RANDOM g-EXPANSIONS WITH DELETED DIGITS

KARMA DAJANI AND CHARLENE KALLE

ABSTRACT. In this paper we define random [-expansions with digits taken
from a given set of real numbers A = {a1,...,am}. We study a generalization
of the greedy and lazy expansion and define a function K, that generates
essentially all 3-expansions with digits belonging to the set A. We show that
K admits an invariant measure v under which K is isomorphic to the uniform
Bernoulli shift on A.

1. INTRODUCTION

Let 8 > 1 be a real number, and A = {a1,...,a,} a given set of real numbers.
We assume that a1 < ay < ... < a,,, and that m > 2. We are interested in
algorithms that generate (-expansions of the form

1) =y =
=3

with b; € A. Clearly, such an expansion is possible for points in the interval
aq (€29

[ﬂ_lvﬁ]

, but not necesarily for all points in this interval; see [KSS]. There

are two cases that have been extensively studied. The first is when § = r is an
integer, and A = {0,1,...,r — 1}, leading to the well-known r-adic expansion of

points in [0,1]. Each point has a unique expansion except for points of the form
k/r™, 0 < k < r™ — 1 which have exactly two expansions. The second is when
8 > 1is a non-integer, and A = {0,1,..., 5]}, is a complete digit set. In this case,
almost every x € [0, [3]/(8—1)] has a continuum number of expansions of the form

v = Z% ar € {0,1,..., 8]}, k> 1,
k=1

see [EJK], [Si], [DV1]. There are two well-known algorithms producing S-expansions
with a complete digit set, the greedy and the lazy algorithms. The greedy algorithm
chooses at each step the largest possible digit, while the lazy chooses the smallest
possible digit. Dynamically, the greedy algorithm is generated by iterating the map
T3 defined on [0, |3]/(8 —1)] by

Bz (mod 1), 0<z <1,
Tp(z) =
Be—18], 1<z<|[8]/(B-1).

Similarly, the lazy algorithm is obtained by iterating the map Lg defined on the
interval [0, |3]/(8 — 1)] by
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Lg(xz) = Bxr—d for z € A(d),

where

and

(18 1Bl—d+1 |8l |p—d
Ad) = <ﬂ—1_ 5 G135 ]

_ 1] d—1 |p] d
B (ﬂ(ﬁ—l)—i_ ﬁ ’ﬂ(5—1)+5:|7 dE{l,Q,...,LﬁJ}.

In order to capture, in a dynamical way, all possible expansions with a com-
plete digit sets, the authors in [DK2] and [DV] considered a map Kg, defined on

{0, 1} x [0, ﬁLml]’ which gives rise to random (-expansions. The map Kz is de-
18]

S1,...,85), and |B] + 1 equality regions, Ey,..., E|g|, where

_ ol (1B 18- B
B o= [og) B = (gt O]

fined as follows. We first partition the interval [0,

1] into | 3] switch regions,

- 18] k-1 k+1 - B
o= (guin ) ket
k |5] k-1 _
Sk {6’5(6—1)—’— 3 :|, k=1,...,18].

On S, the greedy map assigns the digit k, while the lazy map assigns the digit
k—1. On Ej, both maps assign the same digit k. The elements w € {0, 1} determine
which digit is chosen each time we can make a decision. The transformation Kz :

{0,1} x [0, M] —{0,1}" x |0, 5] ] is then given by

-1 31
(w, Bz — k), ifxeEg, k=0,...,|8],
Kg(w,z) =1 (o0(w),Bx —k), ifeeSgandwy =1, k=1,...,|8],

(o(w),pr—k+1), fzeSyanduw =0, k=1,...|5],
where o : {0, 1} — {0, 1} is the left shift. The digits are defined by

k. ifze By, k=0,...,14],
dy = dy(w,z) = or (w,x) €{wy =1} xSk, k=1,...,[8],

E—1, if (w,2) € {w1 =0} xSk, k=1,...,8],
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and for n > 1, d, = dp(w,z) = dl(Kg_l(w,x)). An element z € [0, ijl]
has a unique (-expansion if and only if the orbit of x under the map Tj vis-
its only the equality regions. Furthermore, in [DV] it is shown that there ex-

ists a unique Kg-invariant measure of maximal entropy vg such that the system

({0,1}N x [0, %] F x B,vg, K3) is isomorphic to the uniform Bernoulli shift on
| 3] + 1 symbols, where F is the product o-algebra on {0, 1} and B is the Borel

o-algebra on [0 8L ].

In [P], M. Pedicini defined an algorithm that generates expansions of the form
o

b
= Z 6—2, where the digits b; belong to an arbitrary set of real numbers A =

1=

{a1,as,...,a;,}. His algorithm, which we call greedy with deleted digits is similar
to the “classical greedy expansion” i.e. with a complete digit set, and is defined
recursively as follows.

