On asymptotic expansion of pseudovalues
IN honparametric median regression

Eduard Bdlitser

Summary. We consider the median regression model X = 6(zy) + &, where the unknown
signal 6 : [0,1] — R, is assumed to belong to a Holder smoothness class, the £’s are independent,
but not necessarily identically distributed, noises with zero median. The distribution of the noise is
assumed to be unknown and satisfying some weak conditions. Possible noise distributions may have
heavy tails, so that, for example, no moments of the noises exist. Therefore, traditional estimation
methods (for example, kernel methods) can not be applied directly in this situation.

On the basis of a preliminary recursive estimator, we construct certain variables Y}’s, called pseu-
dovalues which do not depend on the noise distribution, and derive an asymptotic expansion (uni-
form over certain class of noise distributions): Y, = 60(xx) + €x + 7, wWhere e;’s are binomial
random variables and the rest terms r;’s are “small”. This expansion mimics the nonparametric
regression model with binomial noises. In so doing, we reduce our original observation model
with “bad” (heavy-tailed) noises effectively to the nonparametric regression model with binomial
noises.

1 Introduction

Suppose we want to recover a smooth signal 6(-) on the basis of the observations
sze(l‘k)+fk, ]{3:0,1,,71, (1)

where {z;} = {zx,} C [0,1] = I is a design to be specified later, 0(x) € H,(H', L"),
x € I, with nonparametric class H, (H’, L") which we define below.

The noises &,’s are assumed to be independent, each &, is absolutely continuous with den-
sity f, all the f;’s are unknown. By fe(u) = [Ti_o fe(ux), u = (uo, . .., u,), we denote
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the joint distribution of the noise vector (o, &1, . . ., &,). Assume that f. € P., where
Pe = Peld,p, Mg, L)

= {ka(uk) D fo(0) = ... = £u(0), fr € P Pa(d,p, Me) ﬂPB(Li)} ;

where the sets P;’s are defined for positive constants ¢, p, M, and L, as follows:

PlL. P, = {f(-) . fisadensity, F f f(2)dz = 1/2} i.e. the distribution of
each &, has zero median;

P2. Py =Pa(0,p, Me) = {f )0 <p <infy<s f(z) < SUD|; <5 f(z) < Mg};

P3. Pg Pg Lg {f |f Ul) (U2)| < L§|U1 — U2|, U, Uy € R}

The case when the &’s are independent identically distributed random variables such that
fo € PrNPa(0,p, M) NPs(Le) certainly fits in this framework.

The function value () has a meaning of conditional median. The model (1) can therefore
be called nonparametric median regression. Note further that the noise distribution from
P1 N Py, NP3 may have heavy tails, (say, Cauchy distribution) so that, for instance, the
expectation of noises does not exist. This implies also that in general linear methods (for
instance, kernel methods) can not be applied directly for estimating the signal ¢ in the
situations when we measure the quality of estimator én(x) by a risk function of the form
E|0,(z) — 0(z)|", k > 0.

The design {x,} is assumed to satisfy the following conditions:
DI1. 0=z <1 <... <2, =1,
D2. |z; — | < D|l —m|/nforall 0 < 1,m < n and some fixed positive constant D.

In fact, the above conditions represent the requirement for the design {z} to have the same
properties as the equidistant design.

Suppose now that the unknown function 6(x) on the interval [0, 1] belongs to the Holder
function class H,, = H.(H’, L") of the smoothness «: for some positive H' and L/,

Ho(H', L) = {9: 00 (0) < H', m=0,...,r;

69 (w) = 07 W) < Llu =0, w0 € [0,1]},

where r € N, 0 < By < 1, a = 7 + 3. Here ) (u) denotes the r-th derivative of 0(u).

The parameter n stands for the frequency of observations, i.e. a number of observations per
unit interval. We study the estimation problem in asymptotic setup when this parameter
tends to infinity. Note that in fact we deal with the sequence of models X}, ,, = 0(zy,,) +
Ekny K =1,...,n. To ease the notations, we omit the subscript », for instance X, = Xy ,,,
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&k = &k etc. Related estimation problems have been studied by Tsybakov [8], Korostelev
[5], Truong [7], Belitser and Korostelev [1], Belitser and van de Geer [2].

