BIFURCATION ANALYSIS OF PERIODIC ORBITS OF MAPS IN
MATLAB
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Abstract. We discuss new and improved algorithms for the bifurcation analysis of fixed points
and periodic orbits (cycles) of maps and their implementation in MATCONT, a MATLAB toolbox for
continuation and bifurcation analysis of dynamical systems.

This includes the numerical continuation of fixed points of iterates of the map with one control pa-
rameter, detecting and locating their bifurcation points (i.e., LP, PD and NS), and their continuation
in two control parameters, as well as detection and location of all codimension 2 bifurcation points on
the corresponding curves. For all bifurcations of codim 1 and 2, the critical normal form coefficients
are computed, both numerically with finite directional differences and using symbolic derivatives of
the original map. Using a parameter-dependent center manifold reduction, explicit asymptotics are
derived for bifurcation curves of double and quadruple period cycles rooted at codim 2 points of
cycles with arbitrary period. These asymptotics are implemented into the software and allow one to
switch at codim 2 points to the continuation of the double and quadruple period bifurcations.

We provide several examples, in particular a juvenile/adult Leslie-Gower competition model from
mathematical biology.
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1. Introduction. To fix the notation we consider a smooth map
(1.1) z— f(z,a),

where x € R" is a state variable vector and « € RP is a parameter vector. Write the
K-th iterate of (1.1) at some parameter value as

(1.2) z— fE(z,a), fE R"xRP - R",
where

f(K)(xv a) = f(f(f( e f(xa O‘)’ O‘)’ O‘)’ a)'
K times

The study of (1.1) usually starts with the analysis of fixed points. Numerically
we continue fixed points of this map, i.e. solutions to the equation

(1.3) F(z,a) = f(x,a) —xz =0.
with one control parameter.
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While varying one parameter, one may encounter codimension 1 bifurcations
of fixed points, i.e., critical parameter values where the stability of the fixed point
changes. The eigenvalues of the Jacobian matrix A = f, of f are called multipliers.
The fixed point is asymptotically stable if |u| < 1 for every multiplier p. If there
exists a multiplier p with |p| > 1, then the fixed point is unstable. While following a
curve of fixed points, three codimension 1 singularities can generically occur, namely
a limit point (fold, LP) with a multiplier +1, a period-doubling (flip, PD) point with
a multiplier —1 and a Neimark-Sacker (NS) point with a conjugate pair of complex
multipliers e, 0 < §, < 7. Encountering such a bifurcation one may use the for-
mulas for the normal form coefficients derived via the center manifold reduction, see
e.g. [14], §5.4, to analyse the bifurcation. Generically, the curve of fixed points turns
at an LP. In a PD point, generically, a cycle of period two bifurcates from the fixed
point of f that changes stability. This bifurcation can be supercritical or subcritical,
denoting the appearance of stable or unstable cycles for parameter values larger or
smaller than the critical one, respectively. The continuation of this cycle can be re-
duced to the continuation of a fixed point of f()(x,a) = f(f(z,a),a), the second
iterate of the map. Typically, at an NS point a finitely-smooth closed invariant curve
of (1.1) is born, while the primary fixed point changes stability. This bifurcation can
also be thought of as an instrument to describe more complex (e.g., two-frequency
oscillations) behavior in continuous-time nonlinear dynamical systems, when the re-
sulting map comes from intersections between a periodic orbit and a certain plane,
i.e. the Poincaré map.

A branch point (BP) is a point where the Jacobian matrix [F,(z, ), F, (2, )] of
(1.3) is rank deficient. This is a nongeneric situation in one-parameter problems where
the implicit function theorem cannot be applied to ensure the existence of a unique
smooth branch of solutions. However, it is encountered often in practical problems
that exhibit some form of symmetry (equivariance).

When two control parameters are allowed to vary, eleven codimension 2 bifur-
cations can be met in generic families of maps (1.1), where curves of codimension 1
bifurcations intersect or meet tangentially. We proceed through listing smooth nor-
mal forms of the codim 2 bifurcation points and discussing their relationship with the
original maps. The critical normal form coefficients for all generic codim 2 bifurcation
points have been derived earlier in [17, 18] using a combined reduction-normalization
technique. Note that the full verification of the genericity of a codim 2 bifurcation
requires not only establishing its nondegeneracy at the critical parameter values but
also a careful analysis of how the system depends on parameters. This “transversal-
ity” issue, which includes the expression of the canonical unfolding parameters of the
normal form in terms of the original map parameters, received little attention in the
up to date literature. When available, this information could be used to approximate
codim 1 bifurcation curves that emanate from the codim 2 points.

There are several standard software packages supporting bifurcation analysis of
iterated maps. Orbits of maps and one-dimensional invariant manifolds of saddle
fixed points can be computed and visualized using DyNAMICS [22] and DsTool [2].
Location and continuation of fixed-point bifurcations is implemented in AUTO [8] and
the LBFP-version of LOCBIF [20]. The latter program computes the critical normal
form coefficient at LP points and locates some codim 2 bifurcations along branches of
codim 1 fixed points and cycles. CONTENT [15] was the first software that computed
the critical normal forms coefficients for all three codim 1 bifurcations of fixed points
and cycles and allowed to continue these bifurcations in two parameters and to detect
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all eleven codim 2 singularities along them. Branch switching at PD and BP points
is also implemented in AUTO, LOCBIF, and CONTENT. However, only trivial branch
switching is possible at codim 2 points and only for two (cusp and 1:1 resonance) of
eleven codim 2 bifurcations the critical normal form coefficients are computed by the
current version of CONTENT. No software supports switching at codim 2 points to the
continuation of the double- and quadruple-period bifurcation curves.

In the present paper we describe how CL_MATCONT, that previously could support
only ODE:s [6, 7], continues fixed points of an iterate of a map and handles the above
mentioned bifurcations. The paper is organized as follows. In Section 2, we first
give a list of all generic codim 1 and codim 2 bifurcation points of period-K orbits.
Then we provide a (parameter-dependent) normal form for each case in the minimal
possible phase dimension. In Section 3, we discuss the continuation of fixed points
of the iterate map (1.2), as well as the computation of a new solution curve that
emanates from a branch point. Continuation of fold, flip and Neimark-Sacker curves
of a cycle is presented in Section 4. The algorithms described there are similar to
those used in CONTENT [4]. In Section 5, we consider the branch switching at codim
2 points, where we use parameter-dependent center-manifold reduction. In Section
6 we present some algorithmic and numerical details, including the computation of
partial derivatives of (1.2) up to and including order 5, both using symbolic partial
derivatives of (1.1) and finite differences. In Section 7 we demonstrate the use of the
algorithms and implementation. Finally, in Section 8 we draw some conclusions and
mention a few problems for future work.

2. Codim 1 and 2 bifurcations of fixed points and cycles. Assume that
for some o« = ag and K > 1

(2.1) g(z,a) = fH(z,a)

has a fixed point z = z¢, that is not a fixed point of f(/)(-,aq) for 1 < J < K when
K > 1. In other words, x( is a fixed point or a cycle with minimal period K of
f (-, ap). If the Jacobian matrix A = g, (xo, ap) has no eigenvalue A with |A\| =1, i.e.,
for a hyperbolic fixed point, the dynamics near the origin is topologically equivalent
to that of the linear map x +— Az (Grobman-Hartman Theorem). If eigenvalues with
|A| = 1 are present, the Center Manifold Theorem guarantees the existence of local
stable, unstable and center invariant manifolds near the fixed point for parameter
values close to ag. On the stable and unstable manifolds, the local dynamics is still
determined by the linear part of the map. In contrast, the dynamics in the center
manifolds depends on both linear and nonlinear terms. Not all nonlinear terms are
equally important, since some of them can be eliminated by an appropriate smooth
and smoothly depending on parameters coordinate transformation that puts the map
restricted to the center manifold into a normal form, at least up to some order.
Nonhyperbolic fixed points bifurcate, i.e., the dynamics near such points changes
topologically under parameter variations. The birth of extra invariant objects, such
as cycles or tori, is described by a parameter-dependent normal form of the restriction
of g to a center manifold. Even though neither the center manifold nor the normal
form on it are unique, the qualitative conclusions do not depend on the choices that
are made.