Let x € {ﬂa L ﬂam ] and suppose the digits by = b1(x),...,bp—1 = by_1(x) are
already defined, then b, = b, (z) is the largest element of {a1,...,a;}, such that
(2) by 4 Z

ﬂ 1=n—+1 61 B

Pedicini showed that if

Ay — A7
3 ma aj41 —aj) < ———
(3) 19931(71(14—1 i) < 3-1"
. . ai Am .
then every point z in [ 3 1’51} has a greedy expansion of the form x =

pya g— with the digits b; in A and satisfying (3). In Section 2, we give a dynamical
way of generating this greedy expansion. This allows us to give simple dynamical
proofs of some of the results proved in [P]. We also study a generalization of the lazy
expansion and its relationship with the greedy expansion. In the third section, we
define random B-expansions with deleted digits and show that the transformation
K generating these expansions captures all possible §-expansions with a given digit
set A. We also find a K-invariant measure such that (K, v) is isomorphic to the
uniform Bernoulli shift with digit set A.

2. THE GREEDY AND LAZY TRANSFORMATIONS WITH DELETED DIGITS

Let 8 > 1 be a real number. We call a set of numbers A = {ay,...,a,} with
a1 < ... < am € R an allowable digit set for ﬁ, if it satisfies (3). Throughout the

rest of the paper, we denote the interval { } by Ja,,a,., and we assume

p—1 5

that A is an allowable digit set. We are seeking a transformation T’ on Ja such

1,0m

n—H

that if (1) is the greedy expansion of x as given by (2), then T"x = Z . Now,
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if we rewrite condition (2), we see that for k =1,...,m — 1,
_ ak+1
%4%@,z*+*+§;&_%§; Sy
i=n+1 i= n+1

ay by 1+1 ai Ak+1
T G- ﬁ"‘ﬁ”lz -1 " B

a1 ak —ax bp— 1+z a1 ap4+1 — a1
=4 <
51t N
and b, = a,, if and only if
ay n 1+’L
Fhp g s Y < g

In view of this we define the greedy transformation T' = T 4 with allowable digit
set A by

. aq aj; — ay aq Ajy1 — a1
Bxr — a;, 1f:z:€[ + , >,
” -1t a1 B
T — forj=1,...,m—1,
. a1 am — a1 am
BT — Qs 1fa:€[ + , }
p—1 g p-1
. ai Am — a1 Am ai Um
Notice that T = =J . Furth
otice tha ([5_1+ 3 ’6—1]) [ﬁ—l’ﬁ—l} a1,a,, - Furthermore,

the assumption that A is an allowable digit set implies that for j =1,2,...,m —1,

a a; —a a aj+1 —0a a a
7( LI 1 1, G+ 1)):[ 1 _11+aj+1_aj)gJa1,am

p—1 gB-1 g B-1'p
This shows that 7" maps the interval J,, 4,, onto itself.
Let

aq a; — ay aq Ajy1 — a1
p-1 g B-1 B ’
forj=1,...,m—1,

aj, if:ce[

ay N A, — Q1 G ]
p—-1 g -1
and set b, = b, (x) = by (T" 1x). Then, Tx = Bz — by, and for any n > 1,

Qs if:zze[

T

;ﬂZ B

o0
b
Letting n — oo, it is easily seen that z = Z 5—2, with b, satisfying (2). From the

definition of the greedy map 7', it is easy to see that the point 1 is the only

point whose greedy expansion eventually ends in the sequence a,, Gm, . . ..
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FIGURE 1. The greedy transformation with deleted digits.

In the next proposition we show that the usual order on R respects the lexico-
graphical ordering <;., on the set of sequences.
Proposition 2.1. Let A be an allowable digit set and suppose x = Z— and

oo

d.
= Z ﬂ—z are the greedy expansions of x and y in base B and digits in A. Then

T <y (b, .) <iew (dids,. ).

o b; — d;

Proof. Suppose x = ZE < ZE = y. Then (b1, ba,...) # (d1,da,...). Let k
i=1 i=1

be the smallest integer, such that by # dj. If bk > dy, then

b d+1
y<;§ k Z 51—274_7 Z 52—

i=k+1 i=k+1

contradicting the assumption that = < y. So,

(bl, bg, .. ) <lex (dl,dg, .. )
Conversely, if (b1, b2, ...) <jez (d1,d2,...) and k is the first index such that by < d,
then T*~12 < T*~1y, which implies that
by br—_o 1

T=g et gt

b br— 1
k—1 1 k—2
T" e < —+...+ Jrﬁk_l

k=1, __
51«—1 3 Bk—Q T y=y.

O

The next lemma states that condition (3) puts a restriction on the number of
elements of the allowable set A.
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Lemma 2.1. Let § > 1 be a real number, and A = {aq,...,an} an allowable digit
set. Then, m > [[], where [[3] is the smallest integer greater or equal to 3.

