preprint No. 1249, Department of Mathematics, University of Utrecht, July 2002. Submitted to STAM J. Math. Anal.

ON THE COMPRESSIBILITY OF OPERATORS IN WAVELET
COORDINATES

ROB STEVENSON

ABSTRACT. In [CDDO00], Cohen, Dahmen and DeVore proposed an adaptive wavelet al-
gorithm for solving operator equations. Assuming that the operator defines a boundedly
invertible mapping between a Hilbert space and its dual, and that a Riesz basis of wavelet
type for this Hilbert space is available, the operator equation can be transformed into an
equivalent well-posed infinite matrix-vector system. This system is solved by an iterative
method, where each application of the infinite stiffness matrix is replaced by an adaptive
approximation. Assuming that the stiffness matrix is sufficiently compressible, i.e., that it
can be sufficiently well approximated by sparse matrices, it was proven that the adaptive
method has optimal computational complexity in the sense that it converges with the same
rate as the best N-term approximations for the solution assuming it would be explicitly
available. With the available results concerning compressibility however, this optimal-
ity was actually restricted to solutions with limited Besov regularity. In this paper we
derive improved results concerning compressibility, which imply that with wavelets that
have sufficiently many vanishing moments and that are sufficiently smooth, the adaptive
wavelet method has optimal computational complexity independent of the regularity of
the solution.

1. INTRODUCTION

As has been first observed in [BCR91], the stiffness matrix resulting from a Galerkin dis-
cretization of a singular integral operator, which using standard single scale bases is densely
populated, turns out to be close to a sparse matrix when wavelet bases are exploited. Re-
sponsible for this phenomenon is that the kernel of such an operator is increasingly smooth
away from the diagonal, and that the wavelets have vanishing moments. Quantitative
analyses in [Sch98, DHS02, vPS97] show that with wavelets that have a sufficient number
of vanishing moments, the stiffness matrix can be compressed to a sparse one, whose ap-
plication requires only O(n) operations with n being the number of unknowns, whereas
the order of convergence is maintained.

Compared to alternative approaches for compression as panel clustering ([HN89]) and
multipole expansions ([GR87]), the wavelet approach has the additional advantage that
properly scaled wavelets generate Riesz bases for a range of Sobolev spaces. So, in any
case for strongly elliptic equations, if the operator defines a boundedly invertible mapping
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between a Sobolev space in this range and its dual, then the stiffness matrices with respect
to the wavelet bases are well-conditioned uniformly in their sizes, allowing for a fast iterative
solution. In summary, with suitable wavelets the discretization error accuracy can be
realized in O(n) operations.

This Riesz basis property inspired Cohen, Dahmen en DeVore in [CDD01, CDDO00] to
go one step further. Instead of first discretizing the problem, i.e. replacing the underlying
infinite dimensional space by some fixed finite dimensional one, and then solving the re-
sulting finite dimensional system by some iterative method, they transformed the original
problem into an equivalent well-posed infinite matrix-vector system. This system can be
solved iteratively, where in each iteration the application of the infinite matrix has to be
approximated. The main advantage of their approach is that in the course of the iteration
the spaces in which the approximations are sought, which are always spanned by a finite
linear combination of wavelets, will adapt to the solution in an optimal way. Because of
this adaptivity, the method is attractive for both integral- and differential equations in
variational form.

In the following we assume that the problem to be solved has the form

Lu=y,

where for some closed subspace H C H*, being a Sobolev space of order ¢ € IR, the linear
operator L : H — H' is boundedly invertible, the right-hand side ¢ € H’, and thus the
unknown solution v € H. With ¥ = {4, : A € A} being a Riesz basis for H of wavelet
type, the equivalent infinite matrix-vector problem reads as

(1.1) Mu =g,

where M := (U, LU) : l5(A) — l2(A) is boundedly invertible, g := (¥, g) € l5(A), with
(,) denoting the duality product on H x H’, and u = ul .

In [CDDO1, CDDO00], the quality of the proposed iterative method is assessed by com-
paring the ¢5(A)-error of the current approximation having N coefficients with that of a
best N-term approximation for u, i.e., a vector uy with at most N non-zero coefficients
that has distance to u less or equal to that of any vector with a support of that size. Recall
that since U is a Riesz basis, the sizes of the error measured in ¢5(A) or H'-metric differ
at most a constant factor.

In any case for wavelets that are sufficiently smooth, the theory of non-linear approxi-
mation ([DeV98, Coh00]) learns that if both

0<s< &t
n

where n is the space dimension and d is the order of the wavelets, and u is in the Besov
space BE"(L,) with 7 = (1 4+ s)~, then

(1.2) sup N*|lu —uy]|| < oc.
NeN
The potential here lies in the fact the condition involving Besov regularity is much milder

that the corresponding condition v € H*®*" involving Sobolev regularity that would be
needed to guarantee the same rate of convergence with linear approximation in the spaces
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spanned by N wavelets on the coarsest scales. Indeed, assuming a sufficiently smooth
right-hand side, for several boundary value problems it has been proved that the solution
has a much higher Besov- than Sobolev regularity ([DD97, Dah99]). Note that a rate
higher than % can never be expected with wavelets of order d, except when the solution
u happens to be a finite linear combination of wavelets.

Returning to the adaptive wavelet algorithm from [CDDO00], besides a clean-up step that
is applied after every K iterations to remove small coefficients in order to control the vector
length, the other crucial ingredient is the adaptive way in which in each iteration the appli-
cation of the infinite matrix M to a finitely supported vector is approximated. Given such a
vector, before multiplication each column of M that corresponds to a non-zero entry in this
vector is replaced by a finitely supported approximation within a tolerance that decreases
as function of the size of this coefficient. To be able to prove results about complexity,
information is needed about the number of entries that are necessary to approximate any
column within some given tolerance. We recall the following definition from [CDDO00]:

Definition 1.1. M is called s*-compressible, when for each j € IV there exists an infinite
matrix M; with at most ;27 non-zero entries in each row and column with jen @ < 09,

such that for any s < s*, Ejeﬂ\/ 275||M — MJH < 0.

An equivalent definition is obtained by requiring that for any s < s* and any N € IV,
there exists a matrix on distance of order N~° having at most N non-zeros in each row
and column.

The main theorem from [CDDO00] now says that if (1.2) is valid for some s, and M
is s*-compressible with s* > s, then the number of arithmetic operations and storage
locations used by the adaptive wavelet algorithm for computing an approximation for u
within tolerance € is of the order ¢~!/*. Since in view of (1.2) the same order of operations
is already needed to approximate u within this tolerance assuming that all its entries would
be explicitly known, this result shows that this solution method has optimal computational
complexity.

