arallel cean o computations on regular and on an irregular grid. Martin B. an Gijzen Abstract Ocean o problems can discretized and solv ed on regular grid, taking land oin ts in to accoun in the computations, or on an irregular grid. In the latter approac h, the um er of unkno wns is less than for the regular grid. The data structure are com- pletely di�eren for the approac hes. As consequence, di�eren umerical tec hniques ma required. In this pap er study di�eren preconditioners, based on the EBE- preconditioner that as initially prop osed Hughes et al ]. also sho ho the algorithms can parallelized and giv results obtained on cluster of orkstations. In tro duction. Accurate sim ulation of cean o requires high resolution mo del, in olving up to millions of unkno wns. or sim ulations with these mo dels one needs the most erful parallel computers. The computing er of these mac hines can only exploited if the relev an algorithms are ell parallelizabl e. An imp ortan part of the computer time for an cean o sim ulation is sp en in the solution of linear systems of equations. arallelization of solution metho ds for these systems is not trivial. In this pap er study the parallelization of iterativ solution metho ds, and in particular of the preconditioner. apply the iterativ solution tec hniques for the solution of the discretized oisson equation in spherical co ordinates on regular, and on an irregular grid. The researc is part of larger pro ject. The aim of that pro ject is to dev elop parallel co de for high resolution cean o sim ulation. The mo del problem. Our umerical example is ery simple mo del for the spreading of ollution from small source in the aci�c. This problem can mo deled the oisson equation with prop er righ t- hand side and oundary conditions. ha expressed the problem in spherical co ordinates, with constan radius, to get the results in the familiar longitudes and latitudes. The oisson equation in spherical co ordinates with constan radius is giv en cos tan (1) Mathematical Institute, Univ ersit of Utrec t, .O. Bo 80.010. NL-3508 Utrec t, The Nether- lands, E-mail vangyze n@m at h.r uu. nl The researc is funded NW O, the dutc organizati on for scien ti�c researc h. M.B. an Gijzen with and ). or the righ t-hand side function ha selected 4. solv this equation on sphere, and therefore ha the cyclic oundary condition (2) The South ole is land, and hence is not part of the domain. The North ole leads to singularit ecause of the spherical co ordinates. This problem is solv ed excluding latitudes higher than 88 or in our co ordinate system 54. Along the coasts, and on the North ole, assume homogeneous Neumann oundary conditions. (3) The source of ollution is mo deled the condition in [0.45,0.5 5][ -0.5, -0.4 (4) The has een discretized with linear triangular �nite elemen ts. ha used Newton- otes umerical in tegration rule to compute the elemen matrices and elemen ectors. mesh for triangulation of the ceans and the seas is generated from top ographical data. The mesh has een decomp osed in to equally sized ertical strips. This domain decomp osition has een exploited in the paralleliz ation of the computations. The (sea) grid oin ts are equidistan tly distributed with ertical and horizon tal distance of Figure sho ws the mesh and its decomp osition in to sub domains. The discretization yields (nonsymmetric) Figure 1: omain decomp osition of triangulation of the arth. linear system (5) An imp ortan question is whether the land grid oin ts should included in this system, includ in dumm equations. The consequences of this hoice when solving (5) is the sub ject of the next section. arallel ocean flo comput tions olution metho nd lleli tion. rylo subspace metho ds lik ], i- ST 11 ], and stab( are erful tec hniques for solving large and sparse nonsymmetric linear systems of equations. Apart from scalar op erations, the metho ds comprise of inner pro ducts, ector up dates, matrix- ector ultiplications and preconditionin op erations. The ector up date and inner pro duct op eration lead to similar op erations for oth the regular and the irregular grid approac h. The matrix-v ector ultiplication and the preconditionin op eration, ho ev er, di er considerably for the approac hes. will discuss them in some detail here. In the Finite lemen etho d, the sti ness matrix is assem bled from elemen matrices This fact can exploited, in the construction of the preconditioner as ell as in the matrix- ector ultiplication. The matrix-v ector ultiplication can erformed elemen wise, only the elemen matrices are used. The lemen t-b y- lemen matrix-v ector ultiplication can describ ed =1 =1 (6) The matrix-v ector ultiplication requires considerable amoun of indirect addressing. Indirect addressing is una oidable in irregular grid computations, so in that