(m — G
Proof. By assumption, aj+1 —a; < gill for all 1 < j < m — 1. Summing over
7 gives

-« am — 01

Z aj+1 — < (m-— 1)ﬁ7
so B < m. Since m is an mteger, one has that m > [3]. O

Remark 2.1. (i) In [P], Pedicini proved among other things that if x = Z — is

ﬁn
the greedy expansion of z, and if b,, = a # a,, then
(4) bn+1bn+2 o <lex C1C2 ...,
where @ +a —ap = Z — is the greedy expansion of _a +a —a
] k41 k 5 . g Y exp 3-1 k+1 k-

Using our approach we can give a simple proof of this result as follows. Since T is
piecewise increasing, one easily sees that if 77!z has first greedy digit ar # am,
then

ay
(5) Ta:<ﬁ 1—|—ak+1—ak

Since Tz = Z n“ is the greedy expansion of 17"z, then from Proposition 2.1

we see that (4 ) is equwalent to (5).

(ii) In [KSS], Keane, Smorodinsky and Solomyak studied the size of the set
00 bn
Co=1{>_ i b, €{0,1,3}}.
n=1

3
They showed that if 8 < 5/2, then Cg = [0, ﬁ] This is exactly the case that the

digit set A = {0, 1, 3} is allowable for 5. They also showed that Cg has Lebesgue
measure zero if § > 3, and they exhibited a countable set of #’s in the interval
(5/2,3) for which Cj3 has Lebesgue measure zero. In [PS], the Hausdorff dimension
of Cs was obtained. See [PSS] for further generalizations.

As in the (classical) complete digit case (see [DK1], [EJ], [EJK], [KL]), we can de-
fine, recursively as well as dynamically, another algorithm generating S-expansions,
called the lazy algorithm. Given a real number § > 1 and an allowable digit set

A = {a1,...,an}, we first define the lazy expansion recursively as follows. Let
x € [;11, ﬁamJ and suppose the digits ¢; = ¢1(),...,¢ch1 = cp_1(x) are

already defined, then ¢,, = ¢, () is the smallest element of A such that

®) Z*+* Z

1= n+1
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It is not yet obvious that this leads to an expansion, but we will use this notation
formally in order to derive a dynamical definition, where it will be clear that such
an algorithm leads to an expansion. Rewriting condition (6), one sees that for
k=2,...,m,

Cp = Qf < Z

Z Z*+* Z

i=n+1 1= n+1
Am, - ak 1 Cp— 1+z Am, am — Qg
< > )
B-1 Z ﬁ -1 B
and ¢, = a7 if and only if
o0
a < Cn—1+i Am  aGm — A1
G-1°2" 5 “p-1 b
As in the greedy case, we want to define a transformation L on Jg, 4, such that
o0 o0
¢ Co 1
if x = Z —ZZ is the lazy expansion of z, then L 1z = Z nTiﬂ In view of the
i=1 =1
above, we define the lazy transformation L = Lg 4 with allowable digit set A by
. ai Am Ay — a1
Br —ay, ifzxe { , — } ,
p-1p-1 B
Lo = a o, — a O — @
Bz — aj, ifxe( uu uu e ui i ]},

g-1 B B-1 B
for j=2,...,m.

. ay Am, am — a1 ay Am,
Notice that L - — — J, o . Furth ,
otice tha ([5—1’5—1 3 D [ﬂ—l’ﬁ—l] Lan - Furthermore
since A is allowable, then for j = 2,...,m one has

Am A — Qi1 A Ay — Q5 Am A,
L((ﬂ—l_ FoF-1 B jD:(ﬂ—l‘(“ﬂ'“‘%)’g_Jgww

This shows that L maps the interval J,, o, onto itself. Let

. aq A Am — a1
ay 1f$€|: ) - :|a
-1 -1 s
ca=ci(z) = ) am Am — Gj—1 Gy am — a;
aj, ifze 51 3 '5-1_ 8 )
forj=2,...,m,

and set ¢, = ¢, (x) = ¢;(L" 'x). Then, Lx = Bz — ¢y, and for any n > 1,

n
> 5
T = —
3
=

o0
c
Letting n — oo, it is easily seen that z = Z ﬂ—z, with ¢, satisfying (6). ;From the

definition of the map L it is easily seen that the point

o 1 is the only point in

the interval J,, ,,, whose lazy expansion eventually ends in the sequence ay,ay, .. ..
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B-1 h
an, ;
= (8-ay) |
an, ! I,UE
a1~ @ @) ' o
| <
) ‘
/ |
< 1
ag :
B1- [ '
a An  An~d Ay Apmd  Ap  AnTang an

FI1GURE 2. The lazy transformation with deleted digits.