Belitser and Korostelev, [1], considered the problem of pointwise signal estimation and
estimation of a smooth functional of the signal; the noises are iid with zero median and
possibly heavy tails. In that paper, on the basis of a consistent recursive estimator special
random variables, called pseudovalues, are introduced, for which an asymptotic expansion
was derived. By using this expansion, a minimax estimator for the signal and an efficient
estimator for the smooth functional of the signal were constructed. One of the main as-
sumptions from the above paper, used in all the constructions, is that the value of noise
density at point zero (median of noises) is fixed and known, which is rather restrictive.

In Belitser and van de Geer, [2], the result on convergence properties of recursive estimator
is improved in several respects (among others almost sure convergence rate is derived).
Using this recursive estimator, we construct a version of pseudovalues Y}.s, adaptive with
respect to noise distribution, and derive a robust (uniform over certain class of noise dis-
tributions) stochastic asymptotic expansion for these pseudovalues: Y, = 0(xy) + € + 74,
where ¢;,’s are binomial random variables and the rest terms r,’s are small, in a certain
sense. This expansion mimics the nonparametric regression model with binomial noises.
In so doing, we reduce our original observation model with “bad” (heavy-tailed) noises
effectively to the nonparametric regression model with “nice” (binomial) noises. This ex-
pansion reduces the original observation model with heavy noises effectively to the non-
parametric regression model with binomial noises. We also elucidate how one can utilize
this expansion, when constructing minimax estimator: we consider the example of kernel
estimator based on the pseudovalues.

2 A preliminary recursive estimator

Introduce the Lipschitz function class ©; = ©3(H, L) with the smoothness 3. For some
positive H, L and 0 < 3 < 1 define

Os(H, L) = {9 L 10(0)| < H, |8(u) — ()] < Llu—v|?, uw,0 € 0, 1]}.

It is easy to see that if # € H,, then, of course § € Oz with § = min{a, 1} for the
appropriate choice of constants A and L in the definition of ©, i.e.

Ho(H',L') C ©4(H, L)

Therefore, if some property holds uniformly over 6 € ©3(H, L), then certainly the same
property holds uniformly over 6 € H,(H’, L") as well.

Now we introduce a preliminary recursive estimator, whose convergence properties were
studied by Belitser and Korostelev, [1], and by Belitser and van de Geer, [2].
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First some more notations. Let /{.S} denote the indicator function of the set .S and by ¢ and
C' generic constants which may be different in different expressions. Define the functions
sign(u) = I{u >0} — I{u < 0} and

[ sign(u—uv), o] <M
Su,v) = { —v, lv| > M

for some fixed M > H + L, and the sequence ~y,, = n~2%/(26+1) Jog n, where the constants
B, H and L appear in the definition of the class © 5. For brevity, denote also 6, = 6(xy).

The following recursive formula gives an estimator for the function value 6,
ékJrl:ék—i-’ynS(Xk,ék), k:(),l,...,n—l, (2)

with the initial value éo = 0. We will use the uniform (over the class 77, N P, of the noise
distributions) version of the result from Belitser and van de Geer, [2], which describes the
mean square convergence rate of the above recursive estimator.

Theorem 1 Let
K, ={keN: Cyn?/®) <k <n},

where Cy = 2/ min{2p,2pd/(M + H + L), 1/2}. Then, for some positive constant C1,
the relation
n28/(26+1)

I
lflfol.fp l?el?(}i (logn)?

~

Eo(6 — 01)* < C, 3)

holds uniformly over 6 € ©4 and f, € {szo fr(ug) = fr € P1 NP0, p, Mg)}.

The proof of the above theorem is exactly the same as the proof of the corresponding result
from Belitser and van de Geer, [2], and is therefore omitted, see also Remark 7 in that

paper about the uniformity over over f; € {szo felug) = fr € P10 Po(d,p, M)}.

