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Abstract. A new adaptive finite element method for solving the Stokes equations is developed,
which is shown to converge with the best possible rate. The method consists of 3 nested loops. For
a sequence of finite element spaces with respect to adaptively refined partitions, in the outmost loop
the solution is approximated by that of the Stokes problem in which the divergence-free condition
is reduced to orthogonality of the divergence to the finite element space in which the approximate
pressure is sought. For solving each of these semi-discrete problems, the Uzawa iteration is applied.
Finally, the elliptic system for the velocity that has to be solved in each Uzawa step is approximately
solved by an adaptive finite element method.
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1. Introduction. Often the solution of a boundary value problem exhibits sin-
gularities, e.g., due to a non-smooth boundary. Then, because of the lacking (Sobolev)
smoothness of the solution, finite element methods based on quasi-uniform partitions
converge with a rate that is smaller than is allowed by the polynomial degree that is
applied. This can be repaired when suitable refinements are made near those singu-
larities. The optimal size of the elements as function of the distance to a singularity
depends on the strength of the singularity, which is generally unknown.

With adaptive finite element methods (AFEMs), a sequence of nested partitions
is created, where, when creating the next partition, the decision where to refine is
made on basis of an a posteriori estimator of the error in the current finite element
approximation. Although being successfully in use for more than 25 years, in more
than one space dimension, even for second order elliptic equations, their convergence
was not shown before the works of Dorfler ([D6r96]) and that of Morin, Nochetto
and Siebert ([MNSO00]). Convergence alone, however, does not show that the use
of an adaptive method for a solution that has singularities improves upon, or even
competes with that of a non-adaptive one. Recently, after the derivation of such a
result by Binev, Dahmen and DeVore ([BDD04]) for an AFEM extended with a so-
called coarsening routine, in [Ste05b] we could prove that standard AFEMs converge
with the best possible rate in linear complexity. So this rate is equal to that of
finite element approximations with respect to the sequence over N € N of the best
partitions with N elements.

In this paper, as a model saddle point problem, we consider the Stokes equations

—Au+Vp = f onQcCRY
divu = 0 on 99,

(although, in this introduction, we write equations in strong form, actually we always
mean the corresponding variational formulations). In [DDUO02], Dahlke, Dahmnen
and Urban analyzed an adaptive wavelet method for solving these equations. The
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starting point was the application of the Uzawa iteration on the continuous level, i.e.,
given some pg, to compute for j =0,1,...

{AujJrl = - Vpj,
Pi+1 = pj—diVU.j,

Of course, this iteration cannot be performed exactly, and in each iteration the solu-
tion of the elliptic system was approximated using an adaptive wavelet method within
decreasing tolerances as the iteration proceeds. Convergence was shown, and by the
inclusion of coarsening steps, even optimal rates and linear complexity were demon-
strated. Since nowhere Galerkin discretizations were formed of the mixed problem,
the so-called LBB stability was not required.

In [BMNO2], Béansch, Morin and Nochetto studied above solution method with
the adaptive wavelet method replaced by an AFEM. They proved convergence, and
despite of the fact that they did not include coarsening, in numerical experiments
they observed optimal rates, at least when the elliptic problems were solved not too
accurately. When prescribing an a priori tolerance of the form 7 for the jth iteration,
it was needed to take v in the range [~ .95,1). By the addition of coarsening to this
method, in [Kon06] optimal computational complexity was demonstrated.

When starting this work, our aim was to prove optimal computational complex-
ity of basically the method from [BMNO02]. For a reason that will be indicated in
Remark 6.8, we didn’t succeed to do this. Instead, for a somewhat more complicated
algorithm involving an additional loop, we will prove optimal rates, and under some
mild assumption (Assumption 6.4), also optimal computational complexity.

The pressure p can be found as the solution of the Schur complement equation that
one obtains by eliminating the velocity u from the Stokes equations. This equation is
elliptic, with corresponding energy norm equivalent to the Ly (2)-norm. Given a finite
element space P,,, where o; denotes the underlying finite element partition, the best
approximation from this space to p with respect to this energy norm is the Galerkin
solution p; € P,,. With Q,, denoting the La(§2)-orthogonal projection onto P,,, this
p; can be shown to be the unique solution of

—Aul® 4+ Vp; f onQ,
Qgidivu(i) = 0 on 09,

i.e., the Stokes equations in which the divergence-free condition has been relaxed. We
refer to this system as the reduced Stokes equations.

Concerning u”, this is still a problem posed over an infinite dimensional space.
Assuming for the moment that we can solve it exactly, or more precisely, with a
sufficient accuracy, the error in energy norm in p; can be shown to be equivalent to
the a posteriori error estimator ||diva® | Lo(0)- Furthermore, for any refined partition
oi+1, the energy norm of p; 41 —p; is equivalent to [|Q,, , ,divu® | Lo (0). Now following
the lines of [D6r96, MNS0OQ] for Poisson type problems, if, for some 6 € (0,1], 041
is selected such that [|Qo,,,divu||,q) > 0|diva ||, (“bulk criterion”), then
the so-called saturation property is guaranteed, and a linearly convergent sequence
(pi): towards p is obtained. Moreover, if, depending on the efficiency index of this a
posteriori error estimator, 6 is small enough, and 0,41 is selected with quasi minimal
cardinality, then following the lines of [Ste05b], we can show convergence with the
optimal rate. Compared to the adaptive methods for Poisson type problems, a com-
plication is that to find such a 0,41, it is generally not sufficient to search it within
the set of partitions that can be created by refining each element of o; only a small,



fixed number of times. For our theoretical considerations, we studied the adaptive
tree algorithms by Binev and DeVore from [BD04], whereas in our experiments we
relied on the easy implementable greedy approach.

For solving the reduced Stokes problem for given ¢, we follow the approach from
[BMNO02] for the full Stokes problem. That is, we apply Uzawa, where the pressure

update then reads as p§21 = p§i) — Qgidivugi), and where we solve the inner elliptic
systems —Aug?_l =f —Vp? with AFEM. Knowing that pgi) € P,,, and having control

over #o;, we are now able to prove also optimal rates of the velocity approximations
towards u. Note that other than in [BMNO02], we have two different partitions underly-
ing pressure and velocity approximations. Throughout the algorithm, both partitions
become increasingly more refined, i.e., no derefinements are made.

This paper is organized as follows: In Section 2, we recall some properties of the
Stokes problem. In Section 3, we define the finite element spaces that we will use. We
give a procedure for refining partitions, which is a generalization to arbitrary space di-
mensions of the newest vertex bisection method in two space dimensions. An overview
of the solution method will be given in Section 4. In Section 5, a posteriori error es-
timators are derived for the various problems that occur in our solution method. In
Section 6, the adaptive refinement routines for pressure and velocity partitions are
given. In Section 7, we give the detailed description of the adaptive method in the
simplified situation that the right-hand side f is piecewise polynomial with respect to
the initial partition. We prove convergence with the optimal rates. In this section,
we assume that the arising finite dimensional linear systems are solved exactly, ignor-
ing the question of computational complexity. In Section 8, we give the method for
general right-hand sides, and replace the direct solvers by iterative solution methods,
with which we end up with a method of optimal computational complexity. Finally,
in Section 9, we present numerical results, and compare them with those obtained
with the method from [BMNO2]. As we will see, in this example both methods give
similar results.

In this paper, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C' and D may depend on. Obviously, C 2 D
is defined as D S C,and C = D as C < D and C 2 D.

2. Stokes problem. Let Q be a polygonal domain in RY. We consider the
Stokes problem in variational form: With

V= H}(Q)4, P:=Ly0(Q),

and given an f € V', throughout this paper u € V (the velocity) and p € P (the
pressure) will denote the solutions of

i

(2.1) ‘a(u7 v) 4+ b(v,p) +b(u,q) =f(v), (veV, qgeP)

where a: VXV — R, b:V xP— R are defined by

a(w,v) := /Q Vw: Vv, b(v,q):= 7/ qdivv.

Q

It is well-known that

[vllv == a(v,v)2 = [[vl][gr @, (veV),
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b is bounded, and

b
(2.2) B:= inf sup %
0#a€P ovev [|VI|vilall Lo

As a consequence, the Stokes problem is well-posed, meaning that

a(w,v) +b(v,r) + b(w,
@23) Iwlv+lrlem sup AV TV +bw.q)

, (weV,reP).
0%(v.,q) €V XP [vllv + llalle

Remark 2.1. Clearly, for r € P C P, (2.3) is also valid, uniformly over P cC P,
when the supremum over V x P is replaced by that over V x P.
Using that [[divv][z,q) < [[V]lv (v € V) (see [NPO4]), in particular we have [b(v, q)| <
[[v]lv]l¢lle, and besides thus § < 1.

