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Abstract

Let E be a group extension of an abelian l.c.s.c. group A by an amenable
l.c.s.c. group G. We say that an ergodic action V of A is extendible to
an action W of E if V(A) is isomorphic to W (A). It turns out that the
extendibility property can be described in terms of cocycles over a skew
product taking values in A. For topologically trivial group extensions
E(G, A), we prove that the extendibility property is not generic. We give
an example of R-action that is not extendible to an action of R x R.
We answer the question of when two isomorphic actions of A can be
extended to isomorphic actions of E(G, A).

Introduction. Let A be an abelian locally compact second countable
(l.c.s.c.) group and let G be an amenable l.c.s.c. group acting on A by group
automorphisms. Denote by E the group extension of A by G. Then A can

be identified with a normal subgroup of E. The group extension concept
becomes more transparent in case of topologically trivial group extensions

E¢(G,A) with f : G x G — A being a 2-cocycle. An action V of A on a
measure space is called extendible to an action W of E if V(A) is isomorphic
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to W(A). In [B], the question when an action V' of A can be extended to an
action W of E; was answered. It turns out that the extendibility property
can be reformulated in terms of properties of cocycles with values in A. In
the present paper, we study a circle of problems that is concentrated around
actions of group extensions. It is worthy to note that we are mainly interested
in topologically trivial group extensions £y because in this case one can prove
deeper results. On the other hand, we believe that the theorems may be
generalized to arbitrary group extensions as was done in [Dan] where some of
the results of [B] were extended. We first prove that the extendibility property
is not generic in some sense. In particular, it proves the existence of non-
extendible actions. We also give an explicit example of R-action that cannot
be extended to an action of the semi-direct product R x R. Assuming that
(G is countable, we also answer the question of when two isomorphic actions of
A can be extended to isomorphic actions of Fy.

Our study is based on two (important for us) results about actions of
amenable groups proved in [BG1, GS1, GS2]. The first result says that any
ergodic nonsingular action of an amenable l.c.s.c. group is isomorphic to the
Mackey action of this group defined by an ergodic countable approximately
finite (a.f.) group I' of measure preserving automorphisms and a recurrent
cocycle over I'. Moreover since all such automorphism groups are orbit equiv-
alent, we can fix some I', then the variety of Mackey actions is determined,
up to isomorphism, by classes of weakly equivalent cocycles. The other result
states that, roughly speaking, two Mackey actions are isomorphic if and only if
the corresponding cocycles are weakly equivalent (see Section 1 for exact defi-
nitions and references). Then one can determine the size of the set of cocycles
that generate extendible Mackey actions. It turns out that this set is nowhere
dense.

The outline of the paper is as follows. In Section 1, we collect all necessary
definitions and facts that are used in the article. Section 2 contains the basic
results about extendible and non-extendible actions. In the next section, we
study an example of a Mackey action of R that is not extendible to an action
of ax + b-group. The last section is devoted to the solution of the following
problem: find necessary and sufficient conditions under which two isomorphic
(extendible) actions of A can be extended to isomorphic actions of Ej.

We will use freely the notions of the full group and its normalizer, approx-
imative finiteness, cocycles, Mackey actions. The necessary definitions can
be found, for example, in [HO, Sch]. All equalities below hold a.e. on the
appropriate measure space.



1 Preliminaries
We establish the following notations which we will use throughout the paper.
Notations:

e A is an abelian l.c.s.c. group that will be written additively;

e (G is an amenable l.c.s.c. group with the identity e;

(g,a) £, g-a : GxA X, A denotes a Borel action of G on A by
group automorphisms. R is jointly continuous by a theorem from [M];

e [' is a countable ergodic group of automorphisms of a measure space
(X, B, 1) (as a rule, I' is measure preserving);

ZY X x T, G) stands for the set of G-valued cocycles over T', (we say
c€ ZY (X xT, G)if e(x,v9m) = c(nw, y2)e(z, 1) for any 71,72 € T and
a.e. v € X).

Let ' A
l1—B——FE-LG—1 (1.1)

be a topological group extension of a l.c.s.c. group B by . This means that
(i) (1.1) is a short exact sequence where i is a homeomorphism from B onto
a normal closed subgroup ¢(B) C E, (ii) j is a homomorphism of £ onto G
which induces a homeomorphism of £/i(B) and G such that a natural action
of G by conjugation on i(B) ~ B coincides with the given action of G on B.
Throughout the paper we will identify B and i(B) and refer to F as a group
extension. Let ¢ be a normalized Borel section from G into E, i.e. joq =id
and ¢(e) = e. Then every k € E can be uniquely represented as k = ¢(g)b
where b € B. If ¢ can be chosen as a group homomorphism from G into F,
then we say that E splits. Given (1.1) and a Borel section ¢, we can define a
map f: G x G — B, called a 2-cocycle, by:

f(g, k) = a(gh)"q(g)q(h).

The above definitions become simplier in the case of topologically trivial
group extensions of an abelian group A by . In this settings, we introduce the
set Z2(G, A) of continuous 2-cocycles: f € Z*(G, A) if f(g,e) = f(e,g) =0
and

95" F91,92) + f(9192, 93) = f(92,93) + (g1, 9293), (1.2)

where g, g1, g2, 93 € G. We may equip F = G x A with the product topology
and for each f € Z%(G, A) we define a group structure on F as follows:

(91,01)(92, a2) = (9192, f(g1,92) + 95" - a1 + az), (1.3)
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(g,0) = (97" —flg:97") —g-a) (1.4)
The set F, equipped with the group structure (1.3) and (1.4), is called a topo-
logically trivial group extension of A by means of G and denoted by E;(G, A)

(or simply Ey). For a continuous map p : G — A, p(e) = 0, define the
2-cocycle f, € Z*(G, A) by

folgr.92) = —g2" - p(g1) + p(9192) — pg2). (1.5)

Then f, is called a 2-coboundary. The set of all 2-coboundaries is denoted
by B?(G, A). The quotient H*(G,A) = Z*(G,A)/B*(G, A) is the group of
continuous 2-cohomologies. It is well known that H?(G, A) is isomorphic to
Ext, (G, A), the group of equivalence classes of topologically trivial group ex-
tensions. Note that E¢(G, A) is isomorphic to Ey/(G, A) if and only if f — f' is
a 2-coboundary. The case when f =0 (or f is a 2-coboundary) is of a crucial
importance. The group extension Fy(G, A) is called a semi-direct product of
G and A. The notation G x A is also used for Ey(G, A).

Later we will use the following statement. Its proof is a slight modification
of an argument given by Banach [Ba].

Lemma 1.1. Let p be a normalized Borel map from G into A and let f, be
defined by (1.5). If f, : G x G — A is separately continuous, then p is also
continuous.

Proof. Let M be a meager set such that p(g) is continuous for all g € G— M.
Take some gg € G and let g, — go. We will show that p(g,) — p(go). The set
M' = U,Mg,"! is also meager. Since G is of the second category, G — M’ is
not empty and there is some ¢ € G — M’. Then ¢'g, € G — M for all n. It
follows from (1.5) that

1

p(gn) = —1o(9',9n) — 9, - (") + (9" gn)-

Taking the limit as n — oo, we get

Jim p(gn) = —fo(g's90) = 90" - (9) + P(9'90) = P(90).

O

We will use the notions of cocycles and H-cocycles over an automorphism

group I' of (X, B, u). H-cocycles appeared first in [U] and then studied in [B,
DaD, Dal, Da2|).

Definition 1.2. Let f € Z*(G, A) and c € Z'(X x T, G). A measurable map
a: X xT'— A is called an H-cocycles if it satisfies the following conditions
forv1,72 €T and a.e. x € X:

a(z,I) =0,
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a(z,y2m) = fle(nz, 1), ez, 1)) +e(@, 1) - a(nz,92) +a(z,m)  (16)

where 1 is the identity map. The set of all H-cocycles is denoted by Z},C(X X
I, A) (or Zj (A)). If for an H-cocycle 6(x,v) there exist a normalized Borel
map p: G — A and a measurable map a : X — A such that

(x,7) = ple(z,7)) + clz,v) " - alyz) — alz)

then d is called an H-coboundary.