It remains to determine the value of s*. First of all, note that even for a differential op-
erator, M itself is not sparse. Indeed, any two wavelets 1, 1), from the infinite collection
with vol(supp ¥)xNsupp ) > 0 give rise to a generally non-zero entry. Furthermore, in con-
trast to the non-adaptive setting, here we do not have the possibility for the matrix-vector
multiplication to switch to a single-scale representation, which for differential operators
would be sparse. On the other hand, it can be shown that for wavelets that both have
vanishing moments and have some global smoothness, the modulus of an entry decreases
with increasing distance in scale of the involved wavelets. Assuming that for some o > 0, L
and its adjoint L’ are bounded from H'"? — H~'*? by substituting the estimates [Dah97,
(9.4.5), (9.4.8)] into [CDDO01, Proposition 6.6.2] we infer that M is s*-compressible with

min{t +d, o,y —t} 1

n X
where d is the order of the dual wavelets, i.e., the number of vanishing moments, or more
generally, the order of cancellation properties of the primal wavelets, and v = sup {¥V C

(1.3) s =
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H*} (here we used that the condition o < ¢ + 4 imposed for [Dah97, (9.4.8)] can actually
be relaxed to o < t + d). This result holds true for differential operators as well as for
singular integral operators. Note that in contrast to the non-adaptive setting discussed at
the beginning of this introduction, global smoothness of the wavelets is required.

The result (1.3) however is not satisfactory. Indeed, since 7y < d and so s* < X — 1 <
%, on basis of (1.3) optimal computational complexity of the adaptive wavelet method
can be concluded only for solutions u that have limited Besov regularity. Indeed, when
u € B:"(L,) with 7 = (3 +s)"" and s > s*, then the best N-term approximations
converge at a rate higher than can be shown for the approximations yielded by the adaptive
wavelet method.

For the special case of L being the Laplace operator and spline wavelets, in [BBC*01,
DDUO1] it has been proved that s* = VT_t, which however is still less than %.

The goal of this paper is to prove that for both differential as singular integral operators,
for wavelets that are sufficiently smooth and have cancellation properties of sufficiently high
order, M = (U, LV) is actually s*-compressible with s* > %, showing that the adaptive
wavelet method has optimal computational complexity independent of the regularity of
u. The key to obtain this improved result is that on essential places we estimate directly
norms of blocks of the matrix M, instead of deriving such estimates in terms of the sizes
of the individual entries via the Schur lemma.

This paper is organized as follows: In §2 we prove s*-compressibility with s* > % for
differential operators on a domain.

In §3 we prove this result for a class of singular integral operators on a manifold, which
includes operators resulting from applying the boundary integral method. Since the reg-
ularity of the manifold imposes a limit to the smoothness of the wavelets, depending on
the other parameters it may restrict the compressibility. In §3.3, we give a general proof
of a decay estimate for entries corresponding to wavelets with disjoint supports, which
so far was only shown in specific situations. In §3.4, we prove a new decay estimate for
entries corresponding to wavelets, or more generally, corresponding to a linear combina-
tion of wavelets and another wavelet, that may have overlapping supports, but for which
the support of the linear combination has empty intersection with the singular support of
the other wavelet. In contrast to available estimates from [Sch98, DHS02], this estimate
benefits from global smoothness of the wavelets. Apart from its use in the analysis of
adaptive schemes, this estimate also may result in quantitatively better compression rates
when applied in the analysis of non-adaptive schemes.

At the end of this introduction, we fix some notations. We always think of the space
Ly of all measurable square integrable functions on a domain 2 or manifold I' as being
equipped with the standard scalar product (, ) and corresponding norm |||, defined by
(u,v) = [qu(z)v(x)de or (u,v) = [ u(x)v(x)du(z), with du being the induced Lebesgue
measure.

For H being a Hilbert space embedded in Ly and any u € Ls, the mapping v — (v, u)
is continuous on H. This procedure defines an embedding of L, into H’, or equivalently, it
fixes an interpretation of a function in L, as a functional in H’. Different scalar products
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on L,, defining equivalent norms on Lo, give rise to different embeddings of Ly into H’, that
may lead to non-equivalent H’-norms of Lo-functions (cf. [NSO01, §4]). This observation,
together with the fact that on a few places in the wavelet literature non-standard Ls-scalar
are applied is the reason here to emphasize our choice of the Ls-scalar product.

If H is dense in Lo, then the above embedding of L, into H' is dense, meaning that
the Lo-scalar product restricted to H X L, has an unique extension to the duality product
on H x H'. For such an H, without risk of confusion, we may use (, ) to denote either
product.

For any countable index set A, the notations (, ) and || || will also be used to denote the
standard scalar product and norm, as well as the resulting operator norm, on the space
l5(A) of square summable scalar sequences.

Finally, in order to avoid the repeated use of generic but unspecified constants, by C' S D
we mean that C' can be bounded by a multiple of D, independently of parameters which
C and D may depend on. Obviously, C' 2 D is defined as D S C,and C T D as C S D

and C' 2 D.

2. COMPRESSIBILITY OF DIFFERENTIAL OPERATORS
For some domain 2 C IR", t € INy and I'p C 0fQ, possibly with I'p = (), let
H 10 (Q) = closyay{u € H(Q) N C>(Q) : suppun? = 0},
and let L : H{ .p(2) — (H{ 1n(£2))" be defined by

0,00

(u, Lv) = Z (0°U, a0p0™v),

laf,|B]<t

where a,p € Loo(€2) so that L is bounded. Obviously L as an extension, that we will also
denote by L, as a bounded operator from H*(Q2) — H (). For completeness, H*(Q2) for
s < 0 denotes the dual of H*(52).

We assume that there exists a ¢ > 0, such that

L, L': HT(Q) — H"?(Q) are bounded.

Sufficient is that for arbitrary e > 0, and all «, § with min{|«|, |3|} > m — o, it holds that
e { wgmrminlleblfl Q) when o € IV,
s co—mimin{lallB}+2())  when o ¢ IN.
Let

U = {@/)A AE A}
be a Riesz basis for HS,F p(02) of wavelet type. The index A encodes both the level, denoted

by |A| € INy, and the location of the wavelet 1),.
We assume that the wavelets are local, in the sense that

diam(supp ¢y ) < 27 and Sl;pw #{|\ =1 :x €suppy,} < o0,
FASIORASHA)
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and that they are piecewise smooth, with which we mean that supp ¢, \sing supp v, is the
disjoint union of m open “uniformly Lipschitz” domains =y ,...,E\,, with UL =y, =
supp ¥, and that @/J,\|EA ~is smooth with

(2.1) sup |07 ()] S 207 50M, (3 e Ivp).
$EE>\’Z'

Remark 2.1. Precisely, we will call a collection domains {A,} C IR" to be uniformly
Lipschitz domains, when there exist affine mappings B, with |DB,| < vol(A,)~' and
|(DB,)™1| < vol(4,), such that the sets B, (A,) satisfy the condition of “minimal smooth-
ness” ([Ste70, Ch.VI, §3]) with uniform parameters “c”, “N” and “M”. Examples are
given by, the interiors of, “non-degenerate” polygons.

