Functions with Non-isolated Singularities on Singular Spaces

Universiteit Utrecht, The Netherlands

CIP-gegevens Koninklijke Bibliotheek, Den Haag. Jiang Guangfeng.

Functions with Non-isolated Singularities on Singular Spaces, Proefschrift Universiteit Utrecht, -Met lit.opg., -Met samenvatting in het Netherlands, AMS subject classification: 32B05 32C40 32Sxx ISBN 90-393-1764-X.

© Jiang Guangfeng, 1997.

All rights are reserved. Reproduction in whole or in part is prohibited without the written consent of the copyright owner.

FUNCTIONS WITH NON-ISOLATED SINGULARITIES ON SINGULAR SPACES

Functies met Niet-Geïsoleerde Singulariteiten op Singuliere Ruimten

(met een samenvatting in het Netherlands)

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de Universiteit Utrecht, op gezag van de Rector Magnificus, Prof. dr. H. O. Voorma. ingevolge het besluit van het College van Decanen, in het openbaar te verdedingen op Maandag 16 Februari 1998, des middags te 16.15 uur

door

Jiang Guangfeng Geboren op 23 Juli 1959 Te Liaoning, China

Promotor : Prof. Dr. Dirk Siersma

Faculteit der Wiskunde en Informatica

Universiteit Utrecht

Contents

Introduction 1

1 Non-isolated Singularities on Singular Spaces 5 1.1 Preliminaries and the Primitive Ideal . . . . . . . . . . . . . 5 1.2 Finite Determinacy . . . . . . . . . . . . . . . . . . . . . . . 12 1.3 Transversal A_1 Singularities . . . . . . . . . . . . . . . . . . . 15 1.4 Lines on Surfaces with Simple Singularities . . . . . . . . . . 21 1.5 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Conormal Modules and Deformations 41 2.1 Conormal Modules and Primitive Ideals . . . . . . . . . . . . 41 2.2 Deformations of Non-Isolated Singularities . . . . . . . . . . . 55

3 The Topology of Non-isolated Singularities 69 3.1 Topological Properties of the Milnor Fibre . . . . . . . . . . . 69 3.2 A Formula for the Euler Characteristic . . . . . . . . . . . . 90 3.3 Blowing Up Some Line Singularities . . . . . . . . . . . . . . 96

References 109

Acknowledgements 114

Samenvatting in het Nederlands 115

Summary in Chinese 116

Curriculum Vitae 118

v vi CONTENTS

Introduction

We study germs of analytic functions defined on an analytic space X. We mainly pay attention to spaces with isolated singularities, and functions with one dimensional singular loci on the spaces. This is a generalization of the work by Siersma[S3], Pellikaan[P1 and 2], and Bruce and Roberts[BR]. For other references and a short summary of related results see the beginning of each section.

In §1.1 we first recall some basic facts about the subgroups of Aut(C^m , 0) keeping some analytic spaces fixed, and the logarithmic vector fields along the spaces. Then we discuss shortly the definition of functions with non-isolated singularities on a space X. All the function germs on X with singular loci containing a fixed subspace Σ of X are described by the so called primitive ideal. In §1.2 we prove two theorems on the degree of determinacy which will be used in §1.4 and §1.5. Among the non-isolated singularities, important and easily treated are the ones with transversal A_1 type singularity along the branches of their singular loci. In §1.3 we prove some properties of transversal A_1 singularities and a formula for the tangent space of the orbit.

It turns out that some properties of functions with singular loci containing Σ on X depend not only on Σ and X, but also on how Σ lies in X, that is, the relative position of Σ and X. The number λ(ΣX) does give us some information about this, but not always. As an example we, in §1.4, consider the case that Σ is a smooth curve and X a surface with simple singularity. By choosing Σ as the x-axis of the local coordinate system, we obtain the normal forms of the simple surface singularities with respect to Σ. When Σ varies on X, the normal forms of X relative to Σ are different, and also λ(ΣX) changes. This gives a picture about how smooth curves are embedded in a surface with a simple singularity. In doing this we find there is no smooth curve on E_8 type surface singularity. We also give a geometric explanation of the number λ(ΣX). In §1.5, we classify mainly function germs with singular loci a smooth curve

(called line singularities) on surfaces with simple singularities. When λ(ΣX) is minimal, we classify the simple germs on surfaces in C^3 with singularity type A_k. We also consider the classifications of germs with singular loci a smooth curve on (higher dimensional) hypersurfaces with simple singularities. For a Σ on an A_k surface X_k (k > 4) with λ(ΣX_k) not maximal and not minimal, there are no stable germs. We give the normal forms of the functions that have minimal codimensions. This will be helpful later for determining the homotopy type of the Milnor fibre of functions with line singularities on A_k surfaces.