Defining A : V-V  B:V - P and B : P — V' by (Av)(w) = a(v,w),
(Bv)(q) = b(v,q) = (B'q)(v), the problem (2.1) can be equivalently written as

5o llb]=1o)
B 0 P 0|’
and, with the Schur complement S := BA~'B’, p is also uniquely determined by
Sp=BA™lf.
LemMmA 2.2. We have

(Sa)(q) = sup 220
0#£veV a(v V)

so that, by the ellipticity of a, the boundedness of b, and (2.2),

lalle == (S9)(9)2 = llqll,0), (g €P).

Proof. With (,) = (, )y (or (,) =a(,)), let R:V — V' be the mapping
such that g(v) = (v,Rg) (veV, g€ V). Writing B’ = RB’, A = RA, we have

bvia)? _ , B B (w, A== B'g)?
0#veV a(v, V) 07EVEV ( )( ) O#vEV <V,AV> 0#wEeVY <W,W>
= (A"2B'q,A"*B'q) = (A'B'q, RB'q) = (Sq)(q) (q €P).

ad

For g € V', we set ||g|lv/ = supg_syev ‘H‘E”\)V‘ Equipped with norms || ||v and || ||y,
respectively, A : V — V’ is an isomorphism.

Functions g € L2(Q)? will be interpreted as functionals by means of g(v) :=

Jog v

3. Finite element approximation. Given some fixed k£ € N+, and partitions
7 and o of 2 into essentially disjoint (closed) d-simplices, we will search approxima-
tions for u and p from the finite element spaces

Vo=V ] Pu(D)

Ter



and

P, :=PN [] Pn-1(T),
Teo

respectively. For doing so, furthermore we will approximate the right-hand side f by
functions from

V=[] Pna (D)%
Ter

At any moment in our algorithm we will have that 7 O o, meaning that 7 is a
refinement of o, or is equal to o.

Sometimes, we will view V and P formally as finite element spaces corresponding
to the infinitely fine partition oo, and denote them as V,, and P, respectively.

Remark 3.1. The fact that the approximate pressure is a piecewise polynomial
of degree not larger than m — 1 will only be used in the forthcoming Proposition 5.3.
It is most likely that also there higher degree polynomials can be permitted at the
expense of having a more complicated refinement rule for the velocity partitions (it
will be needed to create more interior vertices, cf. Figure 5.1). On the other hand, at
least for our analysis, it will be essential that P, 2O divV, (cf. Remark 6.1).

Note that (V,,P;) is not an LBB stable pair.

Below, we specify the type of partitions we will consider, and recall some results
from [Ste0bal, generalizing upon known results for newest vertex bisection in two
dimensions. For 0 < ¢ < d — 1, a simplex spanned by ¢ + 1 vertices of an d-simplex
T is called a hyperface of T. For i = d — 1, it will be called a true hyperface, and
for i < d — 2 it will called a lower dimensional hyperface. A partition 7 is called
conforming when the intersection of any two different T, T’ € T is either empty, or a
hyperface of both simplices. Different simplices T', T’ that share a true hyperface will
be called neighbours. (Actually, when © # int(Q) above definition of a conforming
partition can be unnecessarily restrictive. We refer to [Ste05a] for a discussion of this
matter.)

Given a simplex T with vertices {zo,...,zq}, we will identify %(d + 1)! tagged
simplices given by all possible ordered sequences ({zg,x1},22,...,24). So although,
for convenience, we will write a tagged simplex as (zg, z1, Z2, ..., Z4), the ordering of
the first two coordinates is arbitrary. Given a tagged simplex T' = (z¢, x1, Z2, . . ., Zd),
its children are the tagged simplices (g, 22, . .., 24, 252 and (21, 22, . . ., x4, 22F2).
So these children are generated by bisecting the edge Tgxy of T, i.e., by connecting
its midpoint with the other vertices s, ..., x4, see Figure 3.1 for an illustration. The
edge Tox is called the refinement edge of T. In the d = 2 case, the vertex opposite
to this edge is known as the newest vertez.

Given a fixed conforming initial partition 7y of tagged simplices, we will exclu-
sively consider partitions that can be created from 19 by recurrent bisections of tagged
simplices, for short descendants of 9. The simplices that can be created in this way
are uniformly shape regular, only dependent on 79 and d. For the case that 2 might
have slits, we assume that

0N) is the union of true hyperfaces of T € 19.
We will assume that the simplices from 7y are tagged in a way such that any two
neighbours T' = (xo,...,zq), T' = (z(,...,x}) in 79 match in the following sense: If
Tox1 C T', then z{z} = Tox1, and x; = « for all but one i € {2,...,d}.




3 2 2
—_—
1 0
3\ 3
0 0
2 1 1

Fic. 3.1. Bisection of a tagged tetrahedron

It is known, see [BDDO04] and the references therein, that for any conforming
partition into triangles there exists a local numbering of the vertices so that the
matching condition is satisfied. In more than two dimensions, this condition cannot
be satisfied for each conforming partition. On the other hand, it can be shown that any
conforming partition of d-simplices can be refined, inflating the number of simplices
by not more than an absolute constant factor, into a conforming partition 79 that
allows a local numbering of the vertices so that the matching condition is satisfied.

We note that any partition is given by the leaves of some subtree of the fixed
infinite binary tree having as nodes all tagged simplices that can be created. The
roots of this tree are the simplices of 7y, and the children of any node are the simplices
that result from its bisection.

For applying a posteriori error estimators, we will need that the partitions 7
underlying the velocity approximations are conforming. So in the following

7, 7', T ete. will always denote conforming partitions.
Bisecting one or more simplices in a conforming partition 7 generally results in a
non-conforming partition p. Conformity has to be restored by (recursively) bisecting
any simplex T € ¢ that contains a vertex v of a T’ € g that does not coincides with
any vertex of T' (such a v is called a hanging vertex). This process, called completion,
results into the smallest conforming refinement of p.

Our adaptive method will be of the following form
forj:=1to M
do create some, possibly non-conforming refinement o; of Tj_1

complete p; to its smallest conforming refinement 7;
endfor

As we will see, we will be able to bound Z]Ail #o0; — #71j—1. Because of the
additional bisections made in the completion steps, however, generally #7ys — #79
will be larger. The following crucial result shows that these additional bisections
inflate the total number of simplices by at most an absolute constant factor.

THEOREM 3.2 (generalizes upon [BDD04, Theorem 2.4] for n = 2).

M
#v — #70 S Y H#oj — #7j1,

Jj=1

only dependent on 19 and d, and in particular thus independent of M.
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We end this section by introducing two more notations. The smallest common
refinement of partitions g1 and gs will be denoted as g1 U g2. For a partition 7 (thus
a conforming one), E; will denote the set of internal true hyperfaces in 7, and F,(T")
denotes the set of T" and its neighbours in 7.

4. Overview of the solution method. For a partition o;, we consider the
Galerkin problem of finding p(¥ € P,, such that

(Sp)(q) = (BA™'f)(q), (q€Ps,).

With u(® := A=(f — B’p()), this problem is equivalent to the semi-discrete problem
of finding (u”, p(") € V x P,, such that

(4.1) a(®, v) +b(v,pD) +b(u?, ¢) = f(v), (veV,qeP,,).

Since this is just the Stokes problem in which the divergence-free constraint has been
relaxed, we will refer to this problem as the reduced Stokes problem. The solution p®
is the best approzimation to p from P, with respect to || ||p, and by creating a suitable
adaptively refined sequence of partitions 79 =: 09 C o1 C ..., a convergent sequence
(p); towards p is obtained.

The reduced Stokes problem can however not be solved exactly. Defining R,, :
P — P; by g(q) = (¢, Re9)1,0) (@ € Pos,), it can be written as Ry, Sp? =
R,,BA™'f. Equipping P,, with (, ).,(q), the operator R,,S : Py, — P,, is sym-
metric, bounded, and positive definite, with spectrum in [3?,1] (for the lower bound,
cf. Lemma 2.2 and (2.2); for the upper bound, cf. [NP04]). So to solve the reduced
Stokes problem approximately, we may apply Richardson’s iteration

iy =" = (Rs,Sp)” — Ry, BAT'f).

Writing u§-i) = A7Yf - B'p;i))7 and, with Q,, : P — P,, denoting the Lo(f2)-

orthogonal projector, noting that R,, B = —Q,,div, we arrive at the equivalent for-
mulation
a(uy),v) = f(v)— b(v7p§-i))7 (vev),
(4.2) @ ) ()
Pjy, = P;° — Qoidlvuj )

known as the Uzawa iteration. The properties of R,,S show that

(4.3) 1pD — 8 20y < L= 8210 = 91| La(0)

Also the Uzawa iteration for solving the reduced Stokes problem cannot be per-
formed exactly since it involves solving an elliptic problem posed over V. To solve
this problem approximately, we will again consider Galerkin approximations: Given

(4) (@

a partition 7, ;, let u;

] Zk € V_.) being the solution of
, 0

(4.4) a(ul),v) = f(v) — b(v,p"), (ve V.0)

Jik?