For minimally smooth domains it is known ([Ste70]) that there exist universal extension
operators, with Sobolev norms only dependent on the aforementioned parameters. So in
particular, by first transforming w,\|EM using such an affine mapping to a function on a

minimally smooth domain with volume one, then making the extension, and finally apply-

ing the inverse transformation, by (2.1) we conclude that there exists a smooth function
@y on IR", equal to ¥, on =, ;, with for any s > 0, p € [1, 0],

_gam_nypy

lonillwsomn S 207270

Furthermore, we assume that there exist v > ¢, d > —t such that for r € [—d, v), s <7,
(2.2) |- ) S 2= . | 22 (02), on W, := span{y, : |\| = (}.

Remark 2.2. Tt is known that the above wavelet assumptions are satisfied by biorthogonal
wavelets when the primal and dual spaces have regularity indices v > max{0,t}, ¥ >
max{0, —t} and orders d > , d > 7 respectively (cf. [Dah96, DS99c¢]), the primal spaces
consist of “piecewise” smooth functions, and finally, no boundary conditions are imposed
on the dual spaces (“complementary boundary conditions”, see [DS98]). In particular, (2.2)
for r € [—d, —4] can be deduced from the lines following (A.2) in [DS99¢|. In Remark 2.5
we will comment on the case when the dual spaces satisfy the same boundary conditions

as the primal ones.

_J_
Theorem 2.3. Let M = (U, LU). For j € IN, and with k(j,n) = { o ZZZZ Z - 1

we define the infinite matriz M; by replacing all entries My » = (¢, Lby) by zeros when
23) |\ = WI| > k(G,n), or

supp ¥ C E)\’,i when |)\| > |/\/|,
supp ¥ C =x;  when |A| < [N].

24) ||\l =IXN| > 2 and for some 1 <i<m, {

Then the number of non-zero entries in each row and column of M; is of order 27, and for
any )
s <min{™? 2} with s < =% when n > 1,
n n

n—1
it holds that |M — M;|| < 27%.
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Remark 2.4. In view of Definition 1.1, by taking 1\~/Ij = Mj110g(ay)], With for example
aj = 5~(+4) for some € > 0, we infer that M is s*-compressible with

* : t+cz g -t
s§* = mm{—n 2=

(s* = min{t 4+ d, o} when n = 1). So, with d being the order of the wavelets, if d > d — 2t,
o0 >d—tand when n > 1, Z—:i > %, then indeed s* > %. The condition involving y
when n > 1 is satisfied for instance when % > % and v =d — % (spline wavelets).

Proof of Theorem 2.3. Let A\ be some given index. By the locality of the wavelets, the
number of indices X' with fixed || for which vol(supp ¥y Nsupp®,) > 0 is of order
max{1, 20V 1=A)"} By using in addition the piecewise smoothness of the wavelets, the
number of indices X' with fixed |X'| > |A| for which vol(supp ¥» Nsuppe,) > 0 and
supp ¢y is not contained in some Z,; is of order 2(INI=AD(n=1)  We conclude that the
number of non-zero entries in the Ath row and column of M; is of order

IV =IA<Z LN =A<k Gin)

. ~ _ [ My when [|A] = [N]| > k(j,n), :
Let M; be defined by (M —M;), » = { 0" otherwico. The conti-
nuity assumptions on L, L', together with (2.2) show that for
re (0,t+d N0 N(0~y—t),
and w, € Wy, wp € Wy,
|<wg, ng/>| 5 ||wg||Ht7r(Q) ||ng/ ||H7t+'r(Q)
(2.5) S wel| ge-r @ lwe || geer@) S 27O wel| meoy || we || #e (),
and analogously, |(we, Lwe)| = [(L'we, we)| S 27 |Jwe|| ge(oy || wer || o). So for arbitrary
c,d € ly(A), we have
e, M=M)d)|=| > O e, L > dyto)|
[~ >k(jn) |\|=¢ IV |=£
SO 27 awdnllm@ll Y dvtw e
[e—£'|>k(j,m) |Al=¢ |\ |=¢"
N Tk(j’")r\/z 1Y extalli, (D1 D dvinllig
¢ |\=t o V=

~ 270 e| [l

or [M — M| < 270
Finally, we analyze the error as a consequence of dropping entries with indices that
satisfy criterion (2.4). For A€ A, 1 <i <m and ¢ > |N|, let

Agyi = {|A =€ :suppipy C En;}.
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For W\ ; € Span {2/))\ A E A&)\/,i} C Wy and

q € (0,t+dn(0,0],
we will prove that
(2.6) [(we i, Loa )| S 2719wy x| e -

Because of (2.5), it is sufficient to consider ¢ > v —t > —t. From Remark 2.1, recall that
@i is the extension of /|; ~ to a smooth function on IR" with for s > 0, [[¢x il gs(rm) N
=M i ’

26—Vl From the locality and continuity of L, we conclude that

\(wé,x,z‘, Lzm\ = |<wz,,\/,z'7L90,\',i>| 5 Hwé,,\/,iHHt—q(Q)HLSOX,z'HH—Hq(Q)

< gmalt=IVD)|

S Nwe il me-ao) 1o il He+a) |we, il 1t @)

For any c,d € £5(A) and ¢ € (0, +d] N (0, 0], from (2.6) we have

| Z Z dx(Z Z crxthx, Laby)|

L0 <k(jn) INI=V =1 A€,y
m
—q(e—t'
N E E |y |27 )E | E Ul @)
-t <k(jm) INI= =1 ACA

AN

m
—q(t—¢
DO AN DN DN DN I DN N
I <t—0<k(jn) [N [=¢ M= \ =1 | A€,y ;

—all—¢' _J
DV “\/Z |dx|2\/z eal? £ 274l

L<t—0'<k(jm) [N =2 [A|=¢

where for the last line we have used that for fixed |\'|, each A is contained in at most a
uniformly bounded number of sets Ay x ;-

Since, analogous to (2.6), |(¢x, Lwe )| = [(L'tx, we )| S 279 M lwp x il () when
Wy i € Span {@ZJA’ N e Ag/,)\ﬂ‘}, and so

Y Y awn LY S dvew) S 28],

It —0<k(jn) IN=¢ i=1 N€Ay 5 ;

we conclude that [|M; — M| < 27,
A combination of the estimates for M—Mj and Mj —M,; shows that for s < min{%, 21,
with s < 2= when n > 1, it holds that ||[M — M;|| < 27%. O

Remark 2.5. Let us consider the situation that ¢t € IN, I'p # 0, and that ¥ is a biorthogonal
basis for HS’FD (€2), where now also the dual spaces satisfy homogeneous Dirichlet boundary
conditions on I'p. Then since for s > 0, H*(2) N Hgp () is only dense in H*(£2) when
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5, we can expect (2.2) only for r € [—d,7), s < v with r > —%. As a consequence,
in the proof of Theorem 2.3, the range of r for which (2.5) holds is restricted to r €

(0,¢+d| N (0,0] N (0,7 — )N (0, ¢+ 3).

