 62| s (w)||”
—m < (M — puw))m'u, 7'u) < m

where It =T+ and o~ = {p € op :p < p(w)}, o ={pu €op : u> p(u)}.

(43)

Proof. Denoting 7+ = 77+ and using (42) we have
(M = puw) ) tu, 7ru) = (s(u), ntu) = (s(u), (1 — Pz)mtu)

2
< olstuliaol < L

which leads to the right-hand side inequality in (43). The left-hand one is obtained in
a similar way:. O

Lemma 16
I(1 = Pz yp)ull® < (14 p)|ul® Vue&

Proof. We have

(I = Py ppull® = [lu = D (Mu, @) ||
=0
m—1 —1 1
= [lull® =2 " (Mu, @) (u, @) + Y —(Mu, @)
=0 =0 i
m—1 1 m—1 1
= HUH2 -2 ?(Muvai)(u7 $i) — T(Mu7ﬂl)2
=0 Hi =0 i
m—1 1 m—1 1
<lull? + Y2 = ((Mu, @) + (u,50)?) = > —(Mu, @)
=0 Hi =0 i
) m—1 1 ) 2m—1 )
= Jlull® + > = (u,5:)® < Jull® + Jul® Y =Ilsill
i=0 Hi i=0
O
9Cf. also [10].
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Lemma 17 If 0 < 1 then ||s;]|* < ||7s:]|?/(1 — 6?).
Proof. Let P = P;. Since Ps; = 0, we have

Isill® = llsill* + [ 7sill* = ll(m = P)sill* + 17wsil|* < 02| sil|* + [l7si]|?

Lemma 18 If 0 < 1 then ||s;]|? < fi;t?.

Proof. Denoting M; = Mj,, where M, is given by (40), we have 7s; = M;7t;, and,

using (41) and lemma 17, we obtain

[ Mimas | _ ﬁlgH?_Tﬂz‘Hz 62
1-602 - 1—-60%2 —1-

ls:ll* < it | = £
Corollary 4 If 0 < 1 then

p. < mi2 < w
z Hm—1 — Um

A.3.3 Results related to internal eigenpairs

Let 0 <1 < k < m. In the sequel we use the following notation

T_ = spanf{u;}i—oi—1, Zo = span{u;}i—k—1,
T, = span{u;}i—km—1, Le =Z_ + 1o
m_=1l, my=k—-1I, mp=m-—Ek,

s =71, S€{—,0,+,%}

_J 0, mg=0 .
Xs—{L m. > 0 se{—+}, x+ =max{x_,x+}

Accordingly, we denote Z_ = span{; }i—o;—1 etc., and

0s = G(j—saz_s)a ts = tan(j—s,Is), Ps =Pz SE {=,0,+, %}

Further,
g
nm=—-————
Hk—1 — Hm
For [ > 0 we denote
_ _ 1
n-=——- - = =
Hi—1 — [ Hi—1 — [

and for [ =0 we set n— =0 and 77— = 0. For k < m we denote

0. = k-1
T ke —
and for k = m we set 4 = 0. Finally, n+ = max{n_,ny}.
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Lemma 19 If ;1 >y and fix_1 > ux, 0 <1 < k <m, then

My — flg—1 -1 — Mk
fi—1 — fe—1 1 — Mk

05

IN

Proof. See [8]; cf. also [26]. O

Lemma 20 If fi;_1 > pu; and fix_1 > ui then

k—1
—at Z [si]]* < Z p(motis)) < (o + Bo)tg > llsill® (45)
1=l
where

ag = (1+3)(no + (- +14+)6%)

i1 1
oo = (b= 1+ )7 (£l 4 (2 + 2ot 162
1k [k

Proof. Denote ©; = \/fi;ti;. By lemma 19 we have 6y < 1 and hence the vectors
’UO =¥, t =1,...,k — 1, form a basis of Zy. Using these vectors as the basis for the
Rayleigh-Ritz method for M we obtain the generalized eigenvalue problem

Az = pBx (46)

where A and B are mg-by-mg matrices with the entries a;; = (7Y, UO) m and b = (29, v?)
resp. Obviously, p;, i =1I,...,k — 1, are the eigenvalues of (46), and u(70;) = a;;/bi;.

