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Abstract

For the analysis of multi-grid methods applied to finite difference discretizations,
two definitions of orders of intergrid transfer operators are being used. The order
is either defined in terms of the symbol of the transfer operator, i.e., its Fourier
transform, or as the order of polynomials being preserved. In [J. Comput. Appl.
Math., 32(3) (1990), pp. 423-429|, Hemker showed that the second definition is
stronger than the first one. In this note, we show that both definitions are even
equivalent.
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1 Prolongations and restrictions

For given invertible A € Z%¢ and b € R? we consider fine and coarse
grids Z¢ and AZ? + b. Examples are A = 2Id (“standard coarsening”), A =

11

diag(qi, ..., qq) with one of more ¢,, = 1 (“semi-coarsening”), A = { J
1 1

1 2
(“red-black coarsening”), and A = that shows up in v/3 subdivision
-2 -1

schemes ([1]). A vector b # 0 allows for the use of “staggered coarse grids”.

For rapidly decreasing (pe)ecza, (Te)pcza, i.€., Supgeza(l + |€])¥|pe] < oo for
any k € N = {1,2...}, and analogously for (r,), we define the prolongation

* Contribution in honour of the multi-grid pioneer Piet Hemker at the occasion of
his retirement
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p i lo(AZE + b) — lo(Z%) and restriction r : lo(Z%) — (5(AZ? + b) by, for
j ez,
(p)(G) = > peu(j+L+D),

LEAZI—j

(ru)(Ajg +b) = Z reu(Aj + £),

Lezd

respectively. One easily verifies that the adjoint of a prolongation is a restric-
tion and vice versa, and that

p =r"if and only if p, = 7.
Definition 1.1 The order of p orr, notated by m(p) or m(r), respectively, is
defined as the largest integer k such that (pu| azays)(J) = w(g) or (rujze)(Ag+
b) = | det(A)| x u(Ag + b) for all polynomials u € Py_y and j € Z%, where
p,1 = @

Above definition of m(p) has been used in [2] for the analysis of multi-grid
methods. It extends to irregular and bounded grids. When multi-grid is ap-
plied to consistent finite difference discretizations of elliptic problems of order
2m, grid independent convergence rates were shown for prolongations p and
restrictions r that satisfy m(p) + m(r*) > 2m.

2 Transformation to Fourier space

As is well-known, the Fourier transform

(Fu)(€) = (2m) 92 3" u(j)e ¢

jezd

defines isomorphism between f5(Z?) and Ly(T?), where T = R/27Z. Its adjoint
F* = F~lis given by

(Fo)@) = @m) 2 [ (e,

(77r77r)d

We will need the following lemma:

Lemma 2.1

S sATom | det(A)| when amodATZe =0,
(& =

Bezd/ Az 0 a € 74 otherwise.



Before we give a proof, note that for A = diag(q1, . .., ), Z¢/AZ* = 11%_, Z./qnZ,
and the result follows directly from the formula for geometrical sums. For gen-
eral invertible A, representatives of Z4/AZ? are given by A([0,1)%) NZ%, see
Figure 1.
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Fig. 1. Representatives of Z?/AZ? for A =

20
—-12

Proof For a modATZ? = 0 the sum is equal to #7%/AZ?, which is equal to

. A([0,M)4)NZ4
limps o0 % = |det(A)|.

Now let amodATZ4 #£ 0. We have

Tora

3A
Z eiﬁ'A7T27ra — lim Zﬁe[o,M)dﬂZd eZﬁ

. 1
Bezd)AzZd M—oo #[0, M)INZ | #7¢) AZ? (1)

There exists an m € {1,...,d} with (A Ta),, € Z. On the other hand,
there exists a 0 # ¢ € N with ¢(A"«),, € Z. We conclude that for any
M € gN, the numerator at the right hand side of (1) is zero, and thus that

S penijaze 604 =0, O

As the Fourier transform is a bijection between the rapidly decreasing func-
tions and C*°(T), the symbols

PE) =" pee™t, (&) =Y ree™t,

Lez? Lez?
are in C°°(T). Defining the isomorphism T : lo( AZ? + b) — (5(Z%) by

(Tw)(5) = u(Aj +b),



and thus (T*w)(Aj + b) = w(J), one may verify that for v € Lo(T?)