We study the deformations of non-isolated singularities on singular spaces in chapter 2. Practically, to find the generators of the primitive ideal is quite involved, and if X is not a weighted homogeneous icis, it is very difficult, since it is already not easy to find the generator set of D_X . In §2.1 we prove that in some cases, one can easily find the generator set of the primitive ideal. This is related to the study of the conormal module M of the defining ideal of Σ in X. Since X is not smooth, the interesting conormal modules are not free and not torsion free. We find that some properties of the torsion submodule T (M) (its length is called the torsion number) and the torsion free factor module N := M/T (M) of M are important for us, and M, T (M), N, and the primitive ideal ∫ g are closely related. Under some conditions, a formula for the torsion number is given.

In §2.2, we study the relationship of the Jacobian number, the relative Tjurina number, the torsion number and δ_f . The residual critical locus and its image, the residual discriminant, are also studied in this section. When N is a free O_Σ-module, we find useful deformations of a function with singular locus a one dimensional icis on a singular space with icis. The continuity of the Jacobian number under deformations is still an open problem.

The topology of the Milnor fibre F of a function f with non-isolated singularities on X is studied in chapter 3. In §3.1, we first prove results on homology and homotopy bouquet decompositions of the fibre F_s of a good (or an excellent) deformation f_s of f by using the additivity of the vanishing homology and excisions. This helps us to reduce our study of F_s (which is homotopy equivalent to F ) to that of a “smaller” part F^0 of F_s. Then we decompose this F^0 into a union of the so called central type F^c and a number of cells attached to F^c along its transversal slice. With this we can express the Euler characteristic of F by that of F^c and the number of D_∞ and A_1 points. Hence as soon as we know the topology of F^c, we know the topology of the Milnor fibre F of the original function. As applications of the theory, we recover several known results and determine the homotopy type of F when f defines a line singularity on a (hyper)surface X, where X is of A_1, A_2, A_3, A_4, A_5, D_k(k ≥ 4), or E_7 type singularity. And when λ(ΣX) is minimal or maximal, we are able to determine the homotopy type of F when X is a (hyper)surface with A_k type singularity for all k ≥ 1.

In order to have an efficient formula for the Euler characteristic of F in some special cases, we prove a Pellikaan type formula in §3.2 for the Euler characteristic of F when f defines a line singularity on a weighted homogeneous icis and the transversal singularity of f along the line is A_1. By using Singular, a computer program for singularity theory [GPS], this formula is really efficient.

In §3.3 , we consider the blowing ups of certain singularities, and characterize simple line singularities on the A_1 surface by their liftings under the resolution of the surface. We use the resolutions, and sometimes the partial resolutions to determine the 0-connectedness of the Milnor fibre and to compute the Euler characteristic and zeta functions of the Milnor fibres of the singularities.

As an application, we prove that the Milnor fibre F of a function f on a surface X with simple isolated singularity is a bouquet of circles when f defines a line singularity on X and the transversal singularity type of f along Σ is A_1. The number of the circles in F can be calculated by the Euler characteristic χ(F ), which can be calculated by using either the formula in §3.2 or the partial resolution.

4 INTRODUCTION

Chapter 1

Non-isolated Singularities on Singular Spaces

1.1 Preliminaries and the Primitive Ideal

Siersma [S3] has studied function germs on C^m with a fixed line in their singular loci. This has been generalized by Pellikaan in [P1 and 2]. The primitive ideal ∫ g of the defining ideal g of a reduced analytic space Σ ⊂ C^m is exactly the set of function germs having Σ in their singular loci. In this section, we define also the primitive ideal consisting of all function germs on a singular space X having a subspace Σ of X in their singular loci, this is a generalization of [P1 and 2]. We start with a short review of some preliminaries about some subgroups of R := Aut(C^m , 0), the group of all the local automorphisms of

(C^m , 0), as this also serves to fix some notations and conventions which will

be used in the sequel. We refer the reader to [P1] for details.