Let A = {a1,...,a,} be a digit set. Consider the digit set A = {@y,,...,a1},
where a; = aj + a,,, — a;. Notice that a,,, = a1, a1 = a, and @; — a;41 = a1 — ay,
i=1,...,m—1. Thus, A is allowable if and only if A is allowable. We have the
following proposition.

Proposition 2.2. Let A = {ay,...,am} be an allowable digit set, and let T =
Tp,a and L = Lg 5 be the greedy and lazy transformations with digit set A and A
respectively. Define f: Ja, a,, = Jar,a, bY

fla) = G

Then, f is a continuous bijection satisfying Lo f = foT.

Proof. Tt is clear that f is a continuous bijection. It remains to show that Lo f =

. ai a; —aj ai Q41 — aq
oT. To this end, let x € + ) + ), then Tz = Br—a;
/ ; [ﬂ— 1tV TE -1t 5
an
a1 +anm

On the other hand,

Thus,
L(f(@) = Bf(x) ;= “5 — G + o = f(T).
a m — Q1 Gm }

-1 3 'B-1

A similar proof works for the case x € [
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Remark 2.2. (i) From Proposition 2.2, we see that if x = Z ﬁ is the greedy
i=1
expansion of z with digits in A, then f(z) = Z 5 is the lazy expansion of f(z)
i=1

with digits in A.

(ii) In a similar way as in the proof of Proposition 2.2, one can show that the

function g : [0, m — al] — [5(%1 tm ], given by

6—1 -1'p-1
g(x) =z + Bcf -
is a continuous bijection satisfying T'o f = f oT’, where T" is the greedy transfor-
mation for the same (3, but with digit set A’ = {0,a2 — a1, ..., am — a1}

3. RANDOM (3-EXPANSIONS WITH DELETED DIGITS

Let 8 > 1, and A be a given allowable digit set for 3. In this section, we will
define a transformation whose iterates generate all possible g-expansions with digit
set A. In order to do so, we will construct a random procedure similar to that
studied in [DK2] and [DV] for the case when A is a complete digit set. We first
superimpose the greedy transformation T and the lazy transformation L both with
digit set A. In Figure 3, the greedy and lazy transformations for 8 = 2.5 and
A ={3,4.25,6,11,14.5,15} are given. We see that there are regions in which the
greedy and lazy transformation overlap, but there are also regions in which we can
choose between a number of different digits. As in the classical case we will call
the regions in which the two transformations overlap equality regions, since the
digits assigned there are completely determined. The regions in which we can make
a choice are called switch regions. In Figure 3 there are three equality regions,
and seven switch regions. On four switch regions we have a choice of two possible
digits, and on three switch regions we have a choice of three possible digits. The
boundaries of these regions are given by the points specified by the transformations
as given in the previous section (see Example 3.1).

To describe the general situation, we first define for 1 < j < m — 1 the greedy
partition points by

95 = ﬂcf 1 + aﬂ_lﬁ a17
and the lazy partition points by
[ Om _ Gm =y
Tp-1 B
ay am, .
We set g = g9 = ﬁ, and l,, = gm = -1 Notice that g; < I; for all

0 < j < m. Furthermore, on [g;_1,g;), the greedy transformation T is given by
Tx = Bz —aj, and on (I;_1,l;], the lazy transformation L is given by Lz = Sz —aj;.
If l; = gj4x for some k,j with j > 0, j + k < m, then any expansion ending in
the digits a;, am, am,... has a corresponding representation ending in the digits
Ajtk4+1,01,01, ...



10 KARMA DAJANI AND CHARLENE KALLE

'
’ —— greedy

: . ’ ) e both
’ " ’ ’ ... neither
. . ’

25 32 52 57 646668 84 98 10

FIGURE 3. The greedy and lazy expansion for § = 2.5 and allow-
able digit set A = {3,4.25,6,11,14.5,15}.

Using the points 5,95, j = 0,1,...,m, we can make a new partition of the

a a

711’ 5 ml] in the following way. Let {p, : 0 < n < 2m — 1} be the
ordered sequence obtained when the greedy and the lazy partition points are written
in increasing order. Notice that

ai Qo

ﬁ—l and p2m—1*lm*gm*ﬁ-

If for some j, k, we have l; = g1, then we write it once, and we consider it as a
greedy partition point. Now consider the partition P consisting of intervals with
endpoints two consecutive elements of this sequence, in such a way that the left
endpoint of such an interval is included if it is given by a greedy partition point
and excluded if it is given by a lazy partition point. Similarly, the right endpoint
is excluded if it is given by a greedy partition point and included if it is given by a
lazy partition point.

interval [

po=1lo=g0=

Example 3.1. Let 8 = 2.5 and consider the digit set A = {3,4.25,6,11,14.5,15}.
The greedy and lazy partition points are given by