In this paper the rate of convergence for the above recursive algorithm is derived also in
almost sure sense, but we do not utilize this here.

If we interpret index & as time moment then the above estimating procedure is a recursive
stochastic algorithm. Such estimators are most appropriate in the situations when observa-
tions appear successively so that, when constructing an estimator at a fixed time moment
k, we can use only those observations which have been obtained up to this moment, i.e.
only X;’swith i < k.

Since we start our algorithm with zero value 8, = 0 which need not be equal to the true
value 6, the estimator 6, can not be consistent for all values 6, 0 < k < n. There is a so
called “burn-in" part k = 0,1, ..., | Con?*/(2%+1 | We can handle this problem by running
the algorithm in the opposite direction.

In terms of signal estimation we have the following implication of the above theorem and
the Lipschitz condition on functions from the class ©4. Let 6, (u) be a piecewise constant
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~

continuation of 6, = 0(z), k = 0,1,...,n, i.e. 0,(u) = 0 for zp < u < @py1, @ =
0,1,...,n—1,and 6,(1) = 0,. Let also

T, ={x: Con Y <2 <1},

Then, for some positive constant C; the relation

n28/(28+1)
lim sup max —————
ngroop UETEL( (logn)2

A~

Ey(0n(u) — 0(u))* < Cy

hold uniformly over € ©; and f, € {szo fr(ug) = fr € P10 Po(d,p, M)}. Notice
that, for any = € (0, 1], = € T,, for sufficiently large n.

3 Pseudovalues

In this section we introduce special statistics called pseudovalues, a nonparametric ana-
logue of Tukey’s pseudovalues. The idea of introducing such random variables is due to
Korostelev, [5], in a different estimation problem, who considered these random variables
as a nonparametric counterpart of Tukey’s pseudovalues. We derive astochastic asymtotic
expansion for these pseudovalues which enables us to construct robust minimax estimators.
First we define robust minimax estimators.

The following proposition is given for illustrative purposes. It says essentially what esti-
mation quality can in principle be achieved for the class H,, in terms of convergence rate.
We consider the pointwise minimax risk of the form (convenient for our purposes)

rn(Hy) = inf sup Ey|0,(z) — 0(z)) (4)

On 0€H
where the infimum is taken over all possible estimators and the supremum over all curves
from the nonparametric class H,. This quantity reflects in a way the difficulty of the

estimation problem over the class H,. Then the following lower bound for the minimax
risk holds.

Proposition 1 Let the distributions of £’s be standard Gaussian. For any fixed z € [0, 1]
there exists a positive constant ¢ such that

lim inf n®/ @y (H,) > ¢,

where the minimax risk r,,(H,,) is defined by (4).

The proof is omitted since this is a folklore result (by now) originating from Ibragimov and
Hasminskii, [4], and Stone, [6].
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If the distributions of &’s are standard Gaussian, then the corresponding f € P, for the
appropriate choice of the constants in the definition of class P.. This implies trivially the
lower bound for the supremum of the minimax risk r,,(H,) over all possible fP;:

liminf sup n®®r, (H,) > c.
n—oo fe€Pe

An estimator 6, is called robust minimax in point x if there exists a constant C' > 0 such
that

limsup sup sup n® Y Ey|0, (x) — 0(z)| < C.
n—oo  fe€P¢ 0€H

It is easy to see that if 6 € H,, then, of course § € ©4 with 5 = min{a, 1} (we use this
notation throughout this section). Therefore, according to the above results, our recursive
estimator achieves the rate »%/(%+1) up to a log factor. Comparing this with the lower
bound, we find that our recursive estimator # never attains the optimal rate. The estimator
is almost optimal for the class H,, (in fact this estimator was originally designed for this
class) with0 < o < 1,1.e.r = 0and a = (3,. To be precise, it attains the optimal rate up
to a log factor. Informally, one can regard the log factor as a price for recursiveness.

The difference with the optimal rate becomes significant when « > 1, i.e. when at least
one derivative exists. We are going to fix this shortcoming by introducing some statistics,
which we call pseudovalues.