H-cocycles arise naturally in the following way. Let 7 be a cocycle over
X x I' with values in E;. Then 7 = (¢, «) where ¢ and « are the projections
of 7 onto G and A respectively. It is easily seen that ¢ € Z}(X x I', G) and
o€ Z; (X xT,A). The converse is also true [B, Da2].

Let K be al.c.s.c. group with the Haar measure my. Let I' C Aut(X, B, u),
and ¢ € Z1(X x T, K). Define the group of automorphisms I'(c) C Aut(X x
K, i x mg) whose elements act by the formula:

v(e)(x, k) = (yx, c(x,v)k), (x,k) e X x K, v€eT. (1.7)

The group ['(c) is called the skew product. If T'(c) is ergodic on (X X K, uxmy),
then the cocycle c is said to be of dense range in K [Sch].
Let us consider the action V of K on (X x K, X mg):

V(h)(z, k) = (¢, kh™Y), heK.

Denote by ¢ the measurable partition of X x K into I'(c)-ergodic components.
The groups I'(¢) and V(K) pairwise commute. Therefore, V' generates on
(X xK)/E, (nxmg)/€) anew action W(p ) of K which is called the Mackey
action (or the action associated to the pair (I',c)). Note that Wip o (K) is er-
godic if and only if T" is ergodic.

Remark 1.3. Recall some results from [BG1, GS1, GS2] about Mackey actions
that will be used later on.

(1) It was proved that if U(K) is an amenable ergodic nonsingular action
of K on a measure space, then there exists a pair (I', d), where I' is a countable
ergodic approximately finite (a.f.) group of measure preserving automorphisms
and d is a recurrent cocycle from Z'(X xI', K), such that U(K) and Wi 4 (K)
are isomorphic. In particular, I' may be taken to be of the form I'(c) where ¢
is a cocycle with dense range in some amenable l.c.s.c. group G.

(2) Let I'; be an ergodic a.f. measure preserving group of automorphisms
of (X;,B;, ;) and let d; € ZY(X x T';, K) be a recurrent cocycle, 1 = 1,2 .
Then, the Mackey actions W(p, 4,)(K) and Wr, 4,)(K) are isomorphic if and
only if there is an isomorphism R : X; — X, such that R[['}JR™ = [['5] and
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cocycles dy(x,7v1) and dy o R(x,71) := do( Rw, Ry R™Y), (z,7) € X; x T'y, are
cohomologous, i.e. there exists a measurable map ¢ : X; — K such that
dy o R(z,71) = @(11z)di(z,71)e(x)~t. Such cocycles (or, more generally, the
pairs (I'1,dy) and (T'g,dy)) are called weakly equivalent. We will use the fact
that if ¢ and ¢; are cocycles with dense range over I', then they are weakly
equivalent.

(3) Let {U(K)} be the class of K-actions isomorphic to an action U of K.
Let I'(c) be an ergodic countable a.f. measure preserving group where c is a
cocycle with dense range in G. It follows from the above facts that {W(K)}
contains the Mackey action W q) (/) where d is a recurrent cocycle over
['(¢) with values in K. Conversely, if I'(c) is fixed, then every cocycle d over
['(c) determines a class of isomorphic K-actions. Furthermore, two cocycles
d and d; over I'(c) determine the same class if and only if they are weakly
equivalent.

We will also need the following statement.

Lemma 1.4. Let (X,u) be a Lebesque space and let K and H be l.c.s.c.
groups with the Haar measures my and mpy respectively. Suppose that F is a
measurable map from (X x K,u X mg) into (H,mg) such that F(x, k) = hy
for a.e. (x,k) € X x K where hg € H. Assume that F is continuous in k for
p-a.e. x € X. Then there exists a measurable set D C X, u(X — D) = 0,
such that F(x,k) = hg for all (x,k) € D x K.

Proof. Let N = {(x,k) € X x K : F(x,k) # ho}, then (u x mg)(N) =
0. Denote N(z) = {k € K : (z,k) € N} and define D = {z € X
mg(N(z)) = 0} Nn{r € X : k — F(x,k) is continuous in k}. Clearly,
w(X —D)=0. Let g € D and ky € N(x). Since mg(N(x)) = 0, there exists
a sequence {k,} C K such that k, — k¢ and k, € G— N(z¢), n € N. (If there
were no such a sequence, then N(z() would contain a neighborhood of ky, i.e.
my(N(zo)) would be greater than 0). Therefore for (z, ko) € D x K we have
F(ZL‘Q, k’o) = llmn F(l‘o, kn) = ho. ]

2 Extendible and non-extendible actions
In this section, we will answer the question whether the extendibilty property

is typical. We first give a precise definition of extendibility. As we mentioned
above, our prime interest is focused on topologically trivial group extensions.

Definition 2.1. Let V' be an ergodic action of an abelian l.c.s.c. group A by
nonsingular automorphisms on a measure space (X,B,u). Let 0 — A —



E 15 G — 1 be a group extension of A by an amenable Lec.s.c. group G.
We say that V is extendible to an action W of E if there exists an action of
E on (X,B,u) such that V(A) is isomorphic to W(i(A)). In particular, E
can be taken as a topologically trivial group extension E;(G,A) defined by a
continuous 2-cocycle f : G x G — A.

Remark. Let W be an ergodic action of £ (or E¢(G, A)) on a measure space
and let 6 be a group automorphism of F that acts identically on A. We denote
the group of all such automorphisms by Aut(E; A). In Appendix 2, elements
from Aut(Ey; A) are described explicitly. Given § € Aut(E; A), one can define
a new action 0*(WW) of E by setting up 0*(W)(k) = W(0(k)), k € E. It is
clear that W and 6*(1W) have the same action of A. Moreover, if an action
V of A is extendible to an action W of E, then V is also extendible to the
action 6*(W) of E for any group automorphism 6 € Aut(E; A). Therefore, a
given extendible action V' of A corresponds to a family of actions of E such
that each of them extends V. From this point of view, we may identify W and
0*(W) for every group automorphism 0 € Aut(E; A).

Suppose that we are given a group extension 0 — A — E -1 G — 1.
It is natural to ask whether one can extend the translation of A onto itself to
an action of E? Clearly, such an action must be transitive on A.

We note that since A is considered as a subgroup of E, the group operation
in £ (and hence in A) is written multiplicatively.

Theorem 2.2. Let T be the translation on A : T'(a)(b) = ab, a,b € A.
Then: (1) T is extendible to an action of E if and only if E splits. (2) If
E = E¢(G,A), then T is extendible to an action of Ey if and only if f is a
2-coboundary.

Proof. (1) Suppose that ¢ : G — E is a group homomorphism such that
joq =id. We can easily find an action of £ that extends 7. Given k € E find
g € G, a € A, such that k = ¢(g)a. Define g -a = q(g)aq(g)~*. Then set up

W(k)(b) = W(q(g)a)(b) = g - (ab), k€ E.

Clearly, W extends T. Next, if k1 = q(g1)a1, k2 = q(g2)as, then

W (kik2)(b) = Wi(q(g1)arq(g2)az))(b)
= W(a(9192)(g5 " - ar)az))(b)
= (9192) [92_1 - ap)asb)]
= (g1 a1)(9192) - (azb)



g1 - [a192 : (azb ]
= Wi(q(g1)a1)W (q(g2)az)(b)
= W(k))W (k2)(b).

Note that if &k = q(g)a, then k7' = q(¢7')(g - a™'). Therefore

W(ETHB) = g7 [(g-a "))
= a'(g"-b)
W (k)= (b)

since the map b+ a~!(g~! - b) is inverse to b+ g - (ab). In this proof

we have not used that A is abelian.