Assuming sufficient smoothness of g, we write its Taylor expansion about (xg, «g)
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TABLE 2.1
Smooth normal forms for generic codim 1 bifurcations of fixed points on center manifolds.

| | Eigenvectors | Normal form | Critical coefficients |
Ag=gq w — B+ w + aw? 1
Lp ATp—p +OW?), weR a=5(p,B(g,9)
ATp=—p +O(w*), weR h200 = (In — A) 'B(q,q)
Aq = efbog d = Le *19“<z>2,]30(q,};1, )
NS ATp =e op w — we'? (1+ 8+ dw|?) i B(th 110())>)
e £ 1 +O(lwl!), weC B
v 1234 hi100 = (In—A)7"B(g,9)
P haooo = (e*%01, — A)~1B(q,q)
as
(2.2)
g(zo+z,00 +a) = x0+ Av+ 3B(z,x) + ;C(x, 2, )
+ 4 D(x,x,x,x) + T%E(w,x,x,x,x)
+ Jia+ = Jg(a @)
+  A(x, a)+ $B1(x,2,0) + $C1 (2, 3, 2,a) + 537 D1 (z, 2, 2,2, )
+ A (z, 0, a) + 1B (z, 3, 0 a) + 5Co(z, @, 7, 0, )
+ cee

where all functions are multilinear forms of their arguments and the dots denote
higher order terms in z and «. In particular, A = g,(z¢,«) and the components of
the multilinear functions B and C are given by

"\ 9%g;(x0, ap) " 33gi(xo 0°gi(zo, )
(23) Bl(xvy) = E ; LjYk, IE Y, % : “Aac ac ac LiYkzcl,
0G0 Zkl | 060606
dk= g
for i = 1,2,...,n. From now on, I, is the unit n X n matrix and ||z|| = /(z, ),

where (u,v) = @”v is the standard scalar product in C" (or R™).

Assume first that o € R, i.e. the map under consideration depends on one control
parameter. Well-known facts about three generic one-parameter (codim 1) bifurca-
tions of fixed points of g and, thus, K-periodic orbits (cycles) of f, are summarized in
Table 2.1. It is assumed that the critical eigenvalues are simple and no other eigen-
value of A with |[A| = 1 exists. In all cases, 8 = 8(«) is a new real control parameter
with critical value 0, and the eigenvectors are normalized such that (p,¢) = 1.

Generically, the following events happen in the state space near a bifurcation, see,
for example [14]. When the control parameter crosses the critical value corresponding
to a fold (LP) bifurcation, two fixed points of ¢ collide and disappear, provided a # 0.
This implies collision of two period-K cycles of the original map f. When the control
parameter crosses the critical value corresponding to a flip (PD) bifurcation and b # 0,
a cycle of period 2 for g bifurcates from the fixed point, that is a cycle of period 2K
for map f. Finally, provided ¢ = R(d) # 0, a unique closed invariant curve for g
around the fixed point appears on the center manifold, when the control parameter
crosses the critical value corresponding to the Neimark-Sacker (NS) bifurcation. For
the original map, this means the appearance of K disjoint curves, cyclically shifted

by f.
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TABLE 2.2
Generic codim 2 bifurcations of cycles.

| Name | Bifurcation conditions
CP cusp AM=1a=0
DPD degenerate flip AM=-1,b=0
CH | Chenciner bifurcation | A1 2 = eiwﬂ, c=0
R1 1:1 resonance A =X =1
R2 1:2 resonance Al =X =-—1
R3 1:3 resonance A2 = ein, 6o = 27”
R4 1:4 resonance A2 = eT0 gy = %
LPPD fold-flip A =1, Ao =—1
LPNS fold-NS A =1, Ao 3= e
PDNS flip-NS A = 1,3 =eT00
NSNS double NS A2 = eiwﬂ, A3,4 = eTi01

2.1. Codimension-2 cases. Now assume that o € R2, i.e. p = 2. Eleven codim
2 bifurcations of cycles that can be met in generic two-parameter families of maps are
listed in Table 2.2.

Below we give normal forms to which the restriction of a generic map g(x, ) =
fU) (2, @) to the parameter-dependent center manifold can be transformed near the
corresponding bifurcation by smooth invertible coordinate and parameter transforma-
tions. We only incorporate the parameter-dependent part if branch switching to local
bifurcations as in section 5 is involved. The O-symbol denotes higher order terms in
phase-variables, the coefficients of which may also depend on parameters. But the
qualitative picture is determined by the lowest order terms listed below. We refer

o [14], Ch. 9, and [17, 18] for details, including explicit expressions for all critical
normal form coefficients which are not repeated in the present paper. If a complex
critical eigenvalue A is involved, it is always assumed that \Y #£ 1 for v = 1,2, 3, 4.

2.1.1. CP. The critical smooth normal form on the center manifold at a cusp
bifurcation is

(2.4) w i w+ dw? + O(Jw*), weR,

where, generically, d # 0. Under this condition, a generic two-parameter unfolding
of this singularity has two fold curves in the parameter plane which form a cuspidal
wedge. For nearby parameter values, the map g has up to three fixed points that
pairwise collide along the fold curves. In the direct product of the state and the
parameter spaces, there is one smooth fold curve, so no branch switching is needed.

2.1.2. DPD. Near a degenerate flip bifurcation the restriction of the map g to
the parameter-dependent center manifold is smoothly equivalent to the normal form

(2.5) w i —(1+ B1)w + fow® + cow® + O(Jw|®), w € R,

where, generically, the coefficient co # 0, while (81, 32) are smooth functions of «
which can serve as new unfolding parameters. The fixed point w = 0 of the map (2.5)
exhibits a flip bifurcation for 8; = 0. It is well-known that from the point 8 = 0,
corresponding to the degenerate flip bifurcation, a fold curve of double-period cycles
emanates. The asymptotic expression for this curve in (2.5) is given by

(2.6) (w, B1, B2) = (€, —coe® + O(£%), =226 + O(?)).



6 W. GOVAERTS ET AL.

2.1.3. CH. If e®% £ 1 for v = 1,2,...,6, the critical smooth normal form on
the center manifold at the Chenciner bifurcation can be written as

(2.7) 2 ey e z)22 4 cozl2|t 4 O()2]%), z€C,

where R(e~%c;) = 0 but, generically, R(e =% cy) + £3(e~"¢;)? # 0. A generic two-
parameter unfolding of this singularity has a complicated bifurcation set due to the
“collision” and destruction of two closed invariant curves of different stability born
via the sub- and super-critical Neimark-Sacker bifurcations, respectively. There are
no cycle bifurcation curves rooted at this bifurcation.

2.1.4. R1. The restriction of the map at a 1:1 resonance to the corresponding
center manifold can be written in the form

28 () (i )+ OUI) e

wa wo + alw% + b1w1w2

Generically, a Neimark-Sacker bifurcation curve of the fixed point meets tangentially
the fold bifurcation curve. The local branch switching problem is trivial here, since
both curves correspond to fixed points of g. The full bifurcation diagram near the
codim 2 point is complicated and involves global bifurcations, e.g. tangencies of stable
and unstable invariant manifolds of saddle fixed points of g and destruction of a closed
invariant curve born via the Neimark-Sacker bifurcation.

2.1.5. R2. Near a 1:2 resonance the restriction of the map ¢ to the parameter-
dependent center manifold is smoothly equivalent to the normal form

< w1y > . ( —w1 + w2 )
(2.9) Wo prwr + (=1 + Bo)ws + C1(B)w} + D1 (B)wiws
+  O(lwl?), weR.

that depends on two control parameters (81, 82). If C; < 0, then there is a Neimark-
Sacker curve of fixed points of g with double period that emanates from the flip
bifurcation curve B2 = 0 of fixed points. It has the following asymptotic expression

1 D
(210) (w%’wQaﬁlaBQ) = __5071; 2+_1 €+O(E2).

Ch Ch
There are also global bifurcations associated with the destruction of closed invariant
curves.

2.1.6. R3. At a 1:3 resonance, the restriction of the map g to the parameter-
dependent center manifold is smoothly equivalent to the normal form

(2.11) 2 (273 4 B)2 + B 22+ Crzlz2 + O(|2|*), zeC.

A generic unfolding of this singularity has a period-3 saddle cycle that does not
bifurcate for nearby parameter values, although it merges with the primary fixed point
as the parameters approach R3. Only global bifurcations related to the destruction of
a closed invariant curve born via the primary Neimark-Sacker bifurcation occur in a
neighborhood of this codim 2 point.