First introduce some notations:

1/(26+1) k-1
g )

=0

Ak - Ak,n -

for k =1, ..., n. Define further

c s s A Ag>p
fO N f07k N fO,km N { b, Ak <Dp,
_sign(&r)

fo = fo(0), Ay = o(&,...,&), the o-algebra generated by &, ..., &, £ = 1,...,n.
Recall that the constant p appears in the definition of P, and f, is the density function of
the noise variable &,. Recall also that for f; € P¢ f(0) = ... = f,.(0).

Remark 1 As one can see, we need to know the constant p when constructing the estimator
fo. Although this seems to be restrictive, we can assume this without loss of generality,
because we can use a sequence p,, converging to zero sufficiently slowly instead of constant
p. We will have only to modify slightly the proof.

Now define the pseudovalues

Yk:ékﬁ»%, k=1,....n,
2fox
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and the set
K.,={keN: e<k/n<1}. (6)

These statistics represent a nonparametric analogue of Tukey’s pseudovalues; cf. Tukey
(1958), [9], Efron, [3]. Indeed,

Y}, = N1 — (N —1)6,

with N = ~.1. Here N is nonparametric analogue of n, the “effective” number of obser-
vations used in estimating the signal ¢ at point z.

Without loss of generality we can assume that » is large enough so that X ,, C K,,. In the
following theorem a stochastic expansion of the pseudovalues is given.

Theorem 2 Let § = min{«, 1} and the set K ,, be defined by (6). Then
Yk:0k+5k+uk+yk, ]{721,...,71,

where ¢,.’s are defined by (5), {ux}, k = 1,...,n, forms a martingale difference with
respect to the filtration { Ay}, Ay = o(&o, - .., &), I.6. E|ug]Ax—1] = 0. Moreover, for any
fixed € > 0, there exist some positive constants B,,, B, such that

nB/(23+1)

e e ™
128/(28+1)
lim sup max —Eolvk| < B, (8)

n—oo k€Ken (logn)

uniformly over 0 € ©3 and f¢ € Pe.
Remark 2 Recall that for some H and L
Ho(H',L') C ©4(H, L),

with 5 = min{«, 1}. Therefore, the assertion in the above Theorem holds uniformly over
H,, as well.

Remark 3 All the results will still be valid if we require the Lipschitz condition in the
definition of P3 only in a fixed neighborhood of zero instead of the whole real line R.

The proof of the theorem is an immediate consequence of the following two lemmas. The
proofs of these lemmas are somewhat lengthy, so we defer them to the next section.

Introduce the auxiliary variables

i S(Xk,0h)

Y,;:ek+T, k=0,...,n.
0
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Lemma 1 The following stochastic expansion holds:
Y, =0 +e,+u,+v,, k=1,...,n,
where the sequences { .} and {v, } have the same properties as in Theorem 2.

Remark 4 In fact, a slightly more general version of Lemma 1 holds: the set K ,, defined
by (6) can be replaced by a bigger set K,, defined in Theorem 1.

Lemma 2 The following stochastic expansion holds:
Vi=Y/ 4+ +v., k=1,...,n,

where the sequences { .} and {v}'} have the same properties as in Theorem 2.

Now we illustrate how one can utilize the stochastic expansion above. Suppose we had the
observations
Zy, = 0(xg) + ey, k=len],...,n,

with ¢, defined by (5). This is a classical nonparametric regression model, where the
noises ¢,’s are independent binomial random variables taking just two values, each with

probability 1/2: 1 1
P(gk 2f0> P(“’:k 2—fo> T2

In this case some routine estimators, say kernel estimator with an appropriate kernel func-
tion, are known to attain the optimal convergence rate specified in the lower bound propo-
sition. The benefit in constructing the pseudovalues Y;’s is that we can treat them as if
they were Z,,’s irrespective of the noise distribution f. € P, i.e. the rest terms y, + v, are
negligible, beginning with a certain moment.