To prove the converse we have to assume that A is abelian (the group oper-
ation in £ and A will be again written multiplicatively). Let T be extendible
to an action W of E. Let ¢ : G — E be a Borel normalized section. Denote
Wi(q(g)) = 7(g), then (g,b) — 7(g)(b) is a Borel map from G x A into A that
leaves the Haar measure m 4 quasi-invariant for every g € G. Then g € G de-
fines a group homomorphism a — ¢-a where, by definition, g-a = q(g)aq(g)~".
Let f : GXG — A be a 2-cocycle such that ¢(g192) f (91, 92) = q(91)q(g2). Then
we get the following relations:

7(9)T(a) = T(g - a)7(9). (2.1)

7(91)7(92) = 7(9192)T(f (g1, g2))- (2.2)

(2.1) implies that 7(g)(ab) = (g - a)7(g)(b) for all b € A. Then, for b = 1, we
have

7(9)(a) = (g-a)s, (2.3)

where s, = 7(¢)(1) is a Borel map from G into A. In such a way, the W-
7action” of G (i.e. the maps 7(g)) can be found by (2.3). Note that (2.1)
holds automatically if (2.3) is true. Furthermore, it follows from (2.2) and
(2.3) that there is a connection between f and s,. We have

7(91)7(92)(b) = [(9192) - bl(91 - 542) 50,

7(9192)T(f (91, 92))(b) = [(9192) - 0)[(9192) - f( 91, 92)|5g195-

Thus, we get the following relation on A:

(9192) - f(91,92) = (g1 - 5g2)<59192)71591

F(91,92) = (92" - 50)[(9192) )  Sgug) (92 91 ") - Squ.



Denote p(g) = (97" - s4)"". Then

f(91,92) = 92"~ p(91)] ' p(9192) (p(g2)) "

Clearly, p(e) = 0. Therefore, E splits since f is a 2-coboundary.

(2) In the case £ = Ef(G, A) the proof is the same. We should only note
that because f is continuous and p is Borel, then, by Lemma 1.1, we get that
p is a continuous map, and therefore, f is a 2-coboundary. Il

Remark. The fact that 7(g) (in the proof of Theorem 2.2) must be actually
continuous we can get also from (2.3). Indeed, since 7(g)(a)(g - a)~" does not
depend on a, we see that 7(g)(a)(7(g)(b))~! = g - (ab™!). The latter and con-
tinuity of G-action on A imply that 7(g) is continuous for every g € G.

We recall some notations and results from [B] that will be used later on.

Let m: X x I' = E;(G, A) be a cocycle over a countable ergodic measure
preserving group of automorphisms I' acting on (X, B,u). Then 7 = (¢, )
where c € Z'(X xI',G) and o € Z; (X x T, A).

It can be easily verified that every a € Z} (X x T, A) generates a cocycle
be from Z1(X x G x T'(c), A) where

bo(z,h,y(c)) =h - a(z,y) + fc(x,v),h), ~€T. (2.4)

We obtain two simple consequences of this fact. Firstly, a — b, defines
a map S from Z; (X x I', A) into Z'(X x G x I'(c), A) where f € Z*(G, A),
¢ € Z'(X xTI',G). Denote by I(f, c) the image of Z; ,(X xI', A) under the map
S. Then I(f,c¢) C ZY(X x G x I'(c), A) and we will see below that cocycles
from I(f, c) produce extendible actions of A via the Mackey construction. One
can show (see [B]) that a cocycle d : X x G x I'(¢c) — A belongs to I(f,c) if
and only if
d(z, h,y(c)) = h™" - d(z,e,7(c)) + f(c(x,7), h) (2.5)
for a.e. (x,h) € X x G. Indeed, since the right hand side in (2.5) is continuous
in h, (2.5) holds for a.e. z € X and all h € G, due to Lemma 1.4. Define
a(z,y) = d(z,e,v(c)), then d = b,. Secondly, we can consider the Mackey
action Wip(e)p.) of A associated with (I'(c),b,) as well as the Mackey action
Wir,x) of (e, A) associated with (I', 7). It turns out that these two actions are
isomorphic.

Theorem 2.3. [B] Given a cocycle m = (¢, o) : X x I' = E¢(G, A), let b, be
defined by (2.4). Then, Wir(e)p.)(A) is isomorphic to W (e, A).

We will study only ergodic actions of Ey and (e, A). Theorem 2.3 shows
that, in this case, cocycles ¢ € Z1(X x T', G) must necessarily be of dense
range.



The next theorem answers the question when an ergodic action of A can be
extended to an action of E;(G, A). The key point here is that, without loss of
generality, we may deal only with Mackey actions of A and E; and therefore
use the results mentioned in Remark 1.3.

Theorem 2.4. [B] Let V' be an ergodic nonsingular action of A on a mea-
sure space (2, m) and let f be a 2-cocycle from Z*(G, A). Then the following
statements are equivalent:

(1) V is extendible to an action of E¢(G, A);

(ii) for some cocycle c € Z'(X xT', G) with dense range, there exists a cocy-
cled € I(f,c) such that V(A) is isomorphic to the Mackey action Wr().a)(A);

(111) for every cocycle c € Z1(X xT', G) with dense range, there exists a cocy-
cled € I(f,c) such that V (A) is isomorphic to the Mackey action Wp(),a)(A).

The last statement of Theorem 2.4 asserts that extendibility of V' (A) does
not depend on a choice of c¢. In other words, this property does not depend on
a realization of V(A) as an associated action.

To clarify Theorem 2.4, we note that if d € I(f,c), then Wip(e).q)(A) is
extendible to an action of E;(G, A). Indeed, since d = b,, we see by Theorem
2.3 that

W(F(c),d) (A) >~ W(F(c),ba)<A) >~ W(F,w)(‘e; A)

The last Mackey action is obviously extendible to the action W . (Ey). To
see that (ii) and (iii) are equivalent, we can use the following statement proved
in [B]: If ¢ and ¢; are two cocycles from Z!(X x T, G) with dense ranges in G,
then for any cocycle d € I(f,c) C Z'(X x G x I'(c), A) there exists a cocycle
di € I(f,c1) C ZY(X x G xT'(¢1), A) such that the Mackey actions Wp(e),a)(A)
and Wir(e;),4,)(A) are isomorphic.

The next proposition gives another approach to the extendibility problem.
We will work here with a group extension F of an abelian group A by G as in
Theorem 2.2. Let V' be an ergodic action of the group A on a measure space
(X, B, ), and suppose that 7 : G — Aut(X,B, ) is a map satisfying the
conditions: 7(g1)7(g2) = 7(9192)V(f(91,92)) and 7(g7") = 7(9) "'V (f(g.97"))
(the latter is equivalent to 7(e) = I) where f is a 2-cocycle defined by a nor-
malized section g : G — FE as in Section 1 and g, g1, 92 € G. We call such a 7
an f-action of G with respect to V.

Proposition 2.5. An ergodic action V' of A is extendible to an action W of
E if and only if there exists a f-action 7 of G such that

7(9)V(a)r(g) ' =V(g-a), g€ G, ac A (2.6)

10



where g -a = q(g)aq(g)~".

Proof. Here we use the same notations as in Theorem 2.2. Assume that V'
is extendible to an action W of E. Then it is straightforward to check that
7(9) = W(q(g)), g € G, is the required f-action of G. Conversely, suppose
that an f-action 7 of G satisfying (2.6) is given. Every k € F can be written
as k = q(g)a. Set up Wi(q(g)a) = 7(9)V(a). Let us check that W is the
action of £ which extends V. Obviously, W(a) = V(a), a € A. Next, given

ki = Q(gl)al, ky = Q(gz)az, we have

Wig(g1)a1)W(gq(g2)as) = V(g1-a1)7(91)7(g2)V (az)
V(g1 -ar)T (9192) (f(g1,92)a2)
(

= 7(9192)V (92" - @)V (f(91, g2)az)
= W(g(192) f (91,92)(951 a)as)
= Wiq(g1)q(g2)(g5 " - ar)as)

= W(q(g1)aiq(g2)as)

and

W((q(g)a)™) = Wi(glg) '(g-a™))
= Wiglg H[f(g.97 ] (g-a™)
= (g W (flg.g ) WV(g-a )
= 7(9)"'V(g-a)™
= (r(g)V(a)™"
= W(g(g)a)™

O

Based on Theorem 2.2, we can deduce some results about extendibility
of Mackey actions associated to I'(c)-coboundaries. We recall that cocycles
c€ ZHX xT, G) are assumed to be of dense range because we study ergodic
actions. From now, we work with topologically trivial group extensions.