Note that the period-3 cycle becomes neutral near this bifurcation. Recall that a
saddle cycle is called neutral if the corresponding fixed point has a pair of real eigen-
values with product 1. This singularity is important in analyzing global bifurcations
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of invariant manifolds of cycles. Moreover, the curve of neutral period-3 saddle cycles
may turn into a true Neimark-Sacker bifurcation at R1 or R2. Therefore, we give here
an asymptotic of this curve.

First we need a vector field for which the time-1 flow approximates the third
iterate of the map, i.e.

(2.12) G(n, B) = Bn + i + Conij + O(|n|"),

where

~ . 1 ) 1 )
ﬁ — 3672171'/35’ y = B |ezarg(B1(ﬂ))/377, CO — § (672171'/301/'3”2 _ 1) ]

|B1(5)

We write Co = a + ib and for n = pe'® the neutral saddle curve has the following
asymptotic expression

(213) (p7 ¢7 ﬂlv 52) = (Ea S(7T/6 - a€/3)7 720'525 S€ — b€2) + 0(53)7

where s = £1.

2.1.7. R4. Near a 1:4 resonance the restriction of the map ¢ to the parameter-
dependent center manifold is smoothly equivalent to the normal form

(2.14) 2z (i 4 Bz + Ci(B)222+ D1(B) 22 + O(|z]Y), zeC

For this bifurcation we do not only need this parameter-dependent normal form, but
also an approximation of its 4th iterate by a unit-time shift along orbits of a vector
field

(2.15) G(n, B) = Bn+ Ao(B)nii + 7° + O([n|"),

where 1 € C and E = By + B2, 5; € R. Here the scaling

I T

VID1(B)]

is used and

Moreover, we have

b 0 4 (b
2.16 o _
(2.16) ( 2= o) (i
There are three possible branch switches for this bifurcation. Let a = R(Aq(0))

and b = $(A4p(0)). If A = a? +b> —1 > 0, then there are two half-lines l; 5 of a
limit-point curve of cycles with four times the original period. If

(1+a?)

b > ,
bl > =
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then there is a curve n; along which a cycle of four times the primary period exhibits
a Neimark-Sacker bifurcation. Using n = re*? we have the following approximations

(2.17)
] 1 b+ VA
lig: (r?,¢,01,82) =| &, ~ arctan i +0(e),
’ 4 b2 1
—aAFOV/A —bA+aVA )
21z O a2t + 0(e7)

ni: (r? ¢, 51, 52) = (e 4 O(e?),sign(b) arccos(a)/4 + O(e),
—2ae + O(£?), —(b — sign(b)v/1 — a2)e + O(e?)).

Taking into account (2.16), we obtain expressions for 5. If, in the formula for n,
we replace sign(b) by —sign(b), then this gives the asymptotic for a neutral saddle
singularity of the period-4 cycle.

Generically, there are also global bifurcations near R4.

2.1.8. LPPD. Near a fold-flip bifurcation, the restriction of the map g to the
parameter-dependent center manifold is smoothly equivalent to the normal form
(2.18)

( wy ) . Br+ (1+ B2)wr + a(B)wi 4+ b(B)ws + c1(B)w? + co(B)wiws
wa —wy + e(B)wiws + c3(B)wiws + ca(B)ws

+ O(lwl"), weR

A new branch predicted by (2.18) for a generic map g is a Neimark-Sacker of double
period that exists if be > 0 and has the asymptotic expression

2b+eca —2(a+e)ey
e

c
(2.19) (z,9°, 51, Ba) = (—24, 1,—b,— ) e+ 0O(e?).
As for the majority of the considered cases, there are also global bifurcations near
this codim 2 point.

2.1.9. LPNS. For a fold — Neimark-Sacker bifurcation, the critical normal form
on the center manifold is given by

(2.20) ( v ) - ( w522 + W o cx ) +O(|l(w, )Y, (w,2) €R xC.

€z + awz + bzw?

Depending on the coefficient values, several bifurcation scenarios are possible, which
all involve only global phenomena.

2.1.10. PDNS. Near a flip - Neimark-Sacker bifurcation, the restriction of the
map ¢ to the parameter-dependent center manifold is smoothly equivalent to the

parameter-dependent normal form
(2.21)

w (14 B )w + en () + ea(B)w]2]? .
(Z) H’(6mmﬂ+@k+%ww%+gwpm2)+OWWwHL

(w,z) e Rx C,

where 0(0) = 6. Besides global bifurcations, a Neimark-Sacker bifurcation curve of
double period for g is rooted at 3 = 0; it is always present. The asymptotic expression
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TABLE 3.1
Detection of codim 1 bifurcations of cycles.

| Bifurcation | Test function(s) |
LP tn+1=0,det< IZ%( ) £0
PD det(A4+1,)=0
NS det(A®OA—1I,)=0
BP det( l:%( > =0

of this curve is given by
(2.22) (w?, 2, 31, B2) = (1, 0,c1, sign(cl)%(e_w”q)) £+ 0(?).

2.1.11. NSNS. For a double Neimark-Sacker bifurcation, provided 10y # j6; for
integer [ and j with [ 4+ j < 4, the critical normal form on the center manifold is

90 2 2
(2.23) ( 21 > . < €0z + a2z + caz1 |22 >+O(||z||4), » € C2.

22 €' 2, + c322|21|? + cazal2o)?

Depending on the coefficient values, several bifurcation scenarios are possible in
parameter-dependent unfoldings, which all involve only global phenomena. For some
of them, one has to take into account fourth- and fifth-order terms.

3. Continuation of cycles.

3.1. Defining system and singularities. The iteration of (1.1) gives rise to a
sequence of points {a!, 22,23, ... %1} in which /%! = f(2/, ). Each point x of
a cycle of period K then satisfies the fixed point equation for the K-th iterate

£, 0) 2 =0,
that we rewrite using (2.1) as
(3.1) glx,a) —xz =0.

As in CONTENT, branches of period-K cycles are computed in CL_MATCONT by a
variant of the Gauss-Newton continuation algorithm [1] applied to (3.1), see [6, 7].

To detect the bifurcations introduced in Section 2, as well as branch points of (3.1),
we use in CL_MATCONT the standard test functions listed in Table 3.1, where ¢ is the
tangent vector to the curve (3.1) in the X-space for X = (z, )T, F(X) = g(z,a) -,
A = g, is the Jacobian matrix of ¢ = f5), and ® is the bialternate matriz product,
see e.g. [12], §4.4.4. We notice that det(4 ® A — I,,,), where m = 1 n(n — 1), also
vanishes at neutral saddles. We distinguish true Neimark-Sacker bifurcations from
neutral saddles when processing the NS-points.

3.2. Branch switching. In this section we consider the approximation of a new
cycle curve that emanates from a branch point BP for (3.1). The same algorithm is
used to switch at a PD-point for the period-K cycle to the period-2K cycle, since it
corresponds to a branch point for %) (z, a) —2 = 0. The method is similar to that
for branch points of equilibria and is presented here only for completeness; it is also
used in CONTENT.
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A solution Xy = X (sg) of
(3.2) F(X)=g(z,a)—z=0

is called a simple singular point if Fx(Xg) has rank n—1 . For system (3.2), we have
FY = [gz(%0, o) — In, gu (w0, a0)], and Xo = (20, ) is a simple singular point if and
only if, either

dim N (gz (2o, a0) — In) =1, ga(xo, o) € R(gz(x0,0) — In)
or

dim N (g, (zo, 0) — 1) = 2, ga(zo, a0) & R(gz(x0,0) — Ip,).

The first case is a codimension 2 situation, the second case has codimension 4, so for
practical purposes we consider only the first case.

Suppose we have a solution branch X(s) and let X5, = (20,a9) be a simple
singular point. Then N(FY) is two-dimensional and can be written as span {¢1, ¢2}
where ¢, ¢2 € R™ are linearly independent. Also, N ([F%]T) is one-dimensional and is
spanned by a vector 1 € R"*1. Let Fy be the bilinear form in the Taylor expansion
of F about Xy. If Y (s) is any solution branch of (3.2) with Y (s¢) = X, then Y;(so)
can be written as Y(so) = a¢y + G2 for some «, 3 € R. Differentiating the identity
F(Y(s)) =0 twice and computing the scalar product with ¢ at sq, we get

(W, FYy (agr + Boo)(ady + Bp2)) =0

or, equivalently,
(33) 011042 + 26120[ﬁ + 62252 = 0, ,

where cj, = (1, F{y i) for j,k=1,2.