1.1.1 Let OCm be the structure sheaf of C^m . The stalk OCm_{,0} of OCm at 0 is a local ring, consisting of germs at 0 of analytic functions on C^m . The ring

OCm ,0 is often denoted by Om, O0 or simply by O when no confusion can be

caused. The unique maximal ideal of O_m is denoted by m_m or m. Let O(q) be the local ring of analytic function germs on (C^m , 0) with q parameters: O(q) = {F : (C^m × C^q , 0) −→ C }. So O(q) is isomorphic to O_{m+q}. Let m(q) be the maximal ideal of O(q). Sometimes we identify O with its image in O(q) by the projection germ (C^m × C^q , 0) −→ (C^m , 0).

Let (X, 0) ⊂ (C^m , 0) be the germ of a reduced analytic subspace X of C^m at 0 defined by an ideal h = (h_1, . . . , h_p) of O, generated by h_1, . . . , h_p ∈ O. Let g be the ideal generated by g_1, . . . , g_n ∈ O. The germ of the analytic space defined by g at 0 is denoted by (Σ, 0). Write O_X := O/h and O_Σ := O/g.

1.1.2 Let R =Aut(C^m , 0), and R^e the pseudo-group of analytic isomorphism germs φ : (C^m , 0) −→ C^m . Let R^e(q) = {H : (C^m × C^q , 0) −→ C^m | h_t := H(−, t) ∈ R^e for all t ∈ C^q in a neighborhood of 0}, R(q) = {H ∈ R^e(q) |h_t := H(−, t) ∈ R}. For any ideal i ⊂ O, let R_i = {φ ∈ R | φ^∗i = i}. One can also define R_i(q), R^e_i and R^e_i (q) as in [P1]§2.

Let R_{ΣX} := R_h ∩ R_g , consisting of all φ ∈ R preserving both (X, 0) and (Σ, 0). R^e_{ΣX} = R^e_h ∩ R^e_g , R_{ΣX} (q) = R_h(q) ∩ R_g (q), R^e_{ΣX}(q) = R^e_h (q) ∩ R^e_g (q).

1.1.3 Let Der denote the O-module of germs of analytic vector fields on

C^m at 0. Then Der is a free O-module with^∂_{∂z1} , . . . ,^∂_{∂zm} as basis, where

z_1, . . . , z_m are the local coordinates of (C^m , 0). Der is a Lie algebra with the bracket defined by [ξ, η] := ξη − ηξ for all ξ, η ∈ Der.

Let Der(q) := Der_{OCq} be the OCq derivations of O(q). Der(q) is a free O(q)-module of rank m.

For a germ of analytic space (X, 0) defined by the ideal h, Der_h = {ξ ∈Der| ξ(h) ⊂ h} is the O-module of logarithmic vector fields along (X, 0) which is a Lie subalgebra of Der (see [BR]). When h is a radical ideal defining the analytic space X, Der_h is often denoted by D_X . Geometrically, D_X consists of all germs of vector fields that are tangent to the smooth part of X. When X is a weighted homogeneous icis (isolated complete intersection singularity), one can write down precisely all the generators of D_X (see [W]).

Example Let z_1, . . . , z_m be the coordinates of C^m with weights w_1, . . . , w_m respectively. If X is defined by a weighted homogeneous polynomial h = 0 in

C^m and has an isolated singularity at 0, then DX is generated over O by:

ξ_E =w_1z_1 ∂ ∂z_1 + · · · + w_mz_m ∂ ∂z_1 , the Euler derivation, ξ_{ij} = ∂h ∂z_j ∂ ∂z_i − ∂h ∂z_i ∂ ∂z_j (1 ≤ i < j ≤ m), the trivial derivations, and θ_k =h ∂ ∂z_k , k = 1, . . . , m. □

By [P1]§2, we know that

T R^e_X(q) = { ξ ∈ Der(q) | ξ = m∑ j=1 ξ_j ∂ ∂z_j , ξ_j ∈ O(q), ξ(h) = h } ,

T R_X(q) = { ξ ∈ Der(q) | ξ = m∑ j=1 ξ_j ∂ ∂z_j , ξ_j ∈ mO(q), ξ(h) = h } ,

T R^e_{ΣX} (q) = { ξ ∈ Der(q) | ξ = m∑ j=1 ξ_j ∂ ∂z_j , ξ_j ∈ O(q), ξ(h) = h, ξ(g) = g } ,

T R_{ΣX} (q) = { ξ ∈ Der(q) | ξ = m∑ j=1 ξ_j ∂ ∂z_j , ξ_j ∈ mO(q), ξ(h) = h, ξ(g) = g } . Especially T R^e_X = Der_h = D_X , and

T R_X = { ξ ∈ Der | ξ = m∑ j=1 ξ_j ∂ ∂z_j , ξ_j ∈ m, ξ(h) = h } . Set Θ = T R_{ΣX} = {ξ ∈ Der | ξ(h) ⊂ h, ξ(g) ⊂ g, ξ(m) ⊂ m} .