This suggests using lemma 6 for obtaining the estimates (45). Since
bij = (03, 05) = (T%'Oa "5?) + (To®s, ToT;)

and

Sijfii = (05, ) = (00,03 + (m— s, m—0j)as + (703, 705
where 7’ = 7y + 7, we have: A = A —0A_ — A, and B = I — B where A =
Diag{fi;}i=; k-1 and the matrices A_, 0A; and 0B have the entries (m_0;, 7_0;)m,
(7'0;, 7' 0;) apr and (To0;, ToU;) mr resp. Obviously, JA_ +JdA4 > 0, and, hence, [|A| < fy.
Further,

(6Ba,x) _Jmovl? _
RPN e T

||0B|| = max
xT

Let D_ and D, be diagonal mg-by-mg matrices with the diagonal entries fi;(7_0;, m_0;)
and fi;(7'0;, 7'0;) resp. We have: Tr(6A_ — D_) >0 and Tr(dA; — Dy) < 0. Further-
more, using lemmas 15 and 11 we obtain

k-1

Tr(6A- —D_) =Y (M — juI)m_v;, ;)
=l

X 92 = 2 2 2
5 Zuz\lsz\l <n-6 Z\Isz\l
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and

k—1
Tr(Dy — 6A4) =Y ((ul — M)7'v;, 7'0;)
=l
k—1 k—1
= > (il = M)my 0y, mi %) + (il — M)7To;, 70;)

1=l 1=l

X+92 2 2
E 0 E Hil|S
5;,{ Io,I ZH ZH (I I ZH ZH

< 1,.6° Z Isill* + o Z Il
i=l i=l

Finally, using lemmas 10 and 14 we obtain

k-1

k—1 k—1 k-1
I0Bllr < lImovill* = D llm—till* + > lwgil* + > 75|
i=l i=l 1=l

1=l

62 e 1 -1
g( R _2>Zm\|si\|2
5#(1-07-,[—) 5M(Zoaz.+) 5#(1—071) =l

x_6? X462 1 s
< ( = = |y sl
5#(10’1;) 5#(IO’I+) 6#(10’1-) 1=l

which leads to (45).
Lemma 21 If fi;_1 > p; and fix—1 > pi then forl <i <k

|u(motis) — fiil < (14 nat)(1 +5) /b sill
p(mots) — i < (14 n42)(1 + 65) 1:6°

p(mots) — fii < (no +14:6) (1 + 1) [}si]>
Proof. Using lemmas 14 and 18 we obtain

|((f ] — M)Tot;, mots)| < |[((fid — M7, 7i;)|
+ (i — M)y, m45)|
= |(si, matg)| + |(si, m20;)| < (|70 || 4 [z ]]) || 54|

0 x0lsil ) ( 1 Xit\/,uz )
S — + S S = 9 S
< e ol Zo [l sl g A (ER

X fit 5z|| Olsi
< +n+t)—=
< (1, Zo) ) Vi ) Vi
Further,
(il — M)mot;, mot;) < ((fil — M)Ti;, 7i;)

+ (sl — M)y, 74 ;)
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Therefore, using lemmas 10 and 15 we obtain

N o Isill> , x+6%[1s:1?
T—M 4 Y < _
((MZ )WOUZ,WOUZ) B 5#(%’71) 5u(ﬂi,z+)
i X+fi o) sill? oy lIsil®
< ——— + = 0 — < + 1 0%)— 50
(mu@-,I) (i T7) ) ;= O (%0)
and
_ o X+0%|s4 |
I — M)Tou;, Tou;) < 0% + 21
(i )Tots, Tot;) < 8, (s, I )
X+Hi ) p2 212
< |1+ —"S——t"]0*<(1 t°)0
_< * 5@ Ty ) < (L 4n4t%)
Using lemma 9 and the inequality
1
~ 12 2115 112
moU||* > (1 — 0%)||w;||* = ——=<
we arrive at (47) — (49). O