Lemma 2.6. Let c € ZY(X x T, G) be a cocycle with dense range and let
de ZHX x G xT(c),A) be aT(c)-coboundary. Then d € 1(0,c) if and only if
for a.e. x € X and all h € G there exists a measurable map & : X — A such
that

d(z, h,y(c)) = (W e(w,7)7") - £(ya) = b7 - £(2). (2.7)
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Proof. Tt is straightforward to check that if d satisfies (2.7), then d € 1(0, ¢).
Conversely, let d be a I'(c)-coboundary, i.e. we assume that there exists a
measurable map s : X x G — A such that d(z, h,v(c)) = s(v(c)(x, h)) —s(z, h)
a.e. Since d € (0, ¢), we have from (2.5) that

S(Y(e) (@ 1)) = s(w, h) = b~ s(y(e) (@, ) — b~ - s(a,e)

S(1() (@, 1)) = Bt - s(y(e) (@, €)) = s, ) — b - sz, ).

In view of ergodicity of I'(c), we see that there exists a € A such that
s(x,h) = ht-s(z,e)+afora.e. v € X and all h € G (Lemma 1.4). Therefore,
d(x, h,~y(c)) has the desired form. O

Theorem 2.7. Let d € Z'(X x G x T'(¢), A) and suppose that d is a T'(c)-
coboundary. Then Wr(),a)(A) is extendible to an action E¢(G, A) if and only
if fis a 2-coboundary.

Proof. The assertion is a direct consequence of Theorem 2.2 because
Wir(e),a)(A) is isomorphic to the translation 7" on A. O

Corollary 2.8. Let BY(X x G xT'(c),A) C ZY(X x G x '(c), A) be the sub-
group of all T'(c)-coboundaries. Then (i) BY(X x G xT(c), A)NI1(0,c) # 0 and
(1) B{X x G x T(c), A)NI(f,c) =0 if f is not a 2-coboundary.

Proof. The statements follow immediately from Theorem 2.7. Here we will
give a direct proof of the corollary where we assume for simplicity that G is
countable.

Let d € I(f,c) be a I'(c)-coboundary. This means that there exists a
measurable function £ : X x I' — A such that

d(z, h,7(c)) = E(v(e)(w, h)) = E(x, h)
and d satisfies (2.5). Then
§(v(e)(@, b)) —€&(z, h) = b -£(v(e)(w, €)) —h ™" - &(x, €) + flc(x, 7). h). (2.8)

Let 'y = {y € [I'] : ¢(x,7) = e a.e.}, then I'y is ergodic (recall that G is
countable and I'(c) is ergodic). We get from (2.8) that for vy € Ty,

E(vor, h) —&(x,h) = W™ - &(yxe) = h™h - &(a,e).
It follows from ergodicity of I'y that
E(x,h) =h™" - ((2) +r(h) (2.9)
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where ((z) = &(x,e), and r is a normalized Borel map from G into A. If we
substitute (2.9) into (2.8), then we get

f(C(:L‘, 7)7 h) = _h_l ’ T‘(C(l‘, ’7)) + T(C($a ’7)h) - ’I"(h) (210)
Let G = {g; : i € N} and let ; € [['] be such that ¢(x,~;) = g; a.e. Taking
v = in (2.10), we get that f is a 2-coboundary. O

We consider on Z}(X x G xT'(c), A) the topology of convergence in measure.
It is well known that Z1(X x G x I'(c), A) is a Polish space in this topology
and the set of all I'(c)-coboundaries is dense in Z!(X x G x I'(c), A) when T
is approximately finite [Sch].

As we mentioned in Remark 1.3, every ergodic nonsingular A-action is
isomorphic to the associated action Wip(s),a)(A) where an ergodic group I'(c)
may be chosen a priori and d is a cocycle from Z'(X x G x I'(¢), A). If d is of
the form (2.5), then this action is extendible to an action of E;. Our goal now
is to answer the question: How typical is such a cocycle d? In other words, we
want to find out if the extendibility property is typical or not. Theorem 2.9
(below) gives the answer: The extendibility property is "nowhere dense”.

Let [d] denote the set of cocycles from Z1(X x G xI'(c), A) weakly equivalent
to d. Then [I(f,c)] is formed by all classes [d] where d € I(f,c). Let

o= U I(f,0, [el= U U

fez2?(G,A) fez2(G,A)

Since I(f,c) + I(fi1,¢) = I(f + fi,¢), we get that I(c) is a subgroup in
ZY X x G x T(c),A). Note that I(f,c) N I(f1,c) = 0 when f # f;. In
[B], we showed that I(c) does not depend on ¢ up to isomorphism. If d € I(c),
then d defines (explicitly, see (2.4) and Theorem 2.3) an extendible action for
some E;. If d € [I(c)], then there exists f € Z?(G, A) such that the associ-
ated action defined by d is isomorphic to an A-action that can be explicitely
extended to an action of Ej.

Theorem 2.9. Let I be an ergodic a.f. group of measure preserving auto-
morphisms and let ¢ € ZY (X x T, G) be a cocycle with dense range. Then
[I(c)] is nowhere dense in Z'(X x G x T'(c), A) endowed with the topology of
convergence in measure. In other words, a typical action of A is not extendible
to an action of Ej.

Proof. We first note that I(0, ¢) is a closed subgroup in Z'(X x G xT'(c), A).
For this, take dj, € 1(0, ¢) such that dj, — d (in measure), k € N. We see from
Lemma 1.4 that the relation dy(x,h,v(c)) = h™! - dp(x,e,7v(c)) holds for all
k € Nand all (z,h) € D x G where (X — D) = 0. Taking the pointwise limit
in the above relation, we obtain that d € (0, c).
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Then, the formula
I(f,c)=d;+1(0,c) (2.10)

showes that I(f,c) is also closed where dy is some fixed cocycle from I(f,c).
Note that the map f — dy : Z*(G,A) — Z'(X x G x I'(c), A) can be chosen
continuous. Indeed, since I' is an a.f. group of automorphisms, we can take
['={T":n € N} [CFW]. Let u: X — A be a measurable function. For given
f€Z%G,A), we set

o/ (2,T) = u(w),

of (2, T?) = f(c(Tx,T),c(x, T)) + c(x, T)" - u(Tz) + u(x)

and so on. In such a way, we define an H-cocycle o/ (see (1.6)). Denote
dy(w,h,T"(c)) = h™" - ol (x, T") + f(c(z, T"), ).

Clearly, dy € I(f,c) and the map f — dy is continuous. Therefore I(c) is a
closed subgroup in Z'(X x G x I'(c), A). Since T' (hence T'(c)) is a.f., the set of
all T'(c)-coboundaries, B}(X x G x T'(c), A), is dense in Z'(X x G x T'(c), A).
It follows from Corollary 2.8 that I(f,c) is nowhere dense when f is not
a 2-coboundary. Although the sets I(0,c¢) and I(f,,c¢) can contain some
I'(¢)-coboundaries (Lemma 2.6), relation (2.10) proves that they are also
nowhere dense. Note that [d] contains a I'(c)-coboundary if and only if d
is a coboundary. Therefore the same argument works for [I(f, ¢)] proving that
this set is also nowhere dense. Next, it follows from the proved facts that
ZH X x G xT(c),A) —I(c) and Z'(X x G x T'(c), A) — [I(c)] are dense. This
remark implies that [/(c)] is nowhere dense. O

Let us consider the case of a countable group GG. The next theorem gives
a sufficient condition for a cocycle d € Z'(X x G x I'(¢), A) to belong to
I(c). In other words, for d satisfying the condition of the theorem, there exists
[ € Z*(G, A) such that Wr(,) ) (A) may be extended to an action of Ey.

Theorem 2.10. Let I" be an ergodic a.f. countable group of automorphisms of
(X, B, 1) and let ¢ be a cocycle over I with dense range in a countable amenable
group G. Assume that for given d € Z'(X x G xT'(c), A) there exists a subset
N C X, u(N) =0, such that d(z,h,v(c)) —h™'-d(x,e,v(c)) does not depend
onz € X —N. Thend € I(c).