Equation (3.3) is called the algebraic bifurcation equation (ABE). The case ¢35 —
c11c29 < 0 is impossible, since at least one branch goes through Xy. Thus, generically,
cy—ci11¢92 > 0, and Equation (3.3) has two real nontrivial, independent solution pairs,
(a1, f1) and (ag, B2), which are unique up to scaling. In this case we have a simple
branch point, where two distinct branches pass through Xj.

The above procedure allows one to compute the normalized tangent vectors
Y15(s0), Yas(s0) of the two branches that pass through X,. Now if

[(Y1s(50), Xs(s0))] < [(Yas(s0), Xs(s50))|

then we conclude that Yi4(so) is the tangent vector to the new branch; otherwise,
Yas(s0) is the tangent vector.

4. Continuation of codimension one bifurcation curves. In CL_MATCONT
LP, PD, and NS curves for period-K cycles are computed by the mentioned Gauss-
Newton continuation algorithm applied to minimally extended defining systems, cf.
[12]. These systems were first implemented, together with the standard extended
defining systems, in CONTENT [4]. We have adopted in CL_MATCONT the most robust
and efficient methods tested there. Here follows a brief description of the defining
systems, since we need to refer to them in Section 6.
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The limit point curve and period-doubling curve are both defined by the following
system

(4.1) {g(fgg)a)x - 8

where (x,a) € R"2 g is given by (2.1), while s is obtained by solving one of the
algebraic systems

(4.2) ( gz(x;%)f R ) ( ; ) = ( T ) ’

where Wpor, Upor € R™ are chosen such that the matrix in (4.2) is nonsingular. One
should take the “—” sign in (4.2) for the LP-curve and the “+” sign for the PD-curve.
The derivatives of s can be obtained easily from the derivatives of g, (z, @):

(4.3) sz = —w" (g:)=0,

where z is a state variable or an active parameter and w is obtained by solving

) (Fe2™ ) ()= (%)

We note that the quantities called s in (4.2) and (4.4) are the same since they are
both equal to the bottom right element of the inverse of the square matrix in (4.2).
The Neimark-Sacker and neutral-saddle curves are defined by the following system

glx,0)—x = 0
(4.5) Sij(x,ak) = 0
Sisis(x,0,k) = 0,

i.e., by n + 2 equations for the (n + 3) unknowns # € R", a € R?, k € R. Here
(41, 41,12,72) € {1,2} and s, ; are the components of S:

which is obtained by solving

@6 (o) 2t W Y (V) ((0n2),

where Vior, Wpor € R™*2 are chosen (and can be adapted) so that the matrix in (4.6)
is nonsingular. Along the Neimark-Sacker curve, x is the real part of the critical
multipliers e*?. The derivatives of 54 can be obtained easily from the derivatives of
gz (z, ) as before.

Table 4.1 specifies test functions used in CL_.MATCONT to detect and locate rele-
vant codim 2 singularities along the codim 1 bifurcation curves. Here a and b are the
critical normal form coefficients given in Table 2.1, where g and p should be replaced
by the vectors v and w, respectively, computed in (4.2) and (4.4). The test function
¢ is given by ¢ = R(d), where d is also specified in Table 2.1. Matrix A; is defined
as A = A|y1, where A = g, and N+ is the orthogonal complement in R™ of the
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TABLE 4.1
Detection of codim 2 bifurcations of cycles.

LP | PD | NS
CP a=0
DPD b=0
CH c=0
R1 (w,v) =0 det(A—1I,)=k—1=0
R2 (w,v) =0 det(A+1,)=k+1=0
R3 K+3 =0
R4 k=0
LPPD det(A+1,)=0 det(A—1,) =0
LPNS | det(A®A—In) =0 det(A—1,) =0,k —1#0
PDNS det(AOA—Ip)=0 | det(A+1,) =0,k +1#0
NSNS det(A1 O A1 — I, ) =0

two-dimensional eigenspace associated with the pair of multipliers with unit product
of ATy my =1 (n—2)(n-3).

It is possible and sometimes necessary to adapt the defining system while contin-
uing a bifurcation curve, i.e., to update the auxiliary variables used in the defining
system of the computed branch. The bordering vectors vy, and wpe may require
updating since they must ensure that the matrices in (4.2), (4.4) are nonsingular.
Updating is done in CL_MATCONT by replacing vp,, and wpe, with the normalized
vectors v, w computed in (4.2), (4.4), respectively. Updating of V and W in (4.6)
is done similarly, while (i1, j1, 2, j2) are updated in such a way that the linearized
system of (4.5) is as well-conditioned as possible.

5. Branch switching at codim 2 points. As it was indicated in Section 2.1,
in codim 2 points branches of various codim 1 bifurcation curves are rooted. The
problem of branch switching is thus to specify one starting point near the curve from
which the continuation code converges to a point on the curve.

Here we address the problem of branch switching at codim 2 bifurcation points
of maps, when the emanating curve corresponds to a local bifurcation. These cases
involve degenerate flip, 1:2 resonance, 1:4 resonance, fold-flip and flip-Neimark-Sacker
bifurcations only. The asymptotic expressions for the new curves for the parameter-
dependent normal form are given in Section 2.1. Combining this information with
a parameter-dependent center-manifold reduction, we will obtain appropriate initial
continuation data for the original map.

In several cases there are also global bifurcations involved. We will not try to
switch to those branches, since the continuation of these global bifurcations is not
supported by the current version of CL_MATCONT.

Here we will focus only on the parameter-dependent computations and assume
full knowledge of the critical center-manifold and the critical normal form coefficients,
see [14],[17]. All cases may look alike, but all have their own subtle features. The
solvability conditions imposed coincide with the transversality of the original family
to the bifurcation manifold.

5.1. Parameter-Dependent Center-Manifold Reduction. In all our cases,
the map g(z,a) : R® x R? — R", where g is defined by (2.1), satisfies g(zo, ) = o,
and its Jacobian matrix A = g, (g, ap) has at most 3 multipliers on the unit circle.
Furthermore we know a parameter-dependent smooth normal form G(w, ) for the
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corresponding bifurcation, see section 2.1. Then we assume a relation

(5.1)  a—ay=V(B) =vief1 + vo1 52 + %U2Oﬁ% + 0118182 + %%25% +0(|1811*)

between the original and the unfolding parameters. Note that V incorporates linear
scalings. The analysis will show that veg and v1; need not be computed in the cases

under consideration. Occasionally, we interpret 3 = (1 as one complex parameter;
in such cases: vy = 19 € C2.

To find a parameter-dependent center-manifold as the graph of x = z¢ + H(w, §)
we make a Taylor expansion of the homological equation

inw and g at (w,8) = (0,0). All coefficients must vanish and this leads to a solution
for H and V. A similar technique was introduced in [3], §11, to switch at codim 2
bifurcations of equilibria in ODEs.

We expand g as in (2.2) and write

(5.3) Hw,p)= > huw'p,

lu|+|v[=1

where p, v are multi-indices.

It will be convenient to introduce some notation. Let p denote an eigenvector of
AT corresponding to the eigenvalue —1 of A. We will then write I' : R"*+2 — R" for
I'(q,v) = (p, A1(q,v) + B(q, (I, — A)~*J1v)) and v; = I'(q, e;) for the evaluation of I'
on the standard basis vectors in R2. If v; # 0 for i = 1,2 then s; = T}r'@)(%’ v2)T

and sy = (—72,v1)7 compose a new orthogonal basis in R2.

5.2. Degenerate Flip. We start with the linear part of V(). The homological
equation (5.2) provides the following systems to be solved

(A = I,))[ho10, hoo1] = —J1[vi0, voil,

where [a, b] is a n x 2-matrix with columns a,b € R™. This can be solved formally
with [ho10, hoo1] = (In — A) = Ji[v10, vo1] and next, we obtain

(A+ I,)[h110, hio1] = —[g, 0] — Ai(q, [vi0, vo1]) — B(q; [ho10, hoo1))
= —lq, 0] = A1(q, [v10, vo1]) — B(q, (In — A) " J1[vi0, vo1)).