It is the best approximation to ugi) from V_¢) with respect to || [|v, and by creating a
gk

suitable adaptively refined sequence of partitions o; C Tj(zg C T](ll) C ..., a convergent

sequence (ugl,)c) . towards ugi) is obtained. To guarantee that ugl,)C 41 is indeed a better



approximation than ug.i])c, we will need that £ € V' can be sufficiently well approx-
imated by a vector field from V*, . To implement the latter requirement, instead
T,

of working with f, we will replacgkit by suitable piecewise polynomial vector fields
of degree m — 1, that should become increasingly more accurate when the iterations
proceeds.

Finally, instead of solving the finite dimensional linear systems (4.4) exactly, in
order to obtain a method of (quasi-) optimal computational complexity, we will use
approximate solutions obtained by employing optimal iterative solvers.

In order to stop each of the nested loops on time, as well as, for both Galerkin
problems, to create adaptively refined partitions such that the corresponding ap-
proximations converge towards the solution and which partitions have quasi-optimal
cardinalities, we need a posteriori error estimators that will be discussed in the next
section. Stopping a loop on time on the one hand means that it should not stop too
early in order to guarantee converge of the overall process, whereas on the other hand
the iterations should not proceed too long in order to control the cardinalities of the
partitions, that grow by the refinements, as well as the computational complexity.

In view of our solution method, we fix some notations. Throughout this paper,
given some r € P, where we have in mind an approximation to p, and a partition 7,
u’ € V., will denote the solution of the (discretized) elliptic problem

(4.5) ‘a(u:,vT) =f(v.) = b(vs,r), (vr€V,) ‘

Actually, we will consider this problem only for an r» € P.. As a special case of (4.5),
u” = ul, € V denotes thus the solution of

a(u”,v) =f(v) —=b(v,r), (vevV).

Given a partition o, (u?,p,) € V x P, will denote the solution of the reduced Stokes
problem

[a(u”,v) +b(v.p,) + b(u. ;) =£(v), (VEV, g, €P,)]

5. A posteriori error estimators.

5.1. A posteriori error estimator for the inner elliptic problem. For a
partition 7, r, € P, w, € V., and T € 7, we set the local error indicator

nr(f,re,wy) = diam(T)2||ferT+AwTH%2(T)d+ diam(T)H[[rTanwfn]]aTH%Z(aT)d,

where []or denotes the jump of its argument over 7T in the direction of n, being a
unit vector normal to @7'. This jump is defined to be zero over 9€2. We set the elliptic
error estimator

EE(T7 fa rTaWT) = [Z nT(fa rTaWT)]%-
Ter

Note that the definition of the error estimator requires f € Ly(Q)?, that we therefore
assume here.

The following Proposition 5.2 is a generalization of [BMN02, Lemma 5.1(5.4)],
see also [Ver96], in the sense that instead of ||u" —u}" ||y, the difference ||ul; —u} ||y
for any 7 D 7 is estimated. It is shown that this difference can be bounded from



above by the square root of the sum of the local error indicators corresponding to the
simplices that were refined when creating 7’ from 7, or those that have non-empty
intersection with such simplices. By taking 7/ = oo, this result yields the known
bound for [[u"™ — ulr|ly. Although our generalization is not so difficult to derive
knowing the results from [BMNO02, Ver96], for completeness we include a proof.

Remark 5.1. Although in this and the next subsection it will be allowed that
rr € P,, actually we will think of it as being an approximation to p from P, for some
“fixed” o C 7.

PROPOSITION 5.2. Let 7/ D 7 be partitions, r, € P, f € Lo(Q)?, and

F=F(r,7")={Ter:TNT #0 for some T € 7 that has been refined in 7'}.

Then we have

1

[uz — a7 llv < Ci[ Y nr(f,re,ul)] %,
TEF

for some absolute constant C; > 0. Note that #F < #1/ — #7.

In particular, by taking 7" = oo, we have

[u™ —ul" ||y < CLEE (T, f,ry,ulm).

a(u:j —u’m,v./)

Proof. We have [[u]7 —ul"[lv = supg.y_,ev_, . For any v,» € V.,

vl
v, € V., fromul; —ul” L, ) V., the definition of u]7, and integration by parts, we
have
T T T T
a(ul; —ul",ve) =a(ul; —ul, vy —v;)

(

5.1)
= Z / [f~ (ver = v) +rpdiv(ve —ve) = Vulm - V(v — VT)}
Ter T
(5.2

)
= Z /T(f —Vr.+Au") (vpr—v,)+ Z [rrm—Vul™ n].- (v, —v,).

Ter ecE, ¢

We will select v as a quasi-interpolant of v,.. For any T € 7, let Ny = {x €
T : kAr(z) € N4}, where Ar(z) denotes the barycentric coordinates of x with respect
to T'. Corresponding to the local nodal basis {¢r, : v € Nr} of P, (T), defined by
¢1,0(w) = dpw (w € Nr), there exists a dual basis {¢7., : v € Ny} of P (T'), defined
by (¢7.4, ¢*T,w>L2(T) = dyw (w € Np). A scaling argument shows that ||¢*T,UHL2(T) <
meas(T) /2. For any nodal point v € Upc, Nz, v & 09, we now select a T, € 7 with
v € Ty, and define v, € V, by v, (v) = fTu v @7, Its key properties are: For any
v € Ure, N7, v7(v) = v (v) when Ty, € 75 forany T € 7, |V || Ly mye S [Vl Lo r)es
where Q7 := U{T € 7: TNT #(}.

This first property shows that the sums in (5.2) vanish for any T or e for which
all T € 7 with TNT # 0 or TNe # 0 are also in 7. It also shows that the interpolator
is actually a projector onto V.. From the second property, and either the fact that
our interpolator reproduces any constant together with the Bramble-Hilbert lemma,
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or, in case T N AN # 0 so at least one of the T that form Qg has a true hyperface on
012, the Poincaré-Friedrichs inequality, we have

(5.3) diam(T)_lllvr' - VTHL2(T)d + Ve — V'r|H1(T)fl S |VT/|H1(QT)d7

where also a homogeneity argument was used. For each e € F; and either T" € 7 on
both sides of e, from the trace theorem and (4.2), we have

. _1 . 1
Vs = Vel S diam(e) ™3 [ver = vy + dian(e) b [ver = vl o

(5.4) < diam(e) 2 [V | g1 ()

By applying the Cauchy-Schwarz inequality to both sums from (5.2), and then sub-
stituting (5.3) or (5.4), the proof follows. O
Next we study whether the error estimator also provides a lower bound for |ju” —

u’" ||v and, when 7’ is a sufficient refinement of 7, for |[u’; —u’7||y. In order to derive
such estimates, for the time being we restrict further the type of right-hand sides to
piecewise polynomials of degree m — 1 with respect to 7. We will call 7/ D 7 a full
refinement with respect toI' € 7, when

all T € F.(T), as well as all faces of T

contain a vertex of ' in their interiors,
see Figure 5.1 for an illustration. The following proposition was shown in [BMNO02,

F1G. 5.1. A refinement 7’ of T, which is a full refinement with respect to a triangle T € T

Lemma 5.3] [Actually, there a somewhat stronger condition on the refinement was
imposed, but not used; a more general f was considered at the expense of an additional
“oscillation” term in the expression; and, finally, there the general w,. € V.. reads as
u!™ whose additional property of being the solution of (4.5) was not used though].

PROPOSITION 5.3. Let T be a partition, r- € Pr, and let us assume that f € Vi.
Let 7 D 1 be a full refinement of T with respect to T € . Then for any w, € V., we
have

nr(f,rr, wr) S Z lul? — WTli]l(T)d'
TeF-(T)

As a straightforward consequence we have
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COROLLARY 5.4. In the situation of Proposition 5.3, let T/ D 7 be a full refine-
ment of T with respect to all T from some F C 7. Then

1
62[ Z UT(f,TT,WT)] < Hu:? - WTHVa
TeF

for some absolute constant co > 0. In particular, we have

(5.5) (e, W) < U — wo v

Finally in this subsection, we investigate the stability of the elliptic error estima-
tor.

PROPOSITION 5.5. Let T be a partition, v, € P,, £ € Lo(Q)?, and v, w, € V..
Then

C2|(€E(7—7 fa T’-,—,V-,—) - gE(Ta f7 TvaT)| S ||V7- - WTHV'

Proof. For g € Ly(2)4, ¢, € P,, by two applications of the triangle inequality in
the form ||| || = || - | ’2 < ||-—-||? first for vectors and then for functions, we have

|5E(Ta f7 TTaVT) - EE(T7g7 qTaWT)| S EE(T7 f— g, "'r —qr, Vr — WT)'

By substituting g = f and ¢, = r,, and by applying (5.5) the proof is completed. O

5.2. A posteriori error estimator for the (reduced) Stokes problem. For
partitions 7, 0, 7 € P, f € Lo (Q)d, and w, € V.., we consider the estimator

58(@7 7.8, wr) = EE(Tv £rmwr) + HQQdiVWTHLz(Q)

We are going to apply the results from this subsection for ¢ = co (the full, unreduced
Stokes problem) as well as for p = o C 7.
PROPOSITION 5.6. For partitions o, 7, rr € P, and £ € Ly(Q)?, we have

HuQ - u:-T HV + ||pg - TTHP S 0358(95 T, f7 Tr, u:T)a

for some absolute constant C's > 0.

