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Abstract

The fold- ip bifurcation occursif a map hasa xed point with multipliers +1 and 1
simultaneously. In this paper the normal form of this singularity is calculated explicitly.
Both local and global bifurcations of the unfolding are analysed by exploring a closere-
lationship betweenthe derived normal form and the truncated amplitude system for the
fold-Hopf bifurcation of ODEs. Two examplesare presened, the generalizedHenon map
and an extension of the Lorenz-84model. In the latter examplethe rst, secondand third
order derivativesof the Poincare map are computedto nd the normal form coe cien ts.

Running title: The fold-ip bifurcation.
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1 Intro duction

Consider a family of discrete-time dynamical systemsgeneratedby the map
X7V F(x; ); D)

whereF : R" RM™! R"issucien tly smooth.

It is well known (see,for example,Arnold [1983]for the generaltheory and Kuznetsov [1998]
for the derivation of computational formulas reported below) that in generic one-parameter
families (1) only the following three bifurcations of xed points happen:

1. Fold: The xed point has a simple eigervalue 1 = 1 and no other eigervalues are on
the unit circle. The restriction of (1) to a one-dimensionalcerter manifold at the critical
parameter value hasthe form

7+ %a 2+ 0( 3, (2)

where a 6 0. When the parameter crossesthe critical value, two xed points of (1)
coalesceand disappear. This bifurcation is often called the sadde-node bifurcation. If
Av = Fyv and B (u; V) = Fx[u; V] are evaluated at the critical xed point, then

a=hy;B(q q)i; )

whereAq= g, ATq = g, and hy ;qgi = 1. Here and in what follows hu;vi = uv is the
standard scalar product in C" (or R™).

2. Flip: The xed point has a simple eigervalue 1 = 1 and no other eigervalues are on
the unit circle. The restriction of (1) to a one-dimensionalcerter manifold at the critical
parameter value can be transformed to the normal form

7+ b3 o0y, (4)

where b 6 0. When the parameter crossesthe critical value, a cycle of period 2 bifur-
catesfrom the xed point in (1). This phenomenonis often called the period-doubling
bifurcation. If C(u;v;w) = Fxx [U; v; W] is evaluated at the critical xed point, then

b= tp ;C(p:p:p) + 3B(P:(In  A) "B(pip))i; (5)
wherel, isthe unit n n matrix, Ap= p; ATp = p,andtp ;pi = 1.

3. Neimark-Sacker The xed point hassimple critical eigervalues 1., = e ' ° and no other
eigernvaluesare on the unit circle. Assumethat

€% 160, g= 1;2;3;4 (no strong resonances)

Then, the restriction of (1) to a two-dimensionalcerter manifold at the critical parameter
value can be transformed to the normal form

7o 1 I P+ 0 ©)
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where is a complex variable and d is a complex number. Further assumethat
c=Red6 O

Under theseassumptions,a unique closal invariant curve around the xed point appears
in (1) whenthe parameter crosseghe critical value. One hasthe following expressionfor
d:

d= :—ZLG Yoty C(v;viv) + 2B(v;(In A) IB(V;V)) + B(v; (€7 %Iy A) B(v;v))i; (7)

whereAv = € ov: ATv = e 1oy ,andhv ;vi = 1.

In generictwo-parameter families, the above listed codim 1 bifurcations occur when we cross
the corresponding bifurcation curve (de ned by the single condition on the eigervalues) at a
typical point. Moreover, one can choosethe eigervectors so that the normal form coe cien ts
a;b, and ¢ will be smooth functions along these curves'. While tracing a bifurcation curve
in a generic two-parameter family (1), one may encourter a doubly-degenerate singularity
if either (i) extra eigervalues approad the unit circle, thus changing the dimension of the
certer manifold; or (i) one of the nonequalities on the normal form coe cien ts mentioned
above becomesan equality. Therefore, the following eleven doubly degenerate(or codim 2)
bifurcation points can be met in generictwo-parameter families of maps:

D1 1= 1, a= 0 (cusp);

D>, 1= 1, b= 0 (generalized ip);

Ds 1.2 = € ' °; ¢= 0 (Chenciner point);
Da 1= 2= 1(1:1resonance);

Ds : 1= 2= 1(1:2resonance);

De 12=e 9 o= Z (L1:3resonance);
D- 12=€ "9 o= 5 (14 resonance);
Dsg 1=1 2= 1

Dg 1= 1 2;3=ei0;

D1o 1= 1;'2;3: Io;'

D1 @ 12=€'° 3z=e€e'™

The casesD1{D; are well understood and presernied in many textb ooks (see, for example,
Arnold [1983]; Arrowsmith and Place [1990]; Kuznetsov [1998]). Notice that these sewen are
the only possibilities if the map (1) is a Poincare map assaiated with a limit cyclein a three-
dimensional autonomous system of ODEs: Then there are just two eigervalues 1., of the
linearization of the Poincare map and their product is always positive due to the Liouville

formula, i.e., 1 2> 0. That is why casesDg{D1; received much lessattention. These cases,
howewer, will appear inevitably in more realistic higher-dimensionalmodels.

This paper is dewoted to a detailed analysisof caseD g, that we call the fold- ip bifurcation.

A connection between the corresponding bifurcation of limit cycles and bifurcations of the

truncated amplitude systemappearing in the anlysis of the fold-Hopf bifurcation of ODEs was
rst indicated in Arnold et al. [1994]. For maps, this bifurcation has been specially treated

1The coecien t o also has this property.



by Gheiner [1994]. In the presen paper we clarify, correct, and extend that analysis. In Sec.
2, we derive the parameter-dependert normal form for a genericfold- ip bifurcation and give
explicit expressionsfor the critical normal form coe cien ts in 2- and n-dimensional systems.
In Sec. 3 we complete the analysis of local bifurcations of the normal form and study global
bifurcations by approximating the map by time-shifts along orbits of an auxiliary planar ODE,
preser (ascompletely aspossible)bifurcation diagramsof the truncated normal form, including
computer-generatedphase portraits), and then discusse ects of the truncation. Section4 is
dewoted to the normal form analysis of the fold- ip bifurcation in two examples: A generalized
Henon map and the Poincare map for a 4-dimensionalextension of the Lorenz-84 model. The
generalizedHenon map appears in the study of bifurcations of di eomorphisms with codim
2 homoclinic and heteroclinic tangencies, while the secondmodel describes the atmospheric
circulation and, to our best knowledge, is the rst autonomous ODE system appearing in
applications that exhibits the fold- ip bifurcation. For this model, we compute numerically
the partial derivatives of the Poincare map (seeAppendix) and then usethem to evaluate the
critical normal form coe cien ts and, thus, to demonstrate the nondegeneracyof the fold- ip

in this case.



2 Normal Form for the Fold-Flip Bifurcation

2.1 Planar normal form

Prop osition 2.1.1 (Critical normal form) Supmsea smamth map Fo : R?>! R? hasthe
form 0

X 1 1
1t mgij I1J
1 71 % |+>J(=2;3 X N §+ O(k k4) (8)
? 2% —hi 1%
i
i+j=2;3
and h1; 8 0. Then Fq is smathly equivalent near the origin to the map
0 1 1 1 1 1
2 2 3 2
X1 gy @Xat RAOPAT SNOPG* GelOa* 2dOXXE A L ok, (9)
X2 Xo + X1X2
where
_ So. _ . _ 3 .
a0) = —; b0) = gozh11; ¢(0) = -5 s+ ;011h20 ; (10)
hll hll 2
3go2(hozhao + 2hp1  2g11h 3h3, + 2h 1 2
d(0) = Jo2(Nozh2o + 2h21 2011h20)  G20(3hG, + 2hg3) Bt iot Sghhos 2, Zhog: (11)
6h11 2 3
Pro of:
Step 1 (Quadratic terms) Applying to (8) a polynomial coordinate transformation
8
2 = oxp+ %Gzox§+ G11X1Xz + %Gozxé;
12)
1 1 (
z 2 = Xot §H20X§+ Hi1X1X2 + EHozxgi
we obtain:
1 2 1 2
X1 70 X1+ SGoxi+ (011 + 2G11)X1X2 + SGXz2+
1 1
X2 70 Xo¥ E(hzo 2H20)xZ + NygXgXo + E(hoz Ho)x5+
where dots stand for higher-order terms. By setting
1 1 1
Gu1 = 5911 H2o = Ehzo, Hoz2 = Ehoz, (13)

we eliminate as many quadratic terms as possible. The remaining quadratic terms are called
resonant
Step 2 (Cubic terms) Assumenow that Step 1 is already done, so that (8) has only
resonarn quadratic and all cubic terms. Considera polynomial transformation:
8 1 1 1 1
2 1= X+ ZGaoxi+ SGaxixa + SGxix3+ ZGosx3; a
T o= xp¥ éHszi’Jf %H21X§X2+ %H12X1X%+ %H03X§;