case this is not real dra wbac k. ev er, if the land oin ts are include the grid is regular, and the assem bled sti ness matrix =1 if prop erly ordered, has only diagonals with nonzero elemen ts. Op erations with this matrix do not require indirect addressing. ence, regular grid computations are preferably done with the assem bled matrix. With preconditioni ng (sym olically) ultiply (5) with suitably hosen matrix The matrix is called the preconditioner. It should an easily in ertible appro ximation for opular to obtain preconditioner is to construct it in decomp osed form, with lo er triangular matrix and upp er triangular. ughes et al. ha prop osed preconditioner that, apart from global diagonal matrix mak es use of elemen matrices only They de�ne the preconditioner in terms of pro duct of (factors of elemen preconditioning matrices )) =1 (8) or these elemen matrices decomp osition is made. The -preconditioner is then de�ned the pro duct of elemen matrices =1 Note that op erations with the in erse of this matrix can easily carried out, erforming sequence of forw ard substitutions on the elemen matrices follo ed sequence of bac substitutions on the The idea of the preconditioner is that the pro duct of elemen matrices ma serv as suitable appro ximation for the (scaled) sti ness matrix if is diagonally dominan t. If this M.B. an Gijzen is the case the elemen matrices and will small in norm. It can sho wn 12 that the error term in the appro ximation for consists of pro ducts of elemen matrices of this kind. ence, if they are small in norm, the error term will small, whic mak es go appro ximation. In 12 it is also sho wn that the matrix =1 ))( =1 )) (10) is etter appro ximation for the scaled sti ness matrix in the sense that the error term in the appro ximation is smaller than for ). Note that again the preconditioner is of the form This preconditioner is ell suited for regular grid computations. The factors and ha the same nonzero-pattern as the (lo er and upp er triangular part of the) assem bled sti ness matrix. ha parallelized the matrix-v ector ultiplication, as ell as the inner pro duct and ector up date op eration, using domain decomp osition approac h. In the domain decomp o- sition all elemen ts are uniquely assigned to sub domain. The sub domains share grid oin at the oundaries, and erlap in this sense. The domain decomp osition and subsequen paralleli zation is describ ed in some detail in 13 ]. arallelizing the preconditioners is more cum ersome. The approac ha tak en is to construct and apply lo cal preconditioners er sub domain, disregarding the fact that the sub domains are coupled. After bac k- or forw ard substitution with these lo cal preconditioners the alues in grid oin ts at the oundaries of the sub domains di er, since the sub domains erlap. solv this problem the alues at the oundaries are simply era ged. This idea has initially een prop osed in ]. or more recen t, and presumably more ectiv approac hes, see ]. umeric erime Our umerical exp erimen ts ha een done on cluster of orkst ations. ac computer has SP pro cessor with clo sp eed of 33 hz. The computers are connected via thernet with maximal throughput of 10 bit s. The computations ha een erformed in single precision arithmetic signi�can digits). The comm unication has een implemen ted using the Oxford SP library ], according to the SP programming mo del ], 10 ]. selected the iterativ solv er stab(4) ], with sp ecial tec hniques to impro the con erg ence prop erties and the accuracy of the solution ]. or the preconditioner ha used on the irregular grid, and (10) for the regular grid. The iterativ pro cess is stopp ed if the reduction in the norm of the residual is greater than 10 ha solv ed the problems using 2, 3, 5, or sub domains. The um er of elemen ts and the um er of sea grid oin ts ma di er er domain. able giv es the maxim um and the era ge um er of elemen ts er sub domain in column and three. The maxim um and the era ge um er of sea grid oin ts are tabulated in column four and �v e. The total um er of grid oin ts (land and sea) er sub domain is the same for all sub domains. They are tabulated in column six. Note that one sea grid oin corresp onds with one unkno wn on the irregular grid, and one grid oin (either land or sea) corresp onds with one unkno wn on the regular grid. The ratio of the maxim um um er of sea oin ts and the erage um er of sea oin ts giv es go impression of the load im balance for the irregular grid approac h. oad im balance can not neglected for the irregular grid, and one can not exp ect to gain more than factor 2.5, the ratio of the maxim um um er of sea oin ts, arying from to arallel ocean flo comput tions sub domains max erage max era ge total elm elm sea oin ts sea oin ts grid oin ts 260 2288 1512 1365 20 04 1525 1082 14 13 