For f ∈ O we have ideals: J_X (f) = {ξ(f) | ξ ∈ T R^e_X} = {ξ(f) | ξ ∈ D_X } , J_{ΣX} (f) = {ξ(f) | ξ ∈ Θ} , J^0_X (f) = {ξ(f) | ξ ∈ T R_X} and J^e_{ΣX} (f) = {ξ(f) | ξ ∈ T R^e_{ΣX} } .

We call J_X (f) the Jacobian ideal of f. Obviously, when X is the whole space C^m and Σ = {0}, namely, h = {0}, and g = m, then J_X (f) = J(f), the Jacobian ideal of f, and J^0_X (f) = J_{ΣX} (f) = mJ(f).

When X = C^{n+1} and Σ is the x-axis of C^{n+1} , namely, g = (y_1, . . . , y_n), then J_X (f) = J(f) and J_{ΣX} (f) = τ_g(f) := m (_{∂f} ∂x ) + g (_{∂f} ∂y ) (see [S3]).

It is obvious that, for any ξ ∈ Θ, the flow ϕ_t generated by ξ preserves both (X, 0) and (Σ, 0). Namely ϕ_t ∈ R_{ΣX} for all t.

The reader can learn more properties about R_y and Der_y from [P1] and [P2].

1.1.4 Let S = {S_α} be an analytic stratification of X, f : (X, 0) −→

(C , 0) an analytic function germ. If X is smooth, we write Σf for the critical

locus of f. In this case, Σ_f ⊂ V(f) := f^{−1}(0)(see [Lê 1] or [Mi]).

Definition(see [GM] or [Ma] 1.2) The critical locus Σ^S_f of f relative to the stratification S is the union of the critical loci of f restricted to each of the strata S_α, namely, Σ^S_f = ⋃ α Σ_{f |Sα} . For an analytic space X embedded in a neighborhood U of 0 ∈ C^m , there is a logarithmic stratification which we roughly describe in the following (see

[BR] for details): By shrinking U if it is necessary, D_X determines a coherent subsheaf, denoted by D_X , of the sheaf Der_U as an O_U -module. There are a finite number of global sections ξ^j of D_X generating this O_U -module. Since D_X is closed under Lie bracket, they yield an involutive system of vector fields. By Frobenius theorem, U can be decomposed into maximal integral submanifolds of U which form a stratification S_{log} := {X_α}, the logarithmic stratification of U. The following properties of this stratification are of importance:

• For any z ∈ X_α, T_zX_α = {ξ(z) | ξ ∈ D_{X,z}}, where ξ(z) denotes the value of ξ at z;

• If X is pure dimensional, the components of U \ X, and X_{reg} := X \ X_{sing} are logarithmic strata;

• In general, S_{log} is not locally finite. If S_{log} is locally finite, then X is said to be holonomic.

Let X be of pure dimension. The collection {X ∩ X_α | X_α ∈ S_{log}} is a stratification of X which will be called the logarithmic stratification of X in this article. Especially, when X is purely dimensional and has isolated singularity in 0, then {0} and the connected components of X \ {0} form a holonomic logarithmic stratification of X. So 0 is always a critical point of any germ f : (X, 0) −→ (C , 0) relative to this stratification.

Hence for f ∈ m, Σ_f = {p ∈ X | ξ(f)(p) = 0 for all ξ ∈ D_X } is the critical locus of f relative to the logarithmic stratification. Obviously Σ_f = X ∩ V(J_X(f)) (see [Mi] 2.7). If the dimension of Σ_f is not positive, we say that f defines (or has) isolated singularities on X. If the dimension of Σ_f is positive, we say that f defines (or has) non-isolated singularities on X. If Σ_f is one dimensional smooth complex manifold, we say that f defines (or has) a line singularity on X.

Remark that for a morphism f : X −→ C with X a space of pure dimension n + 1, there is an intrinsic way to define Σ_f as the zero set of the n^{th} Fitting ideal, denoted by C_f , of the module of relative Kähler one-forms Ω^1_f . In fact C_f is generated by n × n minors of a presentation matrix of Ω^1_f . We call C_f the critical ideal of f (see [Lo]).