The same problems are encountered for proving (2.6). However, instead of restricting
the range of ¢, here another solution is possible. The homogeneous Dirichlet boundary
conditions on the dual spaces only affect wavelets with supports near I'p. More precisely,

one can expect that there exists a constant # > 0, such that for any r € [—d,v), s < 7,
2.7 -l S 209 |as) on span{wy : |A| = ¢, dist(supp ¥n,I'p) > g2~ AL,

Let us now add to the dropping criterium (2.4) the condition that dist(supp ¢, [p) > 62~
when |A| > |N|, or dist(supp ¢, ['p) > 62~ when |A| < |N|. Then it is easily verified
that the resulting M, although a little bit less sparse, still has at most order 2/ non-zero
entries in each row and column. On the other hand, changing the definition of A, ; into

Ay = {|\ = € : suppy C Zy, dist(supp by, [p) > 6271

s < i

for wy € span{yy : A € Agy,}y and ¢ € (0,t + d) N (0,0), using (2.7) we can prove
that [{(we i, Liba)| < Q_W_'X')|]wg7,\/,i|]Ht(Q). By copying the remainder of the proof, we
conclude that for

. 7 . . ¢ t+3
s < mln{%l, 2}, with s < mm{l—_’i, —2} when n > 1,

it holds that [|[M — M| < 27%.

Remark 2.6. As follows from Remark 2.4, to show s*-compressibility with s* > %, it

will be necessary that both d and v increase linearly as function of d. To benefit from
an often much higher regularity of the solution in Besov than in Sobolev scale, we are
interested to apply the adaptive method with a relatively large value of d — t. Indeed, for
small d — ¢, the adaptive method can give at most a small improvement in the order of
convergence compared to non-adaptive methods, which in practice might not compensate
for the overhead it requires.

Unfortunately, on general, non tensor product domains, smooth wavelets, i.e., with large
values of v, are hard to construct. The approach from [DS99b| based on a non-overlapping
domain decomposition yields wavelet bases that in principal for any d satisfy all require-
ments concerning smoothness and cancellation properties to obtain s* > %. Yet, since
suitable extension operators from one subdomain into neighboring subdomains enter the
construction, it seems not easy to implement. Other approaches based on non-overlapping
domain decomposition ([DS99a, CTU99, CMO00]) yield wavelets which over the interfaces
between subdomains are only continuous. Note that although for non-adaptive wavelet
methods the fact that wavelets along some lower-dimensional interface are less smooth or
have reduced cancellation properties might not influence the overall complexity-accuracy
balance, for adaptive methods it generally does. Indeed, without assuming more than
membership of a Besov space on the “critical line”, i.e., a space that is only just embedded
in HS’FD (€2), it might happen that the solution is smooth everywhere except exactly along
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that interface, meaning that the adaptive method mainly produces coefficients correspond-
ing to wavelets with degenerated properties. Also finite element wavelets as constructed
in [DS99¢, CES00, Ste00] are only continuous. For example for ¢ = 1 and n = 2, with
continuous wavelets only for orders d < 2, s* > % can be shown.

Still thinking of a non-overlapping decomposition of the domain into a number of sub-
domains or patches €2y, ...,€), as an alternative it seems not too difficult, in any case if
one refrains from having local dual wavelets which are not needed here anyway, to con-
struct wavelets of some given order d, which restricted to each patch are again wavelets
characterized by parameters v < d — % and d (‘patchwise’ smoothness and cancellation
properties) that can be chosen at ones convenience. If in addition, these wavelets have
a sufficient global smoothness such that they generate a Riesz basis for Hjr (), then

(W, LW) = > (9|, , LY, ). Theorem 2.3 now directly applies to the matrices in the sum

with conditions in terms of the ‘local’ v and d, and so when these are sufficiently large,
s* > % follows.

Finally, in [Ste02] we generalized the adaptive wavelet method from [CDDO00] to the
case that W is a frame for Hfp (Q) instead of a Riesz basis. Writing the domain as an
overlapping union of subdomains €1, a suitable frame W is given by U(]I\ilwq\llq, where U, is
a Riesz basis of wavelet type order d for a Sobolev space of order ¢ on 2,4, and w, a smooth
weight function that vanishes at the internal boundary of €2,. As in the Riesz basis case, the
optimal computational complexity of this adaptive solution method was proven when (1.2)
is valid for some s, necessarily with s < =t and M := (¥, LU) = Y wWq¥q, Lwy Wy, or
equivalently, any of these matrices in the sum are s*-compressible for some s* > s. Since
both the presence of smooth weight functions and the fact that for ¢ # ¢/, ¥, and ¥,
are different are harmless, Theorem 2.3 directly applies to all these matrices. Indeed, note
that we have not used that the wavelets are piecewise smooth with respect to partitions
that are nested as function of the level. The advantage of this frame approach is that
smoothness requirements on the wavelets ¥, are easily satisfied, since this construction
requires no linking of functions from different subdomains over interfaces, and so s* > %
can easily be realized.