G=1s+52=25 L =.-22=52,

=1+ 5=32 bL=:2_-105_57

2.5
g3= 1+ 55 =52, Ilz3=12— 2 =64,
942%54-%:6.6, 142%—%:84,
g5 =15+ 32 =68, ls=12—-33=98,
and the partition P is then
P = {[2;2.5),[2.5;3.2),[3.2;5.2),[5.2;5.7], (5.7;6.4], (6.4;6.6),

[6.6; 6.8), [6.8;8.4], (8.4;9.8], (9.8, 10]}.
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We now identify explicitly the intervals that are the equality regions and those
that are the switch regions. If there is a 2 < j < m — 1 such that [;_; < gj,
then since g; < [; for each i, we know that the interval (lj,l, gj) must belong to
P. On such an interval the greedy and lazy transformation overlap. This interval
is therefore an equality region and we will call it E,,. Furthermore, we will write
[pOapl) = [%591) = Ea1 and (p2m—27p2m—1] = (lm—la %] = Eama since the two
transformations always overlap in the first and last interval. In all the other cases
the interval is a switch region. An interval with endpoints p,, and p,1 is called
Sajvayen if j+k—1=max{i: g <p,}and j —1=max{i:l; <p,}. So, the
endpoints of Sy .. a;,, are given by max{gj r_1,l;-1} and min{g;x,[;}. In this
way every element of the partition P is either an equality region or a switch region.

Example 3.2. If we take 8 and A as in the previous example, we have the following
equality and switch regions:

P1 = [2, 25) = Eg, P2 = [25, 32) = 53’4.25,

P3 =[3.2;5.2) = S34.056, P1=1[52;5.7] = Ss256,11,

P5 = (57, 64} = 56711, P6 = (64, 66) = Ell,

P; =[6.6;6.8) = S11,145, s =1[6.8;8.4] = 51114515,

Pg = (84, 98} = 314.5,15, P10 = (98, ].0] = E15.

In two special cases we can explicitly give the locations of the equality regions
and switch regions.

Proposition 3.1. Let 8 > 1 and A = {as,...,amn} an allowable digit set. Then,

(i) if m = |B] + 1, then g; <1; < gjt1 for each j € {1,...,m — 2}, i.e. the
greedy and lazy partition points alternate;

(ii) if |B] =1 and m > 2, then gm—1 < l1, i.e. the last greedy partition point
1s strictly smaller than the first lazy partition point.

Proof. For (i), since g; < I; for all j, we only have to check that I; < g1 for all
je{l,...,m—2}. First observe that for j € {1,...,m — 2} we have

J—1 m—1
ajp2 — a5 = (am —a1) = > (a1 —ax) = Y (ags1 —ap).
k=1 k=j+2

By condition (3) we get

jy2—a; > (am_al)_(j—l)%—(m—j—%%
Ay — A
= [(B-1)—(m=3)5—
A, — Q1
> - 4

since m = |B] + 1. So
Ajy2 — Qj > Ay — A7 Ay — Q7

g - B-1 B

and therefore also
A Ay — a5 aiq Gjy2 — a1

TB-1 5 Th-1 g
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am — a
For (ii), just notice that 8 —1 < 1, so that a,, —a; < 75711 This means that
ai Am — a1 Qm Am — a1

:ll' I:l

A =EIT T She1
Remark 3.1. Notice that, if the greedy partition points and lazy partition points
are all different, the first part of the proposition above implies that the equality
regions and switch regions alternate in the case m = [3] + 1. The second part of
the proposition states that, if |3] =1 and m > 2, then we have only two equality
regions, namely F,, and E,_  and all the other elements of the partition P are
switch regions (see Figure 4).

FIGURE 4. On the left we have m = [3] + 1 and on the right we
have | 3] =1 and m > 2.

We have the following lemma.

Lemma 3.1. Suppose x € J,

1,0m

can be written in the form x = Z @’ where
=1
b; € A for each i > 1. One has
(a) If x € Eq;, then by = a;.

(b) Ifx € S, andx ¢ {l;:1<j<m-—1}N{g; : 1 <j<m-—1}, then

Gores Qi+ k
b € {(Zj, e ,aj+k}.
(c) If x =1; = gj1k, then by € {a;,...,aj4k41}-

Proof. Since the proofs of the three statements are very similar, we will only prove
the first one. Suppose z € E,; and that by = ay < a;. Then j # 1, so the left
endpoint of E,; is given by I;_; and this point itself is not included in the interval.
Furthermore,

ap am am Am — G

ap Ooam_i _ _ ¢ _ .
CEEtL G Tty o1 g eshe

contradicting the fact that x > [;_;. If on the other hand b; = a; > a;, then
J # m. The right endpoint of E,; is then given by g;, which itself is not included
in the interval. We have