Proof. It follows from [BG2] that T" is generated by ergodic subgroup 'y =
{ve [l : ¢(x,7) = efor a.e. x € X} and the automorphisms v, € [['|NN[[]
such that c(z,v,) = ¢ for a.e. © € X and g € G. Set 7. = I. Then, for
any v € I" and a.e. z € X, there are g = g(x) € G and 7y € T'y such that
yx = v47x. We also note that, without loss of generality, I' may be taken as
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a free a.f. group automorphisms. It allows one to extend d to the full group
[T']. By the assumption of the theorem, we may define

F(v,h) = d(x,h,y(c)) —h™ - d(x,e,v(c)), (2.11)

where v € I"and z € X — N, u(N) = 0. We note that when h is fixed and
v runs over the full subgroup I'y C [I'], the function F'(vy,h) defines a group
homomorphism Fj, from I'g into A. Furthermore, F}, is continuous with respect
to the uniform topology. Thus, the kernel of Fj, ker(Fj), must be a normal
closed subgroup in the ergodic group T'y. It follows from [Dye| that ker(Fj)
is either {I} or I'y. But if for 71,7, € Ty, p({z € X : 11x = yx}) > 0, then
Fn(71) = Fu(vy2). This shows that ker(F,) = I'g. In other words, we proved
that for all vy € 'y

d(x, h,vo(c)) —h™' - d(z, e, v(c)) = 0. (2.12)
Define

f(g,h):F<’Yg,h), g,hGG (213)

Note that f(e,g) = f(g,e) =0, g € G. Next, take v € G, then yr = v,yz
where g depends on z and v € ['y. We get for a.e. x € X that

d(z, h,~v(c)) = =" - d(z,e,7(c))

= d(z, h,v4(c)r0(c)) — b~ - d(w, e, 74(c)v0(c))

= d(vow, h,74(c)) — hot d(70z, €,7,4(c))
+d(x, h,yo(c)) — h=td(z, e, v(c)) (2.14)

= f(g,h) (in view of (2.12), (2.13))
= f(c(yz,vg)c(T;70), h)

= fle(z, 7). h).

If we proves that f is a 2-cocycle, then (2.14) would imply that d € I(f,¢c) C
I(c). Thus, it remains to show that f € Z*(G, A). We have for g1, g2,93 € G
that

g5 f(91,92) = 95" - d(@, 92,74, () — g5 95 - d(z, €,74,(¢)),

f(glg?a 93) = d(l‘, 935 VYg192 (C)) - 93_1 ' d(fL‘, €, Yg192 (C))v
f(g2,93) = d(, g3,74,(c)) — ~d(z, e,74,(c)),
fg1,9298) = d(x, 9293, 74, () — g5 921 d(x, e, 74 (c)).
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To see that the 2-cocycle identity (1.2) holds, we have to show that

93_1 : d(:E, 92, /791(0)) + d(I, gs, '79192(0)) - 93_1 ) d(fL‘, €, 79192(0))

= d(, 95, 70,(c) = g5 - d(z, €,74,(€) + d(, 9293, 751 (€)). (2.15)
is true. It is easily seen that 4, 4,(c) = 74, (€)74,(c)70(c) for some 7o from I'y.
Therefore, we can get from (2.12) and the assumption of the theorem that

d(2, 93,75, (c)752(€)70(c)) — g5 - d(, €, 75, (€)752 (€)70(c))

= d(07, 93,79, ()70 (¢)) + d(, g3,70(c))
—g5 " - d(yo, €, 74, ()0, (€)) — g5 - d(x, €,70(c))

= (%07, 95,70, ()70 (€) = 95" (207, €, 75, ()75 () (2.16)

= d(’Vggl’Yoﬂ?, 9293, Vg1 (C>> + d(’}/ol’, gfn Vg2 (C))
—95 - A0, 92,70, (€)) — g5 - d(0T, €, 74, (C))

= d(ngVOxa 92393, Vg (C)) 1_ 93_1 : d(ngVOxa 92, Vg1 (C))
+d($, g3, Vgo (C)) - 93_ ’ d(ﬂ?, €, Vg2 (C))

It follows from (2.16) that (2.15) may be transformed into the following rela-
tion:
d(ng’YOxa 9293; Vg1 (C)) - 93_1 ) d(ng’YOxa 92; Vg1 (C))
— (9295, 70 () — g7 - A, 63,93 (€)). 2.17)

To see that (2.17) is true, let us add and subtract g5 'g5" - d(7277, €, 74, (¢))
from the left-hand side of (2.17), and g3 'g5 ' -d(x, e, 74, (c)) from the right-hand
side. Then

d(,}/gQ’YO:L‘) g293, 791 (C)) - 93*192*1 : d(IYQ/YO"L‘a €, 791 (C))

—g5 "+ [d(1270%, 92,76, () — g2 - d(3270, €, 70, (0))]
= d(2, 9293, 70, (c)) — 95 g5 " - d(z, e,74 (c))

—g5 " - [d(fv, 92:70.(€)) — g3 " - d(z, e, 791(0))} :

Clearly, the last relation (and therefore (2.15)) holds. O

3 Example

In this section we consider the case when A =R, G =R, and £y = R} x R.
Our aim is to find an explicit example of R-action that cannot be extended to
an action of R x R.
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Let T" be a group of automorphism of (X, B, u), pu(X) = oo, that is gen-
erated by three pairwise commuting automorphisms S, 77, and T5. We will
assume that S is ergodic and measure preserving. Let A\; and A, be positive real
numbers such that Ay > Ay > 1 and log A\, log Ay are rationally independent,
ie. {A\T, A" | n,m € Z} is dense in R* . We assume that 7} is an automorphism
of X such that poT; = \;'u, i = 1,2. Define a cocycle ¢ : X x T’ — R? by its
values on generators S, T, T5:

c(x,8) =1, clz,Ty) =N\, c(z,Ty) = No. (3.1)

Then the skew product I'(c) acts on (X xR%, px du) (here du is the Lebesgue
measure on R*). The generators of I'(c) are measure preserving automor-
phisms defined by formulae:

S(e)(@,p) = (Sz,p),  Ti(e)(x,p) = (Tix, Aip) (3.2)

where (z,p) € X x R% and i = 1,2. Obviously, I'(c) is ergodic since ¢ has a
dense range in R?.
Define now a cocycle d over X x R* x I'(c) with values in R. We set for
i=1,2
d(z,p,5(c)) =0, d(z,p,Ti(c)) = 1. (3.3)

Then, d can be extended to a cocycle over I'(¢). In fact, d is a homomorphism
of the orbit equivalence relation generated by I'(c) into Z?. Let us write down
the generators of I'(c)(d). This group acts on (X x R% xR, p x vy x v) and
the generators can be written down as

S(e)d)(x, p,u) = (Sz,p,u)

Ti(c)(d)(z,p,u) = (Tiz, Ap, u+1), i=1,2.

We need to find the partition P into ergodic components of I'(c)(d) and the
quotient space (X x R% x R)/P.

Lemma 3.1. (X x R* x R)/P is isomorphic to Y = [1,a) x [0,1) where
o = /\1>\271'

Proof. Tt follows from ergodicity of S that a I'(¢)(d)-ergodic component that
intersects X x {1} x {0} must contain X x {1} x {0}. Then (X x R} xR)/P
is isomorphic to (R* x R)/E where & is equivalence relation defined by
Tip,u) = (\p, u+1), i = 1,2. Obviously, & is of type I since T; and
T, commute. Let us show that Y is a fundamental set for £. Take some point
(p,u) € Y. Then TMR% x [0,1)) = R x [n,n +1), Vn € Z, i = 1,2.
This means that T)* (# I) cannot send (p,u) to Y. On the other hand,

17



Tlfjl(Ri x {p}) = R x {p} for all p. Thus, TyT; ! acts on R* by multipli-
cation by av = A Ay L. It follows that 7375 " is again of type I, and [1,a) x R
is a fundamental set for Ty75'. To complete the proof, we note that every
['(c)(d)-orbit meets the set Y only once. O

We have shown that the Mackey action of R associated to the pair
(I'(c),d) is defined on Y. Let us compute W) q(R). The translation
V(a) : (z,p,u) — (2,p,u + a) determines the transformation V(a) of
R: xR : V(a)(p,n) = (p,u+ a). Obviously, V(-) commutes with 7;. This
means that V generates the Mackey action of R on Y. Given (p,u) € Y, find
the unique point (p;,u;) € Y such that (p,u+ a) and (p1,u1) are in the same
['(c)(d)-orbit. Let [x] ( {x}) denote the integer (resp. fractional) part of z € R.
Take n = [u+al, then Ty "(p,u+a) = (A\{"p, u+a—[u+a]) = (A\"p,{u+a})
belongs to R% x [0,1). To return the found point into Y, we determine
m € Z such that \{"p; € [a™™ a ™). Then a™A\™ € [1,a). Therefore
for (p,u) € Y and a € R, we get

Wi (@)(p,w) = (@A "p, {uta}) = (A""A"p, {uta})  (34)

Thus, we have proved the following statement.