First we remark that the systems are singular and the RHS must be orthogonal to

the adjoint eigenvector p. Second, we see that the operator I'(¢, v) appears naturally.
The above systems can now be rewritten as

V1, 72llvio, voi] = [~1, 0].
The general solution is given by

vip = —$1 + 0182, Vo1 = 0282, 01,02 € R.
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The constants d1,d2 can only be fixed at a higher order, so we proceed with

(A —In)hao = +2haoo
— [B1(q, ¢, v10) + B(h2o0, ho10) + A1(h200, v10)

+ 2B(q, h110) + C(q, ¢, hoo)] ,
(A —I,)hao1 = —[B1(q,q,vo1) + B(h2oo, hoo1) + A1 (haoo, vo1)
+ 2B(q, h101) + C(q, q, hoo1)] ,
(5.4) (A+In)hsio = —3hsoo — [D(q, 4,9, hoio) +3C(q, q, h110) + C1(q, ¢, q,v10)

+3B(h110, h200) + B(hs00, ho10) + 3B1(h200, ¢, v10)
+A1(h300, v10) + 3C(h200, ¢, ho1o) + 3B(h210,9)]
(A+ In)hso1 = 6 — [D(q, ¢, ¢, hoot) +3C(¢, ¢, hio1) + C1(q, 4, ¢, vo1)
+3B(hio1, haoo) + B(h3oo, hoo1) + 3B1(h200, ¢, vo1)
+A1(h300, vo1) 4+ 3C (h200, ¢, hoo1) + 3B(hao1, )] -

Since v19,v01 appear linearly in these equations (via the multilinear functions), we
have a linear system to be solved for 7, ds.

Now the linear part of V(/3) is obtained, but from the asymptotic expression (2.6)
for the curve we notice that the approximation requires vgs as well. We have

(A—=I)hoo2e = —Jivee — 21,
(A+1I)hio2 = —DB(q,hoo2) — A1(q, vo2) — 22,

where

z1 = B(hoo1, hoo1) + J2(vo1, vo1) + 241 (hoot, vo1),
= C(g, hoo1, hoo1) + 2B(hio1, hoo1) + 241 (hio1, vo1)
+ 2B1(q, hoot, vo1) + A2(g, vo1, vo1).

As before, the first equation can be solved formally and we substitute the result into
the second. So formally we have hoo2 = (I, — A)~'(z1 + Jivo2) and the solvability
condition for the second equation yields

(1 ¥2)vo2 = —(p, 22 + B(q, (I, — A)™'21)).

Thus we find voe = —(p, 22 + B(q, (I, — A)~1z1)s1 + d352. The constant d3 can be
found solving the systems at orders w?332 of the homological equation, which are
(5.5)
(A—1TIn)h202 = —{Bi(q,q,v02) + A1(h200,v02) + 2B(h102, q)
+ C(q, q, hoo2) + B(haoo, hoo2) }
—[D(q, 4, hoo1, hoo1) + 4C(gq, hio1, hoor) + C(hoot, hoot, h2o0)
+2B(h201, hoo1) + 2B(hi101, h1o1) + 2C1(q, g, hoo1, vo1)
+2B1(hao0, hoot, vo1)
+4B1(q, h1o1,v01) + 2A1 (h2o1, vo1) + B2(q, ¢, vo1, vo1)
+ Az (h2o0,v01,v01)] s
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and
(5.6)
(A+1Iy)hso2 = —{D(q,q,q, hoo2) + 3C(q,q, h1o2) + 3C(h200, hooz, q)

+3B(h202,q) + 3B(h200, hio2) + B(h3oo, hoo2)
C1(q, 4,4, voz) + 3B1(h20o, ¢, v02) + A1(h300, vo2)} + 12h101
—[E(q, 4, q, hoo1, hoor) + 6D(q, q, 101, hoot)
+3D(hoo1, hoot, heoo, q)
+C'(hoot, hoo1, h3oo) + 6C(hio1, hiot, q) + 6C(hoot, hio1, P200)
+6C (hoo1, hoo1,q) + 6B(hao1, hio1) + 2B(hso1, hoo1)
+2D1(q, 4, 4, hoo1,vo1) + 6C1(q, q, hio1,v01)
+6C1(q, hoot, 200, vo1) + 6B1(h201, ¢, vo1) + 2B1(h3oo, hoot, vo1)
+6B1(h2oo, hio1, vo1) + 2A1(h3o1,vo1) + Ca(q, ¢, ¢, vo1, vo1)
+3B2(h200, ¢, vo1,vo1) + A2(h300, Vo1, vo1)] -

Notice that the expressions between {...} in equations (5.5) and (5.6) have the same
structure as in (5.4). Thus we do not require any extra solvability conditions. The
part between [...] involves known quantities and is easily evaluated. To find d3 also

the terms involving hgg2 and hig2 between {...} depending on z; and z have to be
computed.

5.3. 1:2 Resonance. As before, the first four linear systems are

(A — I,)[hoo10, hooo1] = —J1[vio, voi),
(A + I,)[h1010, P10o1] = [q1, 0] — A1(qo, [v10, vo1]) — B(qo, [hoo10, hooo1])-

As for the degenerate flip, we use the formal solution
[hoo10, hooot] = (I — A) " Ji[vio, vou.
The solution for v1g and vy is now
vip = 81 + 0182, w1 = 282, 01,02 € R.
The two remaining systems at linear order in phase variables are
(A+I,)[ho110, hoto1] = [h1o10, q1 + hioo1] — A1(qu, [vios vo1]) — B(q1, [hoo1o, hooo1])-

Now we insert the s; and write

Q1 =(p1, A1(qo, 51) + B(qo, (A — I,) ' Jis1)), Q2 = I'(q1, 51)
Qs =(p1, A1(qo, 52) + B(qo, (A — I,,) " J182)), Qs = T'(qu, 52).

A little algebra shows that

o (22 o 1
Q3+Qs)’ Q3+ Q4

One can check that the transversality of the original family of maps to the bifurcation
manifold coincides with the condition v1v2(Qs + Q4) # 0.
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5.4. 1:3 Resonance. We follow a slightly different procedure here. We want to
find V(B8) = vB + 93, where 3 = 3; + if32. Then we treat 3 and 3 as independent
variables which makes it slightly easier to find the solutions. As the final V() should
be real, it follows that v = v19 = vo1.

Let XA = /3 and introduce Ag = A\q, ATp = Ap, (p,q) = 1. As before, the first
linear systems resulting from (5.2) are given by

(A — I,)[hoo10, hooo1] = —J1[vi0, vo1),
(A — M,)[h1010, P1oo1] = [g, 0] — A1(q, [v10, vo1]) — B(q, [hoo10, hooo1]),

and two complex conjugated systems for hg191 and hgi19. With the same approach
we will now find complex ~; and rewriting the system for v = v19g = 91 we have

(’)/1,’72)1) =1, (71,’72)’(7 = 0, with v = (’3/2, —’71)/(’)/1’72 — 72’71) as solution. Finally
T = zq + Zq relates the coordinates of the normal form and the original map.

5.5. 1:4 Resonance. Replacing A = ¢ we can repeat the procedure for the case
of 1:3 resonance.