Obviously, it doesnot changethe quadratic terms. After this transformation, we get
1 1 1 1 1 1
X1 7! X1+ Egzoxf + égozx% + égsoxi’ + 5(921 + 2Go1)X5X2 + 5912X1X§ + 6(903 + 2Gg3)X3 +

and
1

1 1
2h21X§X2 + E(hlz 2H 12)x1%3 + éhosxg +

1
X2 7! X2+ hygxixo + é(hso 2H 30)x3 +

By setting
Go1 = :—2L921; Goz = :—2L903; Hso = :—2Lh30; Hix = %hlz;
we eliminate four cubic terms. The remaining cubic terms are also called resonant They are
not altered by (14).
Step 3 (More cubic terms) The coe cien ts H11; Gog, and Gg» of (12) do not a ect the
quadratic terms of (8) but alter its cubic terms. Taking into accourt (13) while computing the
cubic terms of the transformed map, we obtain

1 1 3
X1 7! X1+ 5920X%+ 5902XE+ = O30t égnhzo X%

6

1 1
*5 2002H11  002G20 + (G20 + 2h11)Go2 + Egnhoz + 012 O Xix5+
and
1 1 2
Xo 7! Xo+ hipXixo+ > QoH11+ h11G20  Gi1hoo + 5h02h20+ ho1  X7X2

1 3
*s 30go2H 11 + 3Gozh11 + hoz + Ehgz X3+

where only the resonarn cubic terms are displayed. Thus, we cantry to eliminate three altered
terms by selectingH 11; G2g, and Gg,. This requires solving the following linear system:

0 1 1
0 10 1 =0u1h + g
2002 Qo2 2h11+ O Hy 5%uhoz G2+ gny
Go  hu 0 A @Gy A =R guha Ehozhzo ho1
32 O 3h11 Goo 3,

Its matrix haszerodeterminant. Howewer, using the nondegeneracycondition h;1 6 0, we can
eliminate the resonar cubic terms in the secondcomponert of the normal form. Thus, we set

Hi1=0 (15)
and from the above linear system obtain:
1 1 1 1 1
= — Zhe+ =h%, = — h h ~hg2h : 1
Goz h 3noet 3N G20 hy 9o M2t Shoahzo (16)
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Step 4 (Final transformation)  Transform now the original map (8) using (12) with the
coe cien ts (13) de ned in Step 1, and (15), (16) de ned in Step 3. This results in a map with
resonan quadratic terms, nonresonan cubic terms, and only two remaining resonan cubic
terms in the rst componert. Transformation (14) from Step 2 allows then to eliminate all
nonresonai cubic terms, while keepingunchangedall remaining quadratic and cubic resonan
terms. Finally, perform the linear scaling

X1
X1 7 —
Y hn
to put the coe cient in front of x1x» in the secondcomponent equalto one. This results in
the expressiong(10) and (11) for the critical normal form coe cien ts.

Remark 2.1.2 Gheiner[1994]gave the samecritical normal form (9), but herewe have derived
explicit expressionsfor the critical normal form coe cien ts. B

Prop osition 2.1.3 (P arameter-dep endent normal form) Considera two-parameterfam-
ily of planar maps
TVF(; ) 2R% 2R%
where F : R? R?! R?is smwmth and suchthat
1. Fo:R?! R?, 7! Fo( )= F( ;0) satis es the assumptionsof Proposition 2.1.1;

2. ThemapT:R? R?! R?2 R R;dened by

0 1
F(s )
7NT(; )= @detF (; )+1A (17)
TrF ()

is regular at ( ; ) = (0;0).

Then F is smathly equivalent near the origin to a family
0 1
1 2, 1 2, 1 3, 1 2
X1 o @ 1T @+ 2xa+ Al )xi+ b0 )xg+ ool )x1+ Sd( )xaxz o O(kxk?):

X
2 X2 + X1X2

(18)
whetre all coe cients are smath functions of and their valuesat ; = » = 0 are given by
(10) and (11).

Remark 2.1.4 Map (17) can be substituted by the map

0 1
F(C5 )
7V @det(F (; )+ 1) A
det(F (; ) 12)
The regularity of both mapsimplies the transversality of the map F to the critical manifold in
the spaceof 2-jets. B



Pro of of Prop osition 2.1.3:
Expand F in at = 0Ofor any smallk k:

MEC; )= ()+A(C) +RCS ),

where (0) = 0and R( ; ) = O(k k). The rst assumption implies the existence of two
eigervectors, g( ) and p( ) in R?, such that

AC)aC )= 2()aC ) AC)pC ) = 20 )p( );

where 1(0) = 1 and ,(0) = 1. Note that, due to the simplicity of the eigervalues 1
of A(0), 1.2 depend smoothly on , and g;p can also be chosensud that they are smooth
functions of . Any 2 R? cannow be represered for all small k k as

= 10( )+ 2p( );
where = ( 1; 2)T 2 R%. One can compute the componerts of  explicitly:
1=hg(), 0 2=mp() i
where
AT()a ()= 1()a( ) AT()p ()= 20)p()
and hg (1 );9( )i = () ;p( )i = 1. Sincehg ( );p( )i = hp ();a( )i = 0, the map F,

when expressedn the -coordinates, takesthe form

1 )+ () 1+S(5 ) .
2 - 20)+ 2() 2+ S5 ) (19)
where
() _ () ()i Si(i) _ m(RCa( )+ 2p( )i )i
2( ) o (), ()i 7 S5 ) bp ();R(1a( )+ 2p( ); )i
Expanding Si.2( ; ) further, we can write (19) as
0 X 1 1
() + 1()1+_' mgij()'ljz
; 7! % S B §+ O(k k*: (20)
2( )+ 2() 2+ Whij()lljz
i+j=2;3

Now we want to put (20) in the form (18) by meansof a smooth coordinate transformation
that dependssmoaoothly on the parameters. Consider the following change of variables:

1 1
X1+ "o( )+ "1( X2+ EGzo( )2+ Gpa( )xgxz2+ EGoz( )X5+

(21)

8
% )
1 1
5Gai( )xixz + g Coa( )X3:
1 1
% 2 = Xz+ o )+ 1( )xe+ 5Hao( )X§+ SHoo( X5+

1 1
éHso( )X3 + §H12( )X1X3;



whereall coe cien ts are asyet unknown smooth functions of suc that ";(0) = {(0) = O for
i = 0;1. Obviously, for = 0 (21) reducesto the transformation introducedin Step 4 of the
proof of Proposition 2.1.1just beforethe nal scaling.
Require now that the Taylor expansionof (20), in the x-coordinates and up to and including
cubic terms, takesthe form
0 1 2, 1 2, 1 3, 1 2 !
X1 o @ 10)F @+ 20 Dxa+ SAC)IXT+ SB( )Xz + gC( )X+ 5D( )xax3 A

X2 X2+ E( )X1X2

where, 1(0) = 2(0) = 0. After all substitutions, this requiremert translates into a system of
algebraic equations:

Q("0;"15 05 15 15 25 G20; G11; Goz; G21; Goz; Haos Hoz; Haos Hiz; A; B C; D E) = 0

where Q : R0 I R2 results from equating the corresponding Taylor coe cients. For the
Jacobi matrix J = DQ of this system evaluated at

we have det(J) = 307h3, 6 0. Therefore, the Implicit Function Theorem guarartees the
local existenceand smoothnessof the coe cien ts of the transformation (21) as functions of
Moreover, one can show that

8
% 1 = A 1+ Ay o+ O(k K?);
3 27 Fl(c»([(gn(O)BﬁzAs)hH(O) (ho2(0)B1 + 2B3)gag] 1+ (22)

[(011(0)B2 + 2A4)h11(0)  (ho2(0)B2 + 2B4)gz0] 2) + O(k K?);
where A; and B; are de ned by the following expansionsof the coe cien ts of (20):

1()= A1 1+ Az 2+ Ok K¥);  1()=1+A3z 1+ Az 2+ O(k K?); (23)
20 )=B1 1+By 2+ O(k k?); ()= 1+Bz 1+ By 2+ O(k k?):

The functions 1 and » can be taken as the unfolding parametersif the determinant of the
Jacobi matrix

@ .
= det @1 2 . 6 O
From (22) we have
h i
= g, (A1B2  A2Bi1)(dithir  G20ho2) + 2(A1As  A2A3)hin + 2(A2Bs A1B4)O20 e

On the other hand, taking into account (23), we obtain by direct computations:

detﬂ = 2 ;

@;) -



where T is the map (17) written in the ( ; )-coordinates, i.e., for the map (20). Thus, if
h;1(0) & 0, the regularity of (17) at the origin is equivalent to 6 0.

The scaling
X1, g 1.
EC) T E()
where E( ) = h11(0) + O(k k), gives nally (18). Obviously, the critical coe cien ts are the
sameasin Proposition 2.1.1.

X1 7!