3. COMPRESSIBILITY OF BOUNDARY INTEGRAL OPERATORS

3.1. Definitions and main result. For some p € IN, let [' be a patchwise smooth,
compact n-dimensional, globally C*~!! manifold in IR™!. Following [DS99b], we assume
that I' = Ué‘ill“q, with I, "y = 0 when ¢ # ¢/, and that for each 1 < ¢ < M, there
exists

e a domain Q, C IR" and a C™-parametrization r, : R" — R""" with Im(k,|, ) =T,
q

e a domain IR" D €, DD (), and an extension of ry|, to a CH=L1 parametrization
q

fog 1 Qg — Im(k,) C T
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For |s| < u, the Sobolev spaces H*(I') are well-defined, where for s < 0, H*(I") is the
dual of H=*(T"). For some [t| < p, let L be a bounded operator from H*(T') — H YT,
where in this section we have in mind a singular integral operator of order 2. Let

\I/:{@Z)AZAGA}

be a Riesz basis for H'(T") of wavelet type.
We assume that the wavelets are local, in the sense that
diam(supp ¢,) < 27 and sup  #{|\| =0:2 €supp,} < o0,
zel' leNg
and that they are piecewise smooth, with which we mean that supp Yy \sing supp 1 is
the disjoint union of sets Ey1,...,Zx\,, with U2, =y, = supp,, such that each =y ; is
contained in some Iy, ;'(2);) are uniformly Lipschitz domains, and (¢, o Kg)| -1 =) is
q A1
smooth with
(3.1) sup (07 (1 0 #ig)(§)] S 207ETO (5 e N,

gerg ' (Ex)

~ We assume that the wavelets on levels ¢ > 0 have the cancellation property of order
d € IN. That is, there exists an n > 0, and for all £ € IN a linear mapping F,, such that
for all sufficiently smooth functions v on I' and any x € T,

(v, ¥a) (L = Piaj)v, ¥a),

(3.2) (I — Pap)(z)] < 279 sup 0% (v 0 kg) (€)],

|8|1=d, 1<q<M, t€rg H(B(z;2= A p)nly)
where for A C IR™™ and ¢ > 0, B(4;¢) := {y € R"™ : dist(4,y) < }.

Remark 3.1. In the biorthogonal setting, one may think of Py as being an interpolator on
the dual space (cf. [DS99c, Prop. 4.7], [NSO1, Prop. 3.4]). Noting that (v, ) only depends

on v|5upp o for the combination of both formulas from (3.2), v outside supp ¥, can be any

suitable extension of v| . In case B(suppy;2~1*n) is contained in one patch F_q, and

supp ¢
assuming that {£ : (¢ o k,)(€) # 0} is a uniformly Lipschitz domain, a smooth extension
can be chosen that yields the bound [{v,¢y)| < 274 SUD| 5|, e - (supp ) 10° (v o Kky)(E)].
Yet, for the general case it is not clear whether |(v,%,)| can be bounded in terms of
derivatives of order d of v on supp v, only, and we will have to deal with the technical

complication of a bound involving derivatives in a small neighborhood of supp v.
Furthermore, for some k € INg U {—1}, with k£ < p and
— 3
(33) ’}/.—k+§>t,

we assume that all ¢, € Ck(T"), where k = —1 means no global continuity condition, and
that for all r € [—d, ), s < 7, with |s|, |r| < u,

(3.4) I| - ||Hr(1‘) < 2£(r_5)|| . ||HS(F) on Wy := span{v, : |A\| = ¢}.
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Finally, we assume that for all 1 < ¢ < M, and r € [—ci, v), s <7,

(3:5) M@y S 27N - s,y on span{iy : |A] = £, B(supp x; 27n) € Ty}

Remark 3.2. For the case that each parametrization x, has a constant Jacobian, in [DS99¢|
3

a simple construction is given of continuous finite element wavelets, i.e., k = 0 and soy = 3,
that in principal for any d and order d satisfies the above assumptions. This restriction
on the Jacobians was removed in [NSO1], however here wavelets with supports that extend
to more than one patch have the cancellation property of only order 1. In a forthcoming
paper, we will remove this inconvenience for the application in adaptive methods, and
construct wavelets that all have the cancellation property of order d. )

As in the domain case, wavelets that satisfy the assumptions for in principal any d, d and
smoothness permitted by both d and the regularity of the manifold were constructed in
[DS99b]. As will appear from Theorem 3.3, via several parameters this regularity however
seems to impose a principal barrier to the compressibility. In case of differential operators,
we could reduce conditions concerning smoothness and cancellation properties to corre-
sponding patchwise conditions. Yet, the arguments used for that do not carry over to the
case of non-local, integral operators.

With the constructions from [DS99a, CTU99, CMO00], biorthogonality was realized with
respect to a modified Lo(T")-scalar product. As a consequence, with the interpretation of
functions as functionals via the Riesz mapping with respect to the standard Lo(T") scalar
product, for negative ¢ the wavelets only generate a Riesz basis for H'(T") when ¢ > —%
(cf. [NSO1, §4]), and likewise wavelets with supports that extend to more than one patch
generally have no cancellation properties in the sense of (3.2).

The frame approach discussed in the previous section seems to be even more attractive
in the compact manifold case. Because of the absence of a boundary, all wavelet bases on
the overlapping patches may satisfy periodic boundary conditions. One may verify that
Theorem 3.3 given below formulated for the Riesz basis case, as well as the verification of
the estimates (3.6) and (3.7), extend to any of the matrices (w,V,, Lwy V). It is easy to
construct collections ¥, with any smoothness permitted by the regularity of the manifold.

In the following theorem, we assume two decay estimates (3.6) and (3.7) that in §3.3,
§3.4 will be verified for an important class of singular integral operators. For (3.7), we will
need the additional condition that d > ~v — 2t, which will be needed anyway in Remark 3.4
to conclude s*-compressibility with s* > %.

Theorem 3.3. Let L : H(I') — HYT) be bounded, such that for some o € (0, u — t],
both L and its adjoint L' are bounded from H'*(T') — H~'"7(T"). For ¥ being a Riesz

basis for HY(T') as described above with d+t > 0, let M = (U, LW).
For any \, N € A, let

2~ IAI=IN11/2

n+2d+2t
hen 6(\, \') >
5()\7 /\,) ) wnen ( ’ ) = 3777

(3.6) (rs L) S (

where .
(A, X)) i= 20NN st (supp 4y, supp ¢w),
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and n is from (3.2).
For some T > o, and with

dist(supp ¥, singsupp /) when|\| > ||,

IN N . min{|Al,| N |}
OAAN) =2 x { dist(sing supp ¥, supp /) when|\| < ||,

for any ¢ > |XN|, € >0 and

wen e € span{Yy; |A| =1, 1 e 5()\, ') > max{e, 2772"“4}},

let

‘<wg,)\/,€, L’lp)\/ﬂ < 2(|)\’|75)(d'+t) (N |=0)7
(37) |<L/77Z))\’7w£,)\’75>| ~ ng,)\/ﬁHHt(p) max W’Q )

Let o € (3,1) and b; == (1 +14)"'"° for some ¢ > 0. Then for j € IN, and with
‘ J when n > 1
e n—1 ?
k(jm) : { 27 whenn=1,
M, x = (¢, Lpy) by zeros when

we define the infinite matriz M; by replacing all entries

38 A=W > kG, or
(3.9) ’|)‘| - |/\,H <L and §(\N)> max{3n, 20G-IN=INIDY o
(3.10) H)\‘ _ |XH > % and (A, N) > maX{Qn(#l|A\f|»||)blw_w‘_%’27727||A\7|A/H}_

Then the number of non-zero entries in each row and column of M; is of order 27, and for
any

n ’ n—1 n—1

sgmin{ﬂ %}, wz’ths<g—:§,s§ 7 and s < ZE whenn > 1,

it holds that |M — M| < 27,
Remark 3.4. As in Remark 2.4, we infer that M is s*-compressible with

(s* = min{t+d,7‘} when n = 1). So, if d>d—2t, 7>d—t, and when n > 1,
7@“{7;31” thud %, then s* > %.