(FpT"Fv)(€) = p(€)v(ATE),
(FTrF*v)(ATE) = |det A|7" > #E+ A 2ra)v( + A 21a).

ocZd /AT 74

Definition 2.2 Thelow frequency (LF) and high frequency (LF) orders myr(p)
and myur(p) of the prolongation p are defined as the largest integers for which

¢Ep(€) — | det(A)| = O([g[™ ) (& —0),
eib-&ﬁ(g + A7T27Ta) _ O(‘g‘mHF(p)) (& —0), forall0 # a € Zd/ATZd-

The low and high frequency orders of r are defined as that of the prolongation

*

r.

Obviously, in the definition of the high frequency order the factor e?*¢ can be
deleted or replaced by e®(E+A™"2m) [t geams however not natural to redefine
the symbol of p as & — e®4p(&). Indeed, this function cannot be viewed as
the Fourier transform of some operator, and in particular it is not necessarily
27k periodic for some k € Z.

Above definitions of high and low frequency orders are used for the analysis
of two-grid methods by means of Fourier transforms. Let L : {5(Z%) — (o(Z?)
and L. : lo( AZ+b) — l,(AZ? +b) be consistent discretizations of an elliptic
differential operator of order 2m having constant coefficients. Writing

F(ld—pL;'rL)F* =
Id — [FpT*F* e[ PEFT LT Fre'®8) e " FTrF*|[F LiF),

one can infer that two-grid convergence requires myr(p), mpr(r) > 0 and
mur(p) +mur(r) > 2m (see [3]), where convergence with any smoother can be
shown when in particular myg(p) + mpr(r) > 2m. Compared to the condition
m(p) + m(r*) > 2m mentioned earlier, the forthcoming Theorem 3.1 shows
that here the conditions on the low frequency orders are milder (see however
Remark 4.5).

Above analysis of a two-grid method via Fourier transforms only applies to
differential operators with constant coefficients on R? or T¢ discretized with
respect to regular grids. Yet, in [4,5], it was demonstrated that, under certain
conditions, for problems on general domains with differential operators having
smoothly variable coefficients, a worst case local analysis by Fourier transforms
(“local mode analysis”) provides an asymptotic upper bound for the two-grid
convergence rate, provided the method is extended with local smoothing steps
along the boundary, that require an asymptotically neglectable amount of
additional work. Moreover, local mode analysis turns out to be an effective



tool for the design or selection of efficient components of a multi-grid method

([6-8]).

3 A relation between the definitions of orders of intergrid transfer
operators

The following theorem extends upon [3], in which, for standard coarsening and
b = 0, it was shown that min(mpr(p), mur(p)) < m(p) and myp(r) < m(r).

Theorem 3.1 min(mpr(p), mur(p)) = m(p) and myp(r) = m(r).

Proof For k € N,u € P,_1, B € Z/AZ¢ and j € AZ? + B3, we have

(pulz)(G) = > pu@+e+b = Y p Y EEou(j)

Le AZ—j LEAZI-B  |v|<k-1
d”U(J
= X Cup,
\u|<k: 1

where

Cug ‘= Z pg(f -+ b)u
LcATI-B

We conclude that m(p) > k if and only if for all |v| < k—1 and 3 € Z¢/ AZ*,

1 when v =0,
Cup = (2)
0 otherwise.

On the other hand, for a € Z4/ ATZ,

eib-ﬁﬁ(s + A*T27ra) _ eib-.ﬁ Z peeiE-(EJrA_TZﬂa)
L7

_ Z Z pee—iﬁ~A*T27raei(£+b)-£
BEeZ ) AZA ¢c A7%—3

= Y Y peeBATEE ST (04 b)) + O(IE]F) (€ —0)

BeZ) A7 bc AZ—3 lv|<k-1
SN AT s L O(IE]R) (€ 0),
lv|<k—1 BeZd] Azl

where for the third line we used that 3" cz4(1+]€])*|pe| < 0o. We conclude that
min(myr(p), mur(p)) > k if and only if for all |[v| < k—1 and a € Z%/ ATZ4,

A det(A)| when v = a =0,
Z e—z,B'A T27racuﬁ _ ‘ ( )’ (3)

Bezd ) Aze 0 otherwise.