Proposition 3.2. The Mackey action Wr(), o(R) associated to (I'(c), d)
with the pair (I'(c),d) defined by (3.1) — (3.3), is isomorphic to the special
flow W) (R) built under the constant ceiling function ¢ = 1 and with base
automorphism Q : [1,a) — [1,a) such that Qp = o™\ 'p, m = m(p) where
m is defined by (3.4). (See Appendix 1 for an explicit description of )). O

Theorem 3.3. Wir(s),q)(R) is not extendible to an action of R x R.

Proof. To prove that Wip(¢).q)(R) >~ W 1)(R) is not extendible to an action
of R} x R, we will show that Proposition 2.5 fails. Let us assume that there
exists an action 7 of R* on Y = [1,a) x [0,1) such that for (z,u) € Y, p €
R%, t € R, one has

T(E)W () (2, u) = W (pt)7(p)(x, u) (3.5)

where W (t) = W(g,1)(t). Note that W(1)(z,u) = (Qz,u), (v,u) €Y. Ift =1,
then we get from in (3.5) that

7(p)(Qz,0) = W(p)7(p)(x,0). (3.6)

Denote 7(p)(x,0) = (T,(x),v,(x)) where x — T,(z) and = +— v,(x) are mea-
surable.
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Assume for definiteness that p < 1. Let us find the properties of 7,,. We
see that the 7(p)-image of {z} x [0,1) is either a subinterval in {T,(z)} X
[0,1) of length p (when v,(x) +p < 1) or the union of two subintervals from
({Tp(x)} x [0,1)) U ({QT,(x)} x [0,1)) of total length p (when v,(z) +p > 1).
It is clear that, for every p € R, 7(p) is a nonsingular automorphism defined
everywhere on Y that preserves the partition into W-orbits. Then T, is a
measurable map of X that sends (Q-orbits onto Q-orbits. It is easily seen that
T, is not one-to-one and v(7,D) > 0 if and only if v(D) > 0 where v is the
Lebesgue measure on Z = [1, a).

We claim that T}, : Z — Z is onto. Indeed, let y = T},(x). Then we observe
that every part of W-orbit of (y,0) that lies between Z x {0} and Z x {1}
contains at least one point from 7(p)(Z x {0}). Since every W-orbit is dense
in Y as well as every @Q-orbit is dense in Z (see Appendix 1), we obtain that
T,(2) = Z.

Next, let K,(p) ={r € Z : T,(z) = y}, y € Z. Take p = 1/n where n is
an integer greater than 1. We note that for every y € Z, the set K,(1/n) has
exactly n points that belong to the same @Q-orbit. This fact follows from (3.6)
and from the observation that every subinterval {y} x [(i — 1)/n, i/n), i =
1,...,n, contains exactly one point from 7(1/n)(Z x {0}).

Let Y; =Z x [(i —1)/n, i/n), i =1, ...,n. Denote by

1—1 1
Zi={x € Z| - < vi/m(z) < n}
One can easily seen that T',,(Z;) = Z, i = 1,...,n. In such a way, the above
remarks allows one to describe the image of Z x {0} under the map 7(p).
We state that for p = 1/n, the set Z is partitioned into Z;, i = 1,...,n, and

Q(Zi) = Zis, Q(Zn) = Zy, (3.7)

ie. (Z; :i=1,..,n) form a Q-tower. In fact, it follows from the following
remark: If 7(1/n)(x,0) € Y;, then 7(1/n)(Qz,0) € Y; 1 fori=1,...,n—1 (the
case i = n is considered analogously).

We get from relation (3.7) that Q"(Z;) = Z;. This contradicts the ergod-
icity of Q™ (see again Appendix 1). O

Remark 3.4. (1) Theorem 3.3 may be reformulated in terms of cocycles. In
other words, it has been proved that the cocycle d, defined by (3.3), cannot
be weakly equivalent to any cocycle dy from I(0,c), i.e. for all R € N[I',
d o R(z,p,v(c)) is not I'(c)-cohomologous to di(z,p,v(c)) = p~tdi(z,1,7(c))
(see (2.5) for f =0).

(2) Relation (3.5) (or, more generally, (2.6)) shows that, for every p € R*
and t € R, the automorphisms W (t) and W (pt) must be isomorphic. This
simple observation allows us to produce a family of R-actions that cannot be
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extended to actions of RY x R. Let W ) (R) be an ergodic special flow of
measure preserving automorphisms such that the entropy h(Q) > 0. Then
Wg,¢) (R) is not extendible to an action R% x R since W (t) and W (pt) have
different entropies. On the other hand, suppose we are given by an ergodic
measure preserving action U of R% xR. Then the automorphism group U ({1} x
R) has the property: the entropy of every U({1} x t), t € R, is either 0 or oco.

(3) Let U(t) be the horocycle flow and let 9 (s) be the geodesic flow in the
Poincaré half plane {z € C: Im(z) > 0}, s, € R. It is well known that they
are related in the following way:

() Uy (=s) = U(te). (3.8)

Define 7(p) = ¢(logp). Then we see that (3.8) is transformed into (2.6). By
Proposition 2.5, the horocycle flow can be extended to the action of RY x R
defined by 7 and U.

4 Isomorphic actions of group extensions

This section is devoted to the solution of the following problem: Suppose we are
given by two isomorphic actions of A, Vi and V5. Assume they are extendible
to actions Uy and Us of E¢(G, A). The question is: Under what conditions Uy
and U, are isomorphic?

It was remarked in Section 2 that we can represent any ergodic nonsin-
gular action of Ey as the Mackey action W )(Ef) where I' is an ergodic
measure preserving a.f. countable group of automorphisms of (X, B, ) and
m: X xI' = E; is a cocycle. The following proposition is a direct corollary of
the results from [GS1, GS2| discussed in Section 1.

Proposition 4.1. Let U; and Us be two isomorphic ergodic actions of
E;. Then there exist pairs (I',m) and (I',m) such that U; is isomorphic
to Wier),t = 1,2, and cocycles m, 7 are weakly equivalent, i.e. there is
R € N[I'| such that 1 o R is cohomologous to s where T is an ergodic count-
able a.f. group of measure preserving automorphisms.

We start with a theorem that solves the problem which is converse to the
question formulated above.

Theorem 4.2. Let Wir and W ) be isomorphic ergodic actions of Ey
where m = (¢, ) and m = (c1, 1) are cocycles with values in E¢(G, A). Then
there exists an automorphism R'(z, h) = (Rx, k(z)h) of (X XG,uxmeg), R €
NI, such that cocycles by o R and b, are T'(c1)-cohomologous.
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Proof. 1t follows from Proposition 4.1 that there exist a measurable function
®(x) = (k(z),u(z)) : X — Ef and an automorphism R € N[I'] such that for
any v € [' and a.e. z € X,

mo R(x,7) = ®(ya)m (z,7)®(x) "
In view of (1.4), ®(x)~! = (k(x)™!, —f(k(z),k(x)™') — k(x) - u(z)). Then
mo R(x,v) = (co R(x,7v),a 0 R(z,7))

= (k(yx), u(yz))(er(w, ), ar(w,7)(k(z)™", —f(k(x), k(z)™h) = k(z) - u(x)),
and therefore
¢o R(z,7) = k(y2)er (2, 7)k(z) ", (4.1)

ao R(z,7) = f(k(yz)er(,v), k(2) ™) + k(z) - f(k(yz), er(z,7))
+h(z)er(z,y) "t ulye) + k(z) - on (@) = f(k(z), k(2) ") — k(z) - u(z). (4.2)
Applying (1.2), we get

k(z) - f(k(y2), e1(z, 7)) + f(k(yz)er(z, ), k(z) ™)

= [(k(yz), cr(z, 7)k(z) ") + fler(@,7), k(2) ™)

and (4.2) is transformed into

ao R(z,y) = f(k(yz),cr(w,k(x) ™) + fler(z,7), k(z) ) — f(k(2), k(z) ™)

+h(z) - ai(z,7) + k(z)er(z, 7)™ ulye) — k() - u(@). (4.3)