Proof. Let A be some given index. Since I' is a Lipschitz manifold, by the locality of the
wavelets, the number of indices A" with fixed |X'| > |A| and dist(supp ¢y, supp ¢y ) < R is
of order (2X1(2-M + R))". By using in addition the piecewise smoothness of the wavelets,
the number of indices \" with fixed |\'| > |\| and dist(sing supp ¥y, supp ¥y ) < R, where

2=V < R < 271 is of order 20X I=AD(=DolNI R~ From this, one may infer that the number
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of non-zero entries in the Ath row or column of M; is of order
>t 3 M 2 Pimax{an, 2GR o
—k(j,n)<|N|—|A|<0 0<|N =A<

3 (N =D (m=1)9IX |~ maX{QN(%—W|+\>\|)bw‘i|/\‘7%’ 22Xy

L <IN || \[<k(jn)

2

because of « < 1 and ), b; < oo.

~ ~ ’ —_— / y
Let M; be defined by (M — M), = { Mé"/\ Eft};l(j;“u:! A H > k(G n), The conti-

nuity assumptions on L, L' together with (3.4) show that for

re(0,t+dN0,t+pu N(0,0]N(0,v—1),
and wy € Wy, wy € Wy,
|(we, Lwe)| S |[well ge-ryl| Lwe | - ()

5 27‘(5/7

S Mwellre—r ey l[we [ esr ey Nwell ey llwee || ey,

and analogously, |(w, Luow)| = | (L'we, we)| 5 27 a1yl ey As in the proof
of Theorem 2.3, we conclude that |[M — M| S 27+G»)r,
As a second step, let M, be defined by

(M — M)sx =
{ My when §(\, N) > max{1, 3n, 206G~ IAN=NIDY and }|)\| — |X|’ < k(j,n),

0 otherwise.

o by
Let us recall the Schur lemma: If, for some positive scalars wy, >, L%y < ¢, and

LU)\/
Z/\%A“/I < ¢, then |[(byx)aveal < ¢. We apply this lemma onto M; — M; with
wy = 22 By the locality of the wavelets, for each A, ¢, R 2 1 and 8 > n, one has
Z 5(}\’ )\/)—[3 5 R—B—i—nQnmax{O,K’—\M}.

(VN =, 6(AN)>R}
Because of d 4+t > 0, from the decay estimate (3.6) we obtain that
Z wal (M =M;)y vl
Wyt
)\l
< ZQ(P\I*\XI)%Q*HAI*\XH(%J@H) (max{l,Zo‘(%’”’\H’\'H)} gnmax{0,[A'|—[A[}
RY

= 27%(01“)

) —(2d+2t)

by a > 3. By the symmetry of the right-hand side of (3.6) in A, \’, analogously we have
Z)\ WAl (M —Mj)y v < 2—%(J+t)’ and so ||Mg _ Mg” < 9—2(d+t)

Wy
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Given X and ¢ > ||, let
Ay ={IM\ =€: 6\ N) > maX{Z"(%4+|)‘l|)bh‘)\/|7l, 2m2™1= §(A, N) < max{1,3n}}.

Since for ‘|)\| - |X|‘ > %, entries M y with 6(A, \') > max{1,3n} were already been
removed from Mj, we have

<A =N <Ek(j,n) and X € Ay,

M when
AN <N = A < k(j,n) and X € Apa,

(Mj — M)y = ’ or
0 otherwise.

SIS3 .

So from the decay estimate (3.7), for any c,d € ¢5(A) we have
D DAl ) et L)
I <k(jm) INI= AEA,

2( 0)(d+t)

SO ) lavma o = 203 Y exthlliry
272/

Lt <k(jn) INI=V A€A, \

9 (¢'—£)(d+1)

Z maX{(Q”(i”@’)bgé/jﬁwd 2070m) Z [ ? Z Z jeal?

%<gfg/§k(j,n) [N =2 [N |=' ANeA, s

0 —0)(d
< E max{ . 2 2(2/—6)7} § |d>\/‘2 E ‘CA|2
~ (2n(%f€+€’)b£_gl_l)2t+J7’y’ ’

Lt—0<k(jn) [N]=¢ [Al=¢

AN

where for the last line we have used that for fixed ||, each X is contained in at most
a uniformly bounded number of sets Ajy x. Since the analogous estimate is valid with

interchanged roles of ¢ and ¢, and for s < mm{”d 2}, with s < 2= when n > 1,
k(]an)_% . N ~ .
Z maX{Qf(er%)(dth) (Qfmnbm)’Y*%fd 7 27(m+%)7} 5 278]"
m=1

we conclude that for such s, ||M; — M,|| < 27
A combination of the estimates for M — M, , M; — M; and M; — M; shows that
for s < mm{”d I}, with for n > 1, s < V—_i, s < =% and s < 2 it holds that

M — M| S 27%. UJ

M

3.2. Singular integral operators. In §3.3, §3.4, we verify the decay estimates (3.6) and
(3.7) for operators

/K z,y)u(y)dl,, (xel),
with kernels that satisfy for all 1 < ¢,¢' < M, £ € Q,, n € Qy,
(3.11) |00 K (g (€), kg ()] S dist(rg(€), i (1))~ (42t + |a] +]8] > 0),



16 ROB STEVENSON

(cf. [DHS02, Def. 2.1]). Following [DHS02], we emphasize that (3.11) requires patchwise
smoothness but no global smoothness of I'. Only assuming global Lipschitz continuity of
I', the kernel of a boundary integral operator of order 2t can be shown to satisfy (3.11).
If T is a C*°-manifold, then these boundary integral operators are known to be pseudo-
differential operators, meaning that for any ¢ € IR they define bounded mappings from
H"™(T') — H~**(T"). In this case we may conclude that M is s*-compressibility with s* =

t+d Vj}. For I" being only Lipschitz continuous, for the classical boundary integral

equatlons the question of continuity in Sobolev spaces has been answered in [Cos88]. With
increasing smoothness of I' one may expect larger ranges of ¢ for which boundedness from
H'™(T') — H7*"7(T) is valid. Little results in this direction seem yet available.

min

3.3. Decay estimate (3.6). This estimate for singular integral operators with wavelets
that satisfy the cancellation property (3.2) of order d has first been proved in [Sch98] for
C*°-manifolds. In [DS99¢|, it has been shown for Lipschitz manifolds for a specific wavelet
construction. For convenience, in this subsection we recall the arguments used there, and
show that they also apply to the general setting discussed in this paper.