A.4 Auxiliary results for gradient type eigensolvers

Lemma 22 Let A be an k-by-k matriz with the entries a;; = (U;, U;) where 0 < k < m
and

N - 1
@ =1u; —7(I — P)Kr;, P=P; ,, T:m
If K = KT € L(E) satisfies (28) then
A < A(] - TAl (51)

where Ay = Diag{j\i}izo,k_l and Ay is an k-by-k matriz with the entries (r;,rj) K.
Proof. Denoting g; = PKr;, we have:

aij = (U3, 05) = Nidij — 27(, g5) + 72(9i5 95)
= Nidij — 27(@; — N M, g;) + 7(9i, 97)
= 5\25@] — 27’(7“2‘, K’I“j) + TQ(PK’I“Z‘,pK’I“j)

that is, A = Ag — 27A4; + 7% Ay, where As has the entries (PKr;, PKr;). Let
k—1
u = Z TiT;
=0
Using (28) and lemma 16 we have

(Azz,2) = | PKul® < (1+ pu)[|Kul® < (1+ p)blullfe = 771 (A1, 2)

and, hence, A < Ag — 7A4;. O
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Lemma 23 LetZ' = span{d; }i—o x—1, where ; are given in lemma 22 and 0 < k < m.
If K = KT satisfies (28) then i, = pi(Z') > jiz, i =0,...,k — 1, and

k-1 =
> (i — fis) 27 b > lIsill? (52)
=0 =0

Proof. Denoting g; = PKr;, and using linear independent vectors @; = @; — 7¢; as
the basis for the Rayleigh-Ritz method in 7’ we see that fi; are the eigenvalues of the
problem

Bx = i’ Ax

where A and B are k-by-k matrices with entries a;; = (4;,4;) and b;j = (4;, ;) resp.
We have:

bij = 6ij + 72(gi, g5) M
that is, B > I, which, together with (51), implies that 4 > ;. Further, Ay — 74 >
A > X\oB > 0, and, hence, by corollary 1 we have A~! > Agl + TAalAlAal, which
yields

k-1

Zﬂ > Tr(A™Y) > Te(4A") + 7 Tr(Ag A4y Y) = S (s + it i1 %)
=0

= TZ lsill% = Zuz
i =0

- lIsill
L+pa b=

O
Corollary 5
k—1
Z lsall® < (1+ pa) D (s
=0
Lemma 24 Let fi; be as in lemma 23. If fi—1 > p; and
-1 2 ~2
~ a Ho 2 e &
e (5 (), I ’
2y = i) b ( [ M) o2 (k —1)2 (53)

j=0
where § <1 and Opr = H(f*,I*)M, then
k—1 1

k—1
s (1 a2
> (=) 2 (- 95 3ol

1=l

Proof. In the notation of the proof of lemma 23, let us split both A and B into the
blocks A;; and B;j;, i = 0,1, j = 0,1, resp., where Agg and By incorporate the entries
a;j and b;; resp. with 0 < <l and 0 < j <[ etc. For the entries r;; of the matrix
R, = Agy — N, Bo1, where | <n < k and X, = (fi’,)"!, we have
rij = (I = MyM)as, 45) = —((I = N\, M), g;) — (I = X, M)iij, gi)
+((I = XN,M)gi, gj) = —((I = M)z, gj) — (I = \iM)i;, g;)
(= X M)gig5) = ~20(ri, Kry) + (0 = X, M)gi. )
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(I = X, M)gi, g;) = (I = Xy M)magi, megy) + (I = A M) Rugi, Tag;)
< 72\ — Ao)|me PE 7| o |7 P || ar + 72|78 PK ||| 7 PE 74 |
< 72 (M = A0) 03N Tl ac | K gl s + 72 (1 + pi) | K| K|

A — A
< 72 <’“)\7009§4,* +14 p*> ([ i [ K7 |

A — Ao
<ot (M0 ) i

Thus
Ak — Ao 9 Y
il < 2+ (14 pu+ — 030)br)br [|rl[|75]| < mllﬁllllrﬂl
where N \
k = N0 2
=3 0
w + )\0 M
and, hence,
>
IRl < | Rull7 < ZHHH ZHTJH2
¢2)‘k 1 k—1

Z Il Z Ir51?