12 15 23 561 855 1085 63 612 20 able 1: Num er of elemen ts and grid oin ts er sub domain pro cessors. can exp ect to observ etter scaling for the regular grid approac h, since for this approac the load balancing is more or less erfect. able lists elapsed times and um ers of matrix-v ector ultiplications (matv ecs) for di eren um ers of sub domains for oth the irregular and the regular grid problem. or stab(4), matv ecs corresp ond to one iteration. The sp eed-ups for the irregular grid sub domains irregular grid regular grid matv ecs -time matv ecs -time 600 .8 352 24.8 624 61.8 304 18.2 456 .5 344 23.8 41.5 352 .1 able 2: atv ecs and elapsed times for di eren um ers of sub domains. approac are etter than for the regular grid approac h. This is probably due to the fact that the computation part of the regular grid metho is uc faster, and hence the comm unication et een pro cessors more exp ensiv e. oncludin rem The regular grid ersion clearly outp erforms the irregular grid ersion for our problem, oth with resp ect to um ers of matv ecs, as with resp ect to computing times. The preconditioners for oth approac hes seem to remain ectiv when the um er of pro cessors is increased, at least for mo dest um ers of pro cessors. In our study ha used coarse grain parallel approac h. The preconditioner (10) is not ell suited for �ne grain parallelism, lik for example used in PF. If ould ha used PF as metho for parallelization then our conclusions migh ha een completely di eren t. This is topic of further researc in our pro ject. Another topic of researc is the generation of suitable grid. Solving the oisson equation in spherical co ordinates is illu strativ e, but of coarse not the righ approac if one an ts to solv uge systems. Solving the oisson equation with more or less uniformly distributed grid oin ts on the sphere seems etter M.B. an Gijzen lik to thank ak an Oksuzoglu for his help with the example. thank enk an der orst and erard Sleijp en for man helpful discussions on umerical details. iederik okk ema is greatfully ac kno w ledged for supplyin the stab( co de. rank an der Stapp en and ob issling are ac kno w ledged for help with the parallelization. erence [1] isseling Sparse atrix omputations on ulk Sync hronous arallel omputers. app ear in: am burg, uly 5, sp ecial issue of (1 6) [2] T. ughes, I. evit, and Winget. An elemen t-b y-elemen solution algorithm for problems of structural and solid mec hanics. 36:241{ 254, 83 [3] iller and eed. The Oxford SP library users’ guide, ersion 1.0 Oxford [4] adicati di rozolo and ob ert. arallel conjugate gradien t-lik algorithms for solving sparse nonsymmetric linear systems on ector ultipro cessor. 11:223{23 [5] Saad and Sc ultz. S: generalized minim um residual algorithm for solving nonsymmetric linear systems. :856{86 86 [6] Sleijp en and okk ema stab( for linear equations in olving matrices with complex sp ectrum. 1:11{32, Sleijp en and .A. an der orst. eliable up dated residuals in ybrid i- metho ds. app ear in: [8] Sleijp en and .A. an der orst. ain taining con ergence prop erties of stab metho ds in �nite precision arithmetic. 10:203{223 an. cal coupling in domain decomp osition. trec niv ersit trec (1 5) [10] alian bridging mo del for parallel computation. 33:103{111 [11] .A. an der orst. i- ST fast and smo othly con erging arian of i- for the solution of nonsymmetric linear systems. 13:631{644 [12] an ijzen An analysis of elemen t-b y-elemen preconditioners for nonsymmetric problems. 105:23-40, [13] an ijzen. arallel iterativ solution metho ds for linear �nite elemen compu- tations on the ra T3 Pro ceedings of the urop conference. Springer erlag, 23{ 28, 5. arallel ocean flo comput tions olution the mo del problem. Figure 2: on tour plot of the solution, con tour lines at 0, 5. the llel er orm nce ith the mo del. The program is parallelized according to the ulk Sync hronous arallel SP) programming mo del. In this mo del some assumptions are made on the computer. SP computer con- sists of um er of pro cessors, eac with its wn memory comm unication net ork that pro vides access to other pro cessor’s memories, and mec hanism for global sync hronization ]. No distinction is made in access time et een di eren remote memories. cluster of orkstations, connected via ethernet can regarded SP computer. SP algorithm is comp osed of sup erstep is either computation step or comm unication step. ac step is terminated global sync hronization. The separation of comm unication and sync hronization mak es it ossible use cien one-sided comm unication, lik remote write (’store’) and remote read (’fetc h’) op erations. The cost of sup erstep can expressed in cost function, with as unit the time of oat- ing oin op eration. ery simple cost functions for comm unication and for computation step are giv en