1.1.5 Let f : (X, 0) −→ (C , 0) be an analytic function germ on an anlytic space germ (X, 0) which is locally embedded in C^m . It is known that for a generic linear form l, f + l has only complex Morse singularities on X if f has isolated singularities (see [GM], [BR], [Lê 4]). And for k >> 0, f_k := f + l^{k+1} (the series of f) has Σ_{fk} = Σ_f ∩ l^{−1}(0) if f has non-isolated singularities on X

(see for example [Lê 5], or [Ti 2]). The statements above indicate a question: For what kind of linear form l, f + l ( or even l) defines “bad” singularities on X?

Example 1 Let X : h = xy +^1_2 z^2 = 0, l = ax + by + cz. Then Σ_l is defined by h = ax − by = az − cy = bz − cx = 0. We know that Σ_l = {0} for generic a, b, c. Indeed dimΣ_l > 0 if and only if (a : b : c) satisfies 2ab + c^2 = 0. This equation defines a curve B in P^2(C ). In this case Σ_l is a line on X.

We consider the following question:

Given radical ideals h ⊂ g, defining X and Σ respectively. What is the set of functions on (X, 0) having (Σ, 0) in their singular loci?

Obviously, all functions from g^2 restricted to (X, 0) have (Σ, 0) in their singular loci. However the following example 2 shows that g^2 is too small for answering our question. Namely, there exists function f ∈ g \ g^2 such that Σ ⊂ Σ_f . But this function is not generic in g. By this we mean that if we disturb it in g a little bit, the disturbed function will have isolated singularities on X(see [Lê1,2]).

Example 2 Take h = xy + z^2, g = (y, z), f = y, then f has the x−axis as its singular locus Σ_f . But f_s = f + sy + tz has an isolated singularity in 0 when s, t take generic values.

1.1.6 Definition Let h = (h_1, . . . , h_p) ⊂ g = (g_1, . . . , g_n) be radical ideals of OCm_{,0}, X = V(h), Σ = V(g). Define a subset of O, called the primitive ideal of g: ∫ h g := {f ∈ O | (f) + J_X(f) ⊂ g}.

Example For g = (y, z) ⊂ OC3_{,0}, if h_1 = (z), then ∫ h1 g = (y^2, z), if h_2 = (z^2), then ∫ h2 g = g, and if h_3 = (xy + z^2), then ∫ h3 g = (y, z^2). The images of these primitive ideals under the canonical projection of π : OC3_{,0} −→ O_X =^O_h are (ȳ^2), (ȳ, z̄) and (ȳ) respectively.

1.1.7 Remarks 1) When X is smooth this is the definition of Pellikaan (see [P1 and 2]). It is straightaway to verify that ∫ h g is an ideal of O and one always has g^2 ⊂ ∫ h g ⊂ g and h ⊂ ∫ h g. And for g_i ⊃ h (i = 1, 2), we have ∫ h g_1 ∩ ∫ h g_2 = ∫ h (g_1 ∩ g_2);

2) The ideal ∫ h g depends on the ideal h as well as g (see the example in §1.1.6). In the following we always assume that h and g are radical and ∫ h g is denoted by ∫ X g or ∫ g when no confusion can be caused by this;

3) The singular locus of f is Σ_f := V(J_X(f)) ∩ X, and Σ_f ⊂ f^{−1}(0) if f(0) = 0. If f ∈ ∫ g, then Σ ⊂ X ∩ V(J_X(f)) = Σ_f . Conversely, for f ∈ m, we have f ∈ ∫ g when Σ ⊂ Σ_f and g is radical. The reason is: J_X (f) ⊂ g, and since f takes finite values on Σ_f and 0 ∈ Σ, f|_Σ = 0, so f^k ∈ g for some

k ∈ N. Hence f ∈ g since g is radical;

4) By the Second Exact Sequence (see [H]II 8.12 or [Ma 26.I] ), we have the exact sequence of O_Σ-modules: g g^2 + h δ−→Ω^1_X ⊗ O_Σ −→ Ω^1_Σ −→ 0 (1.1.7.1)

where δ(b̄) = db ⊗ 1 and d : O_X −→ Ω^1_X is the differential of O_X.

When X is smooth, there is also an exact sequence (see [P1 and 2]): 0 −→ g∫ g δ−→Ω^1_X ⊗ O_Σ −→ Ω^1_Σ −→ 0 (1.1.7.2)

This is not the case if X is singular.