Denote by fi;, i =0,...,l—1, the eigenvalues of AaolBoo and by f;,i=1,...,k—1, the
eigenvalues of Al_lan enumerated in ascending order. From A < Ay — 7A; and from
B;; > 1 it follows that fi; > fi; and, furthermore,

Z(lal - IU’Z Z

1=0

%Z il

(cf. the proof of lemma 23). Since )\' >N > Not > Ao (fu—1)~t, we can apply

1

lemma 8 (with n =k, m = 1, v; = M4, 1) = = \iy1 and ] 5\ _1) to obtain for
I<p<k
- 5 k—1
gy oy IRIE 1 ZHRH?
fp Ay T (N =) (>\ Ai—1)
AN

— 2
< (b= DG 22|| sil? Znsju

2
=<k—Z>/j—— E Zn sill® Znsm

k;_
Thus,
k—1 k—1 k—1 =
(s — ) =Y (s — i) — (i — fi5) > — EZHSZ‘HQ
=l i=l i=l Px 0T
k—1
pon2  ap? )
— (k= 1)*= Isill? S s
Mk p (L+p4) 2 Z % Z J
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9 b 2#0772 — 1 o' 2
>|1-9 E(k ) (15 — fj) T+ EZH«%H
* Y=l

Mk 1 j=0
L= ,
= (1 - &) — i
(=035 Xl
O

Remark 3 From lemma 17 it follows that if we replace the left-hand side inequality in
(28) with K > ar then (52) becomes (cf. the last step in the proof of lemma 23)

Al 1-6%2q
> (G = i) = 5 Z (el

and, consequently, the right-hand side of (53) becomes multiplied by 1 — 62.

A.5 Auxiliary results related to theorems 1-3
Lemma 25 Let P = Pz, M; = M, where M, is given by (40), and let
T; = 7PK Pr(ji, I — M)
If i1 > pm and K = KT satisfies (28) then for any u € £
allwulldy, < (T, wa, < bilFul, (54)

where a; = a(fi; — pm)(1 — 6%)? and b; = bji;.
Proof. Since T; = 7 PK P7M;, we have

(Tyu,u) s, = (7T PK PTMju, Myu) = |PM;wul|%
and, in view of (28),

al|PM7u||* < (Tyu, u) s, < b||PMiwul?

For || PM;7u| we easily obtain the estimates (cf. (24) for |7 P7||)

[Mizu|| = ||[PMwu|| = |7 PMmu|| > || Mwul| — ||7 PrMimu|
> || Mmul| = 0| Myul| = (1 - 6%)|| Mizul|

and from (41) we have
(fii = p) 1Tl Ry, < IMiull* < fil| 7ul3y,
which leads to (54). O

Corollary 6 In the notation and under the assumptions of lemma 25, for

_ 2
i a; + b;
we have
bi — a;
I —7T <g =
” T ZHM, > q; b + a;
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Remark 4 From the proof of lemma 25 we observe that the above results for T; remain

valid if the left-hand side inequality in (28) is replaced with K > aT.

Lemma 26 In the notation and under the assumptions of corollary 6, for
G = @ — ,PKs;

we have

sl

Vi

7 aillar, < qill 7t g, + 262

Proof. We have
7i; = 7i; — i PKs; = 7t — ;7 PK Ps; = nti; — ;n PK P(7 + 7)s;
= mu; — it PK P M;u; — ;1 PK Prs; = (I — 7,13)7u; — v;
where v; = 7,7 PK Prs; = 77t PK PrPs;. Using (41), (28) and (24) we obtain

lvillaz, < Villvill < 7bv/7ai

= = il

= S
\/— 125 '
which leads to (55).