2.2 Center Manifold Reduction

We now apply a special version of the certer manifold reduction combined with the normaliza-
tion to our map (seeKuznetsov [1999];Beyn et al. [2002]and referencegherein for the caseof
ordinary di erential equations). Consider a two-parameter family of mapsF : R" R?! R",

X7 F(x; ); (24)

having at = Oa xed point x = 0 with two simple eigervalues 1. = 1 and no other critical
eigervalues. We can write:

1 1 1
FO )= A+ Ar + 5BOGX) + Ba( )+ ZCOGxx) + SCi0xx )+

where only relevant homogeneoudinear, quadratic, and cubic terms are displayed. The mul-
tilinear forms B and C are de ned in Sec. 1, while B1(q; ) = Fx [g; ] and Ci(qg;p; ) =
Fxx [0 p; ] evaluated at (x; ) = (0;0). The matrix A hasthe eigervalues 1., = 1. Intro-
duce the assaiated eigervectors g;q ;p;p , sudc that

Ag=¢q ATq =q; hj;qi=1
Ap= p; ATp = p; lp;pi=1

We want to restrict (24) to its two-dimensionalcerter manifold

x=H(w; ); H:R> R?! R (25)
depending on two parameters( 1; »). Expand H as
X 1

H(w: )= PP

jitjetkitks 1

j1i2 K1 ka.
2kikp W W™ 17 %!

Using the freedom of choosing the w-coordinates on the certer manifold, we can assumethat
the restriction of (24) to (25),

w7 G(w; ); G:R?> R?! R? (26)
has beenput into the form

0 1

1 1 1 1
o )= B LTAT v Al Jwi + Sou( Wi+ Zo(Jwi+ Sea( waw & + O(lowic)

1 1
o+ ex(Jwiwz + Sa( Jwiwg + Zca( w3
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Furthermore, we assumea dependence
=K()=K; + 0Ok k?;
whereK :R%2! R%?andKjisa2 2-matrix.

Remark 2.2.1 Note that we have included all cubic terms which becomeresonart at = 0
in the secondcomponert of the normal form (26). In the proof of Proposition 2.1.1 we used
primary and secondarynormalization. In the primary normalization we applied a quadratic
changeof coordinates to remove nonresonan quadratic terms, and a cubic changefor nonreso-
nant cubic terms. The secondarynormalization usedquadratic terms to remove someresonar
cubic terms, if an additional nondegeneracycondition is satis ed. Sometimesthis is called a
hypernormalization. The coe cien t d(0) is changedby this secondarynormalization. A priori
we do not know if the nondegeneracycondition hy; 6 0 is satis ed. Therefore we compute all
cubic coe cien ts in the secondcomponert of G, and then useformulas (10) and (11) to obtain
the critical coe cien ts. B

The condition of invariance of the certer manifold is the homological equation
F(H(w; );K()) =H(Gw; ); ): (27)
Collecting quadratic terms in Eq. (27) we nd, for = 0,

(A In)haoo = a1(0)g B(q;0);
(A+ 1n)h1i00 = e(0)p B(p;0); (28)
(A In)hooo = W(0)g B(p;p);

while the cubic coe cien ts are obtained from

c1(0)g+ 3a1(0)hz000 3B (Q;h2000) C(0; 0 0);

c2(0)g+ b1(0)h2o00  2€1(0)ho200 B (d;hozo0) 2B (p;h1100)
C(p;p;9);

c3(0)p+ (26(0) a(0)) hizoo 2B(G;h1100 B(p;h2000) C(T; G p);
c4(0)p  31(0)h1100 3B (p;hozo0) C(P;P;P):

(A In)hsooo
(A In)hi2o

(A + In)h210o
(A + I'n)hozoo

Sinceland 1 aresimpleeigervaluesof A, the Fredholm solvability condition yields the critical
guadratic coe cien ts

a1(0) = hg ;B(q;g)i; e(0) = hp ;B(p;q)i; b(0) = ho ;B(p;p)i;
and using the bordering technique described in Kuznetsov [1999]we nd
haooo = (A D'V hy;B(gaiq B(gQ) ;

A+ 1)'"NV 1 B(gpip B(gp) ;
(A D'NV g B(pipia B(p;p) :

h1100

ho200

11



Hereh = L'NVR denotesthe unique solution of the nonsingular bordered linear system
L v h R
v 0 s 0

It is assumedthat L has a one-dimensionalnull-space,sothat Lv = LTv = 0; hv ;vi = 1.

It follows from (28) that hg ; hagool = hq ;hozo0l = P ; h1100i = 0. Therefore we can simply
write the expressionsfor the critical cubic coe cien ts

c1(0) = hy;C(a,q9) + 3B(d: h2000)i;
c2(0) = hg;C(qp;p) + B(d hozo0) + 2B (p;h1100)i;
c3(0) = M ;C(q,qp) + B(p;h2o00) + 2B (d; h1100)i;
ca(0) = M ;C(p;p;p) + 3B(P;hoz0)i:

Remark 2.2.2 Note that we do calculate e;(0) in the certer manifold reduction. If e;(0) 6 0,
we can scaleand, using the previous remark, obtain

_ a(0), _ . _ @l(0),
a0 = gy PO = b0e(0); o0) = S
40)= ©20)+ 5 BOa0)  52ex(0) + 20)es(0)
Then a(0); b(0); ¢(0) and d(0) are the coe cien ts for (9). B

For 6 0 we obtain from Eq. (27) the coe cien ts hj,j,k,k, and (K1); . This tells us how
the certer manifold and dependon in linear approximation. The w-independert terms give

(A In)[hoo1o hooo] = [q0] A1K3

Here [hgo10 hoooi] should be interpreted asa 2 n matrix and so on. We take the matrix
product with g and nd g A;K; = (1;0). We happento have somefreedomand can scaleK ;
and take as a solution

1 1 2 . - N )
¥ 2, 1 with (15 2) = g Az (29)

Then one can also solve for hgo1o; hooo1. The equationsfor the other coe cien ts are

(A In)[hio10 h1ooa]l = [2h2000 d  2[B(Q; hoo1o) B (0 hooo1)] Bi(g; K1);
(A + In)[ho11o hozoa] = [ h1100 0] 2[B(p;hooio) B(P;hooo1)] Ba(p;K1);
(A In)[h2o10 h2o01] = a(0)[h1010 h1001] + 2[a1(0)h2000 h2000]

2[B (hoo10; h2000) B (hooo1; h2000)]  B1(hzo00; K1) + C1(q; g, K 1);
(A + 1n)[h11120 h1101] = e€1(0)[Nho110 hoto1] + [€21(0)h1100  h1100]

2[B (hoo10; h1100) B (hooo1; h1100)]  Bi1(h1100;K1)  2C1(q; p;K1);

(A Tn)hoz210 hozoa] = b1(0)[N1010 h1001] + 2[01(0)h2000 O]

2[B (hoo10; No200) B (hooo1; ho200)]  B1(hozoo; K1)  Ca(p;p;K1):

K]_:

12



3 Analysis of the Normal Form

Discard the O(kxk*)-terms in (18) to obtain the truncated normal form:
0 1
1 (L 2t a0 )+ S G+ gel G+ Sd0 )X p g

Xo + X1X2

X1
X2

7T'N(x; )= @

Remark 3.0.3 Note that (30) is invariant under the re ection in the x-axis:

1 0
| . - .
x 7' Rx; R 0 1 (31)

for which R? = |,. The phaseportraits below will re ect this Z,-symmetry. B

Denote the critical valuesof the normal form coe cien ts by
ap = a(0); by = b(0); co = ¢(0); do = d(0):
In this section,we study local and global bifurcations of the truncated normal form (30), presen
its bifurcation diagrams, and then brie y discussrelationships between (30) and (9).
3.1 Local codimension 1 bifurcations

Prop osition 3.1.1 The family of maps(30) hasthe following local codimension 1 bifurcations
in a su ciently small neightourhood of (x; ) = (0;0).

1. There is a curve

2
troid : (X1;X2; 1) = £+ O( %);O;ﬁJf o3 ;

on which a nondeggenente fold bifurcation occurs if ag 6 0.

2. If bp 6 O, there is a curve ts)jp : (X1;X2; 1) = (0;0;0) on which a nondegeneate ip
bifurcation occurs.

3. Iflp>0and 1< 0, thereis a curve
r

2 -, (do+ 2
tns:(ixs )= 0 ateo( ¥R 1 o0y
ko ko
on which a nondegenerte Neimark-Sackerbifurcation of the second iterate of (30) occurs,
provided
agto + 3agho + aodo  boco 6 O: (32)
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Pro of: The Jacobi matrix of (30) is

A )= Ny(x )= 1+ g+ a( )xa+ 3¢( )x§+ 3d( )x3 b )xz+ d( )x1xz
X2 1+ xp
Fold bifurcation The map (30) hasa xed point x with multiplier 1 if

N(X ) = X
det(A(x; ) 1) 0:

Using the Implicit Function Theorem, we seethat this algebraic system has a unique solution
curve ts gig near the origin as described in statemert 1. The critical (adjoint) eigervectors are
q=q = (1;0)7, while

+ + 0O
Bp:g= 2P bop2cp + O( 2)
P1C + P2t
With (3) from Sec. 1, we obtain

aold = @+ O( 2);
and if ag & 0 we have a nondegenerate(quadratic) fold when ,! 0.