It is easy to check that if o € Z} .(A), then ao R € Z}  p(A).
Define the automorphism R’ € Aut(X xG, uxmg) by setting up R'(x, h) =
(Rx, k(z)h). Let us show that

Ry(e)(R) ™ = RyR™\(0). (1.4
Indeed, we obtain from (4.1) that
Ry(ex)(R) (. h)
= (RyR Y k(yR'2)cr (R, v)k(Rx)~th)
= (RyR'z,co R(Rx,7)h)
= (RyR'z,c(z, RyR™1)h)
= RyR(c)(x,h).
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To compute b, o R’ and b,, we use (2.4), (4.3), and (4.4):

bal(l', h,'}/(cl)) - h_l : al(:p,’y) + f(Cl(l’,’)/), h)

bo © R'(z,h,v(c1))
= ba(Ra, k(z)h, R'y(c))(R)™)

= h'k(x)™!' a(Rx, RyR™) + f(c(Rz, RyR™'), k(x)h)

= hk(x) 7t flR(ye), eo(a, y)k(x) ™) + R k(@) 7t fe(a, ), k(@) )
—h ()t f(k(2), k()7 + R an(w,y) + R e (@, )T u(ya)
—h7tu(z) + f(co R(z, ), k(z)h) )

We use (1.2) three times to get
hilk(l‘)il ) f(k:(yw), Cl(xvv)k(l’)il)

= —fk(yx)er(z, Vk(@)™" k(@)h) + flei(@,7)k(z)7, k(z)h)
+ f(k?(’yI), Cl({L‘,’}/)h),

h=k(a)™" - flew(a,y), k(z)™)
= —fla(@, k(@)™ k@)h) + flez,v),h) + f(k(z)™, k(z)h),
h=tk(z)™" - f(k(x), k(2)™") = —f(k(z)™", k(z)h) — f(k(z), h)
Substitute the three formulae into (3.5). Then
ba o R'(x,h,7(c1)) = f(k(yx), cr(z,7)h) + fei(w,v), h)

—f(k(@),h) + 7" an(@, ) + B (@, )7 u(yr) — b u(a).

Thus,
ba © Rl<x7 h’7 7(01» - bal (SL’, h7 7(01))

= f(k(yx), e, h) = f(k(z),h) + b~ er(z, 7)™ ulye) = b7 ().

Denote by &(x,h) = f(k(x),h) +h™' - u(x). To complete the proof, we note
that

bac 0 R'(x, h,v(c1)) = bay (2, h, (1)) = E(v(e1) (, b)) — &(, ).
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Remark 4.3. It is not surprising that cocycles b, and b,, are weakly equiv-
alent since, as it follows from Theorem 4.2, the Mackey actions Wir () p,)(A)
and Wir(c,) pa,)(A) must be isomorphic by Theorem 2.3. The non-trivial part
of Theorem 4.2 consists of explicit description of the automorphism R’ that
implements the isomorphism of these Mackey actions.

Now our goal is to prove the converse statement. To do this, we will have
to assume that G is countable.

It is known [GS2] that if ¢ and ¢; are cocycles over an ergodic a.f. automor-
phism group I' both with dense ranges in GG, then they are weakly equivalent,
i.e. there exist an R € N[I'] and a measurable map k : X — G such that
co R(x,vy) = k(yz)ey(z,v)k(z)™, (z,7) € X x T

Theorem 4.4. Let G be a countable amenable group and let c,ci, R, and
k(x) be as above. Define R'(x,h) = (Rx,k(x)h), (z,h) € X x G. For given
a € Z; (A) and oy € Zj, (A), assume that the cocycles by o R’ and by,
are I'(c1)-cohomologous, that is Wr().a)(A) and Wir(e,),a)(A) are isomorphic.
Then there exists a group automorphism 0 of E; such that the Mackey ac-
tions Wi =) (Eyr) and 0* (W) (Ef)) are isomorphic where m = (¢, ) and
m = (c1,01).

Proof. Tt follows from our assumption that there exists a measurable map
q: X x G — A such that for any v € I and a.e. (z,h) € X X G

bo © R (x,h, (1)) = bay (2, h,v(e1)) = q(v(er)(z, h)) — q(w, h).
By (2.4), we have
h'k(z)™' - ao R(z,7) + f(co R(z,7), k(x)h) —h™ - ay(z,v) — f(er(x,v), h)

— g(3(ex)(x, b)) — q(a, h)
k(@)™ - a0 R(z,7) — ai(z,7)

= h-fler(w,7), h)=h-f(coR(x, ), k(x)h)+h-q(~(c1)(x, h))=h-q(x, h). (4.6)

The right-hand side in (4.6) does not depend on h € GG. Therefore, we can set
h = e in (4.6). We then have

k‘(l‘)il Qo R(J?,’)/) - 051(1‘77)

= —f(k(yz)er(z, k(@)™ k(z)) + q(y(cr)(z,€)) — q(z, )

he flei(z,7),h) = h- fleo R(x,7), k(z)h) +h-q(y(cr)(x, h)) = h-q(z,h)
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= —f(k(y@)er(w, k()™ k(@) +a(v(e)(z,e)) —qlze).  (4.7)
Since
h - f(Cl(ZL‘,’}/), h) = —f(Cl(%W)ha hil) + f(hv hil)a
and
—h- f(co R(x,7), k(x)h)
= f(k(y@)er(z, )b, B0 = f(k(x)h, b7 = f(k(ya)er(z,)k(x) ", k(z),
relation (4.7) can be written in the following form:
Q(V(Cl)(gae)) - Q(xve)
= —flea(@ Nh, W) + f(h, b1 + f(k(yz)e(z,y)h, b7
— k()b hY) + B gly(en) (@, b)) — b - gl B).
We use (1.2):

(4.8)

f(k(yx)er(@,v)h, h=) — flea(z, y)h, h71)
= —h- f(k(yz), ci(z,v)h) + f(k(yz), ai(z,7)),

f(k(@)h, h™Y) = f(h, ™) = —h - f(k(z), h).
Then it follows from (4.8) that

—h- f(k(yz), erw, y)h)+ f(k(ye), (e, 7)) +h-q(v(e)(x, k) —q(y(e)(z, e))

= —h- f(k(z),h) +h-q(z,h) — q(z,e). (4.9)
Consider the measurable function F': X x Ey — A
F(z,h) = =h- f(k(z),h) + h-q(z,h) — q(z,e). (4.10)

Note that for every fixed h € G, F' is constant a.e. on X. To see this, define
the ergodic subgroup I'y = {v € [I'] : ¢i1(x,7) = 0 for a.e. z € X}. For
h e G, veTly, we get from (4.9) that F(yx,h) = F(z,h), i.e. F(z,h) = p(h)
a.e.

We show that (h) satisfies the relation

©(gh) = p(g) +g-(h). (4.11)

Indeed, let 7, € [['] be chosen such that ¢;(z,v,) = g, g € G where z €
X — N, p(N) =0. Denote y = y,x. Then we get from (4.9) and (4.10) that

@(h) = —h-f(k(y),gh)+ f(k(y),9) +h-q(y,gh) —q(y,9)
=g~ [—(gh) - f(k(y), gh) + g - f(k(y),9) + gh-q(y,gh) — g - q(y,9)]
=g~ (lgh) — ().
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It follows from (4.11) that ¢(h) generates a group automorphism 6 €
Aut(Ey; A) defined by 0(h,a) = (h,a — ¢(h™')) (see Appendix 2).
Finally, let us define the measure space isomorphism ® : X x Fy — X x Ey
as follows:
®(z,h,a) = (R, k(x)h, a+ q(z,h)).