(55)

|

Lemma 27 Let ji;_1 > py, ftg—1 > g ond fip—1 > Wm. In the notation and under the

assumptions of lemma 26 the following inequality is valid for | <i < k
. IO 2 (+ o 0%||s:”
((IU,Z'I — M)ﬂ'oui, 7T07J,Z‘) < q; ((,U,Z'I — M)?Toui, TF()UZ') + COT
(2
where ¢ = 4,/70 + 1N— + 14 + 8x+ + 462,
Proof. Using lemma 11, we have
[l Is3I?
. < —
Z)_ 5 (u27 ) =0 Hi

|17l 3, = (il — M)7a;, 7

and, using lemma 15, we have

x-Clsil® sl

il — M)T_t;,m_t;) > — v > —

and, hence,
17 ail[3g, = (@l = M), 7d;) = (] — M)Toi, Tot)
(@l — M)mw_t, ;) — ((fid — M)y, 71.0;)
6°||si|>
< (B — M)Tou;, Tot;) + 1 s
i

Therefore, using lemma 26, we obtain

. 0%|si
I17a3, < <qu7TUzHM +2 \//72

_ s, 0 sl
= G173y, + a7 \//72 +4 MZ
2 05>
< q; (il — M)Tot;, mot;) +n-———
Z
0%|lsill> |, 0" [Isil?
+4y/no—— +4—=
! Hi i
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Further,
1703, = ((Rad — M7, 7)) = (il — M)7ots, 7ois)
(@l — M)mw_tiy, m—d;) — ((fid — M)m4ty, m10;)
> (il — M)mot;, mot;) — (] — M)midy, m41;)
that is,
((d — M)Tots, ®otty) < |73y, + (] — M)y iy, o diy)
Since m0; = w4 1; — 7w PKs; = m,1i; — w;, we have:

(e = M)yt mity) < ((frd — M)my iy, w4y 1)
F2|((ad — Mmoo, wi)| + (el — M)wi, w;)
From lemma 15 it follows that (cf. (57))
62|54 ||?
(] — M)y, 7y 01) < 77+%
(2
Further,

(i = M)y g, wi)| = 7l (il — M)y, my PKs;)]
= 7;|(myri, 7 PKs;)| = 7|(ny Ps;, m4 PKs;)|
< 7illmy Psillllm PE sil| < 7l |mPsg|[|mP K si|

< 6% sill| K s

and, using (28), we obtain

2 2 02|41
(] — M)y, wi)| < 7607 [|s;]|” < 2T
(2
Finally,
(1 — M)w;, w;) = 72 ((jul — M7y PKs;, 7, PKs;)
< 2 fillmy PEsil|* < 7 fullm PECsi|* < 77 136°|| K si |
< B2r20,0%|s;12 0°||si]|”
77 0% ||si]|F < 4———
7
that is
0%||sil”
(sl — M)Toli, Tols) < ||77U2||M + X+ (n+ +8) -
1
which, together with (58) leads to (56). O

Lemma 28 In the notation and under the assumptions of lemma 27 the following
inequality is valid

02|15l

i

(1(mots) — p(motiy))||mod|* < (59)
where ¢ = 4(2 4+ (1 + net + (1 + 0y t2)02) (1 + t3)).
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Proof. We have

(u(motis) — p(mo@;))||mots||? = p(mod;)||motis||* — ||modis |3
oty = mol; — TimoPK s;
Imotis |3 = lImotisl|3y — 27i (@, mo PK si)ar + 77| mo PK s3] 34

H?T(]ﬁl'||2 = ||7T02~LiH2 — 27'@'(122‘,7T0PKSZ') + 7—@'2H7TOPK51'H2
Hence, (u(mot;) — p(mot;))||mots||?> = =27 + 723, where

o= ((,u(ﬂ'(]ﬂl)l — M)’ai,ﬂ'opKSi) = a1 + a2
o] = (([LZI — M)ai,WQPKSZ‘), a9 = (,LL(T['()@Z‘) — [Li)(ai,ﬂ'opKSi)

B = u(mols)||mo PK si||* — |mo PK ;|3
For oy we have

|Oél| = |(Si,7T0PKSZ')| = |(7T0p8i,7T0pKSi)| S ||7'r0p8i||||7T0pK$i||
< |lmPsill[lmPEsi|| < 6%||si|[| Ksil] < b6%|s:]?