Flip bifurcation.  Another look at the Jacobi matrix above showsthat alongthe curvets i,
de ned in the statement 2, the truncated normal form (30) hasa xed point with multiplier
1, i.e., this curve satis es the algebraic system

N(x; )
det(A(x; )+ 1)

X3
0:

Now we have p= p = (0;1)" as(adjoint) eigervector. Clearly C(p;p;p) = 0 and we compute
the ip coecient (5) as

bip = 3Bz A) B(pip)i = §%+dm

whereo(1) is boundedas ,! 0. Then, the ip bifurcation is nondegenerateif by 6 0.

Neimark-Sac ker bifurcation. Consideringthe seconditerate of (30) we solve for its xed
point with the determinant of the Jacobi matrix equalto one,i.e.,

N(N(x; ); ) = X
detA(N(x; ); )detA(x; ) 1 = O
We nd the following exact solution to this system:
di )+ 2
=0 B gr2iz0 o= ) (33)

which implies the expansionfor ty s in the statemert 3. Evaluating the Jacobian matrix of the

seconditerate of (30) on (33), we nd
0 1

A

q
1+ 6 42 2 211
A= (NNGE ) ) = @ q+ 21+ T ) 5@+ 0
2 5@+ ) 1+2
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. . : p
For small 1 < 0, it has complex eigervaluese '° = 1+ 4 1+ 2 2 12+ DA+ )2
Therefore, we nd that in the caseof by > 0; ;1 < 0 there is a Neimark-Sader bifurcation.
We want to know the sign of the rst Lyapunov coe cient cys along (33). We take

b()s r bt S r bt
2 1 2+ 1 21 2+
= =1 S 14 1 andg= <> =%t S
= 2 ) : a 2 B) .

sudh that Aq = € °qand ATq =e '°q,with € 0= 1+4 ;+2 2 P 12+ DA+ )2
We should still scaleq , sincehg ;qgi 6 1. Next we compute the rst Lyapunov coecient cys
on tys, using (7) from Sec. 1, where the multilinear forms B and C correspond to the second
iterate of (30). This gives:

ons = 5( @Bty 3aoby oo+ boco) + of 1)

as 1! 0. Therefore, the Neimark-Sadker bifurcation of the period-2 cycle of (30) is honde-
generatenear the origin, if (32) holds.

Remark 3.1.2 Gheiner [1994] obtained similar results concerning the fold and ip bifurca-
tions, but someof his calculations are puzzling. The Neimark-Sader bifurcation was proven to
exist, but no attempt was madeto analyseit. As we have seen,this bifurcation is nondegener-
ate under the condition (32) on the criticab normal form coe cien ts. Choosing, asa numerical
example,b=c=d=1we nd a6 2 5 asthe condition for cys to be nonzero.

3.2 Global bifurcations

As we shall see,the map (30) has two saddle xed points, which can possesa heteroclinic
structure. To study this global bifurcation phenomenon,we derive a vector eld, sud that
the unit shift along its orbits approximates (30). Bifurcations of this vector eld are easyto
analyse,sinceit is similar to an amplitude systemfor the fold-Hopf bifurcation (seeChow et al.
[1994]; Kuznetsov [1998]).

Prop osition 3.2.1 (Appro ximating vector eld) In a small neighloburhood of (x; ) =
(0; 0), the truncated normal form (30) satis es

RN(x; )="2%x )+ O(k k?) + O(kxk?k k) + O(kxk?*): (34)
Here R is the matrix de ned by (31), ' ! is the ow geneated by the system
X=X(x; ); x2R?% 2R?%
whetre the vector eld X is given by
0 1 1

1 1
%) 1+ 5% 1+ 2 X1t §a0x§+ Ebox%+ dix3 + dox1x3 g

X(x; )= ; (35)

2 3
> 1X2  X1X2 + d3gX1X5 + dgX5

15



with

1 1 1 1
d=Z c =a3 ;2= 5 do+ Sbo(2 a0) ;ds= (a0 2); da= b

ol =
NI w

Pro of:
We construct ' ' asthe rst two componerts of the ow

2y )X e

generatedby a 4-dimensional systemwith the parametersconsideredas constart variables:

= Y(): (36)
Here
0 1
0010
Y()=3 s+ a0+ 3=52 0008 vy- X0,
0 00O

where ead X is an order-k homogeneougunction from R* to R? with unknown coe cien ts.
De ne

N (X;
m(y= N
and introducethe 4 4 block-diagonal matrix
_ R O
ST o ly

where R is given in (31). Following Takens [1974], we look for a vector eld Y sud that
SM()= *()+ O(k k%.

To nd the vector eld Y explicitly, perform three Picard iterations for (36) as described
in Kuznetsov [1998], Chapter 9. We start with setting () = €’' . Then, clearly, the linear
part of S M () coincideswith 1( ).

Since we know how the result tz of the secondPicard iteration should look, we set some
coe cien ts of Y, equal to zeroimmediately:

Ao 1X1+ Agp 2X1 EAzoxi + EAozxg
Y, = % B11xix2 + B1o 1X2 %; ;
0
0
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Then

Z
L) = @ e @ v ()
’ 0 1 1 1 1
0 Xp+t 1 1 (Ao + EAzotz) 1X1+ Ap1 oX1+ EAzoXEJf EAzoX%
= %} Xi §+ B1iXiXo + %Blltz"' Bio 1X2 + O(k K?):
2 X

Comparing quadratic termsin SM ( ) and 3( ), we nd the coe cien ts of Y;

1 1
Ao = 530, Az = ag; Ao1= 1, Aoz = bp; Bio= > Bii= L
Passing on to the cubic part we remark that we are only interested in cubic terms in x.
Therefore, we put
0 x 1 . 1
i i!J—.!Aij X1X5
] =
XTp
i+j=3
0
0
and get
Z,
5() = &'+ &0 Y ,() + Ya( o( )] d
0 0 1 1 1
Xit ot Sa Dk 1+ 3 o+ gacxd+ oboid
1
= % X2 XX+ 51 t%) 1x; +
1
2
0 1 1 1 1 1 1
6A30t+ ZAgotz X?+ tA21X%X2+ §A12t+ thAoz(Azo'i' 2811) X1X%+ 6tAo3X%
1 3 1 1, 2 2 1 1> 3
6tB 30X t+ ZtB 21+ 4t Bll(ZBll+ Azo) X1X2 + tB 12X1X5 + 6tBo3 4t AOZBll X5
0
0

+ O(k k?)+ O(kxk?k K):

Comparing cubic termsin SM( ) and (), we nd the coe cien ts of Y3:
Azo = Co aO Az =0 A12—d0+— (2 ag); Aoz= 0
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1 3
B3o=0; Bo1 = E(ao 2); B12=0; Bos = étbi
This givesthe vector eld (35) from the Proposition.

To explore relationships betweenthe map (30) and the vector eld (35), consider rst local
bifurcations of the vector eld X . One canched that there are two curves,tsqq : (X1;X2; 1) =
( 2=a+ O( %);0; %=(2a) + O( 3)) and tsjip : (X1;X2; 1) = (0;0;0), on which equilibria
of (35) have a zero eigervalue. These are the same expansionsas we computed for the map
(30). The certer manifold reduction shows that a fold (saddle-nade) bifurcation occurson the
rst curve, while a pitchfork bifurcation happenson the second. Next we computed a Hopf
bifurcation curve for (35). We get indeedthe sameexpression

r
tns:(xiXa 2)= O %+ o f%;%

+0O( %)

asin Proposition 3.1.1.
Next we can classify the critical phaseportraits of the vector eld (35). In the usual polar
coordinates the vector eld at = 0 becomes

r r2 agcod + (3 1)sin® + O(r?)

_ r sin (1+2a0)co§ + hpsin?  + O(r?)

We seethat there are invariant lines in the critical normal form if —= 0. This equation is
satised if = 0; , which is expected due to the invariance of the vector eld under the map
(31). Another possibility is that

2+ ag
tan? = :
ko

Therefore, we nd six dierent critical portraits, seeFigs. 1 and 2.

W@A

2<a<0 a>0
ag < 2< a< 0
Figure 1: Phaseportraits of the approximating vector eld X at = 0.

The invariant curves born from the Neimark-Sader bifurcation cannot exist everywhere.
They should disappear through global bifurcations. To study these phenomena,we investigate
what happensto the cyclesof the approximating vector eld X born at the Hopf bifurcation.
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Pp< 2 2< a<0 >0

he0 e e

; ,.f/\\v.v
ay< 2 2<ay<0 >0
Figure 2. Phaseportraits of the normal form N at = 0. Compare with the orbits of the

vector eld to seehow the orbits jump.