a1 al ay — a1

N SR ] _ _ |
xzﬁ+i§5i R S I s R e

which also yields a contradiction. Thus, by = a;. ([
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Remark 3.2. Notice that in the above lemma, if x = l; = g;4r, and b; = a;, then
b, = a,, for all n > 2. Hence the given expansion is the lazy expansion. Similarly,
if by = ajyr41, then b, = a; for all n > 2. In defining the partition P, we treat
these points as greedy partition points. As a consequence expansions ending in
Gj, Gy G, G, - - . cannot be generated dynamically in the system defined below,
but we can keep in mind that, if for some j, k we have g;;, = [;, then whenever we
see an expansion of the form

k e’}
bi | iyl ay
D + Y =
[ )
~p B B

i=k+2

where b; € A for each 1 < i < k, then the same element x, can also be written as
Gy a; = a
_ i J m
x_27+5k+1 + Z B

This will ease the exposition.

We will now define a transformation generating the random (-expansions in the
following way. If an element z lies in an equality region, just assign the digit given
by the greedy transformation. To each of the switch regions, we assign a die with
an appropriate number of sides. For example, to the switch region Su, . 4, , We
assign a (k + 1)-sided die with the numbers j,...,j + k on it. If x lies in a switch
region, we throw the corresponding die and let the outcome determine the digit we
choose.

Suppose P contains ) switch regions. For each 1 < ¢ < @, if the g-th switch
region Sy is given by Sa; .. 4, .. let Ay = {aj,..., a1} and define the set 0@
by Q@ = {j,...,j +k}. Let each of the sets Q@ be equipped with the product
o-algebra and let 0(?) be the left shift on Q(?). Elements of Q(9) indicate a series of
outcomes of the die associated with the region S, and in this manner specify which
digit we choose, each time an element hits S;. Let Q = HqQ:1 Q@ and define the
left shift on the ¢-th sequence by

0y = Q: (w0 @) s (W @Y gD (@) et @),
On the set Q X Jg, q4,, We define the function K = K 4 as follows:

(w, Bz — d1(w, x)), if v € By, j=1,...,m,
K(w,z) =
(Uq(bd),ﬂﬂj—dl(w,ﬂ?)), ifJTESq, q217---7Qa

where the sequence of digits {d, (w, z)}n>1 is given by

aj, ifrekE,, j=1,...,m,
dy(w,x) =
Qs fT€S, a=1,...,Q,

and for n > 2, d,,(w,r) = di (K" Y(w, z)).
To see how iterations of K generate 3-expansions, we let m: Q X Jo, o, = Ja; 4
be the canonical projection onto the second coordinate. Then

m(K™w,x)) = "z — " dy — - = fdp—y — dy,
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and rewriting yields

O i S CH)))
TTEtE T et T e

Since m (K™(w, z)) € Ja;.,q,,, it follows that

"L d; K™(w,
m_Z@i:WHO as n — oQ.
=1

This shows that for all w € Q and for all x € J,, 4,, one has that

o0 o0
di dl (w, {IT)
i=1 s i=1 s
The random procedure just described shows that with each w € € corresponds an
algorithm that produces expansions in base 3. Further, if we identify the point
(w, z) with (w, (d1(w, x),d2(w,x),...)), then the action of K on the second coordi-
nate corresponds to the left shift.

The following theorem states that all S-expansions of an element = can be gen-
erated, using a certain w, except when x = [; = g;1, then the lazy expansion of
is not generated by K. As stated in Remark (3.2), we disregard this case.

o0
b
Theorem 3.1. Suppose x € J,, 4,, can be written as x = Z ﬁi"’ with b; € A for
=1

all i > 1. Then there exists an w € Q, such that b, = d,,(w,x) for alln > 1.

Proof. This proof goes by induction on the number of digits of each w(®), that

oo

bigm—
are determined. First, define the numbers {z,},>1 by z, = Z “4n=l and for

= 7
g=1,...,Q, let the set {léq) (x)}n>1 be given by

90(x) = 1g, ().

These numbers keep track of the number of times that the orbit of x hits the
corresponding switch region.
o If v € E,,, then by Lemma 3.1 we know that by = a;. Then for all
1<5<Q,19(x)=0. Set Q; = Q.

o If x € 5, for some 1 < ¢ < @, then by Lemma 3.1 we have by = a; for
some a; € A;. We have l%q)(a:) =1 and for all j # ¢, lgj)(x) = 0. Set
ng) = {w@ € Q) . wgq) = 4} and for all j # ¢, set ng) = Q0. Let
o =112, 00,

Then in all cases, for each 1 < j < Q, the set Q(lj) is a cylinder set of length lgj)(x),

where by a cylinder set of length 0 we mean the whole space Q). Furthermore,
by = di(w, z) for all w € Q. Now suppose we have obtained sets Q,, C ... C Qy,

so that for each 1 < j < Q, ng) is a cylinder set of length le”(x) and that for all
1 <i<nandall we; we have b; = d;(w, x).
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o Ifx,,11 € E,,, then forall 1 <j <@, Zfﬁ)l( )= l,(f)(x) and for all w € Q,,,
b1 = a; = dpt1(w, ). Therefore, set Q11 = Q.