The second factor in ag can be estimated as follows
|7T0p{{5i|| < HWP{(Sz‘H < 9||K~Sz‘\| < bHHSiH
N N TR N T

and for the first factor we can apply (47) to obtain

‘(ﬂi,ﬂ'opKSi)’ < |

jaa| < (1 4 nt) (1 + £3)6° 4|
Finally, ( is easily estimated, with the help of (48), as

B < p(mots)||mo PK s> < pul(motsy) |m PK s;|* < b (ot 67|51
= b%(j1i + p(motis) — fia)0%[|si)|* < b2 (1 + (14 net?) (1 + 5)0%)1:6%|s:

which, together with the above estimates for a; and ag, leads to (59). O

Lemma 29 In the notation and under the assumptions of lemma 27 the following
inequality is valid
s

(u(moti) — fg) | Totiil|* < (catf + c367 T
i

(60)

where ¢y = 2(no +1n4+-0%) and c3 = 8(1 + nt?)(1 +t3)(1 + 62).
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Proof. We have

1 Tots||* < 2|\t ||* + 277 || 7o PK s;)?

and
[T PEsil|* = |7 PKsi||* + |7 PEsil|* < | Ksill® + ||m PK s
< (1467674
Thus,
(u(mots) — fui)|Totil|® < 2(u(mots) — fur) (|7oas | + 776% (1 + 6%)||s4l|)
= 2(p(moti) — 1) (t5 || mods |* + 7267 (1 + 6%)|[s4]|*)
and, using (48) and (50), we arrive at (60). O

Lemma 30 Let T = span{d; }i—p 4, where 1; are given in lemma 26 and 0 < p < ¢ <
m, and denote ji; = pi—p(Z). If K satisfies (28) then

q 2 q
N . Pp + fim + po6
> () — fi;) < 162 i pz Y lIsill? (61)

i=p q i=p

Proof. Let A and B be (¢—p+1)-by-(¢—p+1) matrices with the entries a;; = (vi,vj)m
and b;; = (v;,v5), 4,7 =D,...,q, resp., where v; = /f1;4;. Using the fact that PMa,; =

P(M — f;I)u; = —Ps; = —s; we have
(@i,@j) = 5@']’ — Ti(pKSi,Mﬂj) — Tj(PKSj,MfLZ’) + TZ‘Tj(PKSi,PKSj)M
= 5ij + TZ‘(KSZ‘,S]') + Tj(KSj,Si) + TZ‘Tj(PKSi,PKSj)M

3
K

a%j = a?i = Ti\/ﬂiﬂj(KSi,Sj), CL% = TiTj\/ﬂiﬂj(szi,PKsj)M

Using (28) and the fact that br;fi; < 2 we easily obtain the following estimate

_ s 1 2
Hence, a;; = f1;0;5 + a;; + aj; + a;;, where

aly) < oy | sl < 2,52 sl
Further,

\(PKs;, PKsj)u| < |(nPKs;,nPKsj)y| + |(RPKsi, 7PKs;) ]|
< P sillalmPE sl + 7 PEsilarll e P sl

< pollmPK si||[m PE 5| + pnl|7 PK s ||| 7 P s

< 100K sill[| K 5| + pr | K s ||| 535 < (1106 + prm )61 5]

and, hence, [a%;| < 4(108% + 1) fisfiy) " [lssllls;]]. For by we have

bij = 5@']’ —}—TZ'T]'Q/[/,Z'[LJ‘(PKSZ',PKS]') = 5ij + bllj
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Let A, and dB be (¢ — p + 1)-by-(¢ — p + 1) matrices with the entries aj;, n = 1,2,3,
and bilj resp. and let Ay = Diag{fi; }i=p 4. For 6A =A; + As+ A3 = A1 + AT + A3 we
easily obtain the following estimate