Proof. The proof given in [Ver96] (cf. [BMNO02, Lemma 4.1]) for ¢ = oo easily
generalizes to ¢ C co. Since it can be derived by a variation of the proof of Proposi-
tion 5.2, we only sketch the idea.

For any (v,q,) € VxP,, v, € V, we have

a(u® —ul7,v) +b(v,p, —7:) +b(u® —ul", qp)

.
rr

— a(u® — W,V = Vo) + BV = Vyupp — 1) — bWl qy).
Together the first two terms in the second line are equal to (5.1) with v,/ reading as
v. By estimating them in the same way using that r, € P, and applying the obvious
estimate for b(ul~, g,), and, finally, by invoking (2.3) the proof follows. O
The following result was shown in [Ver96] (cf. [BMNO02, Lemma 4.3]) for the case
0 = 0o, but the proof generalizes immediately to general partitions p.
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PROPOSITION 5.7. Let 7,0 be partitions, rr € P, w, € V.., and let us assume
that £ € Vi. Then for T € T, we have

nr(f,rr, wr) S Z [|ug - WTl?{l(f)d + [lpe — TTHQLQ(f)d]
TeF(T)

Since for T € o, with Qr denoting the Lo(T)-orthogonal projector onto Pp,—1(T),
|Qrdivw,|| 1,1y < [u® — Wo|g1 (1), we conclude that

6458(95 Ta f7 TTaWT) S ||u9 - WTHV + ||p9 - TTHP‘

for some absolute constant ¢4 > 0.

The last result in this subsection provides an a posteriori error error estimator
for the outer elliptic problem.

PRrOPOSITION 5.8. For a partition g, and r € P, we have

c6]|Qodivu”|| L) < |lpe — rllp < C5|Qdivu”|| L, (),

for some absolute constants Cy,cg > 0.

b(v.py "u?,
Proof. Use supgyey W = SUPg4yev W = ||u¢ — u"||y, and thus
(5.6) g wly
= llpe—rle T

and

[pe = rlle + lu? —u"[lv

Ly ) B ) b g,)

0#£(v,qp) EVXP, vl + llgolle

= [|Qodivu’{|L,(q)-

ad

6. Adaptive refinements resulting in error reduction . For both elliptic
problems Sp = BA~!f and a(u”,v) = f(v) — b(v,r) (v € V), the latter for some
given r € P, we construct adaptive refinement routines based on the a posteriori error
estimators. Given (approximate) Galerkin solutions from P, or V., respectively, they
produce refinements ¢ D o or 7 D 7 such that the Galerkin solutions with respect
to these partitions have strictly smaller errors. Moreover, we will give bounds on
the number of refined simplices that eventually will lead to the conclusion that our
adaptive Stokes solver generates quasi-optimal partitions.

6.1. Adaptive pressure refinements. With C5, cg being the constants from
Proposition 5.8, for some absolute constants

c? 71703/05]%)

6.1) de(kc—g,@, D>1, 96(0,[1 :

we assume that we have the following routine available. We think of its arguments r,
and w as being approximations to p and u", respectively.
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REFpreso,7,, W] — &
% o is a partition, ro € Py and w € V.
Select a partition & O o with

(6.2) 1Qsdivw|lL, ) = Olldivwl|L,e),

such that
#6 — #0 < D(#6 — #0)
for any 7 O o with [|Qsdivw| 1, ) > /1 —d(1 — 02)||divw| 1, (q)-

Remark 6.1. We will make calls ¢ := REFpres|o, r,, w| only for the argument
w from V. for some 7 D o, so that divw € P,. It is therefore no restriction to assume
that then ¢ C 7. The fact that the partition underlying the pressure approximation
is always contained in or equal to that underlying the velocity approximation will be
essential for the adaptive refinement routine for reducing the error in the inner elliptic
problem.

The benefit of REFpres appears from the following two lemmas:

LEMMA 6.2. Let o be a partition, andr, € P,. Then for6 = REFpres[o,r,,u""],
we have

2,2
cgt

1
lp—pslle < [1— o2 121lp = rolle-

Moreover,

#0 — #0 < D[#6 — #70]

for any partition & for which

2 1
(6:3) il p—gole < [1— (1 —d(1—6%)]*[p — oo

4

(Note that (6.1) implies that C_2§(1 —d(1—-6%)<1.)

C,

Proof. The first statement follows from

lp—rol2 = llp — psl2 + lps — oI

and [[ps — 7o [e > c6]|Qadivu’ ||, ) > cef||diva’ ||, @) > E2[lp — 7o ||r by Propo-
sition 5.8.
For a & satisfying (6.3), let ¢ = c U&. Then from ||p — ps

with A := f—§(1 —d(1 — 0?)) we have
6

p < infy, cp, [|p— g5lp,

C3|Qsdivu™ |7, ) > s — rolIf = llp = rollp — llp — ps 2
> Mlp = rolIE > Acglldiva™ |7, o).

Ac2

Noting that =z# =1 —d(1 - 6?), by construction of &, we conclude that

#06 — #0 < D[#0 — #0] < D[#0 — #7].
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Now we generalize Lemma 6.2 to the practical relevant situation that we have
only an approximation to u” available:
LEMMA 6.3. Letw € (0,6) be a constant, o a partition, r, € Py, and w € V with

[divu" — divw| 1, 0) < w||divw||L,q)-
Then for 6 = REFpres|o,r,, W], we have

c2(6-w)?

1
llp — psllp < [1 — W} *lp = 7o||p-

— —02
Moreover, if w is sufficiently small such that %52510) < é—i, then

#6 — #0 < D[#7 — #70)
[1- (et \ﬂ—‘ﬂl—(ﬂ)gﬁ%
1—w Cce

for any partition & for which with £ :=

7

(6.4) inf [[p—gsllp < &llp — 7ollp.
95 €P5

Proof. Similar to the proof of Lemma 6.2. For the first part use that
1Qsdivu™|| 1,0y > [Qsdivwl|L,(q) — wl[divw| 1) > 52 Idiva" || @),
and, for the second part, with any & satisfying (6.4) and & = o U , that

Cs[|Qsdivw|| 1, (q) + wl|divw| )] > C5(|Qsdivu™ || 1,) > [Ips — rollp

1
=[llp=7ollg = llp —psllE]* = V1 —E2llp —rollp > co /1 — €2[|divu"|| L, e
> (1 = w)esy/1 = E2||divw|| 1, (),

or equivalently, ||Qsdivw|1,q) > /1 —d(1 — 62)[|divw|| 1, (). O

As we said, we will make calls 6 := REFpres|o, r,, w| only for the argument w
from V. for some 7 D o, so that divw € P,. Obviously, if, for some 6 € (0,¢s/C5),
REFpres is implemented as the selection of the smallest partition & D ¢ such that
(6.2) is valid, it satisfies its requirements with d = 1 = D. Yet, in any case a naive
implementation of this algorithm would require computing [|Qsdivw]| 1, ) for all
partitions o C ¢ C 7, which is prohibitive expensive.

Recalling that any partition corresponds to a subtree of the infinite binary tree
that is determined by the initial partition 7y of tagged simplices, alternatively one
may apply the adaptive tree approximation algorithms from [BDO04]. Prescribing a
6 € (0,1), these algorithms are shown to fulfill the requirements on REFpres for
some absolute constants 0 < d <1 < D. Assuming that for any simplex T" from any
partition o C ¢ C 7 the values inf,cp, , (r) [[(divw)|r — ¢||,(r) are known, which
values can be computed in O(#7) operations, these algorithms produce & as in (6.2)
in O(#0¢) additional operations.

Unfortunately, it might be that the constant d derived in [BD04] is not larger than
1 — c%/C2 as it should be in view of (6.1). So far, we have not verified whether the
statements from [BD04] can be shown for any given d € (0,1) (likely at the expense
of D — oo when d T 1). Therefore, the statements in this paper concerning the cost
of our adaptive algorithm are valid under the following assumption:
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ASSUMPTION 6.4. For w € V., the call REFpres|, -, w]| takes O(#7) opera-
tions.

Remark 6.5. Actually, so far for our experiments we used the easy implementable
greedy algorithm: Starting from o, we bisect that simplex T or those simplices T’
with maximum infocp, () [[(divw)|r — q[|1,(r) until (6.2) is satisfied. Although
there exist inputs w for which this greedy approach results in an output partition &
that is not quasi-optimal, “usually” it works well (in any case when for all T' € o,
(divw)| 7 is sufficiently smooth).

6.2. Adaptive velocity refinements. For some fized

)’

C2

€0, =
Ce.f
we will make use of the following routine to determine a suitable adaptive refinement
for an update of the velocity:

REFvel[r, g, r,,w,| = T
% T is a partition, g € Lo(Q)%, r, € P,, and w, € V,.
Select a set F C T with, up to some absolute factor, minimal cardinality such that

(6.5) > nr(gre,we) > CER(r, 8,7, W, )2,

TEF

Construct the smallest T D 7 which is a full refinement with respect to all T € F.