With 7 from (3.2), let A\, A" € A with 6(A\,\) > 3n and §(A\,\') > 0. Then with
Ty, := B(supp ¥y; 2-ln), it holds that

2min{‘)\|v|)\/‘}dist(r>\’mFX’n) >0\ N) > 0.

1
3
Because of

n+2t+2d > 0,

from (3.2), (3.11) and [ [¥x|dl S 27227 (by the locality and (3.4)), we infer that

o L) = | [ (@) [ Ko g)ly)ar,dr
=1 [ 0nta) [ = Pa) Kz, )0 ()T
=1 [ @ = Pl = [ [0 = P K. (0 ()|
S2EER sup o2 [ (0= )K€, )0 ()T

lo|=d,1<q<M,
€€rg (DayNTy)
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=27 E O sup I/[(f — P 0¢ K (kq(£), )] (y)¥x (y)dTy|
laj=d1<q<M, T
€€rg (Da,NTy)
< 9~ (dH3+)(AHN]) sup sup |8§“8?K(mq(§), kg (O))]
la|l=d1<q<M,  |B|=d,1<q'<M,

—1 _1
§€rq “(Dx,nNlg) CE:‘iq, (FA/’nﬂqu)

< 9 @HEFDIARIND (g min{ LN} 5y \y)~(n20+2d)

9NN l/2 22

B ( 5(AN) ) |
3.4. Decay estimate (3.7). Let I' = U}, T, be a compact n-dimensional, globally C#~1!-
manifold in IR"™, where ', are C*°-manifolds as described in §3.1. For some [t| < pu, let
L be singular integral operator of order 2t as described in §3.2, which is bounded from
HYT) — HY(T), and for which there exists a o > 0 such that L, L' : H"*7(T") — H~*7(T)
are bounded. Let W be a Riesz basis for H*(T") as described in §3.1, consisting of local
and piecewise smooth C*(I") wavelets, that have cancellation properties of order d, where
ke NoU{-1}, k<pandy:=k+3 >t

In addition, in this subsection we assume that

(3.12) d>~—2t.

L s | H¥(Ty) when s > 0,
Furthermore, with H*([';) := { (Hy*(T,)) when s <0,
7 € (0, u — t] such that for all 1 < ¢ < M,
(3.13) L:HY () — H(T,) is bounded.

Remark 3.5. Since for any |s| < pu, the restriction of functions on I' to I', is a bounded
mapping from H*(T') to H*(T',), from the boundedness of L : H***(I') — H~ (T, it
follows that in any case (3.13) is valid for 7 = o. So for example for I' being a C'*°-
manifold, (3.13) is valid for any 7 € IR. Yet, in particular when ¢ < 0, for I' being less
smooth it might happen that (3.13) is valid for a 7 that is strictly larger that any o for
which L : H""(T") — H~""7(T") is bounded.

Proposition 3.6. In the above setting, for any ¢ > |N|, € > 0, and
wé,)\/,e € span{z/J)\ : ‘)‘| = ‘ea 5()\7 )‘I) Z max{g, 2772‘)”7[}}7
with § := 2V diam(supp wy y o) it holds that

(we e, Lba)| | <
(L', wene) [~

we e re(ry max {2(\X|72)(d'+t)872tfcz+k+15"771 min{e, 5}%’ o(IN'|-0) min{7,t+d}} .

we assume that there exists a
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By substituting 6 S 1 and by using that k + % = 7, the decay estimate (3.7) is obtained.

Remark 3.7. If for some |A| > | N[, dist(supp ¥y, sing supp 1x/) > 272~ then by substi-
tuting wy » . = 1 in Proposition 3.6, and so § = 2WI=IA we obtain that
(3.14)

N =[] (d+t+2
[, L) }f,max 2P WD min{rerd) |
(L', ¥r)] (2WIdist(supp ¥y, sing supp ¢y ) ) 24+

In [Sch98], for the case of a C'*°-manifold, and in [DHS02], for the case of a piecewise
smooth, globally Lipschitz manifold, it was proved that

[(Wx, L)) < (N =MD (d+t+%)
[(L't)x, 105)] } ~ (2Vldist (supp gb)\,singsupp@y)\,))gprd-

An adaptation of these proofs using Lemma 3.8 show that in the general situation of
Proposition 3.6, it holds that

/ / / 7 7.n—1 1
||<<Eu’$;’jﬁia>>|| } S we el e y2V 1700727455 mine, 6} 2.
A comparison of these results shows that for £ > —1, the bounds derived in this paper are
sharper when ¢ or dist(supp ¥y, sing supp ¥,/ ) are sufficiently small. Moreover they improve
with increasing k which is essential to be able to prove s*-compressibility with s* > % for
relative large d — t. The estimates from [Sch98, DHS02] do not exploit global smoothness
of the wavelets, but on the other hand, the continuity assumption (3.13) is avoided. Recall
that in Theorem 3.3 we make no use of (3.14), but instead apply Proposition 3.6 for wy y .
with § = 2Vldiam(supp wene) ~ 1, with which we estimate directly norms of rows of

M; — M;, i.e., not via estimates of the individual entries using the Schur lemma.
To prove Proposition 3.6 we start with a lemma.

Lemma 3.8. For any ¢ € IN, N € A, J C {1,...,m}, let either E = U;c;Ex,; or
E =T\ Uy ZEx,i. Then for any v € Loo(I'), w € Ly(I") with suppw C E, suppv C I'\E,
e := 2Wldist(supp w, OF) € (0, 00) N 2N1=¢[2n, 00), and

|'U(y)| 5 2(k+1+%7t)\)\/\dist(y7E)kJrl’
with 0 := 2N ldiam (supp w) it holds that

| / w(x)(I-Py)lz / K (2, y)v(y)dT,JdTy| < ]2~ 2021001657 min fe 5} 2.
I I

Proof. By applying (3.2) and (3.11), interchanging the order of differentiation and integra-
tion, and by using that dist(B(x;27n),y) > %|:p — y| for any = € suppw, y € suppu, it
follows that the expression in the statement of the lemma can be bounded by a multiple of

(3_15> 272d2(k+1+%ft)\)\’| / ‘w(x) |x - y‘f(n+2t+d')|x . y|’““dFdex.

supp w supp v
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Because of —2t —d + k +1 < 0 by (3.12), for all & ¢ supp v,

/ |x . y|k+1—(n+2t+d)dry < / |Z|k+1—(n+2t+ci)dz
supp v

z€IR™, |z| >dist(z,supp v)

= dist(z, supp v)’Qtﬂ”k“.