Prop osition 3.2.2 If ag;bp > 0 and 1 < 0 then the vector eld (35) hastwo saddes, which

are always connected by a heteroclinic orbit along the x;-axis. There exists another heteroclinic

orbit for

do+2p C a a§
b o

ty: 2= 3+1a0 (a0 + 2)

+0o( 1): (37)

Pro of:
We rst shift the x1-coordinate in (35) with the transformation

1 2
X1 ! X =+ =
1 1 2 " 2
Then we apply a singular rescaling
x4
X1! Xy Xp ! Xop dt! Z2dt
to obtain 8 1 1
< _ q 2 2 3 2
= + = + = + +
X1 X5 1 2aox1 2box2 [dix3 + d2X1X5] (38)
X2 = X3  XiXo+ [ oXp+ dgx3xp+ dax3] ;
where

= 1+ 0K KY); o= -2+ 0(k K):
1= 1+ 0k k); 2 2 (k k)
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The system (38) can be rewritten as
x=f( )+ ox ) (39)
with

1 1
+ Zagx? + 5box%

3 2
o )=xd 173 ok )=xg ST

X1X2 2Xo + d3X%X2 + d4X%
For = 0andqg+ 1= ap, system(39) is Hamiltonian with

+ lagx? box3
H _ Lo+l 17 3 1 2
()= x2 a+ 1 2(q+ 3)

(40)

We have ap; ly 6 0 asnondegeneracyconditions, thereforeq6 1. Level curvesof H for sewral
values of ag are shavn in Fig. 3. Now we treat the term g in (39) as a small perturbation
of the Hamilton system. We should therefore evaluate the Pontry agin-Melnikov function (see
Guckenheimerand Holmes[1983,2002])

|
(h)= " fxn() )" gxa(); ) d;

wherexn( ) is a periodic solution of the Hamiltonian systemcorresponding to a closedregular
level set , = fx : H(x) = hg, while for ag > 0

Z +1
©0;)= . f(xo( ); )™ a(xo( ); ) d;
where xo( ) is the nontrivial heteroclinic solution in the critical level setH = 0. Notice that
limy, o (h; )= (0 ; ), sincethe integral over the trivial heteroclinic connection equals
zero. Then (0 ; ) = 0 de nes a linear approximation to a curve on which the heteroclinic
connection \surviv es" in (39) for small 6 0. Our computation is analogousto the onein
Chow et al. [1994].

ao < 2< ay< 0 " a,>0
Figure 3: Level curvesof H for seweral ag

20



Using Green's formula, we have
I

XJ(dix3 + doxyx3)dxa  x3( 2X2 + dax3xp + dgx3)dxy
I h
1
3

X3 dpG+ daxax3+ (q+ 1) oxg+ —daxi3 + (q+ 3)daxix5  dxo:

h
Now we usethat alon h = x4 1o w24 1py2 g+l _
g nwehavedH = x; 1+ 580XT + 2b0x2 dxz + x5 ~x1dx1 = 0 and
corntinue

1
= X3 ap X1+ di+ éaod3 X3+ (d2 + (ap + 2)da)x1x3 dx;

2 1
b 1((d2 + (ap+ 2)da) +x§ di+ 30003 %(dz +(ap+ 2)dg)  dxz

= nglaoz

2
E(d2 + (ap + 2)da)x3x3 ™ dxy
h
2
=l @02 poaltet (a0* 2dy) e Gt Tdy i(do+ (a0 + 2)d)

H .
Herewe dened Iy = xaxhdxp for i = 1;3.
For h = 0 we can evaluate the Pontry agin-Melnikov function as follows. We rewrite our
Hamiltonian systemas
8

< 1 1 by
- q 2 2 g+2
X1 = X, 1t anxl*' Eboxz T A+ 2X2
X2 = X3 X1X2):

Here we usedthat we are on the zero-leel set of the Hamiltonian. The initial conditions are

s
2@+ 2) 1
x1(0) = 0; x2(0) = ——=—=;
1(0) 2(0) a0t
which are not changedif we reparametrized = xzth. We get the new system
; ko
< - 2
X3 = ag+ 2X2
X2 = X1X2;

which we can explicitly solve with x1( ) = tanh( ); x2( ) = x2(0)cosh *( ), where
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Having thesesolutions, we evaluate | ;.o de ned above:
z

lio = xIxt dx,
Z,
= ) x3xi*d
Z . i
1 smh( )|+1
1 Cosh( )|+ ap+l
(3 Eh
2( 3@+ a+1i))
In this time-parametrization we usedthe explicit forms of x1( ) and x»( ). If we now compute
the ratio Q = I3.0=l1.0, we nd

'X300)(1+ (1))

_ 61 .
° ao(3+ ao)
Using the expressionsfor ¢ and di, we nd that the Melnikov function (0 ; ) hasa zeroif
1 do+ 2y  co a &3
= + 2 +
2= 37 % (20 ) b %

This value of , asymptotically correspondsto the existenceof a nontrivial heteroclinic orbit
for the perturb ed system (38).

+0o( 1): (41)

Remark 3.2.3 Takinga=b=c=d=1we nd .= 2 ;. This value was usednumerically
aswell in case(1) of the bifurcation diagramswith DSTools (Back et al. [1992)).

Remark 3.2.4 We derived the linear approximations to both the Neimark-Sader bifurcation
curve, seeProposition 3.1.1,
_ do+ 2y
2= —/— 1

ko

and the heteroclinic bifurcation curve, see(41). To analysetheir relative position, we compute
the di erence betweentheir slopes:
1
aolp(ap + 3)
This shows that the curves coincide in the linear approximation if and only if the Lyapunov

coe cient cys vanishes. Thus, changing the relative position of the two curves changesthe
stability of the closedinvariant curve that appears.

(42)

apdo 3apghy hpaj+ oo

Remark 3.2.5 Moreover, for the vector eld we have the uniquenessof the limit cycle. This
can be veried asfollows. We should evaluate the Pontry agin function on a level curve of the
Hamiltonian with h 6 0. Now Q(h) = |14=Il3, cannot be ewvaluated explicitly, but one can
prove the monotonicity of Q following Chow et al. [1994]. This implies the uniquenessof the
limit cycle. We include somepictures, where we computed Q(h) numerically, to illustrate the
monotonicity (seeFig. 4).
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Figure 4: Ratio Q(h) = I 1.h=lzn

3.3 Bifurcation Diagrams

Although we had six casedor Fgq, only four bifurcation diagramswill be reported in Figs. 7{14,
becausetwo others di er only at the critical parameter values. We start with the bifurcation
diagrams of the vector eld (35), which are similar to the bifurcation diagrams of the truncated
amplitude system for the fold-Hopf bifurcation (see Guckenheimer and Holmes [1983, 2002],
Kuznetsov [1998]). In our study, howewer, we have to take into accourt that the Neimark-Sadker
bifurcation can be either sub- or super-critical, depending on the sign of cys. We included
these sketches to indicate the direction of the orbit in the phaseportraits for the map. The
orbits of the map cortinuously jump from the lower to the upper half plane and badk. This is
easily understood from (34), which implies that (9) can be approximated by the composition
of the unit shift along the orbits of X with the re ection R. We go around the origin in
the parameter plane and discussthe phaseportraits of the truncated normal form (30). The
fold and ip bifurcation curvesare denotedby F and P , respectively. The sub/super-critical
Neimark-Sader bifurcation curveisindicated by NS . For the vector eld, J is the heteroclinic
bifurcation curve.

hy J h,
WY(x4) U(x1) W*(Xo) WS(Xo)
W5(Xo) WY(x4)
Xo X1 Xo X1 Xo X1

h2

Figure 5: Heteroclinic tangenciesappearing in the lines hj., together with a transversal hete-
roclinic structure betweenthem.
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Remark 3.3.1 Wetook c= d= 1to generatethe pictures related to the map, unlessstated
otherwise. We use a version of DSTools (Back et al. [1992]), incorporating the algorithms
from Krauskopf and Osinga [1998a], Krauskopf and Osinga [1998b]. The colors should be
interpreted as follow: Orbits are green,while unstable manifolds of saddlesare red and stable
manifolds are blue. Note that, with the above choice of the coe cien ts, cy s is negative in case
1 and positive in case2. B

0.4 0.16 0.5

-0.4 -0.16 -0.5
-0.4 -0.25 -0.85 0.15 -0.5 -0.33

Figure 6: Heteroclinic structures in (30) near the left xed point fora = b= d = 1;c =

0:5;

1= 02and ,= 0:35345880(a); .= 0:35347(b); -= 0:35349058(c).