in ]. or comm unication step ha (11) ere is the um er of reals to store in remote memory or fetc from remote memory is the time to fetc or store one real, and is the cost of sync hronization (plus latency). or M.B. an Gijzen computation step ha (12) ere is the maxim um amoun of oating oin op erations an pro cessor in sup erstep. analyze the cost of the stab(4) algorithm ha to determine whic sup ersteps are tak en in an iteration. The stab( algorithm can describ ed ho ose an initial guess and some 0, while mxm do for do for do, end for do, end end for do for do enddo end for do end endwhile arallel ocean flo comput tions This do es not includ mo di�cations to impro con ergence and accuracy ], but these mo di�cation require few op erations. simplify the analysis only regard the op erations on the regular grid. On the regular grid all pro cessors ha equal orkload, and the (di cult to mo del) erhead for indirect addressing is less. Accept for scalar op erations, the algorithm is comp osed of four op erations: matrix-v ector pro duct, preconditionin op erations, inner pro duct, and ector up date. The matrix-v ector ultiplication is comp osed of one computation step and one comm unication step. The um er of oating oin op erations is 14 with the um er of gridp oin ts er sub domain. The um er of reals to sen (and receiv ed), is equal to with the um er of oundary no des. This has to done wice for the preconditioner, one time for the bac substitution and one time for the forw ard substitution. The um er of ops is equal to 18 The inner pro duct is comp osed of computation and comm unication steps. Only reals, is the um er of pro cessors, are receiv ed in the �rst comm unication step, and reals are sen in the second comm unication step. In the computation steps ops are erformed. The ector up date op eration requires no comm unication, and ops. Since no comm unication is erformed can regard the ector up date op erations to elong to another (computational) sup erstep, and no sync hronization is required. The comm unications and computations er iteration of the arious op erations are tabulated in able 3. able also giv es the um ers of matv ecs, preconditioning op erations, inner pro ducts and ector up dates in stab(4) iteration. With the results of able matv ec preconditioni ng inner pro duct up date sup er steps 14 18 um er er iteration 22 36 able 3: omputations and comm unication er iteration can comp ose total cost function for stab(4) iteration. The total um er of sup ersteps is 136. The total um er of oating oin op erations is and the total um er of reals to fetc or store is 24 44( 1). or the total cost function get (24 44( 1)) 136 (13) The function giv es the orkload in The �rst term corresp onds to computation, the second to comm unication, and the third to sync hronization. get predictions for the actual computing time ha to ultiply the pro cessor sp eed ha the follo wing parameters in the mo del: and The �rst parameters dep end on the problem and on the domain decomp osition. ha for the um er of oundary oin ts 0, and for the um er of gridp oin ts er domain 45 (1 ). The parameters and are system dep end. ha erformed enc hmarks to determine the alues. able giv es the results. The pro cessor sp eed is appro ximately 1.0 in all measuremen and, of course, sho ws no dep endence on the um er of pro cessors or the parameter and mak the crude simpli�cation to assume linear dep endence on the Benc hmar co de su li ed ob Bisseli ng of the Univ ersit of Utrec 10 M.B. an Gijzen 1.01 85.2 18 1.01 130.8 4452 1.00 156.3 6016 1.00 8.3 865 able 4: easuremen of system dep enden parameters. um er of pro cessors. get the linear least squares curv es 53 21 and 2400 00 om bining all relations get the follo wing cost function 10 (14) This cost function measures in but since the pro cessor sp eed is appro ximately it also giv es the prediction of the actual time in for an iteration. Figure sho ws this cost function and the actual measuremen ts. The actual time er iteration can computed from the data in able 2. The um er of iterations is the um er of matv ecs divided 8. The 2. Time um er of pro cessors measuremen ts predictions Figure 3: easured and predicted times er iteration. predictions are to high. This can (partly) explained ho the enc hmark is carried out. The pro cessor sp eed is determined erforming ector-up date op erations. ut for example an inner pro duct op eration can erformed more cien tly ence the pro cessor is estimated to lo for the analysis as whole. The parameter is estimated for messages of length larger than 1. The inner pro duct op eration requires comm unication with messages of lengh 1. ecause of this, is estimated to high for our analysis. Although the predicted times are to high, the qualitativ eha viour is describ ed ell the SP-mo del.