o If 2,11 € Sy, then 19 () = 189 (z) + 1 and for all j # g, 1Y), (z) = 17 (2).
By Lemma 3.1, b,41 = a; for some a; € A,. Set Q(q) = {w@ ¢ QLo .

wﬁlqj_l =} and for all j # q, let 9534)-1 =Y. Set Qppq = HQ QY. Then

for each w € Q1 we have b1 = dpt1(w, z) = di (K™ (w, x))

The above shows that for each 1 < j < @Q, Q(]) 11 is a cylinder set of length lnll( )
and for all w € 9,11 we have for all 1 < i < n+ 1 that b; = d;(w,z). If the

map K hits one of the switch regions infinitely many times, then l%q) () — o
for the corresponding region and since all cylinder sets are compact, we know that
Ny Q? in that case consists of one single point. In the other case the set {Z(Q)( ):

n € N} is finite and (), O is exactly a cylinder set. In both cases, Moy ol is
non-empty and since this holds for each ¢, also the set ﬂiozl Q,, consists of at least
one element. Furthermore, the elements w € ﬂzozl Q,, satisfy the requirement of

the theorem. O

Remark 3.3. Notice that, if the sequence {z,} hits every switch region infinitely
many times, the above procedure leads to a unique w. Otherwise one gets a cylinder
set or even the whole space in case x has a unique expansion, i.e. in case the orbit
of = only visits the equality regions.

In the last part, we construct an isomorphism that links this transformation K
to the uniform Bernoulli shift. Consider the probability space (AN, A, P), where A
is the product o-algebra on AY, and P is the uniform product measure. In case
l; = gj+r for some j, k, we remove from AN all sequences that eventually end in
@5, Qs Qs - - -, and we call the new set D. Let (D, D,P) be the probability space
obtained from (AN, A, P), by restricting it to D and let ¢’ be the left shift on D. Let
F x B, be the product o-algebra on {2 x J,, 4, where F is the product o-algebra on
2 and B is the Borel o-algebra on Jg, q,,. Define the function ¢ : Q x Jg, 4,, — D
by

o(w,z) = (di(w,x),da(w, z),...).

Then ¢ is measurable, ¢ o K = ¢’ o ¢ and Theorem 3.1 states that ¢ is surjective.
We will indicate a subset of Q x Jg, 4,, on which ¢ is invertible. For 1 < ¢ < @, let

Zq = {(w7l‘) €0 x Ja1 am : (Kn(W,.T)) S Sq i.O.}7
Dy = {(b1,b2,...) €D Z JH L e, for infinitely many j’s},

and define the sets Z = ﬂqQ:1 Zy and D* = ﬂqul D,. It is clear that ¢(Z) = D*,
K=YZ) = Z and (¢/)"Y(D*) = D*. Let ¢* be the restriction of ¢ to Z. The next
lemma states that ¢* is a bijection.

Lemma 3.2. The map ¢* : Z — D* is a bimeasurable bijection.
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Proof. Let the sequence (by,bs,...) be an element of D* and define for each 1 <
q < @ sequence {rgq)}izl recursively:

7“§q) = min{j >1: Z J+n ! }
rz(q) = min{j > rj_1: Z 73—;1_1 €Sy}
n=1

By Lemma 3.1, we know that b ) = as € Ay. Set wl(q) =/{. Takew = (w(l)7 . ,w(Q))
and define (¢*)~1: D* — Z by

(¢*)71((b13 an <. )) = (CU, Z gi) .

We can easily check that (¢*)~! is measurable and is the inverse of ¢*. O
Lemma 3.3. P(D*) = 1.

Proof. Fix q. We know that if the g-th switch region is given by S; = Sa; ... a; 4>
then it is bounded on the left by max{g;;x—1,/j—1} and on the right by min{g;x,;}.
Let © = max{g;yx—1,lj—1} be the left endpoint of S, and suppose that the greedy
expansion of x is given by

oo

r=3 5

— B

with d; € A for all 4 > 1. Notice that d; # a,, for infinitely many 7. Let
0 <6 <min{gjir —z,l; —z}

and choose ¢ sufficiently large, such that

oo

(1) Z%<5and

i=t
(11) dg 7£ Qo -
Let (b1,ba,...) € D be an arbitrary sequence of digits and set
-1
di
Ty = Z —_—
i=1 51

Since, by the definition of the greedy expansion, dy is the largest element of A such