We elucidate this idea by heuristic arguments for a kernel estimator based on the pseu-
dovalues. Suppose kernel K (u) and bandwidth h,, = cn=/(*+1) are chosen in such a way
that for any fixed = € (e, 1] and some positive C',

limsup sup n® Y Ey|0, (z) — 0(x)| < C.

n—oo O€Ha

where

= e, 2 A

" k=len]+1

However, we do not observe Z,’s, but we have pseudovalues Y}’s instead. So, we can
construct estimator 6,,(x):

fo(2) = — Z K(x_x’“)Yzé(HR .

" k=len|+1 i
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Now estimate the expectations of the rest terms | R,,| and |r,,|: under appropriate conditions
on the kernel K ([ K*(u)du < 00),

1/2

E|R,| < (ER2)

B 1 1 - 0 [T =T\ . o)\ /2
(- Lenj)hn)l/Q((n— Len )b, k:%HK ( B, )E“’“>
C'n—B/(26+1)

((n— Lenj)hn)l/z (/KQ(u)du)l/Q(logn)uz

< Cn—a/(2a+1)n—ﬁ/(25+1)(1Ogn)1/2

and similarly

1 u T — X 2
Elr|<—— ’K( )’E < On~28/0+1) (]
|T ‘_(n_tenj>hnk_§+l hn |Vk‘— n (Ogn)

uniformly over § € ‘H,, and f; € P.. Assume that 3 > 1/2, which is a typical condition
in estimation problems for the Holder class. Then 25/(26 4+ 1) > «/(2a + 1). Together
with all the above relations, this yields that for any fixed = € (e, 1] and some positive C,

limsup sup sup n®+YEy|f, (x) — 6(x)| < C,
n—oo  fe€P¢ 0€H

which means that the estimator 6,, is robust minimax at any point z € (e, 1].

Remark 5 Notice that the rest terms ., and v in the stochastic expansion for the pseu-
dovalues become small beginning with a later moment |en |, compared with the recursive
estimator 6. This is because we need to construct a recursive estimator of fo = f,(0).
If, however, for some reason we need a consistent estimator in this “burn in” period
k=0,1,...,|ne|, we can run the algorithm (2) in the opposite direction:

ék:ék+1+7nS(Xk+1,ék+1), k::n—l,...,(),
with the initial value 6,, = 0. Then we define the statistics A4y, in the corresponding manner

nl/2B+1) k=1 .
Ay o= I{ X, i —0, ;| < —Wﬂ“)}.
k 2% z; | [sn
The results of the above theorem will hold withset K/, = {k € N: 0 < k/n <1 —¢}
instead of set K ,, and o-algebra A}, = 0{&,,&n—1, ..., &—r} instead of Ay.

Remark 6 The construction of the pseudovalues {Y}.} is clearly adaptive with respect to
the number of derivatives . So, one can use an estimation method for the pseudovalues
{Y}}, adaptive to r. Of course, one has to make sure that the rest terms do not effect the
rate of convergence, when applying such a method.
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Remark 7 One can try to generalize the results for a multivariate function 6(x), x € R¢,
from a multivariate Holder function class. We will not consider this issue here, we just
remark that in this case a certain condition on smoothness « and dimension d is needed to
make sure that the approximation error (due to discretization {6(xy)}) and the rest terms
do not effect the rate of convergence.

4 Proof of Lemmas
Proof of Lemma 1. First of all, notice that since # € ©3, we have by Theorem 1 that for
the estimator ¢ defined by (2) there exists some positive C' such that

lim m i Ey(0s — 0,)> < C
1 B — — <
1n Sup Mmax (log n)? 0(Or — Or) 9)

uniformly over § € ©3 and f, € P, because

Pe C {ka(uk) 2 Ji € PL0Pa(0, p, Mﬁ)}'
k=0

Introduce the following random variables, for k =1, ... n,
S(Xy, Or)
T, = 7R
k 2% €k

. = (Ty — E[Tel A1) I{|60] < M},

Vp = (T + 66) I{|0k] > M} + (B[Ty| Ax_1] + 6,)1{|0;| < M7},

where 6, = 6, — 6. Trivially, {w.}, k=1,...,n,is a martingale difference with respect
to the filtration {.4; }. We have obviously that, for k = 1,... n,

Y, =0 +er+ ) + vy

Let us show that the random variables y;.’s and v;.’s satisfy (7) and (8) respectively.