16A[l < I0A]lr < 10AL[|lF + 1642][F + [0 45] 7 = 2[0 A1 [|F + |6A3]| 7

1 1
d o) (& sl oy - Jlsill?
Z il ST+ A+ 0t Y
i=p i i=p i

IISZH2

< Aptp + pm + p106%) Z
i=p

and for 6B we have: 6B > 0 and
! 2 2 I[s z||2 2
=> by Zuz | PEsi <4Z ZH ill
i=p i=p q 1=p

It remains to apply lemma 7. a

Lemma 31 Let 7" = span{; }i—o k—1, where U; are given in lemma 26, and denote
@l = i (Z"). If K satisfies (28) and fig—1 > py and either 1 =0 or

1—1 2\ —1 -
(g Hmt pob fu—1 — [
i — = 62
S =) < 5 - o (62)
where ¢ < 1, then
k—1 k—1
D (i) = i) < eapa . |lsil® (63)
i=l i=l

where

L <8 +4H002 4 (M (1 +3@))2>
Lok 1 1-¢ 0
Proof. For | =0 we have 77— = 0 and (63) follows directly from (61). Thus, it remains
to consider the case [ > 0.

Let A and B be k-by-k matrices with the entries a;; = (0;,0;)nm and b;; = (04, 0;)
resp., 4,7 =0,...,k—1, where 9; = \/[i;u;, and let A and B be split into blocks A;; and
Bij, 1,5 = 0,1, where the size of Agg and By is I-by-I. Denote by fi;, i =0,...,l—1, the
eigenvalues of B&)lAOO and by f;, i =1,...,k—1, the eigenvalues of Bl_1 Aq1 enumerated
in descending order. We have: a;; = [1;;0;; + a .+ a .+ a cand bjj = 0;5 + b where
a;; and b1 are defined in the proof of lemma 30 Hence Aoo = Dgyy + 5A00, where
Doy = Dlag{ul}l 0,—1, and Bog = I + 0Bgg. Using the estimates for a;j in the proof
of lemma 30 and the fact that Agg > ji;_1, we easily obtain

8] (0%
~ 290 Agp <5400 < =2 Ao

Hi—1 Hi—1

where

+ p106?
00 = 4(pu + pm + p08?)p— <4 (1 AT ) > lsill®
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Further,

bl <T"7"b21/~‘~' Sillll S5 <47”SZH~H?H
| z]| — 'y :ullu’]” ZHH JH — \/m

and, hence, 0 < 0Byg < Boo < BooBoo, where

-1 2 -1
Boo=4) HSNiH < i Bl
i—o M Hi-1 325

and, using lemma 23 and (62),

) } m + pob? - N
fi—1 > -1 —4 <2 + w) (14 p-) Z(“i — [ii)

that is, ;1 — g > (1 = ¢)(fu—1 — ). Now, let u = i, where n > [, and denote
rij = a;j — pb;;. We have

rij = (M — pl)b;, 05) = \//7/13‘((1\4 — pd)t, i)
= \/fiifi; (—Ti(PK s, (M — pl)iij) — (M — pl)i;, PKsj)
+ 77 ((M — ul)PKs;, PKs;))
and, since Pa = 0 for any @ € Z,
rij = 1/ ifl (i (KCsi, 85) + 7(si, Ksj) + 1 ((M — uL)PK s;, PKsj))
= aj; +aj; + 77

We have

o o 7
il = lagil < /Ry mill K silllls || < 3/ Radigmibllsilllls; ] < 2 —[Z [Isilllls;]l
7

Since —puol < M — ul < pgl, applying lemma 3, we obtain

(M — uI)PK s;, PK's;)| < juol| PK si]| | PK s,
< ol Ksill |[PE s, < pol K sil[ 1K 551 < pob sl |

and, thus,

— — _ Sill||Sq
|7“§]| = TiTjﬂ/NiﬂjK(M — MI)PKSZ',PKS]'N < 4#0%

v Hifl
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For il <i< kand 0 <j <[ we have