5.6. Fold-Flip. Let Aqi 2 = £q1,2, ATp12 = %p12, (p1,q1) = (p2,¢2) = 1. The
necessary systems to solve from the homological equation (5.2) are

(5.7) (A = I))[hooto, hooot] = [q1, 0] = Ji[vio, voil,

(5.8) (A = L,)[h1010, h1oo1] = [h2000, ¢1] — A1(q1, [v10, Vo1])
—B(q1, [hoo10, hooo1]),

(5.9) (A + L)[ho110, hor01] = [h1100, 0] — A1(g2, [v10, vo1])

—B(q2, [hoo10, hooo1])-

First remark that all matrices in the left-hand sides are singular. If we take (y1,72) =
plle and form the orthogonal vectors s; and s as before then vy = s1 + d182 and
Vo1 = 0282 solve system (5.7). Bordering the singular matrix (A — I,,) one can solve
for hgo1o and hggor- Any multiple of ¢; can be added to hgo1p and hgoo1, SO we use
hooto = (A — L,)™NV(q1 — Jivig) + d3q1 and hooro = —(A — L,)"VV (Jivor) + baqn.
We will use this freedom to solve equations (5.8) and (5.9) simultaneously for all §’s.
Note that hoggo and hijgo are also found using bordered systems chosen, but such
that (p1, haooo) = (P2, h1100) = 0.
Then we obtain the following 4—dimensional system

(5.10)
o1 —(p1, A1(q1,51) + B(q1, (A — L))"V (q1 — J151)))
( L O2xo ) 63 | _ | —(p2, Ai(ge,s1) + Blgz, (A — 1)V (q1 — Jis1)))
04 0

where L is defined by

_ ({1, Arlqr, s2) + Blar, (In — ANV Jis2))  (p1, Bgi, q1))
(5.11) L= ( (p2, A1(qa, 52) + Blga, (In — A)'VVJ1s2)) - (p2, Bq1, q2)) ) '

Notice that 2a(0) = (p1,B(q1,¢1)) and that ¢; can be chosen such that e(0) =
(p2, B(q1,q2)) = 1. The condition 17, det(L) # 0 is equivalent with the transversality
to the bifurcation manifold of the family g(x, «).
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5.7. Flip-Neimark-Sacker. Introduce Aq; = q1, ATp1 = p1, (p1,q1) =1, and

Age = gy, ATpy = e py. (pa,q2) = 1. The linear systems obtained from the
homological equation (5.2) are

(A — I,)[hooo10, hoooot] = —J1[vi0, vo1l,

(A + I,)[h1o010, h10001] = [—q1, 0] — A1(q1, [v10, vo1]) — B(q1, [hooo1o, hoooo1]),

(A — e I)[howo10, Potoor] = [0, g2¢"%] — A1(qa, [v10, vo1]) — Blgz, [hooo10, Poooo1])-

The same approach as for the degenerate flip and 1:2-resonance cases is to substitute
the formal solution of the first equation into the second and we write

vip = —81 + 0182, Vo1 = 0282,
where the constants §; are to be found from the last equation. We compute
Qi = (p2, A1(g2, 8i) + Blgz, (In — A) " 180))

for ¢« = 1,2. To obtain the derivative of the modulus and not the argument of the
complex multiplier, we proceed similar to [24], Appendix, but adapt to the case of
maps. Then we find the following real solution for §;

Re™Q) 1
R(e=190Qs)’ 2 R(e=0Q,)"

6. Algorithmic and numerical details. In this section we consider the com-
putation of the derivatives and tensor-vector products, which are not only necessary
for the continuation, but also for the computation of the critical normal form coeffi-
cients at codim 1 and 2 bifurcation points.

(5.12) 5y =

6.1. Recursive formulas for derivatives of iterates of maps.

6.1.1. Derivatives with respect to phase variables. The iteration of (1.1)
gives rise to a sequence of points

{at 22 23, ... 5 T)

where z7/+1 = f())(z! o) for J =1,2,..., K. Suppose that symbolic derivatives of f
up to order 5 can be computed at each point. We write

_0fi
- é%:j

0% fi
O0x;0xy,

ani :rJ
0z ;001 ’

A (z7), B(a”)ijn = (=), C(a”)ijpa =

and similarly for D(z”) and E(z”).
We want to find recursive formulas for the derivatives of the composition (1.2), i.e.

the coefficients of the multilinear functions in (2.2) that we now denote by A(/), B()),
and CY) to indicate the iterate explicitly:

A (ah))s *(fP (")) P(fP ()i
Dy, . 2N ) My, ., 2N Dy, ., =2 ")
(A )LJ amj ’ (B )%]JC 8xj0mk ’ (C )%]Jﬁl 8xj0mk8xl ’

and D) and E(Y) are analogously defined. What follows is a straightforward appli-
cation of the Chain Rule.
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For J = 1 we have A = A(z!), BV = B(2') and CV) = C(z!) and these are
known. Now, as

(=) (4
(61) A = Z gfz (-1 ))G(f Z A} AT,
¥ o :

we see that
(6.2) (F(z,a)), = A(xK)A(fol)---A(xl) — I,

where F(z,a) = f5)(z,a) — z.
For the second order derivatives we first write B(/) once in coordinates

o _ 9 0 .oy
Bk = 5 e @)
o2 : o (J—-1) m 0 (J—-1) aFf; 52 (J—-1)
L5 O (U D O 06y U D
0x10x,, Oz oxy, ox; O0x;0xy,

For any two vectors ¢ and g2, we can multiply the previous expression by (¢1);(¢2)x
and sum over (k,[) to obtain

(6.3) B (q1,q2) = Bz )(AY Vg1, AV Vo) + A(a”)BY =V (g1, go).

As A(z”) and B(z”) are known, (6.3) allows to compute the multilinear form B%) (qy, ¢2)
recursively.

Let ¢;,¢ = 1,2,3,4,5, be given vectors. Multilinear forms with higher order
derivatives can be computed with

C('])(fh, q2, Q3) = C’(I’J)(A(']*l)th, A(Jfl)thv A('Fl)Q3)+
(64) B(IJ)(B(J_I)(qlan)aA(J_l)q3)*+
A@?)(CY "V (q1, 42, 43)),

means that all combinatorially different terms have to be included, i.e.,

*

where
B(a”)(BY"D(q1,q2), AV Mgs)* = B(a”)(BY "V (q1, g2), AV Vgs) +
B(a”)(BY "V (q1,q3), A Vo) +
B(a”)(BY" (g2, q3), A Van).
For D) we get
(AU gy, A=V gy, AU gy, A=V gy)
(BY (g1, q2), AV Vgg, AV gy)*+
=D (q1,42), BY Y (g3, q4))*+

(B!
(CY"Y(q1,q2,93)), AV V)" +
DYV (q1, 42,03, q).

DU)(Q1;Q2,Q3aQ4) =

D
C(

(6.5) B(x
B(
Az

<
~— N —

Finally, for E(/) holds
(6.6)
EU)(QMQ%‘]&%,QS) = qi, AU-D Q2 AU-D QS A<J71)Q4,A(']71)Q5)+
z'] B(J*l)(ql,qQ),A(J 1)q3,A(I 1) q4,A(J*1)Q5)*+
z7)(BY=Y (g1, q2), BY "V (g3, q4), AV Vgs)*+

(g1, 42, 43), AV "V gy, AV D gs)"+

(41,92, 43), BY 7V (q4,45))"+
(q1,42,93,94)) (AV "V g5)*+

q1,42, 93,44, Q5))

—~
,_.
—
—~
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The mlﬂtﬂinear fOI'HlS A(K) (ql)) B(K) (qla q2)) C(K) (qla q2, Q3)7 D(K) (qla 42,43, Q4)
and E(K) (g1, 92,93, qa, q5) are then used in the computations of the normal form co-
efficients for codim 1 and codim 2 bifurcations of period-K cycles and also in the
branch switching.

6.1.2. Derivatives with respect to parameters. If enough symbolic deriva-
tives of f are available, then MATCONT computes the expressions involving J; and
A; in (2.2) symbolically. The idea is as follows. Taking the derivative of (2.1) with
respect to ay, gives

of et ) Of of . 4
6.7 —_ = —
which is recursively computable. Also mixed derivatives, which are necessary for
continuation and branch switching, can be found recursively:
*(f(ata)) _ Pf a(f V(! )

0
_ J o°F g
(6.8) 0oL 0z  dapdz (@7, 0) + Oz (27, 0) Oay,

o(fY V(' o))

8ak

)

In fact, the recursion is not applied to (6.8) itself, but to its product with a fixed
vector.

This is sufficient for all continuations of fixed points and their codimension 1
bifurcations. It is also sufficient for all cases of branch switching from codimension 2
points, except for the case of degenerate flip. For this case, we fall back to a finite
difference approximation. Since it is only used in the prediction step for which high
accuracy is not needed, this seems acceptable.

6.2. Recursive formulas for derivatives of the defining systems for con-
tinuation. For the continuation of fixed points and cycles we need the derivatives of
(2.1) which can be computed from (6.2) and (6.7).

Now, we consider the derivatives of s (as defined in (4.1)) with respect to z, a
state variable or parameter. The flip and Neimark-Sacker cases can be handled in a
similar way. Let M be the matrix in (4.2). By taking derivatives of (4.2) with respect
to z we obtain

o ][4 ][]

Using (4.4) we obtain
(6.10) s. = —w! (A%, v.