Denote for brevity I, = I{|6;| < M}. Recall also that f,(0) = fo(0) = fo, k= 1,...,n.

Since
0

EISign(és+ 0 — ) — sign() | A =2 | fu(u)da (10)

0 —0s
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and, due to the fact that f, € P3(L¢), k =0,...,n,

B {sign(& + 0 — 0r) — sign()}* | A
< 4EI{|§k| < |0k — 0| ‘Ak—l}

= 4 d
/ulsékek i)

< af 1A - RO)dut 8hl - 6
|u|<[0)k—0|

S 4L§/ R \u\du+8f0\ék—0k|
[u|<[0k—0k|
< C(0 — 0,) + |0y, — 0, (11)
we evaluate

El(1,)*|Ar—1] = LE[TEAp-a] — L{E[Te| A1]}”

= (2f0) LB [{sign(& + 01 — ) — sign(60)} e |
—(2f0)*21k{E[sign(§k + 0, — Or) — sign(&k)|Ak1]}2
2(f0)72E]{|§k| < 16x — O ’-Ak—l}
< C(ék — Hk)Q + C|ék — 0k|

IN

uniformly over § € ©5 and f. € P.. Because K., C K, for sufficiently large n, the
assertion (7) follows from (9) and the last relation.

Let us show that the sequence {v, } satisfies (8). According to (2), one can see that
0] < M+,

with b = sup,~; u 2%/ logu. Thus, |0 is bounded uniformly over § € ©;. As

0| < H + L foreach 6 € O3, |0x| = |6x — 6% is bounded uniformly over § € O, and so
iS |7} + Jx|. Denote h = M — (H + L) > 0. Now it is easy to bound the first term in the
expression for v}

< CEI{|6y] > H+ L+ h}
< CEI{|6; - 6] > h}
< cE(Oy — 6;)?, (12)

E|(Ty 4 0,)I{|0k| > H + L+ h}|

uniformly over § € ©3 and f, € P, because

{10k > H+L+h} C{|0x — 0] > h}.
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To evaluate the second term in the expression for v;, we first compute, using (10) (recall
the notation 7, = I{|0x| < M}):

Iy (BT | Ay—1] + k)
= 1u((2f0) EIsign(e + 0 — 00) — sign(&.) | Ax-] + 6.

0, —0%
0
0 —0y
= a0 o= Awau.

By using this and the fact f;, € Ps(L¢), we obtain that

0, —0y
(BTl A + 60)] SﬂfA o= fulw)ldu

0, —0y
fitte [ luldu
0

< C(0), — 0;)?

IA

uniformly over § € ©3 and f. € P.. Combining the last inequality with (12) and (9), we
conclude that the sequence {v; } satisfies (8). The lemma is proved. O

Proof of Lemma 2. Write

"n_ [k(fO - fO,k)Sign(ék‘)

Hy, p )
2f0,kf0
I.S(X,. 0 1,.5(X,.0 R
= DO SOy (v - viyrgia > ary
2f0,k: 2f0

k=1,...,n. We have trivially
Vi =Y, +ul + v

Let us show that the sequences {1} } and {v;/} satisfy the properties (7) and (8) respectively.
Obviously, {x } isa martingale difference with respect to the filtration { A, }, k= 1,...,n.