Case 1: In region 1 orbits merely jump to the right. CrossingF. implies the appearance
oftwo xed points onthe horizontal axis. In 2 oneof these xed points is totally unstable,
while the other is a saddle. While crossingcurve P, from 2 to 3, the unstable xed point

becomesa saddle and an unstable period-2 cycle appears. If cys > 0, an unstable
invariant curve \around" the period-2 cyclesappearsvia the Neimark-Sadker bifurcation

on NS;, when we go from 3 to 4+ . The invariant curve disappears through a series
of bifurcations assaiated with the heteroclinic bifurcations near J., if we cometo 5.
The presenceof the J-curve for the vector eld implies for the map the existence of
two curves, along which homoclinic tangenciesoccur (seesketchesin Fig. 5). Between
these two curves, a heteroclinic structure is presen. Figure 6 shaws invariant curve
con gurations computed with DSTools . If cys < 0, a stable closedinvariant curve
emergesin 4- through a seriesof bifurcations assaiated with the heteroclinic structure.

This stable invariant curve exists until we crossN'S , where the stable period-2 cycle
becomesattracting in 5. Next we crossP and the period two orbit disappears,leaving
us with a stable xed point and a saddlein 6. Thesetwo collide if we return bad to 1.

Case 2: Fix a phasedomain near the origin. Now we start with the two xed points,
one stable and one unstable on the axis in region 1. Then, crossingthe ip curve P.
to 2, one xed point exhibits a period doubling and a period two cycle appears. The
xed points on the horizontal axis collide at the curve F. which separatesregion 2 from
region 3, where a stable period two cycle exists. If cys > 0, then an unstable invariant
curve appearswhen we crossthe Neimark-Sadker bifurcation curve NS, . This invariant
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curve grows, until it blows up and disappears from the selected xed phasedomain at
some curve B, . Actually, the invariant curve can lose its smoothness and disappear
before touching the boundary of the domain. If cys < 0, then we rst encourter the
\b oundary bifurcation" curve B , wherea big stable invariant curve appearsin our xed
phasedomain. The transition from 4- to 5 destroys the curve via the Neimark-Sader
bifurcation . Finally, crossingof the fold curve F producestwo xed points in 6 and
through the ip bifurcation on P the period-two cycle disappearsagain as we go back
to 1.

Case 3: We start with a period-two saddlecyclein 1. Entering 2 through the fold curve
F. createstwo xed points on the horizontal axis, a saddle and a repelling one. Then,
while crossingthe ip curve P, to 3, the period two cycle is destroyed and we get two
saddleson the xi-axis. PassingP one saddle becomesstable and a period two orbit in
4 is created. Finally, the xed points on the horizontal axis collide on F and we are in
region 1 again.

Case4. Starting in region 1 we have, asin case3, a period-two saddle cycle, but also
a stable and an unstable xed point on the xi-axis. The unstable one becomesa saddle
when we enter 2 through the P, curve. Then nothing special appears except for a
\saddle-like ow" in region 3, after the saddleand the stable point collided on F. . Going
from 3 to 4 we get a saddle and an unstable point through the fold bifurcation on the
curve F . We are bad in 1, when the ip bifurcation createsthe period-two cycle on
P .

The diagrams give a rather detailed description of the bifurcations of the truncated normal
form (30). However, this description remainsincomplete due to the presenceof closedinvariant
curvesand heteroclinic tangencies. Indeed, the rotation number on the closedinvariant curve
can changein nitely many times from rational to irrational and, moreover, the invariant curve
can losesmoothnessand disappear. Near a heteroclinic tangency in nite seriesof bifurcations
happen, including cascadesf ips and folds (seeGavrilov and Shil'nikov [1972], Gavrilov and
Shil'nikov [1973], Gonchenko et al. [1996]).

3.4 Eect of higher order terms

Adding higher order terms to the truncated normal form (30), i.e., restoring (9), complicates
the bifurcation picture further.

Using the Implicit Function Theorem, one can prove that for k k su cien tly small, the
map (9) has the samebifurcations of xed points and period-2 cyclesas (30). More precisely
Proposition 3.1.1is valid also for the full normal form (9) with arbitrary higher order terms.
Therefore, we know what to expect locally. In particular, in casesl and 2 closedinvariant
curvesappear. Moreover, the unit shift along the orbits of the vector eld (35) composedwith
the re ection approximates (9) asgood as (30). This implies that (9) also hastwo bifurcation
curvesalong which heteroclinic tangenciesoccur. Betweenthesecurves,a heteroclinic structure
is present. Higher order terms in (9) do a ect these curves, but they both remain tangert to
the curve (37) from Proposition 3.2.2.
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Figure 7: Vector eld : Casel. ag > O;bp> 0
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Figure 8: Map : Casel. ag> O;lp> 0
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Figure 9: Vector eld : Case2. ag< O;lp> 0
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Figure 10: Map : Case2. ag < O;bp > 0
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Figure 11: Vector eld : Case3. ap> O;lp < 0
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Figure 12: Map : Case3. ap> O;lp < 0
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Figure 13: Vector eld : Case4. ap < O;lp < 0
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Figure 14: Map : Case4. ap < O;lbp < 0
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As mentioned by Gheiner [1994], there are more di erences between the phase portraits
of (30) and a generic (9), which are related to other heteroclinic tangencies. Indeed, in the
truncated normal form (9) the xi-axis is always invariant. Therefore, in casesl and 3 we
have the heteroclinic connectionsbetweenthe saddleslocated on the horizontal axis. However
generically the higher order terms in (9) break the re ectional symmetry and the heteroclinic
connection along the xi-axis is lost. This allows for heteroclinic structures causedby inter-
sectionsof the invariant manifolds of the saddlesnear the horizontal axis. Theseintersections
can be either transversal (as in Fig. 15) or tangential. Therefore, in the rst three cases,the
bifurcation diagrams of (30) and a generic(9) are not locally topologically equivalert.

Figure 15: A transversal heteroclinic structure near the horizontal axis.

Gheiner [1994] claims that in case3 an additional heteroclinic structure may appear: The
unstable manifold of the period-2 cycle could intersect tangertially the stable manifold of a
saddle xed point on the xj-axis. This is impossible. Indeed, if such an intersection happens,
the stable manifold of the saddle on the x;-axis must oscillate between two branches of the
unstable manifold of the period-2 saddle cycle, crossinga small neighbourhood of the other
xed point on the x;-axis which is repelling.

In case4, Gheiner [1994]givesstrong indications that (9) is locally topologically equivalent
to (30), where the cubic terms can be omitted.
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4 Examples

In this section we presert two examplesof the fold- ip bifurcation. We compute the normal
form coe cien ts and show that the behaviour predicted by the normal form is correct.

4.1 A note on the generalized Henon map

Considerthe generlized Henon map

X y
I .
y 7! X y2+Rxy+Sy? (43)
Setting R = S = 0 one obtains the standard Henon map. We will consider and ascortrol
parametersand R and S as constarts. This map appears as a rescaled rst return map in
the study of at least two global bifurcations of maps related to codim 2 homoclinic tangencies,
when:

(1) a dieomorphism in R? has a neutral saddlewith a quadratic homoclinic tangency (see
Gondhenko and Gonchenko [2000]and Gondchenko [2002]);

(2) a dieomorphism in R® has a saddle with a generalizedhomoclinic tangency (i.e., the
unstable manifold of the saddle has a quadratic tangency to its stable manifold but
is nontransversal to leaves of the strong stable foliation in the stable manifold at the
homaoclinic points) (seeGondchenko et al. [2001]).

In these studies, codim 2 local bifurcations of xed points of (43) play an important role,
sincethey allow to predict bifurcations of closedinvariant curves. Bifurcations of (43) are well
understood for > 0, wherethe standard Henon map presenesorientation. In this parameter
region, strong resonancepoints have beenfound. Much lessis known about bifurcations of (43)
when < 0. We shav below that the map has a fold- ip point in this parameter region and
compute its normal form.
For = 0the map hasthe xed point (x;y) = (0;0). The Jacobi matrix of (43) at this
point is
01
0

Thus,if = 1, we have two multipliers +1 and 1. Sowe have found a fold-ip codim 2
point for all valuesof R and S.

First we analyse(43) without the cubic term, i.e., setS = 0. It is easyto verify that xed
points of this map can bifurcate at the following curves:

A =

_ (+1y

. - « . _1
—m ) tfl|p— (, ) _Z( +1)2(3 R)

ttog= (5 ):

Note that thesetwo parabolashave a commonpoint: The fold-ip point (; )= (0; 1). They
coincideif R = 2, i.e., the ip bifurcation is degeneratefor R = 2.
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If we considerthe seconditerate of (43) with S = 0, a curve can be found, where a period-2
cycle has two multipliers with unit product:

2
ts= () = TDCER @rR)

To exclude neutral saddles,we should ched that the multipliers are indeed complex for some
valuesof ; and R. Simple analysis shows that the Neimark-Sader bifurcation occurs only
if R6 0Oand R > 1. This meansthat depending on whether R < 1or R > 1 we have
either the \di cult"  or the \easy" case,respectively. For the di cult casewe have a distinction
betweenR > 1 and R < 1, sincethe fold and ip curve changeposition in the parameter plane
when crossingR = 1. We sketch in Fig. 16 the bifurcation curvesin the (; )-plane for three
typical valuesof R. We recognizeFigs. 16(a),(b) ascasesl and 2 from Sec. 3.3, respectively,

(@) (b) ()

Figure 16: The (; )-plane: (a) casel; (b) case2; (c) case3/4 . The thick/dashed line is the
fold/ip curve. The dotted oneis the Neimark-Sadker curve.

and Fig. 16(c) ascase3 or 4.
We now compute the critical normal form coe cien ts using the formulas obtained in Sec.