Example (This example is due to Pellikaan) Take X : h = xy + z^2 = 0. And Σ is defined by g = (y, z). Then there is a presentation: O_X^{dh}−→O^3_X −→ Ω^1_X −→ 0, where dh = ( y x 2z )_T as a matrix. Tensoring with O_Σ, we have exact sequence O_Σ^{d̄h}−→O^3_Σ −→ Ω^1_X ⊗_{OX} O_Σ −→ 0

where we have d̄h = ( 0 x 0 )_T as a matrix. Hence Ω^1_X ⊗_{OX} O_Σ ∼= O^2_Σ ⊕^{OΣ}_{(x)} .

However Ω^1_Σ ∼= O_Σ and^{gR}_g ∼= O_Σ. Hence (1.1.7.2) is not exact in this case. Note that the morphism δ in (1.1.7.1) is injective (see §2.1.5 Corollary 2). □

1.1.8 If ϕ ∈ R_{ΣX} , then ϕ^∗h ⊂ h, ϕ^∗g ⊂ g. For any f ∈ ∫ X g, we have ϕ^∗(f) ∈ g, J_X (ϕ^∗(f)) = J_X (f ∘ ϕ) = ϕ^∗J_X (f) ⊂ g. Hence R_{ΣX} acts on ∫ X g.

Namely, R_{ΣX} ⊂ R(^R_{X g}) ∩ R_X . Similar results hold for the tangent spaces: T R_{ΣX} ⊂ T R^R_{X g} ∩ T R_X. we do not know when the equalities hold.

1.1.9 By §1.1.8, for f ∈ ∫ g, we have

J^e_{ΣX} (f) ⊂ J_X (f) ∩ ∫ X g and J_{ΣX} (f) ⊂ J^0_X (f) ∩ ∫ X g.

Definition • Call J_{ΣX} (f) + h the tangent space of f; • Define

c(f) = dimC ∫ X g J_{ΣX} (f) + h and c^e(f) = dimC ∫ X g J^e_{ΣX} (f) + h , called the codimension and extended codimension of f on X respectively;

• Call^g_{JX (f )+h} the Jacobian module of f on X, and its dimension over C is called the Jacobian number of f on X and is denoted by

j(f) := dimC g J_X (f) + h . We have c(f) ≥ c^e(f). By Artin-Rees Lemma (cf. [AM]), c(f) < ∞ if and only if c^e(f) < ∞.

Remark that for f ∈ ∫ g, h, g, ∫ g, J_{ΣX} (f), J^e_{ΣX} (f), and J_X(f) are R_{ΣX} - invariant, so are c(f), c^e(f) and j(f).

1.2 Finite Determinacy

The theory of finite determinacy and unfoldings for map germs has been systematically developed by Arnol’d (see e.g. [AGV]) and Mather[M1 and 2]. Damon has made this axiomatic in [D1 and 2]. So whenever one wants to study this theory with respect to some group, the only thing one needs to do is to verify if the group is a geometric one. We shall not do this with our group R_{ΣX} here. Since we need the precise order of determinacy, we, in this section, prove two theorems on the degree of determinacy which will be used in §1.4 and §1.5 for classification.

1.2.1 Definition Let h ⊂ g and X, Σ be the same as in §1.1. 1) Two germs f, g ∈ ∫ X g are R_{ΣX} -equivalent if there exsits a ϕ ∈ R_{ΣX} such that f ∘ ϕ = g on X.

2) A germ f ∈ ∫ X g is k−R_{ΣX} −determined on X in ∫ X g (or k-determined for short) if for any g ∈ ∫ X g with f − g ∈ m^{k+1} ∩ ∫ X g on X, then f and g are R_{ΣX} -equivalent on X;

3) A germ f ∈ ∫ X g is finitely determined if there exists a k ∈ N such that f is k − R_{ΣX} −determined.

1.2.2 By Artin-Rees Lemma (see [AM]), there exists an integer r such that m^{k+r} ∩ ∫ X g = m^k(m^r ∩ ∫ X g) for all non-negative integer k. Let r be the minimal number such that the above equality is true and write M_r = m^r ∩ ∫ X g.

The following theorem is a generalisation of [S3](1.5) and [P1] 6.5 (see also [D1]).

Theorem Let f ∈ ∫ X g, 1) If m^{k+1}M_r ⊂ mJ_{ΣX} (f) + m^{k+2}M_r + h, then f is k + r-determined in ∫ X g;

2) If f is k-determined in ∫ X g, then

m^{k+1} ∩ ∫ X g ⊂ J_{ΣX} (f) + h.

Proof 1) Let g ∈ ∫ g satisfy f − g ∈ m^{k+r+1} ∩ ∫ g = m^{k+1}M_r on X.