Suppose now that there exists a positive constant 5 such that

n26/(26+1)
lim sup max

Fo\2
- B <
n—oo kE€Ken (lOg n)2 E(fo fO,k) < Bf (13)

uniformly over § € ©4 and f; € P.. Then the property (7) would follow immediately
because fo . > pand fo > p. The property (8) would follow too. Indeed, recall that |6y| is
bounded uniformly over § € ©g and f; € P, fo,k > pand fy > p. Therefore, |Y; — Y/|
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is also bounded uniformly over # € ©3 and f, € P.. The same reasoning as in (12) yields
that

E|Yy — Y[|I{|0x]| > H + L + h} < cE(f), — 6;)°

uniformly over 6 € ©g and f, € P.. The expectation of the absolute value of the first term
in the expression for v/ is bounded as follows: in view of (11), fox > pand f, > p,

E’IkS(Xk;)ék) _ ]kS(Xkaék) o
. k
2f0,k: 2f0
oy I(fo — four) (SigN(&, + O — Oi) — sign(&r)) |
2fonto

< CE{|fo - fo,k|E[|Si9n(€k + 0), — Or) — sign(&)| ‘-/%—1} }

< CE{\fo — foxl2E [[{|§k\ <16y, — Qk\’Akq] }

< CE{lfo— foullfc—0ul}

. . 1/2
< C{E(fo — fox)?E(0), — ek)Q}

uniformly over § € O3 and f € P.. The property (8) for the sequence {+}/} follows now
from the definition for v/, the last two bounds, (9) and (13).

Thus, it remains to show (13). Denote, fori =1,...,n,

D; = [{\XZ- | < n*1/<2ﬁ+1>} and G, = E[D;|A;_1].
As f; € Po,wehavefork=1,...,n

E(fo — for)?

IN

[nl/(%ﬂ) s

2k ZDi_fOr

=0
[nl/(wﬂ) k1

2k 2D~ Gi)]z

1=0
1/(26+1) k-1
+E [”

> G fi] (1)

=0

Because f; € P, N Ps, it follows that f;(u) < C uniformly over any bounded interval and
i = 0,...,n. Recall also that 6; = 6; — 6; is bounded uniformly in 7 and over § € Og.
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Therefore, we obtain, fori =1, ..., n,

Gi = B[I{X— 0] <w e} A

§;+n—1/(26+1)
= / fi(u)du
P

—n—1/(28+1)

IA

§;4+n—1/(28+1)
/ | fi(u) = fi(0)|du + 2n~ /@D £y
§;—n—1/(28+1)

< Cp~Yes+Y

uniformly over 6 € O3 and f; € P.. Taking this and the fact that ¥D; = EG; into
account, we bound the first term in the right hand side of (14): uniformly over k € K.,
(ie.en < k),

[nl/(2ﬁ+1) k1 n2/(28+1) k1

2
(D= G| = T Y B(D -G
=0 1=0
2/(20+1) E1
Y (EDi+ EGY)
1=0
Cn2/(@5+D) =15~ 1/(26+1)

cn 2P/ (26+1) (15)

VAN

IAIA

uniformly over § € ©g and f; € P..

Further,

nt/ @D g, Pl/(26+1)  poin=1/ (255D
ek = ()~ fo)
2 2 s

Len!/@B+1) /5i+n1/<25“>
5

i—n—1/(26+1)

< d
< = juldu

S Ct|éZ — 01| + C?’L_l/(QﬁJrl)

i—n—1/(26+1)

uniformly over § € ©g and f; € Pe. Let jo = jo, = min{j : j € K,}, 50 jo <
Cn?P/(28+1) " Now, using the previous inequality, we evaluate the second term in the right
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hand side of (14) as follows:

nl/28+1) k-1 2
[ 2k Q_h]

1=0

1 . 2
—2/(26+1) - . f.
Cn +cE[kZ|92 01|]

IN

IN

A N 2
<M4WWD+%E[ M—@H-XIM—@Q
i=0 i=jo+1
Ca2 k—1 A A
mf”w””+7ﬁl+é-§: E“&—0M®—3ﬂ

17]:]04’1

< Cn YD 4 ¢ max E(0; — 6;)?
1EKn

IN

uniformly over k € K.,, 0 € ©gand f. € P.. Because 3 < 1and K.,, C K, for
sufficiently large n, the assertion (13) follows from (9), (14), (15) and the last relation. The
lemma is proved. 0J
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