The next lemma will show the benefit of REFvel. It applies under the (unreal-
istic) assumptions that f € V* and that the Galerkin problems are solved exactly. In
Lemma 8.1 given in the next section, inexact Galerkin solutions will be allowed, and
the given right-hand side f € V' will be replaced by an approximation from V.

Note that when f € V*, the computation of all nr(f, 7., w,) (T € 7) can be done
in O(#7) operations. By doing an approzimate sorting of the nr(f;, ., w.) by their
values, REFvel[r, f, -, | can be implemented in O(#7) operations (cf. [Ste05b]).

LEMMA 6.6. Let 7 D o be partitions, f € Vi, and ro € P,. Then for 7 =
REFvel[r, f,r,,ul"]|, we have

Jure —urelly < [1 - S57F Jure - ulr|
V> Cf u u”||v-

Moreover, if ¢ < é—z’l, and, for some absolute constant ¢ > 0,
(6.6) u" —uZ |y = dfu—u" |y,

then for the set of marked simplices F inside REFvel, we have
(6.7) #HE SHT+H#0 + #o

for any partitions T and & for which

(6.8) inf u—vely <

T T

1
[1 - S wre —ur

W=

) i —gsllv <
(6.9) q;gga Ilp—gsllv <

W=
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Remark 6.7. Note that the bound on #F in terms of u, p (via 7 and 5) and o
can only be shown when (the variational formulation of) —Au" = f — Vr? is not
solved too accurately, which is enforced by (6.6). By assuming that u and p are in
certain approximation classes, i.e., that these functions can be approximated with
certain rates by finite element functions with respect to the best partitions, later we
will derive quasi-optimal bounds for #7 and #a, as well as for #o0 via Lemma 6.3,
and so in the end on #F. Without imposing (6.6), we would only arrive at a similar
bound on #F when we would assume that all approximations u”> to u corresponding
to all approximate pressures r, that are created in the adaptive method are similarly
easy to approximate as u, which is an unverifiable assumption.

Proof. The first statement follows from

e = e e g e
and |lu}” — uj7|ly > coCEP(7,f, 7, ui7) > B>[lu™ — uj|ly by Corollary 5.4 and

Proposition 5.2.
Let 7 be a partition for which

. C2¢2 1
(6.10) Jnf e vy < [L— S] o' —ugly,

and let ¥ = 7 U#. Then with F' = F(7,7) from Proposition 5.2, we have

C2 > np(frpul) > ul — w3 = ue — w3~ u'r —ul|?
TeF
CI¢% |7 P 2.2 oF ron2
= é—gHu 7 u'rGHV > Ci¢°¢€ ('r,f,rg,uT") .

By construction of F, we infer that

(6.11) #ESF SH#HT —#1 < #7 — #10.

It remains to bound #7 — #7p for a 7 as in (6.10). With & as in (6.9), we write
u"e = (u"* —u?) + (u’ — u) + u, and approximate each of the three terms within

2,2 1
tolerance [1— Céf |? with finite element functions (the second one with zero). From
2

(5.6), we have

2,2 1
G ure e

[u—u?|ly <|lp—pslp < 3[1—
The vector field w = u™ — u? solves

a(w,v) = —=b(v,7, —p5), (vevV).

With 6 = o0 U &, the error in its best approximation ws from V4 can be bounded by

v < [wllv < [lu" —ully + [lu —a”[ly

02 2 1
14 14) e — w .

|lw —ws

< (19‘%%[1—

With 69 = 7, for k = 1,2,... let 6 D 6x—1 be the smallest partition that is a full
refinement with respect to all T' € 6;,_1. Then using the fact that r, —ps € Ps,, as in
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k
the first part of this lemma with now ¢ = 1 we have |w—wg, ||v < [1—(5—5] 2 |lw—ws
2

Vv
where ws, denotes the best approximation to w from V,, . With k being the smallest
integer with [1 — SL]% (91 + 11— &)y < 1 - G2 lude that
integer wi 2 ( 3 2 ) <3 2~ we conclude tha

inf u" — (vs + wo,)[lv < [[u"” —u” = we, [lv+ [u” —ufy + inf fu—vz|y
v-€Vz vseVs

o2¢2 1
< [ S -

Since vz +ws, € Vzyus,, and #(TUGk) — #70 S #7 + #0 + #0 (dependent on k and
thus on ¥¥), in view of (6.10) and (6.11) the proof is completed. O

Remark 6.8. If in (6.6), ¥ > [1 — %}_5, then by a simplification of above
2
proof, instead of (6.7), one obtains that

#E S #T — #7170

for any 7 with

2,.2_ 1
if = vely < ([1 = S5=]0 =97 o' —w .

which bound on #F is in particular independent of the pressure p. It is, however, not
clear whether under the condition ||u” — ul< ||y > ¥|ju — u" ||y for such 9, the inner
elliptic problem is sufficiently accurately solved to obtain a convergent inexact Uzawa
algorithm for solving the reduced Stokes problem of finding (u”,p,). Knowing that
we can control #o because our outmost loop producing Galerkin approxilmations to p,
Lemma 6.6 provides a way to avoid the condition that ¢ > [1 — %] 2. This point
is the exact reason why we did not succeed to prove quasi—optimazlity of the Uzawa
iteration for solving the full Stokes problem, so without our outmost loop. Indeed,
with that method there is no separate control over the partitions that underly the
pressure approximations.

7. An adaptive method for the Stokes problem in an idealized setting.
For s > 0, we define the approximation class

Ay ={v €V :|v[s; :=supe inf [#T — #70]° < 00},

e>0 A{minfy ev, [[v—v-|lv<e}

and equip it with norm |[v|4; = [[v[lv + [v]4s. So Ay is the class of vector fields
that can be approximated within any given tolerance ¢ > 0 by a v, € V, for some
partition 7 with #7 — #79 < 5_1/s|u|}4/€. Similarly, we define

A ={q €P:|g|la: :=supe inf [#0 — #70)° < 00},
P 50 A{oinfy,er, llg—go le<e}

and equip it with norm [|q|| 4z := [lgllp + |q|.as-

Because of the polynomial degrees of our approximations, only for s < m/d
membership of u € Aj; or p € A can be enforced by imposing suitable smoothness
conditions on u or p, respectively. These smoothness conditions, however, are much
milder than requiring that u € H'**4(Q)? or p € H*¥(f), that would be needed
when only uniformly refined partitions were considered. The approximations classes
can be (nearly) characterized as certain Besov spaces (see [BDDPO02] for details). In
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any case for d = 2 and sufficiently smooth f, it is known (see [Dah99]) that u and p
have sufficient Besov smoothness so that they are in A$ or A$ for any s < m/d.

The results derived in Section 6.2 concerning adaptive velocity refinements were
valid under the assumption that f was piecewise polynomial of degree m — 1 with
respect to the current partition. In order to make our exposition not too complicated,
in this section we will assume that £ is piecewise polynomial of degree m — 1 with
respect to any partition that we encounter, i.e., that is in V7 . In the next section, we
will remove this restriction. Furthermore, for the moment we assume that the arising
finite dimensional linear systems are solved exactly, i.e., we do not care about the
computational cost. In the next section, by applying iterative solvers, we will show
quasi-optimal computational complexity.

The following algorithm is an implementation of the solution method that was
announced in Section 4 with the simplifications mentioned above. Note that the do-
loop in the algorithm actually consists of 3 nested loops over i, j and k. The loop over
1 concerns an adaptive method for solving p from the Schur complement equation.
The loop over j concerns the Uzawa method for solving p?¢ from the reduced Stokes

@
problem. Finally, the loop over k concerns an adaptive method for solving u?s €V
() ;
from a(ufi ,v) = f(v)fb(v,py)) (v € V). We have formulated these loops as one loop
to deal efficiently with the complicated stopping criteria. E.g., the innermost one stops
when either EF(---) < a&5(ay,---) or £3(0i,---) < KES(o0,---) or E(o0,--+) < &,
i.e., when either

Z

)
s =)y < Cracg [lIpe, =} lle + w7 = |lv] or

7

Ip7 =P lle + w7 = Iy < Carer (o = p§” [l + [[u = uf3 v or

lp = p$ e + lu — uli)|lv < e.

STOKESSOLVE,[f,e] — [o\",p!" ) ul")]

% For this preliminary verswn of the adaptive solver it is assumed

% that f € V7,

% Let the parameter ¢ from REFvel satisfy ¢ € (0, c—2), and 0 from REFpres
% satisfy 6 € (0,1 — 1—0"/—C¢] z). For some w € (0,0) small enough such that
% w+4/1—d(1-62)

- < C_s’ fix some sufficiently small constants k,a > 0 such that

Ca 71— 4
%K<1,Clﬁ§2ué,/€01<04,[1—c42’j—nél] 1[1—%] <1 aCl<C4,
% and 1 — B2 + 221 < 1.