Define F (z, t) = f(z) + t(g(z) − f(z)), f_t(z) := F (z, t) ∈ O(1). Embed OCm_{,0} ⊂ O(1), m_m ⊂ m(1). Let

J^∗_{ΣX} (F ) = {ξ(F ) | ξ ∈ T R_{ΣX} (1)} .

1.2. FINITE DETERMINACY 13

It is follows from §1.1 that ξ(g − f) ∈ m^{k+1}_m M_rO(1) + hO(1) for all ξ ∈ T R_{ΣX} (1). Since ξ(f) = ξ(F ) − tξ(g − f) we have J_{ΣX} (f)O(1) ⊂ J^∗_{ΣX} (F ) + m^{k+1}_m M_rO(1) + hO(1) and m^{k+1}_m M_rO(1) ⊂ m_mJ_{ΣX} (f)O(1) + m^{k+2}_m M_rO(1) + hO(1) ⊂ m(1)J^∗_{ΣX} (F ) + m(1)m^{k+1}_m M_r + hO(1).

By Nakayama’s Lemma,

m^{k+1}_m O(1)M_r ⊂ m(1)J^∗_{ΣX} (F ) + hO(1).

Moreover, ∂F ∂t = g − f ∈ ∫ g ∩ m^{k+r+1}_m = m^{k+1}_m M_r.

Hence f − g = ξ(F ) + G for some ξ ∈ ΘO(1) and G ∈ h. Let Φ(x, y, t) be the flow of ξ. Define φ_t(x, y) = Φ(x, y, t) ∈ R_{ΣX} (1), then φ_t ∈ R_{ΣX} (see [P1]). Thus f = f_0 = f_t ∘ φ_t on X for all small t. By continuous induction over the interval [0, 1], we find that g = f_1 and f = f_0 are R_{ΣX} −equivalent.

2) Note that f + m^{k+1} ∩ ∫ g + h ⊂ R_{ΣX} (f), the R_{ΣX} -orbit of f. Taking the tangent space at f and identifying T_f O with O, we can get

m^{k+1} ∩ ∫ g ⊂ T_f (R_{ΣX} ) = J_{ΣX} (f) + h

since m^{k+1} ∩ ∫ g is a C -vector space. □

1.2.3 Corollary c(f) < ∞ if and only if f is finitely determined. □

1.2.4 In §1.4 we will consider all the surfaces contain a fixed line Σ and an equivalence defined by all the coordinate transformations which preserve the fixed line. We recall some notations from [S3]. Let g = (y_1, . . . , y_n) defines the x-axis Σ of C^{n+1} . Consider the action of R_Σ on mg. As in §1.2.1, two germs f, g ∈ mg are called R_Σ-equivalent if there exists a ϕ ∈ R_Σ such that f = g ∘ ϕ. A germ f ∈ mg is called k − R_Σ-determined in mg if for each g ∈ mg with f − g ∈ m^{k+1} ∩ g = m^kg, f and g are R_Σ-equivalent.

It is easy to prove the following theorem:

Theorem If m^kg ⊂ mτ_g(f) + m^{k+1}g, then f is k − R_Σ-determined, where

τ_g (f) = m ( ∂f ∂x ) + g ( ∂f ∂y_1 , . . . , ∂f ∂y_n )

is the tangent space of the R_Σ-orbit R_Σ(f) at f. □

1.3 Transversal A_1 Singularities

For a function with non-isolated singularities, there are transversal singularities defined along branches of its singular locus. When X is smooth, Siersma [S3] and Pellikaan[P1, 2 and 4] have studied non-isolated singularities with transversal type A_1. T. de Jong [deJ] has studied line singularities with transversal type A_2, A_3, D_4, E_6, E_7, and E_8. In this section we prove that some results of Pellikaan and Siersma on transversal A_1 singularities remain true when the space X is singular.

1.3.1 Definition Let (X, 0) be the germ of a reduced analytic space with isolated singularity in 0. Let Σ be a reduced curve germ on (X, 0) defined by g and have isolated singularity in 0. A germ f ∈ ∫ g is called a transversal A_1 singularity along Σ on X if its singular locus Σ_f = Σ, and, for P ∈ Σ \ 0, f has only A_1 singularity transversal to the branch of Σ \ 0 containing P ( see [S3], [P1]).

1.3.2 Proposition For f ∈ ∫ X g, the following statements are equivalent:

1) f is a transversal A_1 singularity along Σ on X; 2) j(f) < ∞; 3) c(f) < ∞; 4) f is finitely determined in ∫ X g.