We will show that for any v € N? the systems (2) and (3) are equiva-
lent, which completes the proof of the first statement. For the matrix B =

[e*iﬁ'A_T%‘"]aezd/ATZdﬂezd/AZd, Lemma 2.1 shows that BB' = | det(A)|Id

and, with A replaced by A7, that B' B = | det(AT)|Id. We conclude that
B is invertible, which proves the equivalence for v # 0. Again Lemma 2.1

o det(A)| when a =0,
shows that Y gcza)aza e P4 fome = | det(4)] which is the
0 otherwise,

equivalence for v = 0.

For k € N, u € P,_1, we have

(ru)(Aj+b) = > reu(Aj+£)=> 10 > Lasoid b 0"u(Aj +b)

= s |v|<k-1
B 9" u( Aj+b) y
= > TS X mle b)Y,
lv|<k—1 Leza

whereas, with p = r*,

TEE) = Y e EEZ Y gy 3 €L b))+ O(E]F) (€ 0)

Lezd ez |v|<k—1
S S (e —b) +O(EfF) (€ —0).
lv|<k—1 ez

So both m(r) > k and myr(r) > k are equivalent to

| det(A)| when v = 0,
Z Tg(e — b)u =
eczd 0 when 0 < |v| <k —1,
which shows the second statement. O

Theorem 3.1 is a generalization of [4, Theorem 6.8] for standard coarsening and
b = 0. In the context of refinable functions, similar like results can be deduced
by combining theorems from [9-11], with less elementary proofs though.

Note that Theorem 3.1 implies that m(r) > m(r*).

4 Examples

We give some simple examples of prolongations, and compute their low and
high frequency orders.

Example 4.1 (from [3] or [12]) d = 1, A = 2, b = 0. Representatives of
Z]AZ are {0,1}.



1
27

notation, p = [1 1 1]. p(§) = 1+cos(§) = 2+0(?), p(§+7) = 1 —cos(§) =
O(&?) so myr(p) = mur(p) = 2 (and thus m(p) = 2).

(linear interpolation) py = 1, py1 = i.e, in the commonly used stencil

e (cubic interpolation) p = [—— 0 9 1 5% O ——] myr(p) = mur(p) = 3.
e p=[-§353 3] murlp) =4 mHF() 2
1311

Example 4.2 (from [12])d=1, A=2,b=1.

e e
e (constant interpolation) py = p_1 =1
e2p(€) = (1 + e7¥) = 2cos(£/2), e“p(§ + ) = 2sin(§/2), so
myr(p) = 2, mur(p) = 1.
e (linear interpolation) pg = p_1 = %, pP1=p-2= i, myr(p) = 2, mur(p) = 3.

Example 4.3 d = 2, A = 2Id, b = 0. Representatives of 7Z?/AZ? are
111
121

{(0,0),(1,0),(1,1)}. Let p = |11 1| (bilinear interpolation), then p(§) =
111
121

(14 cos(&1))(1 + cos(&2)), and so myp(p) = mur(p) = 2.

1 1
tatives of Z*? | AZ? are {(0,0), (0,1)}. Let po,o) = 1, pe1,0) = Po,41) = 1 (bilin-
ear interpolation), then p(€) = 1+ 3 (cos(&1)+cos(&2)), p(€+A~T2x[0 1]7) =
1 — % (cos(&;) + cos(&2)), and so myr(p) = mur(p) = 2.

1 -1
Example 4.4 d =2, A = ] (red-black coarsening), b = 0. Represen-
¥

Remark 4.5 Ifpo = 1 and p, = 0 for 0 # £ € AZ?, as is the case when
b = 0 and p is an interpolator, then, using Lemma 2.1 (with A reading as
AT) we have

Z ]3(5 + A_T27Ta) = Z peeie'ﬁ Z €i€~A‘T2m

acZd/ ATz VIV acZd/AT74d
S pee’®é| det(A)] = | det(A)],
Lc AZ4

so that myp(p) > mur(p) (and even myp(p) = mup(p) when #724/AT74 =
2). We conclude that in this case, the alternative conditions for multi-grid
convergence, viz. m(p)+m(r*) > 2m on the one hand, and myp(p), myp(r) > 0
and myrp(p) + mur(r) > 2m on the other, are equivalent.
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