—aC
© ._ _ o
po =0, 00:=750 =170

ii=ji=k:=0
do ugzl)€ =u () % i.e., ugz,l € Vr;f,i’ a(ugf,)c,v) = f(v) = b(v,p, ), (ve VT]u]i)

if CgES(oo @ f,py), ;;C) < ¢ then stop

s ik
elsif £5(oy, ](le,f,pgZ ,u )) < KkES (o0, ],Z,f P; ), )) then
Oit1 = REFpres[aZ,pg ), (1)]
(H—l) (2) (H—l) (z
7p] 5 1 . 47k;
z++ =k:=0

elsif &F( jk,f,py), ;zi) < a&S(oy, ](z]z,f pgz) (1)) then
pgl_,)_l = pg) Qos, dlvu(Z
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3(21 0= Tg(zlz

j++, k=0
else T(]2+1 := REFvel| j(zlz,f,pgz), ;Zi]
k++
endif
enddo
THEOREM 7.1. (I) Letf e vz, then[ @ p ) ul)] .= STOKESSOLVE,[f, €]

terminates, and ||lu — u HV +p — pj ||[p> <e. (II) [f, for some s > 0, p € A},
then #O‘j — #19 < _1/5|p|AH§ , only dependent on 19 and on s when it tends to
0 or infinity. If, in addition, for some § > 0, u € A5, then with § = min(s, 5),

#rf) = 0 < VA (IplL + )
to 0 or infinity.

), only dependent on 1o, and on § when it tends

Remark 7.2. Note that in view of the assumptions, #a(i) #71p is at most a

(@

constant multiple larger than this eXpressmn for the best partition o, giving rise to

such an error in the pressure. Similarly, #Tj, & — #70 is at most a constant multiple
larger than this expression for the best partition T;i on which p and u can be approxi-
mated by piecewise polynomials of degree m — 1, or continuous piecewise polynomials

of degree m with errors less than or equal to € in || ||p or || ||v, respectively.

Proof. (I) Given i and j, k = k(i,7) will denote the maximum value of k for
those i and j. Given an i, j = j(¢) will denote the maximum value of j for that ¢, and
k = k(i) := k(i,j(i)) is the the maximum value of k for that i. Finally, i will denote
the maximum value of 7.

If C3&8 (00, 70, £,p\" ul)) < ¢ is passed, i.e., (i,5,k) = (i, j(0), k(2)), then |u—

9 ka
u%)éHV +lp *plZ)H[P’ < ¢ by Proposition 5.6.

The inequality £° (0,7, 2, f pjl) ]’)) < kES (o0, T](le, f,10§Z , gzk) is equivalent to

EE( ;z,g,f,py, ul) < (10— )" nlldival’) | ,@) — Qo dival)l| ). So if this test

is passed, i.e., (j,k) = (j(i),k(7)), then by Propositions 5.2, 5.7 and 5.6,

(-i) K3 (3

(71 ot —uflly < €80 ul) < P dival) o),
(i)

(72) T’ =y < mep (flu— u]knwup P le),

(7.3) c;1||pgﬁp@|\n»<nc4 (la =’} v+ llp = o5 ).

y (7.1), [|div - [|zo) < || - [[v on V, and C1 7% < w, Lemma 6.3 shows that

c2(0—w)? % i
(7.4) o= Polle < [~ Eroye] * o — 2 lle

wty/1—d(1—-62)

and furthermore, since T < & and in view of the definition of Ag, that

1/s 1/s
(7.5) #oin = #oi S llp— 057 1 Pl
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y (7.2), k < ¢4C Y, and (5.6), we have

(%)
p,
g A e e A )
(7.6) <|e2%p—p{lls |

and so by (7.3),

(7.7) Ipo. =23 lle < 22525 lIp = 5 e
With py :=[1— ijgél]—l[l — ngir:;z] < 1, combining (7.7), with i reading as i+ 1,
and (7.4) shows that
+
(78) =Bt e < pallp — o)l |

Since 0458(00,7'](1,)6,f,p51), @ p) < llu— (1) ellv +1lp — p]Z)Hp, together (7.8) and (7.6)
show that the algorithm termmates assummg each loop over j does, which we show
next.

If E8(7 ]k,f p]l), @ 2) < a&S(o; 7 f,pgz, l)) is passed, i.e., k = k(i,7), then

v N4k
(i) . _ .
(7.9) s =)l < aCreg (Ipo, — P e + [0 — ') [lv).
() (@
Estimating ||u” — ungV < |lu% — i ly + ufi — ujk||v7 applying (7.9) and

)
[[u®i —uPi ||y < ||po, fpj ||[P> ((5.6)), we obtain that

(7.10) lu” — )|l < @2eCrlp, — plP||p,

and by substituting this in (7.9), that

(i)
(7.11) e —ul) v < 229G |py, — p{7 e |

— cp—aCy

With py := 1 — 32 + 22¢_ < 1, by the statement (4.3) concerning convergence of

., ca—aly o
the exact Uzawa iteration, we infer that

(7.12) 9o, — 2501l < p2llpe, — 25I2 |

Since c4E5(0;, Jllz,f p]l), ) < [Ju% — ugz)EHV + Ipo; — p; @|1p, together (7.11) and

(7.12) show that each loop over j terminates by either £5(o;, Jllz,f p]l) (Z p) <

HES(OO,T](z,z,f pgz), gz,)c) or C Es(oo,'r](z,z,f pgz) (Z,)v) < g, assuming each loop over

k terminates, which we show next.
With pg :=[1 — CZC ]2 < 1, Lemma 6.6 shows that

(i) : (i) i
(7.13) lu?s” —u$) v < psllu?s” —ul) v
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Since c2EF( Jl,i, f,pgz), ;l,)e) < ||uPi Y —u; k||v, from (7.13) we infer that each loop over
k terminates by either EE(T Z,z, f pgl), (Z)) < aES(a ,Tj(zlz, f,py), (1)) or

E(oi, 7 .0 ufl) < wES(o0, 7Y, f,pj% ul)) or C3€5(co, ;32, £, ul)) < e
With this, part (I) of the theorem is proven.

Before starting with the second part, we collect some estimates for ||p — pg%)ﬂp,
lpo; —p((f)Hp and ||up;i) - U—;%H\/a i.e., the initial values for the recursions (7.8), (7.12),
and (7.13) over 7, j and k, respectively.

From (7.7) we infer that

(7.14) lp— pj(o)llp <[ = 222580 lp = prolle < [1— 22020) Iplle-
For j = 0 and ¢ = 0, we have that

0
(7.15) oo — 22 < [Poe — 2l + [I2lle < 2[|p]le,

and for j = 0 and ¢ > 0, that

1o = 26" lle = Ipoy = P53 lle < Ipos = plle + o = p{ 3 l1p
(7.16) <([1- %] >+ 1)|p— pl‘(;—l)HP
by (7.4).
For k = j =1 =0, we have
(7.17) " —alv < u” [y = (€]
(1) _  (-1) (1) (i—1)

For k =j =0 and ¢ > 0, we have py’ = Pji—1) and 75 = Ti(i—1)k(i-1)" and so

(i) ; 2 i—1
(r18)  ut —ufly = e i) e I < 228k llp = P lle

by (7.2) and (7.6). For k =0 and j > 0, we have

i) i (i) 1
nwj—ﬁmvsww——?munw

< — a4

Now using that by (5.6)

) (2) ;
—w%wv<w§—m1w<ml—uﬁmw4w

< Hum _ U_P] 1||V + ||uP] 1 ugl)

[u?’

Lk(j-1) v < lIpo, _pj 1||IP’ + Hup] b ujl)l k(i—-1) v,

and

() i
hw= =l < 225 lp, —#7e

by (7.11), we find that

(i) i - i
(7.19) [ —ulllv < (14 2225 Ipg, — 4 2.

cy—aCy
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(IT) At the moment of a call g;41 := REFpres[ai,pEi), E)E] we have

lp =" lle = 500, 7}, £, ) > eaCyte,

so that in view of (7.5) and (7.8), we have

i
Hoi — #10 < Y Hos — #oi1 S plL

=0

At the moment of a call TJ(Z,z 1= REFvel[T;flz, f, pgi), ;Zi] we have

() K2 K2 K2 2 2 K2
[urs” —ul) v > 2P (r ) £,p\7 ul)) > 2088 (03, 710 £, 95 ul))

> caan€S (00 ,;Z,C,f,pﬁ, uf}) > c2anCy lu—uffy v,

where for the first time in this proof we used the fact that innermost iteration is
stopped in time. In view of the definitions of A and A}, Lemma 6.6 now shows that

the set of marked simplices I ; , = F inside REFvel] J(,Z, f,p§Z ,u 3y )] satisfies

(1) S S S
(7.20) #E, e Sl — w1l + ) + #o — #m0 + #o.
(i)
From [[u?s” —ul) [y < [0 lv < Jully + [|p]le, we have
(.i) 1/s5 1/s5 1/5
#r0 S 1S us — 0l 15 (S + lpll ).