If 2 represents one of the state variables, then s,, = —(w, B (e;,v)) as computed
in section 6.1. When z is a parameter oy we can write

K
(6.11) S, = Y C1,

J=1
where
(6.12) Cy = —wl fu@®) -+ (fala”)ap fula”™h) -+ fulat)v
where J = 1,..., K. In this expression

(6.13) (fo@ ey, = [fo(fP (2" 0))]ap = foale” @) + B(a’)T;
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where T'; is a vector, that can be recursively defined by
(6.14) Ty = for, (@' @)+ A(x/"NTy_1, T1=0.

Summarizing, for the computation of s, we need to compute f;, fa,, foz, fza, 0 all
iteration points z',..., 2%, and given these compute Ty for J = 1,... K. Then

(6.15) Cy=—-w"A@") - (foar (@) + B@?)T) A7) -+ Az
and S, is computed via (6.11).

6.3. Numerical computation of the directional derivatives. If symbolic
derivatives of the original map are not available, then finite differences have to be
used. However not the full tensors are needed, but the multilinear forms evaluated on
vectors which can be computed with directional derivatives and central finite differ-
ences. This is an option of last resort and which is not reliable for very high iterates.
For a general discussion of directional derivatives we refer to [14]. Here we only ex-
plain how we choose an increment A in the computation of the directional derivatives
Aq, B(q,9),C(q,9,9), D(q,q,q,q9) and E(q,q,4q,q,q) for a given function f : R™ — R".
In fact, we want to choose h to minimize the combination of truncation and roundoff
errors in the computation of the multilinear functions A, B, C, D and E. The analysis
for A, B, and C is similar to that in [13], Appendix D.

We start with the Taylor expansion of f(z £ hq) w.r.t. h

h? h3
(6.16) fl@+hg) = f(@) & hfeg+ 5 Faead + 5 fraraaa + O(h").
A little algebra yields

flx+hq) = flx—hq) h?

. v 4
(617) fzq = oh 6 Jrezqqq + O(h )

An unavoidable consequence of using numerical differentiation formulas like (6.17)
is roundoff error. Taking into account this error and ignoring the O(h*) term, the
approximation formula (6.17) can be written as

([ flz+hg) = f(z—hq)
me* ( o

(6.18) )ﬂ T e(h) + er(h),

where y; is the floating point approximation, e,(h) the roundoff error and e;(h) is the
truncation error. The total error R(h) is bounded by

(6.19) IR < lles(R)]| + [ler(R)]]-

The roundoff error comes from the subtraction f(z + hq) — f(x — hq). If Cy is the
norm of f and €,, is machine precision, then |le,(h)| < C1Co€pn/2h, where C; is
a modest constant. For the truncation error we assume that || fzz2qqq|| is of the
order of f, so |lex(h)|| < h2CyC2/6. If also Cs is a modest constant, then the choice
Bmin = €x)° minimizes ||R(h)]|. Using double-precision we have €,, ~ 10~ and thus
h = h; = 1075, which is the default value in CL_MATCONT.

Performing a similar procedure for derivatives of order & yields hy = (e;,)Y/ (*+2) =
(h1)?/*+2) as an optimal stepsize. In CL_MATCONT, the Increment (= hi) can be
adjusted by the user. The increments of the higher-order derivatives are then adapted
according to the above formulas.
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7. Examples. Here we give two examples illustrating the developed techniques
and their implementation in CL_MATCONT.

7.1. Generalized Hénon map. Consider the map

. T €2
(7.1) F'<z2)’_><a,6’x1x%+rz1z2)’

where 7 is in principle not too large. This map appears in numerous theoretical studies
of degenerate homoclinic bifurcations. For bifurcation analysis of this map with r = 0
we refer to [9] and to [10] in general. It is known that this planar map exhibits the
first four treated codim 2 bifurcations. Let us start with the 1:2 resonance and the
fold-flip. For these cases we can apply the algorithms analytically, i.e., with r as a
parameter. We note that ¢ = (1, —1)7 in both cases is an eigenvector of the Jacobian
matrix corresponding to eigenvalue —1.

For the 1:2 resonance we have (21, 22) = (0,0) and (ag, Bo) = (%, gf:) The

critical center manifold reduction yields, see [10],

1+7r
2 )

(7.2) C, = Dy = —(6 + 57 +72).

=

Applying the algorithm from Section 5.3, we find

=2 —4(3—r) 1
(73) V10 = ( 2__{ ) , Vo1 = (2_1%2 , D= _24r4r? &
T2—r 2(14r)

So that our prediction for the NS bifurcation curve of the period-2 cycle is

(2,1) 2 2 " 2e
€T =
Y 2—r’'2—r Visr?

_ (4B =1) 247 2(4+ 3r2 — %) 92
0= <<2—r)2’2—r>+ ((1+r>(2—r)2’(1+r>(2—r))5

The fold-flip bifurcation occurs for (z1,22) = (0,0) at (ag, 5p) = (0,—1). The
critical center manifold reduction yields

(T4)  a=g0-r), b=g(4r), e=—30-1 =70+

Then applying the algorithm from Section 5.6, we find

-2 0 ~ -1
(7.5) V10 = ( r2 > y Vo1 = ( —2 > y P= ( (1—r)r? ) €.
2—r 2—r 2(1+r)

Therefor our prediction for the NS bifurcation curve of the period-2 cycle emanating

here is
(:c,y) = (070> + \/ 12%% (avﬁ) = (07_1> + (27 miﬁ) €
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Let us compare the predictions with the exact expressions for these curves. Con-
sider the following set

(7.6) a=(1+B)0B-1-r+r2)/,
(7.7) b _TBH D+ V= DE DR+ - B2 1)
| ' 2r )
(7.8) - B+~ —2)B+ D2+ — B2 7))
| o 2r )
when
1 2 5+4T+T2+2’8(3+T)+ﬁ2(5+27’77‘2)
1B-N@B+1) <as< 2 dLRa |

It consists of two different pieces, where a Neimark-Sacker bifurcation of a cycle of
period 2 occurs. If we take 0 < ¢ < 1 and consider the linear approximations of (7.6)

near = —1— ;fré and 0 = (%) + %5 we find for the 1:2 resonance

(a,6)<4(3r) 2”>+(4+3’"27"3 7’2 )gw(g?).

2—-r)2'2—r 2-7)2 '2—r

(z,y) = ( 2 i) +VEqg+ O(E)

2—7r'2—7
and for the fold-flip bifurcation

(a,8) = (0,—1) + (1 +7, 2_7 -

(z,y) = (0,0) — Vig + O(8)

) £+ O(2).

So up to positive factor our results coincide up to first order in €.

For the other two cases a numerical approach is more illuminating. There is a
period-doubling curve of period 4 cycles along which there are two degenerate flips
near («a,3) = (3,—1). For r = 0 we found a fold curve and a period-doubling curve
of cycles of period 4. Then we produced the approximations to the fold curves of
the 8-th iterates in the degenerate flip points and from these easily continued the fold
curves of cycles of period 8. In Figure 7.1(a) we show the continuation results and also
the approximation curves. For the 1:4 resonance we used r = —0.1. For this specific
value of r, the 1 : 4-resonance involves the mentioned local branches. In Figure 7.1(b)
we show the continuation results and also the approximate curves.

7.2. Leslie-Gower competition model. The origin of this example is in [16,
19, 11]. It has been found in biological experiments that two species of flour beetles can
coexist under strong competition for the same food. This was rather unexpected at
the time and several models were built to explain this phenomenon. One of the ideas
proposed in [11] and [23] was to use an age-structured population model. For general
background we refer to [5]; the model that we actually use is a four-dimensional map
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-0.021
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-1.05 -1.025 -1 -0.975 -0.95 0.98 0.99 1 1.01 1.02
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Fic. 7.1. The straight lines are computed with CLLMATCONT, the dashed lines are the predictions
from the switching algorithms.

Mpe (7.9) with 14 parameters described in [23]:

bla
(14 ¢jjj + cjaa + cjyy + ¢422)
(1= p3)j + (1 = pa)a
= bQZ
(1 +¢yjj + cyat + cyyy +cy22)
(1= pyy+ (1 —pz)z

<

~

(79) MLG :

~

N e Q.
N e Q.