2.2. The eigervectors are

—oq = 1 .o = 1.
q=2q = 1 P= 2p = 1

while the multilinear functions are given by

0 0
B(x;y) = ;7 C(Xy;z) =
x:y) R(X1y2 + X2y1)  2X2Y2 (X y:2) 6SX2y22>
For the quadratic coe cien ts we nd
a1(0)= (1 R); e(0)= 1 bi(0) = (R+1);

1 1 1 1
hzooozé(l R) 1 huoo= 3 1 ih0200:§(1+R) 1
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then we get

20 R () = S0+ R

a0 =20 R; 0= S0+R)6O=

The normalized coe cien ts of (9) are therefore
a0)= (1 R); bO)= (1+R); o0) = S(1 R); dO)= (5+ 3R)

(seeRemark 2.2.2). We seethat, indeed, depending on R the following casesoccur:

al|b
R< 1 + | - | case3
1<R<1|+ |+ |casel
R>1 - | + | case2

For casesl and 2 we calculate the leading term of the Lyapunov coe cien t
ons = R%(L R);

sothat the closedinvariant curvesappearingvia the Neimark-Sader bifurcation will beunstable
in casel and stable in case2.

The bifurcation structure doesnot change much locally, if S6 0. For (; )= (0; 1), we
have the samecritical xed point and the sameeigervectors for the certer manifold computa-
tions. The critical valuesfor a(0) and b(0) remain unchanged, therefore we can distinguish the
samecasesl,2 and 3, depending on R. The coe cien ts ¢;(0) are di erent, namely:

3 1
c1(0) = E(l R) + 3S; ¢(0) = 5(1+ R) + 3S;
1
c3(0) = 5(1 R)? + 3S; c4(0) = g(1+ R)? + 3S:
>Fom these expressionswe obtain the normalized critical cubic coe cien ts:
3 1
c(0) = 5(1 R) + 3S; d(0) = §(5+ 3R) + S(3+ 4R):
The Lyapunov coe cien t alsogetsan extra term:
cns = R2(1 R) + 2RS(1+ 2R):
Now, while we still have casel for 1< R < 1, the closedinvariant curve might be stable or
unstable depending on a combination of R and S. Similarly, for case2 whereR > 1, the closed
invariant curve neednot be stable. We excludedR = 0 asexceptional. For (; ;R) = (0; 1;0)
we actually have a codim 3 singularity, sincethe Lyapunov coe cien t is then equalto zero.

We present in Fig. 17 some phase portraits to show the behaviour of (43) closeto the
fold- ip point for seweral valuesof R and S:
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Subgure | R | S
-2 | 0 ].0004| -.999
-2 | -51.0004| -.999
. .0001| -1.001
05(-2| .001 | -1.001
3 | 0 |.0004 | -.9985
3 |.5| .001 | -.9985

-~ DO Q O T Q
o
(631
o

Figure 17: Selectedphaseportraits of (43).

4.2 The extended Lorenz Mo del

As an exampleof the fold- ip bifurcation in ODEs we study an extensionof a model formulated
by Lorenz [1984]. A bifurcation analysis of this model was preseried by Shil'nikov et al. [1995]
and van Veen[2002]. In the latter paper it was shown, that the Lorenz-84model approximates
the dynamicsof a low-order Galerkin truncation of an atmospheric o w model. The atmospheric
model describessynoptic dynamics,i.e., dynamicson a time scaleof about a weekand a length
scale of about ten thousand kilometers. The synoptic atmospheric dynamics over the North
Atlantic oceanis dominated by the jet stream, a westerly circulation, and baroclinic waves
which transport heat and momertum northward. In the Lorenz-84 model the intensity of the
jet streamis given by X and the sineand cosinecoe cien ts of a baroclinic wave are given by Y
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1 101
1 10°
0:43054026152942

Y = 563351415819430 ¢ F = 1:7620532879639
Z = 4:12933376479810 2 T = 2:8059768510
U = :31352886978%F

Table 1: The critical xed point of the Poincare map assaiated to (44) with the parameter
valuesand the multipliers.

and Z. The dynamical equationsfor thesevariablesare the rst three equationsin the system

gx: Y2 7?2 X + F u?

Y. = XY XZ Y+G (a4)
2 Z = XY+XZ Z

U o= U+ UX+T

The damping time scaleof the baroclinic wave is about one week and is scaledto unity. As

= 1=4 the jet streamis damped more slowly. We extend the Lorenz-84 model by adding the
fourth equation in the spirit of Palmer [1995], who studied the in uence on the jet stream and
the baroclinic waves of external parameterssuc asthe seasurfacetemperature. Note, that U
interacts nonlinearly with the jet streamand that the Lyapunov function L = X 2+ Y2+ Z2+ U2
is consened in the absenceof linear damping and constart forcing. In the following we will x

=1 =0987 =104 G= 02

It is known from van Veen [2002], that the basic cycle of the Lorenz-84 model, which is
created via a Hopf bifurcation of the trivial equilibrium and represens a traveling baroclinic
wave, undergoesa period doubling cascadeat certain valuesof the parameter F. By construc-
tion, solutions of the Lorenz-84 model are also solutions of the extendedmodel for U = T = 0.
At a period doubling bifurcation of the Lorenz-84 model a small perturbation of the extended
model can yield a cycle with Floquet multipliers +1 and 1.

We study the Poincare map in the plane X = 1:05 at the fold-ip point. In Table 1 the
numerical valuesare listed. Figure 18 shaws the bifurcation diagram obtained in a neighbour-
hood of the codimension 2 point. In the top left corner there is a generalizedHopf point GH
at which a Hopf bifurcation and a fold bifurcation of a cycle meet (see,for example, Kuznetsov
[1998], chapter 8.3). Along the fold line the cycle has one multiplier +1 and two multipliers
within the unit circle. One of them crosses 1 at the codimension2 fold- ip point A. From the
picture and its scalewe deducethat a(0); b(0) > 0. Secondlywe expect that a(0) is small, since
the fold and ip curvesare very close. To compute the multilinear functions, we integrated
the variational equationsdescribed in Appendix A numerically using a Runge-Kutta-Felbergh
stheme of 7-8 order. Then we implemented the formulas for the Poincare map and its deriva-
tivesin maple and applied the formulas of Sec. 2.2 for the certer manifold reduction. This
gives

a(0) = 0:002047 b(0) = 4:401Q c(0) = 32264 d(0) = 55205
These values are in agreemen with what we deduced from Fig. 18. For these coe cien ts
the Lyapunov coe cien t hasthe value cys = 15:3567,which indicates that there is a stable
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5
1.75 1.755 1.76 1.765 177
F

Figure 18: Bifurcation diagram near the codimensiontwo point: Hopf (black), period-doubling
(red), fold of periodic orbits (blue), torus bifurcation (darker blue). Obtained using auto97
Doedel et al. [1997].

invariant curve in the certer manifold. A con guration of the stable invariant circles of the
Poincare map, obtained by forward integration, is shavn in Fig. 19. A doubletorus around the
period-2 cycle corresponds to the invariant circles of the seconditerate of the Poincare map.
Also shawn are the intersection points of the unstable cycle that bifurcates on the torus line
TR. The period of this cycle is closeto that of the motion along the stable torus. The other
period of stable solutions on the torus is much longer and in fact goesto in nit y at the fold- ip

point A. Away from TR the torus breaksup and a strange attractor is createdin a thin tube
around the original invariant circle as shovn in Fig. 20.

With a(0); b(0) > 0 we expect the torus to becomeheteroclinic as can be seenfrom the
unfolding in Fig. 7. Howewer, if we calculate the linear approximation of the heteroclinic
bifurcation line J from proposition 3.2.2, it turns out to lie extremely closeto the period
doubling line PD in Fig. 18. Hence,we cannot nd heteroclinic tangenciesnumerically. In the
Poincare section of Fig. 19, corresponding to phaseportrait 4 in Fig. 8, we do seethat the
torus is squeezedand looks like the heteroclinic surfacethat exists on J

Summarising, the stable solutions around the codimension 2 point A are

an equilibrium which represeis a steady jet stream without wave activity,

period 1 and 2 cycleswhich represen traveling baroclinic waves, and are also present in
the Lorenz-84 model itself,
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a stable torus, which represetts a traveling baroclinic wave with an amplitude that is
slowly modulated or

a strange attractor, which represens a traveling baroclinic wave with an amplitude that
is modulated irregularly.

The modulation of the amplitude of the traveling wave is due to interaction with the added
mode, U.