Note that, due to (4.10), ® can be written in the following form
Bz, h,a) = (Ra, k()h, at b qlme) — (b)) + F(k(), 1)

Recall that the translation on X x E; by the group Ey is defined by

T(h,a)<x7g7 b) = (I, (g7b)<h‘7a)_1>
= (z, gh™, h-b+ f(g,h™ ) — f(h,h™') — h-a)

Claim 1. - T(hﬂ) = Tg(hﬂ) )
We compute

- T(h,a) (.T, g, b)

= (Rz, k(z)gh™, f(g,h"Y)+h-b—f(h,h™)—h-a
+hg~t - q(x,e) —@(hg™") + f(k(z), gh™))

and

TG(h,a) : (I)(.’,U, g, b)

= (R, k(z)gh™", h- b+h9 cq(x,e) =h-o(g™") +h- f(k(z), g)
+f(k(x)g, h™") = f(h,h™Y) = h-a+h-p(h™))
(

Note that f(k(z),gh™") = —f(g,h" ")+ h- f(k(z),9)+ f(k(x)g,h™'). To com-
pare the third coordmates in ¢ - Tipa(z,g,0) and Thpq) - P(2, g, b), we notice

that their difference is equal to —p(hg™) +h-@(g7') — h-o(h™') = 0. The
claim is proved.

Claim 2. Let z € X and let v and 7/ € T, be such that 'Rz = Ryxz. Then
O(y(m)(x, h,a)) = (m)®(x, h, a).

To show this, set y = vx. Then
O(y(m)(x, h, a))
= O(y, ai(z,7)h, ba,(z,h,v(c1)) + a)
= (Ry, k(y)er(z,1)h, oy (2, h,7(e1)) + a4 qly, er(z,7)h))
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and

v (m)®(x, h, a)
= (m)(Rzx, k(x)h, a+ q(z,h))

= (VRx, (R, )k(x)h, ba(Re,k(x)h,7'(c)) +a+q(z, h))
Since v'(c) = R'v(c1)(R')™!, we have that

bo (R, k(2)h,7'(c)) = ba, (2, h, y(c1)) = (v, e1(z,7)h) — q(z, h).

Thus the proof of the claim is complete.

Now let us return to the theorem proof. Claims 1 and 2 imply that the
map P sends every I'(7)-ergodic component to a I'(7)-ergodic component. We
denote by ® the map, induced by ®, from the quotient space (X x E;)/&(T(r))
onto (X x Ey)/&(I(my)) where £(I'(m)) and £(I'(my)) are partitions into ergodic
components of I'(pi) and T'(7; ) respectively. Then the map ® gives a conjugacy
between the Mackey actions, that is,

OWir ) (hya) = 0" (W) (®(h,a)), forall (h,a) € Ey.

|

The following statement is an immediate consequence of Theorems 4.2 and
4.4. Recall that any ergodic nonsingular action V' of A can be represented as
the Mackey action Wip(e.q)(A) where I'(c) is an ergodic a.f. measure preserv-
ing group of automorphisms, ¢ : X xI' — G is a cocycle with dense range and
de Z'(X x G xT'(c), A). We consider the case of a countable group G.

Theorem 4.5. Assume that two ergodic nonsingular actions V and Vi of A
are isomorphic, and they are extendible to actions of Ef(G,A). This means
that for the corresponding Mackey actions Wir()a)(A) and Wir(e,),a,)(A), there
exists an automorphism R on X x G such that R'[['(c;)](R)™" = [[(c)] and
d o R is I'(cy)-cohomologous to dy. Then the actions of E; extended from
Wr@),a(A) and Wiree,y.qa)(A) are isomorphic if and only if R' is of the skew
product form, i.e. R'(x,h) = (Rx, k(z)h).

Proof. 1t follows from Theorem 2.4 that the Mackey actions Wip()a)(A)
and W(p(¢,),4;)(A) can be chosen such that d € I(f,c) and d; € I(f, 1), ie.
d = b, and d; = b,,. Therefore, the automorphism R’ satisfies the conditions
of Theorem 4.4, and we get that the theorem holds. O
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Remark 4.6. It is not difficult to point out nonisomorphic actions of E¢(G, A)
that have isomorphic actions of A. Assume, for simplicity, that G and A are
countable groups. For every f € Z?(G, A) consider a Bernoulli action U of
E; with infinite entropy. Then the subgroup U (e, A) also has infinite entropy.
Therefore if f; and f, non-cohomologous (i.e. Ey, and Ey, are nonisomorphic)
the corresponding Bernoulli actions U (e, A) and Us(e, A) of A are isomorphic.

Appendix 1

To complete our study of the associated action Wp(,a)(R) described in Sec-
tion 3, let us find the explicit form of (). It follows immediately from ergodicity
of T'(c) that @ is ergodic. Denote I, = [a™% a~*"1), then [y = [1,a). Note
that if \7' € I, then A\;' € I,_; because al, = I,_; and aA;' = \;'. Find a
formula for s, in terms of A Ao, such that A\{* € ..

Lemma Al.1.

s=1+ [log/\1] .
log o

Proof. We have that = < A\[! < a~**!, then
A5 <A< AT (A1.1)
¢ From the left inequality in (A1.1), s(log A\; — log As) > log A; and
s> llli)gg/:)j] .

. From the right inequality in (A1.1),

s(log A1 —log \2) < 2log Ay — log A,

Hence

O

To clarify the definition of (), we note that the map 4 : p — A{'p sends

Iy = [1,a) onto [A\;*, A\;!) and this interval has a non-empty intersection with

I, and I, ;. Let r € I be such that rA;" = a1, Then [1,7) -2 [A\[!, a5+)
and [r, ) -5 [a~**+, a~*+2). By definition of Q, we get

) qp, I<p<r
Qp—{alcm r<p<a (A1.2)
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where ¢ = a°A;'. Then @ is the automorphism of I, = [I,a) such that
Q:[1,r) = [g,0) and Q: [r,a) — [1, ).

Note that our assumption on A1, Ay implies that r # ¢ and log ¢, log v are
rationally independent.

In fact, the map @) depends on two parameters (g, «) (or (g,7)) which in
turn can be written in terms of A; and Ay. If we identify [1, ) and the circle S,
of the circumference «, then ) can be represented as a homeomorphism of S.
The dynamics of ) is completely determined by the following theorem proved
by M. Misiurewicz.

Theorem A1.2. The rotation number of Q on'S is p = (loga)~'logq.

It follows from the theorem that @) is a minimal homeomorphism of S be-
cause p is irrational. In particular, Q" is ergodic for every n € N.

Appendix 2: on automorphisms of group
extensions

Let 0 — A — F —L5 G — 1 be a group extension of an abelian group A
by G. If ¢ : G — E is a normalized section of E, joq =1id, ¢(e) = e, then we
denote g-a = q(g)aq(g)~!. Now we are going to describe the group Aut(E; A)
of all Borel (continuous) group automorphisms of E that leave A fixed. Let
ZYG, A) denote the group of algebraic 1-cocycles, i.e. p € Z'(G, A) if and
only if p(gh) = h~" - p(g)p(h) and p(e) =

Theorem A2.1. Assume that G "acts” freely on A, i.e. if g-a = a for some
a#0, then g =e. Then 6 € Aut(E; A) if and only if there exists p € Z1(G, A)
such that

0(g,a) = (9, a+p(g)). (42.1)

Proof. Let 6 be as in (A2.1). Then, it is straightforward to check that
0 € Aut(E; A):

0lg(g1)arq(g2)as]l = 0lq(g1)a(g2)(g2 )a2]
= 0lq(9192)f (91792)( beay)as
= q(n 2)f(91,92)( " a1)asp(g192)
= q(91)q(92)(92 " - a1p(g1))azp(gz)
= la(g1)a1p(g1)][a(g2)azp(g2)]
= 0lq(g1)a1)0[q(g2)az]

and



Conversely, let § € Aut(E;A). Denote 0[q(g)a] = q(g')a’ where ¢’ =
g'(g,a), @ =d(g,a). It is easily seen that for any ¢(g)a € E' and b € A

Thus

On the other hand,

thetal(q(g)a)b(q(g)a)”'] = (q(g")a’)b(q(g")a’)~"

Therefore g - b = ¢’ - b which implies ¢’ = g. Now we can denote 0[q(g)] =
q(g)p(g) where p(g) € A. Then

0lq(g)a] = 0[q(9)]0[a] = q(g)ap(g).

It remains to check that p € Z'(G, A). The fact that p(e) = 0 is obvious. Take
91,92 € Ga then

0[q(g1)a(92)] = a(9192) f (91, 92)p(9192) (A2.2)
and
0lq(91)]0[q(g2)] = la(g1)p(91)]la(g2)p(g2)]
= q(9192)f (91, 92) (95" - p(91))p(g2).
Then (A2.2) and the last relation show that p(g) € Z'(G, A). O
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