~

This is the Leslie-Gower competition model for the interaction between the juveniles
(7) and adults (a) of one species of the flour beetle Tribolium and the juveniles (y)
and adults (z) of another species for the same food. Each species has its own juvenile
recruitment rate by > 0, by > 0, juvenile death rate p; and p,, and adult death rate
e and p.. For biological reasons we have

(7.10) 0 <y, fa, ty, pbe < 1.

The other coefficients cj;, ¢ja, Cjy, ¢j> and cyj, Cya, Cyy, ¢y~ describe the competition.
They are all strictly positive. By assumption, the competition does not affect the
adults of either species. As in [23], we will study the influence of the coefficients ¢, ;
and c;j, on the behavior of Mrg in a case where all other parameters are fixed. In
other words, we study the role of the competition between juveniles alone.

The origin (0,0,0,0) is a fixed point of (7.9) but is of little interest. The model
also has ‘horizontal’ fixed points, i.e., fixed points of the form (j*,a*,0,0) given by

bi(1 = 11;) — pig 1— bi(1— 1:)? — (1 —
1) = (1 —pj) —p . uyj*fl( 1i)* = pa(l = py)

HaCss + Cja(l — puz)’ Ha ta(paCss + Cja(L = p5))
where j*,a* > 0 (i.e., biologically meaningful) when
bi(1 = pj) > pa-

Similarly, there are unique ‘vertical’ fixed points of the form (0,0, y*, 2*) given by

bo(1 — - Mz 1-— bo(1 — 2_ 2 1-—
HzCyy + CyZ(l - Ny) Mz Mz(uzcyy + Cyz(l — ,Uy))
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TABLE 7.1
Parameter values for the Leslie-Gower model.

b =20 | ¢;; =036 | b2—=18 | ¢ja=10.55 | ¢;, =0.23 | u; —=0.23
fta = 0.72 | cya = 0.08 | cyy = 0.18 | ¢y. = 0.26 | puy = 0.29 | p. = 0.98

These are biologically meaningful if y*, z* > 0, i.e., when

ba(1l — py) > iz

Furthermore there exists a unique coexistence fixed point (5%, a*,y*, z*) with

jr= 2B 1) = (e = n

oy —en ’
o (1)),
oy —e€n
_ —G(bgﬁ — 1) + (bla — 1)(5
y - 57 . 677 )
Z* _ 6 (6(1)26 761) + (bloz — 1)5) :
Y —en
provided
(7.13) H=56y—en#0,
where
L —py L — py
o= , B , €E=¢Cji + Cjqu
e 1 33 T Cj
and

Y =iy + ¢z, 0 =cyj+cyat, N =cyy + ey

The equation H = 0 defines a hyperbola in (¢, ¢;yy) space.

We will study the overall dynamics of the model for the parameter values specified
in Table 7.1. The parameters c;, and c,; will vary.

First we consider the horizontal and the vertical fixed points and their stability.
For all values of ¢j, and ¢y, the fixed point obtained from (7.11)

Fiy = (21.50285631,22.99611022, 0, 0)

remains unchanged since ¢;,, and ¢,; do not appear in (7.11). For the given model
parameters, the horizontal fixed point is stable if ¢,; > ¢y 0, where ¢y 0 = 0.474477674.
It is biologically plausible that the horizontal fixed point is stable only if the juveniles
of the first species suppress the juveniles of the second species to a sufficient degree.
The vertical fixed point (7.12) is stable if ¢, > ¢;y0, where ¢j,0 = 0.4571312026.

Now we consider the coexistence fixed point (j*,a*,y*, 2*), starting the continu-
ation from

Fo = (16.42912, 17570032, 28.871217, 20.916902),

where ¢y; = c;jy, = 0. This fixed point bifurcates into vertical and horizontal fixed
points respectively, when one of ¢;, and ¢, ; is varied and the other variable is fixed at 0.
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In the model this means that one species drives another to extinction. Continuation
of the coexistence fixed point, where c;, is the free parameter leads to BP and PD
bifurcations at cj, = cyjo and ¢;, = 0.170849, respectively. The coexistence fixed
points bifurcate into vertical fixed points at the BP. The coexistence fixed point is
stable before the BP and unstable afterwards, this reconfirms the above analytical
results. If we continue the coexistence fixed points with the free parameter c,;, it
bifurcates into the horizontal fixed point at another BP. The coexistence fixed point
is stable before this BP and unstable afterwards.

The solutions to the equation H = 0, where H is given by (7.13), are the param-
eter values for which the existence and uniqueness of the coexistence fixed point are
not guaranteed. In the present context, where only ¢,; and c;, vary, this leads to the
condition

(7.14) CyjCiy + acy; +bcjy —c =10,

where a = 0.1666326531, b = 0.0855555552, and ¢ = 0.3350275226, which indeed
defines a hyperbolain (cy;, ¢, ) space. It is not hard to prove that the point (cy o0, ¢jyo)
lies on the hyperbola.

Now we return to the stability of the coexistence fixed points. The coexistence
fixed point is unstable outside the rectangle

S1={(cyjsciy) 1 0 < cyj < eyjo, 0= cjy <cjyot-

Figure 7.2 shows the hyperbola H = 0 and the rectangle S;.

Inside S; the stability properties of the coexistence fixed point are more compli-
cated. By numerical continuation we find that there is an interior region in which
the coexistence fixed points are unstable. This region is bounded by the PD curve,
where the stability changes. The projection of the PD curve on the (cy;, ¢jy)-plane
goes twice through the point (cyjo,¢jy0). Indeed, the PD curve has two fold-flip
points, where (cy;, ¢jy) = (cyjo,Cjyo). Moreover, there are two degenerate period-
doubling points DPD on the PD curve: (cy;, ¢j,) = (0.210138,0.383143) and (cyj, ¢jy) =
(454279,0.297779). The branches of fold curves of the second iterate can be computed
by switching at the DPD points. These curves emanate tangentially to the PD curve.

The region where there are stable fixed points of the second iterate is bounded
by the two fold curves of the second iterate and the lower left part of the PD curve.
From the applications point of view, this is the most interesting region because it
shows that indeed the two species can coexist even when the competition is strong.
We note that if both ¢,; and c;, are larger than 0.5 then the horizontal fixed points,
the vertical fixed points and the fixed points of the second iterate are all stable. The
PD curve and the fold curves of the second iterate are given in Figure 7.2.

It can be shown analytically that there is a straight line of coexistence fixed
points for the fixed parameter values (cy;, ¢jy) = (cyjo, Cjyo) Which bifurcates to the
horizontal and vertical fixed points where c;, = ¢jy0 and c,; = cy;o respectively. This
straight line can be found numerically by switching to the fold curve in the fold-flip
(LPPD) points of the flip curve since technically it is a curve of (degenerate) fold points
of the original Leslie-Gower map. It contains a horizontal fixed point, a vertical fixed
point and two coexistence fixed points of flip type.

8. Conclusions. We have described the implementation of continuation and
normal form analysis of fixed points and cycles in MATCONT. We use minimally
extended systems, which proved to be one of the best methods.
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FIG. 7.2. The flip curve PD1, the fold curve of the second iterate LP?, hyperbola H = 0 and
the rectangle S1 in (cyj, cjy)-plane.

Codim 1 bifurcation analysis is standard by now, while the analysis of codim 2
bifurcations, both quantitative and qualitative, on which this paper focuses, is new.
Our implementation uses all aspects of the center-manifold reduction. First, the
critical normal form coefficients are calculated automatically, which determines the
type of the unfolding. Second, when nondegeneracy and transversality are checked,
predictions about new codim 1 branches are made.

We mention a few problems for future work. We use the iterated maps in case of
cycles. When we are dealing with stiff systems and small basins of attraction, a BVP-
approach using extended systems for the fixed point, i.e., f(x!) — 22 =0,..., f(z") —
! = 0, might be more efficient. Another idea is to use automatic differentiation
as an alternative to symbolic derivatives. One reason is that symbolic derivatives
may not always be available. The second is that preliminary evidence suggests that
the computation of normal form coefficients for high iterates is faster when automatic
differentiation is used. Then we did not discuss global bifurcations. As a first step, it is
well worth the effort to incorporate in our package some of the recent algorithms, [25]
to compute (un)stable manifolds. If a transverse intersection appears to be present,
then using the defining systems as in [26], approximations of homoclinic orbits may
be computed.
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