1.3.3 Example Before proving the proposition, we consider the smooth case which is essential for the proof of proposition 1.3.2. Let x, y_1, . . . y_s, z_1, . . . , z_t be the coordinates of C^m , m = s + t + 1. Let h = (z_1, . . . , z_t) and g = (y_1, . . . , y_s)+ (z_1, . . . , z_t) define subspace X = C^{s+1} ⊂ C^m and the x-axis Σ respectively. Then ∫ X g = (y_1, . . . , y_s)^2 + (z_1, . . . , z_t).

For f ∈ ∫ X g, we have

J_X (f) = { ξ(f) | ξ ∈ T R^e_h }

= { ξ(f) | ξ = ξ_0 ∂ ∂x + s∑ i=1 η_i ∂ ∂y_i + t∑ j=1 ζ_j ∂ ∂z_j , ζ_j ∈ h }

= ( ∂f ∂x , ∂f ∂y_1 , . . . , ∂f ∂y_s ) + h ( ∂f ∂z_1 , . . . , ∂f ∂z_t ) ,

J^0_X (f) = {ξ(f) | ξ ∈ T R_h} = { ξ(f) | ξ = ξ_0 ∂ ∂x + s∑ i=1 η_i ∂ ∂y_i + t∑ j=1 ζ_j ∂ ∂z_j , ξ_0, η_i ∈ m, ζ_j ∈ h }

= m ( ∂f ∂x , ∂f ∂y_1 , . . . , ∂f ∂y_s ) + h ( ∂f ∂z_1 , . . . , ∂f ∂z_t ) . In the case of t = 0, we have J_X(f) = J(f) and J^0_X (f) = mJ(f). We also have: J^e_{ΣX} (f) = {ξ(f) | ξ ∈ T R^e_{ΣX} } = { ξ(f) | ξ = ξ_0 ∂ ∂x + s∑ i=1 η_i ∂ ∂y_i + t∑ j=1 ζ_j ∂ ∂z_j , η_i ∈ g, ζ_j ∈ h }

= ( ∂f ∂x ) + g ( ∂f ∂y_1 , . . . , ∂f ∂y_s ) + h ( ∂f ∂z_1 , . . . , ∂f ∂z_t ) ,

J_{ΣX} (f) = {ξ(f) | ξ ∈ T R_{ΣX} } = { ξ(f) | ξ = ξ_0 ∂ ∂x + s∑ i=1 η_i ∂ ∂y_i + t∑ j=1 ζ_j ∂ ∂z_j , ξ_0 ∈ m, η_i ∈ g, ζ_j ∈ h }

= m ( ∂f ∂x ) + g ( ∂f ∂y_1 , . . . , ∂f ∂y_s ) + h ( ∂f ∂z_1 , . . . , ∂f ∂z_t ) . From these we have: g J_X (f) + h ∼= (y^1, . . . , y^s)O^{s+1} (^{∂f̄}_{∂x} ,^{∂f̄}_{∂y1} , . . . ,^{∂f̄}_{∂yn} )O_{s+1} , ∫ g J_{ΣX} (f) + h

∼= (y^1, . . . , y^s)^2O^{s+1} m_{s+1}(^{∂f̄}_{∂x} ) + (y_1, . . . , y_s)(^{∂f̄}_{∂y1} , . . . ,^{∂f̄}_{∂yn} )O_{s+1} , where f̄ is the restricted function of f on C^{s+1} . These coincide with the formulae for f̄ in [S3].

1.3.4 Proof of 1.3.2 We take representatives for every germs involved. Define sheaves of O-modules F^1 and F^2 as follows:

F^1(U) = g J_X(f) + h

, F^2(U) = ∫ g J_{ΣX} (f) + h , where U is an open neighbourhood of 0 in C^m , and g, ∫ g, h, J_X and J_{ΣX} are considered as modules over O(U).

By a version of the Nullstellensatz for coherent sheaves (see e.g. [Wa1](2.2)) and example 1.3.3, one can easily prove 2) ⇐⇒ 1) ⇐⇒ 3). The point is to investigate when the sheaves are supported in {0}. 3) ⇐⇒ 4) is Corollary 1.2.3. □

1.3.5 Proposition Let h and g be the same as in 1.3.1. If f ∈ ∫ X g is a transversal A_1 singularity along Σ on X, then

J^e_{ΣX} (f) = J_X (f) ∩ ∫ X g, J_{ΣX} (f) = J^0_X (f) ∩ ∫ X g, and c^e(f) ≤ j(f). Proof By 1.1.9,

J^e_{ΣX} (f) ