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Introduction

This is the text of a series of four one hour lectures given as part of the
“Third Lisbon Summer Lectures in Geometry”, which took place in the
summer of 2002 at the Instituto Tecnico Superior in Lisbon. The lectures
were aimed at an audience consisting of students with some background in
topology (but not necessarily in algebraic geometry). The purpose of the
lectures was to give a quick introduction to gerbes, with an emphasis on
non-abelian Cech cohomology.

The lectures start with the concept of a sheaf on a space, and the well-
known description of principal bundles by non-abelian cocycles in degree 1.
The second lecture introduces the three notions of fibered category, prestack
and stack, with some emphasis on the analogy with the three concepts of
presheaf, separated presheaf and sheaf. In the third lecture, gerbes and
bands (“liens”) are introduced, and the description of equivalence classes of
gerbes with a given band by non-abelian cocycles of degree 2 is described in
detail. Along the way, it is shown that every equivalence class of such gerbes
can be represented by a sheaf of groupoids. In the fourth and last lecture,
some relations with differential geometry are discussed. In particular, we
describe the notion of bundle gerbe and its relation to extensions of Lie
groupoids, and we relate the degree 2 cohomology class of the previous
lecture to De Rham cohomology in the abelian case.

Given the fact that the material had to fit into four hours of lectures,
the presentation is necessarily rather concise. Nonetheless, I hope that it
represents a rather efficient introduction to some of the main concepts, which
could be of use to some students.

Apart from perhaps an occasional remark, there is nothing original in
these notes, and much of it can already be found in the classical reference
Giraud [Gi] for non-abelian cohomology. This applies in particular to the
material of first two lectures. The presentation in the third lecture is a
variation on the description in Breen [Br]. The De Rham theory of bundle
gerbes is based on Murray [Mu], while the definition of general bundle
gerbes in terms of extensions of Lie groupoids is based on Moerdijk [Mo].



Lecture 1 Sheaves and Torsors

Sheaves

We assume familiarity with the basic categorical terminology of categories,
functors and natural transformations. Let X be a topological space. The
poset O(X) of open subsets of X can be viewed as a category, with inclusions
i:U — V asarrows (for U C V). We shall work with this category, although
everything applies in fact to an arbitrary site.

A presheaf (of sets) is a contravariant functor P from O(X) into Sets,

P: O(X)” — Sets.

Thus, we have a set P(U) for each open U C X, and a “restriction operation”
P(i) : P(V) — P(U) whenever i : U — V is an inclusion. For a € P(V') we
usually write i*(a) or a|U for P(i)(a). A morphism between presheaves is a
natural transformation. This defines the category of presheaves on X.

Let U = |JU, be an open cover. A compatible family in the presheaf P
consists of elements a, € P(U,) which agree on overlaps, aq|Uss = ag|Uag
for any two indices a and (3 (here U,g = Uy NUp). A presheaf P is called a
sheaf if for any such cover U = |JU,, and for any compatible family {a,},
there is a wunique “amalgamate” a € P(U) for which a|U, = a, (for each
«). If there is at most one such a, the presheaf is called separated. With
the same natural transformations as morphisms, this defines two smaller
categories, that of sheaves on X and of separated presheaves on X. In a
similar way, one defines (pre-)sheaves of groups, rings, etc.

Examples:

(i). Let p : Y — X be a map. Define S(p)(U) ={f :U = Y| pof =
identity, f continuous}. Then S(p) is a sheaf, the sheaf of sections of
p.

(ii). If G is a Lie group and X is a manifold, the sheaf of smooth sections
of the projection G x X — X is a sheaf of groups, denoted G y, or just
G.

Theorem 1.1 For a given space X, the inclusion functors
Sheaves «— Separated presheaves «— Presheaves on X

have left adjoints.



For a presheaf P on X we will write P for the associated separated
presheaf and a(P) for the associated sheaf, the composition of the two ad-
joints.

Proof: (sketch)

(i). If P is a presheaf, define P(U) = P(U)/ ~ where a ~ b iff there is a
cover U = |JU, with a|U, = b|U,.

(ii). If P is a separated presheaf, define a(P)(U) to be the set of equivalence
classes of compatible families for covers U = |JU,, the equivalence
relation being given by refinement of covers.

Remark: For a separated presheaf P its associated sheaf is characterized
uniquely up to isomorphism as a sheaf ) equipped with an embedding 7 :
P — @ which is locally surjective (i.e. for any b € Q(U) there is a cover
U = |JU, such that each b|U, is in the image of n: P(U,) — Q(U,)).

Etale spaces

An étale space over X is a space E equipped with a continuous map ¢ :
E — X which is a local homeomorphism (i.e. for any y € E there are open
neighbourhoods V,, C E of y and U, of x = ¢(y) in X for which ¢ restricts
to a homeomorphism V,, = U,). For two such étale spaces ¢ : E — X and
1 ' — X we consider continuous maps f : £ — F for which ¢ f = ¢. This
defines a category of étale spaces over X. There is an obvious functor

S : Etale spaces — Sheaves (1)
sending ¢ : E — X to the sheaf of sections S(¢).
Theorem 1.2 This functor is an equivalence of categories.

Proof: We sketch the construction of its inverse. Given a sheaf P on X
and a point x € X, write

Py = lim, e, P(U)

for the stalk of P at z. For any open U > z, we write germ, : P(U) — P,
for the canonical map. (In Example (i) above S(p), is the set of germs at x
of sections of p.) Let E(P) = [],cx P» be the set of all germs, with evident
projection

m: E(P)— X.



The topology on E(P) is defined by basic opens
B(a) = {germ (a)|z € U}

where U C X is open and a € P(U). This topology makes E(P) into an
étale space over X, and provides a functor which is inverse - up to natural
isomorphisms - to (1).

On the basis of this theorem we can identify sheaves and étale spaces
over X, and we will often (tacitly) move from one context to another.

Remarks:

(). For a sheaf P, elements of P(U) correspond to sections of E(P) — X
over U. For this reason one refers to elements of P(X) as global sections
of P, and also write I'(P) or I'(X, P) for P(X).

(ii). The product of sheaves is constructed as (P x Q)(U) = P(U) x Q(U).
The corresponding operation on étale spaces £ — X and F' — X is
the fibered product E X x F over X. In particular, we have E(P) X x

E(Q)= E(P x Q).

(iii). A sheaf of groups on X is “the same” as an étale space G — X,
equipped with a continuously varying group structure on each of its
fibers G, given by unit and multiplication maps v : X — G and
m:G x G — G (maps over X).

Torsors

Let G be a sheaf of groups on X, and let S be a sheaf on X. An action of
G on S is a map of sheaves

nw:Ggx8S—3S8

(with components py : G(U) x S(U) — S(U) denoted uy(g,a) = g-a) which
satisfies the usual conditions for a (left) action. S is called a G-torsor if
(i). X =U{UIS(U) # 0}
(ii). For each open U C X the action of G(U) on S(U) is free and transitive.

A morphism S — S’ between G-torsors is a morphism of sheaves which
commutes with the action. Any such morphism is automatically an isomor-
phism.



This definition translates into étale spaces as follows: for an étale space
G — X with fiberwise group structure as in Example (iii) above, a G-torsor
is an étale space ' — X equipped with an action p : G X x E — FE for which

(i). E — X is surjective
(ii). the map (u,m2) : G xx E — E X x E is a homeomorphism.
Examples:

(i). Let L be a Lie group and let 7 : P — X be a principal bundle over
a manifold X. Then the sheaf S(7) of smooth sections is an L-torsor
(cf. Example (ii) on page 2).

(ii). For a sheaf G of groups, the group multiplication G x G — G makes
G itself into a G-torsor. A G-torsor S is isomorphic to this “trivial”
G-torsor iff S(X) # 0, i.e. iff S has a global section.

Non-abelian cohomology in degree 1

Let G be a sheaf of groups on X, and let & = {U,} be an open cover of X.
A 1-cocycle with values in G is a family g = {gag}, 9ap € G(Uag), satisfying
the cocycle indentity

9aB9By = Gay O Uaﬁ’y (2)

for any three indices «,3,v. (More precisely we should have written
(gaﬁ|Uan) ) (gﬁﬂ/|Uaﬁﬂ/) = (ga’y|Uo¢/3ﬂ/)a or even Uy,g., (ga6|Uaﬁy,ng|Uaﬁﬂ/) =

Javy|Uapy, but we usually just simply abuse notation as in (2).) Two such
cocycles g and h are equivalent if there are f, € G(U,) for which

fagaﬁ = hozﬁfﬁ-
The set of equivalence classes is denoted H' (U, G), and the equivalence class
of g is denoted [g]. The colimit (over refinement of covers) is denoted

ﬁl(Xv g) = lglllel(Z/Lg)

Cocycle description of torsors

Let S be a G-torsor over X. By condition (i) we can choose a cover X = |J U,
and sections s, € S(Uy). By condition (ii) there are unique gog € G(Uqp)
for which

9aB 83 = Sa on Uyg



(more precisely gag - (55|Uag) = (5alUapg) € S(Uag)). Then g = {gag} is
a cocycle. Suppose we had chosen different sections t, € S(U,), giving a
cocycle h = {hag}, hap - tg = to on Uyg. Let fo € G(U,) be the unique
element with f, - sq = to. Then fq - gag = hap - f3, showing that [g] = [h].
If we also allow the cover {U,} to vary, we obtain a welldefined class [S] €
HY(X,G).

Torsors from cocycles

Given a cocycle {g.g} as before, we can construct a torsor. For variation
we give a construction in terms of étale spaces. Let m: G — X be the étale
space corresponding to the sheaf G, so that g,g is a section of 7 over U,g.
Write Gy, = 77 1(U,), and let

(L) -

Writing points of [ [, Gy, (somewhat redundantly) as triples (z, o, g) where
r €U, and g € G, = 7~ 1(x), the equivalence relation ~ here is defined by

($, aag) ~ (xaﬁ,ggaﬁ(x))'

Then FE with its obvious left G-action is a G-torsor. The previous two
constructions are mutually inverse and show:

Theorem 1.3 There is a bijective correspondence between isomorphism
classes of G-torsors and cohomology classes in H'(X,G).



Lecture 2 Stacks

Again we work over a topological space X and its category of open sets and
inclusions O(X). Also, to understand the notation, recall that if

G
A—F>B_>—H><CL>]D>

are functors, then any natural transformation 7 : G — H induces natural
transformations K7 : KG — KH and 7p or 7F : GFF — HF.
Definition 2.1 A fibered category F over X consists of

e a category F(U) for each open U C X,

o a functori* : F(U) — F(V) for each inclusion i : V — U in O(X),

e a natural isomorphism

=g (i) —
for each pair of inclusions W 4, 1% <y U.

. . .
Moreover, for any three composable inclusions N — W Ly U, the
diagram

should commute.

Sometimes we write more explicitly (F,7) for the fibered category F.
Sometimes we write a|V for i*(a), for i : V. — U and a € F(U).

Example: A presheaf of categories is the same thing as a fibered category
(F,7) in which all 7;; are identity transformations. In a way, a fibered
category is a “presheaf up to isomorphisms”.

Definition 2.2 Let F and G be fibered categories over X. A morphism
¢ :F — G of fibered categories consists of

e a functor ¢(U) : F(U) — G(U) for each open U C X,



e a natural isomorphism
. ok Nk
o Qvit — 1 du
for each inclusion i : V — U,

and these should satisfy a compatibility condition with respect to the T’s: for

inclusions W <5 V <5 U, the diagram

dw(ig)*
owT TéU

* -

Jrovi*

(aj)i

pw " Jritou

should commute.

Definition 2.3 Such a morphism ¢ (or (¢,«), more precisely) is called a
strong equivalence if every ¢y is an equivalence of categories. It is called
a weak equivalence if every ¢y is fully faithful, and “locally surjective” on
objects, in the sense that for every object a € G(U) and every x € U, there

exists a neighbourhood V., x € V < U, and an object b € F(V) such that
v (b) is isomorphic in G(V') to i*(a).

Remark: (To be skipped on first reading) Suppose ¢ = (¢, «) and ¢ =
(¢,B8) : F — G are two morphisms between fibered categories. A fibered
transformation p : ¢ — 1 consists of (ordinary) natural transformations

wu : ou — Yu,

one for each open U C X. These u’s are required to be compatible with
the a’s and the §’s in the following sense: for any inclusion ¢ : V — U, the
diagram of natural transformations

Pyt —> i*py

| Ji

v B
Yyt ——=i" Py

should commute. We say u is a fibered isomorphism if each uy is a natural
isomorphism.

Fibered categories, with their morphisms and fibered transformations, form
a 2-category. (In the sequel we will suppress 2-categorical details.)



Lemma 2.1 (i). Let F be a fibered category over X and let a,b be objects
in F(U). Then the assignment

V i+ Homgp(y(i*a,i"b)

for i : V. — U, defines a presheaf on U. This presheaf is denoted
Homp(a,b).

(ii). Any morphism ¢ : F — G of fibered categories induces a morphism of
presheaves on U :

(ba,b : HO_HHF(a? b) - HO_HRG((ﬁU(a)? ¢U(b))

Proof: With the following explicit definitions, this is a matter of straight-
forward checking;:

(i) The restriction maps of the presheaf are given, for W Lviu , by the
composition

Homg(y) (i*a, *b) * Homg(y) (7*a, j*i*b) T Homg() ((i5)*a, (i7)*b)

where 7* = 77, is “conjugation by 77, mapping an arrow f to (1) F(Tij)ar
(ii) The component of ¢, at ¢ : V' — U is the composition

Hompy (i*a,i*b) i Homg vy (¢vi*a, pvi*b) (2 Homg v (i"¢ua,i* ¢ub)
where (). is conjugation by a;, g — (ag)pg(as); .

Definition 2.4 A fibered category F over X is called a prestack if, for any
objects a,b € F(U), the presheaf Homp(a,b) is a sheaf.

Example: Let P be a presheaf of sets on U, viewed as a presheaf of cat-
egories with identity arrows only, hence viewed as a special kind of fibered
category over U. Then P is a prestack iff it is a separated presheaf.

Proposition 2.1 For any space X the inclusion
Prestacks < Fibered categories over X

has a left adjoint, denoted: F +— T.



Proof: This is easy, using the lemma: given a fibered category F over X,
one defines a new fibered category F by letting F(U) have the same objects
as F(U) and arrows defined by

Homg(a, b) = I'a(Homg(a, b)),

the set of global sections of the sheaf associated to the presheaf Homp (a, b)
on U. Further details are straightfoward.

Definition 2.5 Let F be a fibered category over X and let U = {Uq}aca be
an open cover of an open set U C X. The category Des(U,F) of “descent
data” has

e as objects: systems (a,0) = ({aa}, {0ap}), where each aq is an object
of F(Uy,) and
Oap : aplUap = aa|Uap

is an isomorphism (here ag|Uyg = i*(ag) for the inclusion i : Uyg —
Ug; etc). These isomorphisms are required to satisfy the cocycle con-
dition

Ooa =1, bapobsy =0, (in F(Ussy))-

e as arrows: (a,0) ER (b, p), families of arrows fo : ao — by in F(Uy)
for which pagfs = fabag. i-e. each diagram

b
a5|Uaﬁ e b5|Uaﬁ

Gaﬁl \Lpaﬁ

aa|Uag L bs|Uas
commutes.
Remark: There is an obvious functor
D =DU,F):FU) — Des(U4,F);

This functor is fully faithful (for each open U and each cover U = |JU,) iff
[F is a prestack.

Definition 2.6 The fibered category F is called a stack if each such functor
D :F(U) — Des(U,F) is an equivalence of categories.

10



Remarks:

(i). A fibered category F is a stack iff it is a prestack and, for every cover
U = JU,, any object (a,f) in Des(U,F) is isomorphic to an object of
the form D(b) for some b € F(U) (where D : F(U) — Des(U4,F) and
U= {Ua})'

(ii). The construction of the category Des(U,F) is functorial: a morphism
¢ : F — G of fibered categories induces a functor Des(U,F) — Des(U, G).

(iii). For a cover U = {U,} of U and an inclusion i : V < U, we obtain a
cover {V,} of V and a canonical functor

i* : Des(U,F) — Des(V,F),

by setting V, = U, NV with inclusion i, : V, — U,; the functor *
sends an object (a,0) = {aq, 0,3} to the family of objects i (aqn) €
F(Vy), together with the isomorphisms

i5(ap)Vap = 15(aa)Vap

obtained from 6,3 and the structure maps 7 of F. Note that for this
functor *, the diagram

F(U) —2 Des(U, F)

commutes.

Examples:

(i). The assignment, to each open set U C X, of the category Vect(U) of
vector bundles over U is a stack, as is the assignment of the category
Sheaves(U) of sheaves on U. If G is a sheaf of groups on U, one
obtains a stack Tor(G) by assigning to each U the category Tor(G|U)
of G|U-torsors over U.

(ii). Related to the last example, one can also define a fibered category
U — G(U), where the group G is viewed as a category with only one
object. Observe that G is a prestack but not a stack. Observe that
there is a natural weak equivalence G —Tor(G) : for an open U C X,
the unique object of G(U) is sent to the trivial G|U-torsor over U. This
means that Tor(G) is the associated stack of G; see below.

11



Remarks:

(i). Let w : F — G be a weak equivalence of prestacks over X. If F is a
stack then w is also a strong equivalence.

(ii). Let w : F — G be a weak equivalence of prestacks. Then for any map
¢ : F — S into a stack, there is an extension ¢ : G — S with Yw ~ 9
(natural isomorphism). Moreover, this extension 9 is itself unique up
to fibered isomorphism.

(iii). Let ¢ : F — G be a strong equivalence. Then F is a (pre-) stack iff G
is.

The proofs of these assertions can safely be left as exercises.

Definition 2.7 Let F be a prestack. An associated stack for F consists of a
stack F together with a weak equivalence F = TF.

By the previous remarks, this associated stack is unique up to strong
equivalence, and has a universal property which is a version “up to isomor-
phism” of the universal property of the associated sheaf of a (separated)
presheaf. (Because of the uniqueness up to strong equivalence one often
speaks of the associated stack of a prestack F.)

Theorem 2.1 For every prestack there exists an associated stack.

Proof: Let F be a prestack. Its associated stack I could be defined briefly
as

where U ranges over covers of U. (This colimit should be interpreted with
lots of “up to isomorphisms”, as a pseudo-colimit of categories.) More con-
cretely, define F(U) as follows: an object of F(U) consists of

o acover U ={U,} of U
e an object (a,8) of Des(U,F).

For two such objects (a,) in Des(U,F) and (b, p) of Des(V,F), for open
covers U = {Un}aca and V = {V3}gep of U, an arrow f : (a,0) — (b,p)

consists of a system of arrows

fa,ﬁ : aa\Ua NnVg— bg’Ua NVs

12



with the property that for any a,a’ € A and 3,3’ € B, the diagram

faB
ao|Uqgar N Vg —— bg|Uaa/ N Vaa

Gaa/T TPBBI
farp

Ao/ | Ugar N Vg —— b5/|UaO/ N Vaa

“

commutes (where we have omitted the “...|Uyo NUgg” for the names of
the arrows). The categories F(U) thus defined together have the structure of
a fibered category, and there is an evident map F -5 T of fibered categories
(¢f. Remark (iii) on page 11). It is now readily checked that F is a stack

and w a weak equivalence.

Remark: Recall that any sheaf of categories on X defines a prestack, but
this prestack need not be a stack. Moreover, its associated stack is in general
no longer a sheaf. (In fact it is hard for a prestack to be a sheaf and a stack
at the same time.) On the other hand, every stack is the associated stack of
a sheaf of categories. To see this, let S be a stack. Choose for every open set
U aset R(U) of objects in S(U), so that any object in S(U) is isomorphic to
some object in R(U). Each such open set U defines a sheaf U on X (whose
étale space is the inclusion U — X). Now define a sheaf of categories C,
consisting of the two sheaves

Objects(C) = H H U

UeO(X) reR(U)

and
Arrows(C) = H H Homg(r|[UNV,s|UNV).

U,V reR(U),
sER(V)

There is an obvious map of fibered categories C — S, which is easily
seen to be a weak equivalence.

13



Lecture 3 Gerbes

We continue to work over a fixed space X. A stack F on X is said to be a
stack of groupoids if each category F(U) is a groupoid.

Definition 3.1 A gerbe on X is a stack of groupoids G on X with the
following additional properties:

(i). non-empty: X = (J{U|G(U) # 0}

(ii). transitive: given objects a,b € G(U), any point x € U has a neigh-
borhood V- C U for which there is at least one arrow alV — b|V in
G(V).

Example: The stack U — Tor(G|U) associated to a sheaf of groupoids G
on X (see p. 11) is a gerbe.

A connected (or transitive) groupoid is characterized up to equivalence
by any of its vertex groups. For a gerbe, the notion of vertex group is
replaced by that of a band (“lien” in [Gi]). Before defining the notion of an
abstract band, let us describe the band of a gerbe.

Let G be a gerbe. For an element (object) a € G(U) the sheaf Homg (a, a)
(see Lemma 2.1) is actually a sheaf of groups on U, which we denote by
Aut(a) (or Autg(a) if necessary). Now choose (by axiom (i) for gerbes) an
open cover X = |JU, and for each « an object a, € G(U,), thus defining a
sheaf of groups Aut(a,) on U,. Next, by axiom (ii), there exists for each o
and 3 an open cover Uyg = UUsﬁ and for each £ an arrow fiﬁ tag — Qg

in G(Uéﬁ). Conjugation by this arrow defines an isomorphism of sheaves of
groups

Xop = (Fag)+ - Aut(ap)|US5 — Aut(an)|Uss.
This isomorphism )\i 5 depends on the choice of f§ 5, but two different choices
define the same outer isomorphism. In particular, on overlaps Uiﬁ N Ugﬁ,
the two isomorphisms )\i 3 and )\g 3 define the same outer isomorphism. This

means that, for fixed o and (3, the family {)\i 6}5 defines an “outer isomor-
phism” of sheaves on Ug,g,

Aap : Aut(ag)|Uap — Aut(aa)|Uag

in the sense made precise below, which does not depend on the choice of the
fgﬁ. The system of sheaves of groups Aut(a,) and outer isomorphisms \,g

14



is called “the” band of the gerbe G, and is denoted Band(G). (The definition
of band, and of isomorphism of bands, will be such that different choices of
objects a, define an isomorphic band.)

We now introduce the concept of an abstract band. First we should make
these “outer isomorphisms” more precise. Let K and L be two sheaves of
groups on X. Consider for each U C X the set Iso(K|U, L|U) of isomor-
phisms of sheaves of groups on U. The group L(U) acts on this set by conju-
gation, and taking the quotient defines a presheaf U +— Iso(K|U, L|U)/L(U)
on X. Its associated sheaf is denoted Out(K, L) and is referred to as the
sheaf of outer isomorphisms. A section ¢ € Out(K, L)(U) will be referred
to as an outer isomorphism K|U — L|U. Such a ¢ is represented by a cover
U = JU, and for each a an isomorphism ¢, : K|U, — L|U, (of sheaves
of groups on U,). These ¢, are compatible in the sense that for each «
and [ there is a cover U,g = UU§5 such that qﬁalUsﬁ and qﬁglUsﬁ differ by

conjugation by an element )\iﬁ € L(Uéﬁ).

Remark: Let Z(L) be the center of L. If HY(U,p, Z(L)|U,p) = 0 for each
Uagp, then in the situation above one can choose just one A\og € L(Uyg) such
that ¢, and ¢g differ on U,z by conjugation by A,g.

A band K over X is represented by a cover X = |JU,, and for each
« a sheaf of groups K, on U,, together with outer isomorphisms A3 :
K3|Uyp — Kao|Uqp satisfying the cocycle condition Moo = 1 and AggAg, =
Aavy (as outer isomorphisms). The restriction to a finer cover should be
viewed as defining the same band. If K = (K4, A\og3) and L = (Lq, f1ag) are
two bands over X, represented over the same cover {U,}, then an isomor-
phism K — L consists of outer isomorphisms ¢, : K, — L, compatible
on overlaps in the sense that ¢o\og = pag@s. This defines the category of
bands and isomorphisms over X.

Remark: If each K|, is abelian, then the ),z satisfy the cocycle condition
on the nose, and (because sheaves of groups form a stack!) there is a sheaf
of abelian groups K such that K|U, ~ K, (by an isomorphism compatible
with the A\yg). Thus, up to isomorphism, an abelian band is just a sheaf of
abelian groups. In particular, this implies that the center Z(K) of a band
K is actually (isomorphic to) a sheaf of abelian groups.

Remark: Let K = (K,,A\ap) be a general band. Under the simplify-
ing hypothesis that H'(Uag, Ka|Uasg) = 0 and H?(Uag, Z(K4)|Usp) = 0,

15



we can represent each A\,g by an actual isomorphism of sheaves of groups
Xag @ KplUag — Ko|Uyg. Suppose we have chosen such A\,g. Then sim-
ilarly, if Hl(Uaﬁy,Z(KaﬂUam) = 0, the cocycle condition A\ogAgy = Aay
(initially an equality as outer isomorphisms) will hold in the form of an ac-
tual equality of isomorphisms of sheaves on Uag., as AagAgy = gxAay, Where
g € Ko(Uqpy) is a section and g, is the corresponding inner automorphism.
For a nice space X we can choose this cover {U,} so that all finite inter-
sections of elements in the cover are either empty or contractible, and these
simplifying hypotheses are usually fulfilled.

Definition 3.2 Let K be a band on X. A gerbe with band K is a gerbe G
on X together with an isomorphism of bands  : Band(G) = K.

If (G,0) and (G, ¢) are gerbes with band K, then a morphism (G, §) —
(G',0") is a morphism of fibered categories p : G — G’ for which 8’y = 6 (as
maps between bands). Such a morphism is automatically an equivalence.
(Recall that any weak equivalence between stacks is strong.) Two such
gerbes with band K, say (G,0) and (G',€’), are said to be equivalent if
there exists a third gerbe (H, p) with band K for which there are morphisms

(G,0) « (H,p) — (G, ¢').
The set of equivalence classes of gerbes with band K is denoted
Gerbes(X, K).

We will now give a “cocycle description” of Gerbes(X, K') which will lead
to a Cech cohomology (in degree 2) with coefficients in a band. Suppose the
band K is given by sheaves of groups K, over U, and outer isomorphisms
Xag : Kp|Usp — Ko|Uqp as before. Let us make the simplifying hypotheses
of the previous Remark, so that the \,3 can each be represented by an actual
isomorphism (again called \,g) of sheaves of groups, and let us fix such a
choice, where we agree to choose \,, = identity.

Now let (G, 0) be a gerbe with band K. Suppose that the band of G is
represented by objects an € G(Uy) and arrows fog : ag|lUsg — aa|Uasp in
G|Uqap. (By passing to a common refinement if necessary, we may take the
same cover X = (JU, here; and we may choose the arrows f,3 over Uyg
rather than over a cover Uéﬁ, because of the same simplifying hypothesis
— HY(U,p, Aut(aq)) = 0 in this case.) Since 6 is a morphism of bands, for
each U, the diagram below
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commutes as a square of outer isomorphisms (where we have omitted “...|Uyg"
from the notation). By our simplifying hypothesis (H'(U,g, ZAut(as)) = 0)
we can actually assume that there is one g € Aut(aqs)(Uag) for which
Xagl3 = g+(fap)«ba (after having represented the 6,’s by actual maps as
well). So if we replace fog by ¢gfas, we can assume that each square as
above commutes on the nose. Also we can assume f,, = 1 for each a. Now
write

Gapy = ea(faﬁfﬁ'yfo;yl) € Ka(Uozﬁ'y)'

Proposition 3.1 These gog, satisfy the following cocycle and normality
identities,

(1). XapAsy = (Gapy)srary (identity of isomorphisms Ky|Uagy — Ka|Uapy)
(ii). Gapy9ars = Aap(9pv6)9aps (identity in Ko(Uapys))
(111). Aaa =1, Jaay =1 = gayy-
Proof:

(i). By commutativity of the square above,

Aaproy = Balfap)s(fo,)s05"
= Oa(fap Sy for ) (fay)<05"
= (gaﬁw)*aa(focv)*eﬂ?l
(Gapy )+ Aay-

(ii). The fagy := fasfoy fojvl satisfy the usual cocycle condition

faﬁvfoz% = faﬁfﬂvf“ﬁfa_él
= fap(fySrof 55 ) Fag Fop oo fag
= (fap)«(f3y0) faps,

and this gives (ii) after applying 0,.
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Equivalence of cocycles

To find the appropriate equivalence relation, let us consider the choices
involved in obtaining the 2-cocycle from the gerbe: we have chosen ob-
jects aq to represent the band of G, we have chosen actual isomorphisms
of sheaves A\,3 and 0, to represent outer isomorphisms and we have chosen
fap : ag — aq in G(U,p) which make the diagram on page 17 commute.
Let us see how a change in any of these choices affects to “cocycle” in the
Proposition.

First, keeping the a, fixed, we could replace A\og by f1qg and keep 0, the
same. Say pas = (kag)sAap Where kog € Ko(Uag). Write eqp = 051 (kag)

and replace fo3 by fag := €agfap- Then the diagram

commutes, and the new cocycle

Japy = Ha(faﬁfﬁvfc;,l)

satisfies
Japrkory = kaprap(Kpy)gosy-
Secondly, we could keep A, the same and replace 0, by pn, say

00 = palea)r where eq € Aut(aq)(Uy).

Replace fo3 by hag = eq faﬁegl. Then an easy calculation shows that the
new cocycle

Japy = poz(ha,@hﬁ“/h;ﬁ%)
is actually equal to the old one g,g-.

Thirdly, we could keep the A’s and the 6’s the same, but replace fu3
by zapfas Where zqp is a section of the center Z(Aut(ay)) over Uyg. Write
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Mag = 0a(2a8) € Z(Ky). Then the new cocycle gos, is
Japy = Ha(zaﬁfaﬁzﬁfyfﬁfyfo;ylzo;yl)
= Maprap(Mmy)dapyMay-

Finally, we could replace aq by ba, choose arrows eq : by — aq in G(Uy)
and replace (our choice for) 8, by 0, = 0,(eq )+, as in

eg)x 0
Aut(bs) ﬂ>&(@ﬁ) > Kp

l (faﬁ)*l l/\aﬁ (over Uyg)
K

Aut(ba) 5 Aut(an) 2

«

Then (with the same A’s) each fo5 is replaced by fop = €' fapes. How-
ever, the new cocycle gagy := 0a(fapfay fojyl) hasn’t changed and equals the
old one g,g. So, summing up:

Definition 3.3 Let K be a band on X, and let U = {U,} be an open cover
of X: A (normal) 2-cocycle over U with values in K consists of

e a representation of K by sheaves K, on U, and actual (not outer)

Ao
isomorphisms Kg|Uqyp =y Ko|Uqg.

o clements gagy € Ko(Uapy) such that the cocycle conditions of the
Proposition all hold.

Two such cocycles (Aag; gasy) and (ftag, hagy) are equivalent if there are
kag € Ko(Uqyg) such that

® a3 = (kaﬁ)*)\aﬁ

® Napy = kaprap(kay)gapyFan -

The set of equivalence classes is denoted
H*(U,K)
and the colimit over open covers
H*(X,K) = limy, H*(U, K).

Elements are referred to as non-abelian Cech cohomology classes.
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Theorem 3.1 Let K be a band on X. There is a bijective correspondence
Cerbes(X, K) = H*(X, K)

between equivalence classes of gerbes with band K and mon-abelian cohomol-
ogy classes.

Proof: From left to right, we have already explained how to obtain an
equivalence class of cocycles from a gerbe. From right to left, one can
obtain an inverse construction as follows. For a cocycle {\y3, 93y} One
can construct a sheaf of groupoids G with non-empty connected stalks. The
associated stack of this sheaf provides the required inverse construction. The
sheaf of objects Gy of G is the sum

gO :HUa

where U, is the sheaf corresponding to the étale space U, — X. The sheaf
of arrows G; of G is the sum

G1 = [[ KolUas.
a8

In other words, an object of the stalk G, at x is a pair (z,a) where z € U,,
and an arrow (z, 3) LA (x, @) is a point k in the stalk of K, at . Composition

of two such, (z, ) *, (z,a) and (z,7) LN (x,3), is defined to be the arrow

k- )‘aﬁ(l) 'ga,(%/(l') : (xﬂ7> - (1‘,0(),

where the product is taken in the group (K4 ).. The cocycle relation implies
that this is an associative operation. It is now straightforward to check that
the two constructions are mutually inverse.

Remark: Suppose that the band K is a sheaf of groups, so that we can
take K, = K|U, and each A3 the identity. Then for a cocycle {\a3, gasy}
with these A’s, each g,g, lies in the center of K,3, and the usual abelian
cocycle relation

JapByGarys = 9Bv69a36
holds. So gerbes whose band is isomorphic to a sheaf of groups correspond
to usual (abelian) 2-cocycles with coefficients in the center Z(K).

Remark: Suppose we are given a band K on X, represented by an
open cover U = {U,} of X, sheaves K, on U,, and isomorphisms \,g
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as before. One may ask whether there exists a gerbe with band K. To
answer this question, let us again make the simplifying hypotheses that
HY(Uyp, K|Uyp) and H*(Uyp, Z(Ko)|Uap) are trivial (as in the Remark pre-
ceding Definition 3), so that the A,z can be represented by actual isomor-
phisms Ay : Kg|Uag — Ko|Uap of sheaves of groups, and that the cocycle
condition for the A\,g can be represented in the form AogAsy = (gagy)sAay
for sections gagy € Ko(Uapy). Then

(gaﬁ'ygoz'yé)* = ()\aﬁ(gﬁ'yé)gaﬁé)*

so the “boundary” of the non-abelian cochain {gag},

gaﬁ'yé = JaBvYGars Aaﬁ (g;ﬁla)gﬁ'y(s

is a section of Z(K,), and we obtain a class [{] where { = {4845}, in
the (usual, abelian) Cech cohomoloy H3(U,Z(K)). If this cohomology is
trivial, then & = d¢ for some ¢ = {(43,}, and we can replace gng, by
hagy := CapyGasy, to obtain an actual cocycle h, i.e.

hagyhays = Aap(hpys)hags-

Thus, in conclusion, if K is a band represented over a cover U, and moreover
H3(U,Z(K)) = 0, then there exists a gerbe with band K.
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Lecture 4 Bundle gerbes

We now work in the context of C'*°-manifolds. Recall that a groupoid (in
Sets) is a small category in which each arrow is an isomorphism. Let us
write G for the set of arrows of a groupoid and M for the set of objects.
Then the groupoid can also be described in terms of its structure maps

Gxa G—">G—>G=—=M—">G (3)
(here u(x) = 1, is the unit at = € M, i(g) = g~! is the inverse of g € G,
s and t denote the source and target and m(g,h) = gh = g o h is the
composition of two arrows g and h with s(g) = ¢(h).) This groupoid is
called a Lie groupoid (over M) if M and G are smooth manifolds, s and ¢
are submersions and all other structure maps are smooth. In the sequel we
write g : © — y to denote an element g € G with s(g) = z and t(g) = y.

Examples:

(i). If M is a point, this definition reduces to that of a Lie group. More
generally, a Lie groupoid with s =t is a bundle of Lie groups. Con-
versely, in an arbitrary Lie groupoid G over M, the set of arrows © —
from a given object to itself, has the structure of a Lie group, denoted
G, or Autg(z). It is the isotropy group at x (or the vertex group at

(ii). If 7 : M — X is a submersion, the fibered product G = M x x M is
a Lie groupoid, with exactly one arrow (z,y) : x — y iff 7(z) = 7(y)
(for z,y € M). This applies in particular to the case where U = [[ U,
for an open cover X = |JU,, with 7 : U — X the obvious map.

(iii). Let X be a “base” manifold. A family of groupoids over X is a Lie
groupoid ( @ :S; M , etc), equipped with a submersion 7 : M — X
¢

for which s = wt. For such a family, each fiber over a point z € X is
a Lie groupoid, denoted G, —= M, . A sheaf of groupoids on X is
the same thing as a family with the additional property that the maps
m: M — X and 7s = 7t : G — X are étale (local diffeomorphisms).
This implies that all the structure maps in (3) are étale as well. (A
groupoid with the latter property is called an étale groupoid.)

A morphism of Lie groupoids is a smooth functor. In this section, we will

in particular be interested in morphisms G H between Lie groupoids over
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the same manifold M of objects. (Such a morphism is given by a smooth
map ¢ : G — H with s¢ = s,tp =t, ¢u = u, ¢i =i, and m(¢ x ¢) = ¢pm;
cf. (3).)

An extension of Lie groupoids over M is a sequence of groupoids and
morphisms over M,

KLa2H,
where ¢ is a surjective submersion and j is an embedding onto the subman-
ifold Ker(¢) = {g € G|¢(g) is a unit}. Note that s(g) = t(g) if g € Ker(¢),
so that K is in fact a bundle of Lie groups over M.

Now let L be a fixed Lie group. For a manifold M, we denote by L (or
L), if necessary) the trivial bundle L x M — M of Lie groups over M.

Definition 4.1 An L-bundle gerbe over a manifold X is given by

e a surjective submersion w: M — X

e an extension 3 = (Li» G “ M xx M) over M. (Here M xx M is
the groupoid defined by 7, cf. Example (ii).)

An equivalent definition of an L-bundle gerbe is a family of groupoids over

X

)

G=—=M—">X
with the additional properties that
(i). (s,t): G — M xx M is a surjective submersion;
(ii). there is an isomorphism of Lie groupoids
Jm : L — Autg(m)

which identifies each vertex group in G with L and moreover, this
isomorphism is required to vary smoothly in m.

Note that (i) expresses in a strong sense that each fiber G is non-empty and
connected; so (i) and (ii) combined sound like a variation on the definition
of “gerbe with band L”. Here is a way to make the connection precise.
Suppose we are given an L-bundle gerbe as above. Define a sheaf of
groupoids G over X as follows. Let Gy be the sheaf of sections of 7 : M —
X. The sheaf G; of arrows is defined as follows. For two such sections
a,b € Go(U) over an open U C X, an arrow ¢ : a — b in G1(U) is a section
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g : U — G with sg = a and tg = b. Note that the stalk G, of G at x € X is
non-empty (because 7 is a surjective submersion) and connected (because
(s,t) is a surjective submersion onto M x x M). Thus, the associated stack

G of G is a gerbe. What is its band?

The band of Q can be described directly in terms of G. To this end, let
X = |J U, be an open cover of X, for which there exist sections a,, : Uy, — M
of . Since G — M X x M is a surjective submersion, each point € Uyg
has a neighborhood V' for which there exists an arrow ag|lV — ao|V in
G(V). If we choose the cover such that each non-empty intersection U,g
is contractible, then Hl(Uag, L) is trivial and we can in fact find a section
9op € G(Uap),

9ag : a5|Uap = aa|Usp, in G(Uqyg).

The (inverse of the) map j induces an isomorphism of sheaves of groups on
U,, denoted
O : M(aa) - L|Uaa

where L is the sheaf of sections of the trivial bundle Ly . The isomorphisms
Aap are now defined by the requirement that

Aut(a,)|Ung 2 L|Ung

(gaﬁ)*]\ TAaﬁ

[4
M(aﬁNUaﬁ < L|Uaﬁ

commutes. Then {L|U,, Aog} is the band of G (or of G). It is some twisted
form of the sheaf of groups L. We denote it by L? where 3 = (L—-G—
M xx M) is the extension.

Remark: Suppose L is abelian. Then the extension
LLGEMxxyM

induces a (left, say) action of M xx M on L in the obvious way: any
pair (m,n) € M xx M gives an isomorphism (m,n), : L — L, defined
by j((m,n)«(1)) = gj(l)g~! where g : m — n is any arrow in G; this is
independent of ¢ if L is abelian. (As usual we call the extension central if this
action is trivial, i.e. each (m,n), is the identity.) Now for the go5 : ag — aq
as above, this action induces in particular a map (ag, aa)« : L|Uag — L|Uqp
and this is the A,g above. Thus, the band structure given by the A,g in the
non-abelian case replaces the action of M x x M on L in the abelian case.
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Remark: The gerbe G with band LP is characterized by a class
8 € H*U, L),

as explained in the previous lecture, namely the class of the cocycle
Ha(gaﬁgﬁﬁ,g;ﬁ}) in the present notation. By the construction at the end
of the previous lecture, it is possible to reconstruct, from this cocycle, the
restriction of the extension to U = [[U,, as in the pullback

Lf Gr Uxf(U

Ly——G——M xx M.

However, for a general extension L;; — H — U xx U of groupoids over U,
there is an obstruction in H?(M, L) to being the pullback of an extension
Ly, — G — M xx M of groupoids over M (see [Mo]).

Example: Let L — G — H be an extension of Lie groups, and let P — X
be a principal H-bundle. Then each of H,G and L act on P and give rise
to an extension of translation groupoids

LxP—-GxP—-HxXP

over P. (For example, arrows p — ¢ in G X P are g € G with gp = q.)
Since the H-action is principal and the L-action is trivial, this sequence is
isomorphic to

B:L—-GxP— PxxP,

so we have an L-bundle gerbe over X and hence a class in H?(U, L’ ). This
class vanishes if P is induced from a principal G-bundle. The twisting L”?
of L is related to that of the original extension and in particular [ is central
if L - G— H is.

In the literature, the following special class of gerbes is often discussed
under the name “bundle gerbe”.

Definition 4.2 A circle bundle gerbe over X is given by a surjective sub-
merston m: M — X and a central extension

3:8'L G4 Mxx M.
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For such a circle bundle gerbe 3, one obtains a characteristic class [3] €
H*(U,SY). If the cover U of X is well chosen (contractible intersections
Ua, N...NU,, ), then the Cech cohomology agrees with sheaf cohomology
and the long exact cohomology sequence of 0 — Z — R — S' — 0 shows
that H2(U,S') = H*(X,S') = H3(X,Z) so the bundle gerbe has its class
in H3(X,7).

To conclude this course we give, following [Mu], a construction of this
class in De Rham cohomology. To this end, first recall the notion of a con-
nection on a principal S'-bundle P — Y, which can be defined either in
terms of S'-equivariant “horizontal lifts” P xy TY — TP or in terms of
connection 1-forms w. Recall that a connection w on P — Y pulls back along
amap f:Z — Y to a connection on f*(P), with connection 1-form f*(w)
(we also write f for the map f*(P) — P). Recall also that for two principal
bundles P — Y and @Q — Y, their contracted product P ®g¢1 Q, obtained
from the fibered product P xy Q by identifying (pd, q) with (p, ¢f) for § € S!,
is again a principal bundle. Connections on P and @ induce a connection on
P ®g1 Q by taking the evident horizontal lift in each component. If w and
n are the connection 1-forms, then the 1-form for this induced connection is
denoted w4+ (it sends a tangent vector v®@w (where v € T)(P), w € To(Q))

to wp(v) + 1q(w)).
For the rest of this section, let us fix a circle bundle gerbe

B:8' L pwy M

(s,t)
over X. Observe that G —
left and right actions agree,

M xx M is a principal bundle over M. The

jy(0)g = gju(0) (for z % y,0 € ST

because the extension is central. We will write g for gj.(6). Note that the
composition of the groupoid

GxuGLG (g,h)— hg
can be viewed as an isomorphism of principal bundles over M x x M x x M,

T2 (G) ® m35(G) > m15(G) (4)

with fiber over (z,y, 2z) mapping g ® h to hg where z EN y and y L
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Definition 4.3 A (groupoid) connection on the bundle gerbe 3 as above is

)

7t .
a connection on the principal S*-bundle G (s—> M x x M, which preserves the
groupoid structure: the composition and inverse of horizontal lifts is again
horizontal.

We will show in a moment that such connections always exist. For
now, suppose we are given such a groupoid connection in terms of a 1-
form w. Then the map ~ in (4) will be an isomorphism of bundles with
connection, respectively m]y(w)+735(w) and 7j5(w). Let & be the curvature;
it is the closed 2-form on M x x M defined by (s,t)*(k) = dw. Since 7 is an
isomorphism, the two bundles in (4) have the same curvature, so

T2 (K) + mas(K) = mi3(k). (5)

Now choose a cover M = |JU,, let U = [[ Uy, and pull everything back
along U — M (as in the diagram on page 25). Then (the restriction of)
k is a closed 2-form on U x x U, still satisfying the cocycle condition (4),
on U xx U xx U. So by Mayer-Vietoris (see [BT]), there is a 2-form A
on U for which x = 75(\) — 7] (\), where 71, m : U xx U — U are the
projections. Since dk = 0 we have 7(d\) = 75 (d\), so by Mayer-Vietoris
again, d\ = 7*(§) for a closed 3-form & on X (where 7 : U — X). Then
[€] € H} »(X) and (by the usual tic-tac-toe argument in the Cech-De Rham
complex) it can be shown that [£] is integral and coincides with the class
constructed earlier.

Finally, let us prove that any bundle gerbe § as above carries at least
one groupoid connection. The problem is local in X, by the usual partition
of unity argument, so we may assume 7 : M — X has a section X 4 M.

Let P, be the pullback of G (=) M xx M along (am,id) : M — M xx M,
SO

s,t
—

(Pa)s = {arrows am(x) — z}, x € M.

Then P, is a principal S'-bundle over M. Let  be an ordinary connection on
P,, providing for each ¢ : an(x) — x and each v € T,,(M) a horizontal lift 0.
Let P be the same space P, with opposite right S* action, (g,6) — gf~!, so
that —n is a connection on P, with the same horizontal lifts. Now consider
the isomorphism of principal bundles

T(PY) @mi(P) > G
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defined for g : am(z) — x and h : ar(y) — y by
5(g®@h) =hg™ L.

Then 0, (7} (—n)+75(n)) is a groupoid connection on G. Indeed, for k : z — y
1
and tangent vectors (v,w) € Ty (M xx M), factor k as x L an(z) =

am(y) L, y; then the horizontal lift of (v,w) at k is wy o 17g_1 (from this
formula it is evident that it is a groupoid connection).
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