By applying the Cauchy-Schwarz inequality, (3.15) can now be bounded by a multiple of

(3.16) g ldg(k+1+5 1) |wl| / dist(z, supp v)~4-2d+2k+24[
supp w
Since —4t — 2d + 2k + 2 < —1 by (3.12), because of the geometry of F we may estimate

/ dist(z, supp v)41t_2d~+2k+20l1ﬂ9C
supp w

dist(supp w,0F)+diam(supp w) B
5 diam(supp w)nfl / 274t72d+2k+2dz
dist(supp w,0F)

= (2—|>\’\5>n—1[(2—|>\’\8)—4t—2d+2k+3 _ (2—\)\’\<€ + 5))—4t—2d+2k+3]

= 2\,\’|(4t+2cif2k727n)5n71874t72d'+2k+2 min{z, 5}.
By substituting this result into (3.16) the proof is completed. OJ
Proof of Proposition 3.6. (I). Let X € A, £ > |X| and € > 0, and let

we e € span{iy : |A| = £,6(\, N) > max{e, 2n2¥1=}},

and put § := 2™'ldiam(supp wy o). It suffices to prove the bound for (wy ., Liby), since
the proof for (L1, wy y ) is similar.
For 1 <17 < m, we define wg;/ﬁ by

w(z) (SL’) . U}&)\/,E(SL’) when x € E)\/ﬂ',
LN e 0 elsewhere,

and put wg,ﬁ = Wyne— P oiy wég/ﬁ, meaning that supp wg,’e N supp Yy = 0.

We assume that §(\, \') > max{e, 2721=} implies that either supp ¢ C Zy; for some
1 <i<m, or suppt, Nsupp Yy = 0. In the very unlikely situation that this does not
hold “automatically”, we can always increase the parameter 7 such that this is true, since
diam(supp ¢y) < 27M. Under this assumption, for all i we have that wg;,@ € Wy, and so
i cll S 27 oo cllecey S e el

(IT). We consider (wg];,’a, Liy). Let E = I'\suppty. If ¢ is such that =y ;N E # 0,
then because of ¥y € C*¥(I') and (3.1) it follows that

(3.17) [hn ()] S 2370 dist (y, B, (y € Exi).-
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If Zv; N E = (, then by the “shape regularity” of all sets Zy for i’ # 4, we have
dist(Zy, F) 2 271 and so (3.17) follows from [¢y (y)] S 29I, From an application

of Lemma 3.8 with w = wé’oi/ﬁ and v = ¢y, we conclude that

|<wé,\/57L¢N|—|/we>« ) — F) x’_’/ny@/)N( )dr,Jdl,| S
(318) ||wg7)\/75||Ht(p)2(|>\l‘ E)(d+t)€—2t d+k+15 2 Hlln{E,(S}%.

(ITII). Let 1 < i < m, and let 1 < ¢ < M such that =y, C I';. From (3.5), for
r € [—d,v), s <7, we have ||w8,76H1{r(pq) < 2“’“*5)Hwég\/,gHHs(rq)-

(a). If r <y —t,and so 7 < t+d by (3.12), then by 7 < t — p, the continuity of L as
stated in (3.13), and when ¢ — 7 > 0 in addition by wél/\, € H,"(T,), we have

|<wz ,\'evLQ/’NH S sz N,e | zrt=r o) | Lb || - t(Ty)

S 2w e ey S 28170 g el ey

which completes the proof in this case.
(b). Let now 7+t >~ > 0. By assumption, ¥ o g4 is smooth on £, (Zy,), which is

a uniformly Lipschitz domain. From (3.1) and Remark 2.1, we learn that ¢ o x| Sz )
_‘A,

has an extension to a smooth function ¢, ;, with for s > 0 and p € [1, 0o, ||<P,\',iHW;(B") <
st —pIN, By multiplying ¢y ; by a smooth function that is one on 2,, and has
support inside the “extended” domain Qq, we may assume that supp gy ,; C Qq, so that
ook, € HH(T) with for s € [0, ul, [[oni 0 kgt sy < 2679 With max{0, -t} <
s :=min{r, ¢+ d} < — t, the same arguments as applied in (a) show that

(w2, Lo 0 i W S lwihe Na—swp | Llgai 0 /g Y]

(3.19) S 27 g Ml 0 g

Hsft(rq)

wovery S 20 wg | ey

There remains to estimate |(w€ e Lty — @i 0 ;1)) | which we will do by applying

Lemma 3.8. Recall that supp wé 2\, . C Ex, whereas 1y — ;0 /%;1 vanishes on =y ;. The

global smoothness of 1y, will ensure that directly outside =y ;, ¥ is sufficiently close to
the smooth extension ¢y ; o /%q_l of w,\/|EM We have to distinguish between a number of
cases.

Suppose ' # i with m N E # (), and let ¢’ such that Zy » C I'y. Then from

() im0 05O S 2801 (5 € ) (8.0
(b) Ky Yo kg€ CH (5 Ty N1Imi,)), where 1> k,

) K
() supeeq, [07pxi(§)] S < 250 , (B € INy),
(d) Yy oky— ;€ Ck(Qq), and it vanishes on &, (Zy ),
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one infers that | (Y 0f,—px,i)(€)] S 2672 OV dist (€, &, ' (Ev,))* ! when & € &, (En N
Im £,), and so for y € =y » NIm Ay,

(320) |(¢)\/ — SO)\’,i e} l%;l)(y” 5 2(k+1+%_t)‘)\/‘dist(y, E)\/’i)k—’—l.

If T'\supp ¢ ;N=y ; # 0, then (c), (d) show that (3.20) is also valid for y € (I'\supp ¢, ;)N
Imk,. For the remaining cases that either y € =y ; with m NZy; =0, ory €
(I'\supp ¥y ;) N Im &, whereas I'\supp ¥»; N =y ; = 0, or y € Im i, then the “shape regu-
larity” of all sets Zy ; show that dist(y, Zy,;) 2 27, and so from |(¢a — @y ;0 EW) S
27O we conclude that (3.20) is valid for all y € I\Zy ;. An application of Lemma 3.8
with B ==y, w = wg;,@ and v =y — py ;0 /%q_l now shows that

i A " —0)(d- —9t—d n-1 1
|<w§7;/757L(¢/\' — pugo R 1)>| < ng,x,eHHt(r)Qq’\' O(d+t) o—2t—d+k+1 575 min{z, 5} 2,

which together with (3.18) and (3.19) completes the proof for the case that 7+t >~. O
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