For i > 0, we have #o0; — #70 S |lp — p(z Y ylle 1/S| |1/S by (7.5). By (7.18), (7.16)

and (7.19), and the decrease of ||p,, —pJ ||p and ||up —u; k”V as function of j or k,
respectively, we have

(i)
i— ||U-p° _U-00||
lp—p\ 0 e 2 { ® ,
26-1 1P — 5" e = Ipos — P21 112 2 [u?s” =Dy (> 0)

()
> [lu?s” —ul) |y
uniformly in ¢, j, k. We conclude that
) -1 1 1
#E; 50 S 0P = a1 (s + el

and so, by Theorem 3.2 and (7.13), that

30 k(j)
1/s 1/s i)—1/8
#Tih e — 0 S ( /+||p||/ Z [N b

1/5 1/5 Q) —1/5
S (lall 3 + 1ol ||uf% —uf ol

We will bound this expression by using that each of the three nested iterations is
stopped in time.
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For any ¢ and j, by definition of k, we have
S
€ (J(Zk 1’f’p.§z’ ]ll)c 1>>OLE (O—’H ](Zk 1af7p_§17 ]l])C 1)
> QHES(OO7T](1E)71,f7p§Z)’ 51271) > 0(:‘3703_157
or
P() ( > ;i
[ — Jk IHV [u” — 1||VWL 28 *p ”IP’
2 ||u_ujk 1Hv+ lp — |l Z <.

Similarly, for any 4, by definition of j we have

Es(al, (1)1 o £ pgz)l, 5) E) > FGES(OO,T](Z)l o £ pgz)l, 5) E) > /ﬁCgls,

or

Ipo; = P2l = Ilu” =, v+ [lpo, = P52 e 2 lla—uy v+ llp—pi2 e 2 e,

where for “<” we used (7.10). Finally, by definition of i, we have
Es(oo,rl(gl),f,py b (Z 1)) >C3 e,

or

(i— 1)HIP’

1 1
lp = pf e = la = uf Vv + llp =2 lle 2 e,

where for “<” we used (7.6). By using in addition (7.12) and (7.8), we find that

@ (z) 1/5
Z [u® ~ k(i) - illv

i=0 j=0
i J(@)-1
1 1 —
< [l /S+Z|\p Pyl + 717
i=0 ;=0
i
1 1 1 —1/s5
S lpes = Byl o = P I e
1=0
i—1
1 —1 —1/s5
Sl = w1 lle 7+ pes =22 lIE T 47
1=0
i—1

1/s —-1/5 —-1/5
5 o e

which completes the proof of the theorem. O

8. A practical adaptive method for the Stokes problem. The following
lemma generalizes upon Lemma 6.6, relaxing both the condition that f € V*, and
the assumption that we have the exact Galerkin solutions for the inner elliptic prob-
lems available, assuming that the deviations from that ideal situation are sufficiently
small in a relative sense. The idea is that we replace f by a sufficiently accurate
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piecewise polynomial approximation, and that we solve the arising linear system only
approximately using an iterative solver.

Since we are going to consider Galerkin systems with modified right-hand sides,
we introduce the following notation: Given r € P, g € V'  and a partition 7, ul»8 € V.,
will denote the solution of the Galerkin problem

(8.1) a(ur®,v,) = g(v,) — b(v-,1), (v, €V,)]

So in view of the notation introduced in (4.5), we have u’>f = u”. Note that [|[u’ —
upE|ly < [|If —gllv.
LEMMA 8.1. There exist constants x1 = x1(¢,C1,¢2) > 0, and A = A(x1,C1,¢2) €

2,2 1
(0,%[1 BRCIT ]2] such that if for any £ € V', partitions 7 2 o, v, € P,, £, € V|

>
2

w, € V. with

(8.2) I — £l + [uf= = welly < xa€(r £y 0, W),
and, for some absolute constant ¥ > 0,
[u" —wrlly = dfu—u" |y,
then the set of marked simplices F inside the call T := REFvel|r,f,, r,, w.| satisfies
#E S #T +#6 + #0
for any partitions T and G for which

(8.3) inf [[u—vzllv <Au™ —wrlly, inf [lp—gsllv < Au" —wellv.
vz€Vs q5€P5

Furthermore, given a

we ([1-451%1),

there exists an x2 = x2(p, ¢, C1,¢2) > 0, such that if (5.6) is valid with x1 reading as
X2, and for 7' D 7, £, €V and w, € V.,

TU,fT/
T/

[f— £ llv + [lu —worlly < x285(7 £r 70, W),

then

e =y < ' = we .

Proof. Following the lines of [Ste05b, proof of Lemma 6.1], for suitable constants
X1 and A, one can show that #F < #7 — #7 for any partition 7 with infyzey, |[u"™ —
vi|v < Alu”™ — w,||v. Then, following the proof of Lemma 6.6, we infer that #7 —
#7190 < #T + #0 + #o0, with T and #5 from (8.3).

The second statement can be proven as in [Ste05b, Lemma 6.2]. O

For solving the Galerkin systems approximately, we assume that we have an
iterative solver of optimal type available:

GALSOLVE|r, £, 7, w'” 5] — w,
% T is a partition, fr € VE, r. € P, w,(ro) € V., the latter being an initial

T
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% approximation for an iterative solver, and n > 0.
% The output W, € V, satisfies

[y =l < n.

% The call requires < max{1,log(n~!||ulf — Wg—o)||v)}#7' arithmetic operations.
Additive or multiplicative multigrid methods with local smoothing are known to be
of this type.

A routine called RHS will be needed to find a sufficiently accurate piecewise
polynomial approximation of degree m — 1 to the right-hand side f. Since this might
not be possible with respect to the current partition 7, a call of RHS may result in
a further refinement.

RHS[T, ’17] — [7", f‘r’]
% n > 0. The output consists of an £ € VX, where 7/ = 7, or, if necessary,
% 1" DT, such that ||f — £/]yv <.

Assuming that p € A3 and u € A for some s,5 > 0, the cost of approximating
the right-hand side f using RHS will generally not dominate the other costs of our
adaptive method only if there is some constant cg such that, with § = max(s, §), for
any ) > 0 and any partition 7, for [7/,-] := RHS[r, ], it holds that

#r! — #r < oS,

and the number of arithmetic operations required by the call is < #7'. We will call
such a RHS to be §-optimal with constant cg. Obviously, given §, such a routine can
only exist when f € Aj,, defined by

Ay ={g eV :supe inf [#1 — #70]° < 00}
>0 {riny, cvs lg—gr v <c}

Knowing that f € A§, is a different thing than knowing how to construct suitable
approximations. If s € [1/d,(m + 1)/d] and f € H*~1(Q)%, then f € A, and £
constructed as the best approximation from V*, to f with respect to L2(Q)¢ using (the
smallest common refinement of the input partition and) uniform refined partitions 7’
are known to converge with the required rate. For general f € A§,, however, a
realization of a suitable routine RHS has to depend on f at hand.

Remark 8.2. As we have said, in our adaptive method, for both computing the
error estimator and setting up the Galerkin system for the inner elliptic problem, we
will replace f by a piecewise polynomial approximation. This has the advantages that
we can consider f & Ly(Q)4, for which thus the error estimator is not defined, and
that it simplifies the analysis, since we don’t have to take into quadrature errors on
various places.

Thinking of smooth p, u and thus f, we have p € Af;/d, uc Agl/d (and generally

p & A, u¢g Ay for s > m/d), whereas f € Ag},”“)/d. Moreover, these rates are
realized using quasi-uniform partitions. In this case, an adaptive method will create
such partitions, and we see that at least asymptotically calls of RHS will not give
rise to refinements. So in this case, we can simply skip these calls, and work with the
exact f, where one can view the generally now necessary application of quadrature
for the evaluation of the error estimator and for setting up the right-hand sides of
the Galerkin systems as an implicit replacement of f by a piecewise polynomial. Also
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for less smooth p and/or u, and an f that is at least in Ly(2)?, one can expect that
usually refinements are not needed for obtaining a sufficiently accurate approximation
of f by a piecewise polynomial of degree m — 1.

Now we are ready to formulate our practical adaptive Stokes solver STOKES-

SOLVE.