I,
Vis

_ lIsillll sl 2
rigl < 200 + fj + 2p0) ——== < —= 1+ 3p0)|lsi
Iri;| < 2(j1; + fuj + 2p0) N \/Mk_l(u o) |lsill

that is

4 2
1410 — pRuoll% < mjl <1+3 l) o zw

By the minimax principle i < p; and, hence, fij—1— ;] > fiy—1—p > (1—=C) (fi—1— pu)-
Applying lemma 8, we obtain

~I 2 2
~ 1 Hi (k — l) 4:“’1 < > } : 2
1 = ~ ~ 1+ 3 Si
i (1 = )2 (fu—1 — ) fir—1 w) " Il

~1I

~2 2 -
i o
=4(k —1)= A—cp <1 + 3@) P E HSz‘Hz
i=l

fir—1 (1 =¢
and, thus,

= w7 po\ 2
;(H — i) < (k‘—l)2mﬁ <1+3_1) p— ZHSzH2

Finally, using lemma 30, we obtain

k—1

. . 24 —i—,u 62
S () — i) < 1670 Zuszn

1=l
and we arrive at (63). O

Lemma 32 In the notation and under the assumptions of lemma 31

k—1

Z(N iy < gty Z (caps + c50 + 06750 Z Is:l” (64)

i=l i=l

where ¢ = co+c1+c3, cg = ca+(1—qi_,)(ao+ o), ao and By are given in lemma 20,
and ¢y, ...,cq4 are given in lemmas 27, 28, 29 and 31.

Proof. 1t is easy to verify that
(i — M)Totiy, Totis) = (p(moidis) — p(t;))||as]?
+ (pulmotis) — plmot) || motis ||* + (fis — p(mods) || Tots||”
> (u(motis) — (@)1 @l|” + (u(mots) — p(modis)||mod]|?
+ (fi; — p(moi;) || w0t
Thus,
p(moti;) — p(t;) < fig (il — M)mot;, Toi;)
+ fii(p(mots) — pulmotis)) | modl| + fui(p(motis) — i) || mots |
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and, using lemmas 27, 28 and 29, we obtain
p(motts) — p(ai) < qF fui((fud — M@, Toiis) + cob”||si|”
+ 107 |lsil* + (cat + ca6?)[lsa])?
= q; (p(motis) — fii) + (c50% + cat)||sil*
Using the above inequality together with lemmas 31 and 20, we finally obtain

k—1 k-1

Z(,uz - [L;/) = Z(:u 770”2 + Z 7'['0u2 Uz + Z ~”

1=l 1=l

k—1
<D (i — plmoia)) + gy (Z — i) + Z (mos) )
1=l

+ (e560” + Czto)HSz‘H2 + capil|sil?
< g 12 (1 = gi_1) (0 + Bo) + c2)t§ + c560% + capy) | sil|”

d

Lemma 33 Assuming that K satisfies (28) and Pr—1 > pg and either | = 0 or the
conditions (53) and (62) are satisfied, for any X O T, + span{Ks;}i—or—1

k—1 k—1
D (i = (X)) <y Y (i — i) (65)
i=l i=l
where
2
Qo1 T € b 1+ p. 2 2
Y T+e 0 © al—x_§(c4p + ¢56” + cotp) (66)

and & is given in lemma 24, ¢4 in lemma 31 and c5 and cg in lemma 32.

Proof. Denote X = p;(X). Since X > Z’ and X D Z”, where 7’ and Z” are defined in
lemmas 23 and 31 resp., by the minimax principle u* > it and p¥ > . Hence, using
lemma 32 and either lemma 23 (for | = 0) or lemma 24 (for [ > 0), we obtain

k-1 k-1

> (i — p) < ai- 12 + (caps + c50° + ctg) D |lsill?

=l =l

k—1
< gy Z(M — fi) + ey (u
=l i=l
k—1 k—1
= (Goo1+ ) D> (i — ) — e (i
i=i i=i

which leads to (65). O
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