0.36 i e

Y

Figure 19: The invariant circles of the seconditerate of the Poincare map to the right of TR.
The crossesndicate the intersection points of the unstable cycle which bifurcates on TR.
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0.36 -

0.34 -

0.32

Figure 20: After the destruction of the torus a strange attractor is created. Also shavn are the
intersection points of the saddletype cycle. The integration was started near the saddletype
orbit.

38



5 Discussion

In this paper we have cortributed to the analysisof a codim 2 bifurcation occurring in generic
two-parameter families of maps, namely the fold- ip bifurcation. We have applied our results
to two examples: A generalizedHenon map and an extended Lorenz-84 ODE. Note that this
bifurcation has beenalso found recerily in another extended Lorenz-84 model by Broer et al.
[2001]. In that casea periodic forcing is added and the period map is considered.

There are open numerical problems appearing while applying the theory of codim 2 bi-
furcations of xed points to limit cyclesin multi-dimensional ODEs. The approac basedon
numerical integration of the higher-order variational equations, that we have applied in Sec.
4.2, has obvious limitations. Although it works well for low-dimensional and non-sti ODEs, a
more robust approac to study codim 2 bifurcations of limit cycleshasto be deweloped. Such
an approach might combine the certer manifold reduction near the cycle with a periodic nor-
malization of the ODE on the certer manifold. For rst theoretical advancesin this direction,
seelooss[1988]and Chow and Wang [1986].

Finally, let us note that the bifurcation behaviour of the generalizedHenon map (43) is far
from being completely understood. Although the complete bifurcation diagram is likely to be
newver constructed, its essetial global features can be analyzed using existing analytical and
numerical tools. In particular, it would be interesting to investigate how the known bifurcation
structures, existing for > 0, match those emanating from the fold- ip point existing in the
half-plane < 0.
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A Poincar e Maps and Their Deriv ativ es

In this appendix we derive a method to compute numerically the derivatives of a Poincare
map up to and including third order. Let f (x) be a smooth vector eld in R". We take a
local cross-setion R" with dimensionn 1. The hypersurface doesnot needto be a
coordinate plane, but should be chosentransversalto the ow of f. This is satis ed if for the
normal n (x) for x 2 we have Hf (x);n (x)i 6 0. Let Lo be a ¢-periodic orbit through
and U a subsetwhich cortains an intersection point xg of Lo\ . If Lg intersects in
multiple points we shrink U until we have onepoint of intersection, i.e., Xxg. The Poincare map
P:U! is de ned for x 2 U by

P(x) = (t(x);x);

where t(x) is the arrival time after which the orbit intersects for the rst time again, and
(t; X) is the solution to
x="f(x); x2 RY;

with the initial condition (0;x) = x (seeFig. 21). Note that is assmooth asf. The
arrival time  dependson x but t(Xxp) = . The Floquet multipliers of Lo can be calculated as
the eigervalues of the monodromy matrix %. This matrix always hasa trivial eigervalue
1. With the Liouville Theorem one can prove that the product of the multipliers is always
positive.

Figure 21: The geometry of the Poincare map

We proceedwith a method to derive the Poincare map and its derivativesnumerically. We
closelyfollow the presenation of Simo [1989], but we extend it to the third order derivatives.
We can write for a displacemen x + h 2 R"

@tx), , 1@ (tX) .,
@ 2 @
We assumethat (x + h) 2 , or, more precisely %h = (Dx (t;x))(h), %hz =

(D2 (t;x))(h; h) etcetera. The multilinear functions @@f(tfx) satisfy the variational equations,

(t,x+h)y= (t;x)+
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which we nd by successie di erentiation of (t;x) = f ( (t;x)). Sincef and areC we can
changethe order of the derivativesand nd

d@(tx) _ Con @ (1 X)
T & =Df ( (t;x)) &
d@ (tx) @t x) 2 @ (t;x)
it @ =D ( (t;x)) & + Df ( (t; X))W;
d@ (tx) @(tx) ° @ (tx). @ (tx) @ (tx)
e =D3f ( (t; X)) & + 3D?f ( (t; X)) @ & +Df( (4 X))W:
The initial conditions are given by

@tx) _ . . @ (tx)  _ @ (tx) _ .

& = ln; 7@2 - =0 and 7@3 - =0

An analytic solution to the variational equationscan only be obtained in exceptional casesput
numerically we can integrate theseequationsand we will shav how to usethem to compute the
derivatives of the Poincare map. Normally one considersa cross-section and the Poincare
map is just the return map to . This is the casewhen one looks at periodic orbits, which
accourt for xed points of the Poincare map. Howewver, we will set up the structure of the
Poincare map for a ow from a cross-section i to a cross-section , to distinguish between
the initial and the nal cross-section.In this way the notation is clearer, but in the end we will
set 1= . The sectionsare de ned by equationsg;(x) = 0 and g»(x) = 0 respectively and
we assumeboth sectionsto be transversalto the ow.

Let x; 2 1 betheinitial point anddene P: ;! by P(X1) = x2= (t(X1;X1)), sud
that g» (t(x1);X1) = 0. Heret(xy) is the travel time and it depends,of course,on the initial
point. We compute the rst derivative of P by di erentiation with respectto x1

@ @ @

— = f(Xp)— + — t(X1); X1 : 45

& (2)@1 @1(1)1 (45)
Remark A.0.1 Weaddaword of caution. We should make a distinction betweenthe variables
of the ODE in R" and the variables of the Poincare map in R" 1. The derivatives above

are formal w.r.t. x1 2 R", but the LHS of (45) hasthe domain ;. Therefore the RHS hasto
berestricted to ;. Now, if wetake 1=, to be given by setting the n-th coordinate equal
to a constart, then the derivativesof the Poincare map will cortain a block of zeros,namely for
the n-th componert. This result follows easily from (46) and (49) for the linear and quadratic

of f in R" asvariables for the Poincare map, excluding the n-th.

The rst variational equation providesthe matrix -2 . The derivative -& is still unknown.

@1 - @1
We obtain it by di erentiating the relation g, (t(x1);x1) =0
@ @ :
D gr(x2); f(X2)—+ — t(X1);x12 i=0;
%(x2); f( 2)@(1 @ (X1); X1
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or

@ _ 1 Q@ .
= = - - Dgz—.
@ hr go(x2); f (X2)i
Note that the transversality condition implies that the denominatoris nonzero. Now we suppose
that 1and , arejust coordinate planes,i.e., g; and g, are given by taking, for instancethe last

coordinate equalto a constart. We write a; = % t(x1);x1 . Then we have @% = fna&z)
and the elemens of the (n 1) (n 1) matrix %(xl) are given by
@ __ fi(x2)

(46)

— =a an; .
@y i falx) "

The restriction to the rst n 1 componers is givenby taking 1 i;j n 1.
We corntinue with the secondderivative. We di erentiate another time and we nd
@P @ @ @ @t @ |

& - Df (x2)f (x2) @1 + 2D (x2) o+ (X2) " ol

Note that the rst variational equation is usedhereto simplify the derivatives. As before @

@?
is obtained from the secondvariational equation and =+ @t by di erentiating g (t(x1);x1) once

more
h

D2g,(x2)) f<x2>9+ % ® 4 Daa(xz) DF (x2)f (x2) % ’ 47)
@ @ @t @
+2Df(x2)—@ f (x 2) o’ @(% =0 (48)

or more compactly (using (45) and (47))

D?gy(x2) % " Dgz(Xz)g%> =0

For notational clarity we drop from now on the subscript 1 in x;. All derivatives are now
with respect to (the componerts x; of) x or to t. Returning to the specic caseof a return

map we intro duce the notation bjx = @(@f@ = fi(x2) and fj; = Difj(x2). Making these
substitutions also for the time derivatives, we obtaln
@P; fi 1 X fi fs _
@&; @ = by« ﬁh’lj kKt ﬁ o fsi ﬁfsn . 7 anj Ank  Ask@nj  Asjank - (49)
As beforewehavel i;j;k n 1.
Finally we calculate the third derivative aswell. Di eren tiating one more time, we nd
a@P 3 2 2
@ - D2f (x2) f2(x2) 2 +3%(x)& & +3Z &
3 2
+DF(x2)% f(x)) @ +32 & " +1i(x) @+ &
+3Df (x2) f(x2)@ L+ S 2L+ 2,0 .
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More explicitly in coordinates we have

@ri X | @ @ e r @ @ r@s @
@ @@ - Drefi(x2) frfs@(j @ @ * s j @ @ i @ @
X @ @ . @
f, fq f, =
F Dbl Taie @t & e
X @ @t L@ Gt @s @
v bk gga T @ e T @ e @

s=1

@t @i |
@j @k@l @j @k@l

(50)

Here the meansthat the term with j; k;1 cyclically permuted should be included as well.

The above expressionis then invariant under changing the order of the di eren tiation,

smooth. The third order derivative of the time can be found from

3
D3gx(x2) % + 3D g3(x 2)@ g D92(X2)@P =0

45
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