STOKESSOLVE[f,¢] — [0\, p%, %) w')]
% Let the parameter ¢ from REFvel satisfy ¢ € (0, 0—2), and 0 from REFpres
% satisfy 6 € (0,[1 — 1—05’1/—C¢] z). Let k,[3,, x > 0 be sufficiently small constants.

oo =% =70, p” = 0, Wiy = 0, 8 = [[Ellyr, i := j i= k := 0
do [fj“,l, 0] .= RHS[3/2, 7]

w!’) .= GALSOLVE|r {) A0, Wl 6/2)

if 0358(0077_]2,f](2,p§g’ 5)) + (14 C3(2¢;* +1))§/2 < & then stop

elsit 5(oi, 7\, £ 0y wih) + 8 < k€S (00,71 £, 17, wl)) then
Oit1 = REFpres[az,pgz), (?)]
1+1 7 H—l z 1+1 7
)

5 = 5(53(00,752,@“,2,;)5”, wi) +d)
it+, ji=k:=0

elsif EF(7 (le,fj(l,z,pgz S W )+ 0 < OLES(O'“T(Z]z,fJ(l]Z,pgz ,W (Z ;) then
pgil = pj delva)
TJ+10 TJIIZ’ WJ:)—lO *W( )

5= B(E (o5 7 £ 0 W) 1 8)

j++, k=0

e151f¢5<;x5E(]k,él,15”7 g ) _ _
7)., = REFvell7) ) pj Wil Wiy = wi
5= BEP £, 0 W) 4 5)
k++

else 0:=4/2

endif

enddo

Compared to the preliminary version STOKESSOLVE, in STOKESSOLVE
the exact solution u( ) of the inner elliptic problem is replaced by an approximate one
W§-i,)c, which is moreover computed using an approximation f j( ,2 € V*,, of the right-

; ; )
hand side f € V. As a consequence, the results on the a posteriori error estimators
from Section 5 cannot be applied directly. Using the stability of the problems defining
u and p with respect to perturbations in f, and the stability of the error estimator
&Y demonstrated in Proposition 5.5, for sufficiently small o and &, stopping by either
EB(-- )46 < alS(ai,--+), E3(0iy - )46 < KES(o0,---) or E3(00, - -+ )+ (14+C5(2¢c5 '+
1))6/2 < e, means that

Hup()

~ Wil < Di(@)llpa, — p\ e + [P —wi)|lv],
17 = PSP e + luPm — wiid |l < Da(w)lllp — p\lp + u — w'hIv] or
lp = |lp + lu — Wi [ <e,

respectively, with D;(«), Da(k) > 0 being some constants that tend to zero when o
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or k tend to zero.
Since the tolerance §/2 for the error in the approximations for the right-hand side
and in that for the solution of the inner Galerkin problem decreases until § < xEE(---),

where, for § small enough, the next ¢ respects the same bound, the second part of
( )

silently assumed that by halving §, at some pomt 5 < xEE(--+)isvalid. This, however,
is not necessarily true since £2(---) changes as well. E.g. think of the (unlikely)

@
Lemma 8.1 shows that for each i and j, w_'; converges linearly towards u”s . Here we

situation that we have reached a partition on which upg'l) can be represented exactly.
Yet, in that case we also have linear convergence of w(i,l towards upj('i). Indeed, if
during the process of halving ¢§ it remains larger than XSE( ) then YEE(---)+4, up
to some constant factor being an upper bound for ||u”s P W] kHv, decreases linearly.

Based on these observations, similarly as in the proof of Part (I) of Theorem 8.3,
for sufficiently small £ and «, one shows convergence of STOKESSOLVE, with

llp — pji) llp + [Ju— Wy;)CHV < £ at termination.
When REFvel is called, from 6 < xE¥(---) for sufficiently small x, E¥(---)+§ >
a&S(ai, -+ ) and E5(ay, -+ ) + 8 > KES(00, - -+ ), we have

[ = wlidly 2 €5 ) =6 2 €5+ ) + 82 E(osye ) +6 2 E5(o0, ) + 6
2 u—wiiv.

meaning that we may apply the first part of Lemma 8.1 to bound the cardinality of
the set I, ;. of marked simplices. Assuming that p € A and u € A§, as in (7.20)
we find

(1) S S S
B, Sl = w5 (Nl + [l + #os — #70 + #mo.

Other than in STOKESSOLVE,, 1n STOKESSOLVE refinements can also
be made by calls [fj(zlz, ;2] = RHS[6/2,7; k] Assuming that RHS s-optimal with
constant cg, then #Tj, #T(Z) < 0_1/5(5/2) 1/% Using that such a call can only be
made when

§2EB( )+ 82850, )+ 2 E5(c0, )+ 6 2 e,

applying similar techniques as in the proof of Theorem 7.1 one can prove that STOKES-
SOLVE outputs quasi-optimal partitions.
Finally, one can prove that STOKESSOLVE is of quasi-optimal computatlonal

complexity. The main point is that with a call GALSOLVE| J(le,py), fj(zk, W, k, 6/2],

it holds that ||upJ‘ L w§11)€||v < §/2, so that the error has to be reduced by only a
constant factor. 7

Along the lines indicated above, we end up with the following theorem. We have
chosen not to include a full proof, since this would require another level of technicalities
on top of those from the proof of Theorem 7.1.

THEOREM 8.3. () [0¥,p",7") w!)] .= STOKESSOLVE],¢] termmates,
and ||lu— W ||V+||p pJZ)Hp <e. (IT) If, for some s >0, p € A3, then #U —#70 S
{—:71/5|p| , Only dependent on 19 and on s when it tends to 0 or infinity. If, in

addition, for some § > 0, u € A and, with 5 = min(s,3), RHS 3-optimal with
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constant cg, then #Tj(zlz —#10 S 5_1/§(||p||1/S +|u ||1/S 1/5), only dependent on 7o,
and on 5 when it tends to 0 or infinity. Under Assumptwn 6.4, and when & < ||f||y,
the number of arithmetic operations and storage locations required by the call is also
bounded by a multiple of the same expression as (>3_1/g(||10||1/S + |lu ||1/S 1/g).

9. Numerical experiment. We consider d = 2, the L-shaped domain 2 =
(0,1)2\(3,1)% £ : x > 25(4x3 — 1,1 — 4x1), and m = 1, i.e., continuous piecewise
linear approximation for the velocity, and piecewise constant approximation for the
pressure. The initial partition 7y is illustrated in Figure 9.1.

Fic. 9.1. Initial partition 1o

The “bulk chasing” parameters 6 and ¢ inside REFpres or REFvel were chosen
to be 0.7 and /0.3, repectively. Since f is smooth, we followed the approach discussed
in Remark 8.2, and skipped the calls of RHS. Furthermore, instead of solving each
arising finite dimensional linear system within tolerance (5 / 2 for the first value of §/2
obtained by successively halving that is less than y& E( T k, f ;2 , pgz), 51,)6) we always
approximately solved it by 3 multigrid iterations with local smoothing (cf. [WCO03])
starting with the previously computed approximate velocity. The parameters x and
« are chosen to be 0.88 and 0.9, respectively.

For comparison, we also implemented the adaptive Uzawa method for solving the
full Stokes problem, i.e., STOKESSOLVE without the outmost loop over i, i.e.,
without the part starting from the first elsif-statement until the second one, and
all remaining occurrences of o; replaced by oo. In particular the pressure update
p§z+1 = p(z + ledIVW( Y then reads as pj+1 := pj + divw; ;. This is the algorithm
studied in [BMNO02], apart from the replacement of a priori prescribed tolerances by
a posteriori ones.

In Figure 9.2, we plotted the full Stokes error estimator £° (OO,TJl])C, f,pgZ , § L)
Wt

vs. #T;i])c (or E5(00, Tj, £,0j, Wj k) VS. #7;1). Ignoring the fact that generally w ik
o
u j@) (or wj i # ufj . ), modulo a constant factor this estimator is an upper bound for
T].’k - =

la = w4 v+ llp =2 lle (or u—wgllv + lIp = pylle p) (For £ € V7 (or fEVE,) it
IHE

would also be a lower bound). In Figure 9.3, we plotted the pressil}e error estimator

HdivwgiLHLZ(Q) vs. #to; (or ||divw; k|l £, (q) VS. #7j,0). Ignoring that generally w( )
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— - Ideal line
—#— STOKESSOLVE
—- Uzawa

. . .
10! 10° 10° 10* 10°

Fic. 9.2. Estimated Stokes error vs. cardinality underlying partition

(i) .
u’Z (or w, # uP¥), this estimator is equivalent to ||p — pgl)Hp (or |lp — pjllp). As
predicted by the theory, the approximations produced by STOKESOLVE converge
with the best possible rates. In this example, we observe that the same is true for the

adaptive Uzawa method.

— - Ideal line
—#- STOKESSOLVE
—- Uzawa

2

107 . . . .
10" 10° 10° 10* 10° 10°

F1G. 9.3. Estimated pressure error vs. cardinality underlying partition

Our implementation is partly written in C, and, for our convenience, partly in
MATLAB making use of the PDE toolbox. Due to the datastructures used in the
MATLAB part, our code is not of optimal computational complexity; the time needed
for a call of REFvel is not proportional to the cardinality of its output partition.
Subtracting the times spent for this routine, we observed computing times that are
proportional to the cardinality of the final partition.

In Figure 9.4 we show two partitions o; that were produced by STOKESSOLVE.
Note that these partitions are nonconforming. In Figure 9.5 we give two partitions
Tj(zlz Finally, in Figure 9.6 plots of p and u are given.

Acknowledgements. The authors are indebted to Dr. Haijun Wu (Nanjing
University, China) for making available to us his code implementing multigrid on
locally refined partitions.
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