1=0+1

that
¢
dl > aq <

Yheyaen

i=1 i=0+1
we have

0—1

Ty Zdz—kafm—k i f1>x
= 0

=1 ﬂl IB i=0+1 ﬂz

Also,

xZ<Zﬁz ﬂ/+ Z 6—<m+5<m1n{gj+k,l}

1=0+1
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So, x¢ € S4. Define the set

Dy = {(b1,bs,...) € AN bj,...,bj1e—1 =di,...,do—1,an, for infinitely many j’s}.
By the second Borel-Cantelli Lemma, P(D;) = 1 and since obviously D} C D,,
also P(D,) = 1. This holds for all ¢ € {1,...,Q}, so we have P(D*) = 1. O

Using the product measure P, we can define the K-invariant measure v on F X B,
by setting

V(A) = P(6(Z N A)).
As a direct consequence of Lemmas 3.2 and 3.3, we have the following theorem.
Theorem 3.2. Let > 1 and suppose A ={ay,...,an} is an allowable digit set.
The dynamical systems (Q X Jg, q,.,F x B,v,K) and (D,D,P,0’) are measurably
isomorphic.

As an immediate consequence of the isomorphism between the two dynamical
systems, we have the following corollary about the entropy of K.

Corollary 3.1. The entropy of the transformation K with respect to the measure
v s given by
hy(K) = logm.

Remark 3.4. Let M be the family of measures u defined on (D, D), that are shift
invariant and have p(D*) = 1. Then for each u € M we can define the measure v,
on (2 x Ja, q,,,F x B) by

Vu(A) = p(d(A N 2)).
It is clear that v, is K-invariant and that if v, # P, then
hy,, (K) < logm.

We are interested in identifying the projection of the measure v on the second
coordinate, namely the measure v o 7=! defined on J,, 4, To do so, we consider
the purely discrete measures {d;};>1 defined on R as follows:

Smf ) = o Bifanf ) =

Let ¢ be the corresponding infinite Bernoulli convolution,

6= lim &1 *%...%x0,.
n—oo

Proposition 3.2. vor~! = 4.

e}
Proof. Let h : D — J,, 4, be given by h(y) = Z %, where y = (y1,92,...)-
i=1

Then, 7 = ho¢, and § = Poh™!. Since P = z/o¢_1,l it follows that vgor=! = 4. 0

If B €(1,2) and A = {0,1}, then § is an Erdés measure on [0, ﬁ], and lots of
things are already known. For example, if § is a Pisot number, then § is singular
with respect to Lebesgue measure; [E1l, E2, S|. Further, for almost all 5 € (1,2)
the measure § is equivalent to Lebesgue measure; [So, MS]. There are many gener-
alizations of these results to the case of an arbitrary digit set (see [PSS] for more
references and results).
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Final Remarks.

(i) Instead of assigning a different die to each of the switch regions, we can also use
the same m-sided die for each switch region and only consider the outcomes that
are meaningful. We will define the dynamical system that generates the random
B-expansions with deleted digits in this way. It can be shown that this system
is isomorphic to the Bernoulli shift on A and hence also to the system described
above.

Let the partition P be constructed as before. Let Q = {1,...,m}" and let o
be the left shift. Elements of {2 now indicate a series of outcomes of our m-sided
die and thus specify which transformation we choose. We first define the function
K:Qx Jaa, — QX Jaya, by

(0, Bz — aj) if z € B,
K,r)={ (0(@),Bx —ag,) ifze Sa;aje, and w1 € {g,..., 7 + Kk},
(o(w),x) if v € Sy ... a;,, and @y Z{j,...,5+k}

Define the set S* by

m—1m—j

= J U &} X Saayin @1 & 4s 0 d + R

j=1 k=1

Let X =Q X Jy, 4, \S* and X* = ﬂ K~™(X). Consider the restriction of K to
n=0
this set X* and call it R = Rg, that is
R:X*— X*:(w,z)— K(,x).

Notice that the set X* only contains those combinations of @’s and x’s that yield
‘valid’ choices at every moment the die is thrown.

Let the dynamical system (D,D,P,c’) be as before. Let F be the product
o-algebra on  and let B again be the Borel o-algebra on J, Define

X={AnX*:AeFxB}

Then, by defining the sequence of digits {d,,},>1 and the function ¢ as we have
done before, we can prove Theorem 3.1, Lemma 3.2 and Lemma 3.3 by only making
slight adjustments to the proofs. If we also define the R-invariant measure 7 in a
similar way, then we have shown that the system (X* X, 7, R) is isomorphic to
(D,D,P,o").

(ii) We have established a measurable isomorphism between the dynamical sys-
tems (Q X Jg,.a,,, F X B,v, K), (X*,X,7,R) and (D,D,P,0’), but still know very
little about the measures v and . An interesting question would be, whether or not
these measures are measures of maximal entropy and if so, if they are the unique
measures with this property. Another point of interest would be to find a measure,
whose projection onto the second coordinate is equivalent to Lebesgue measure.
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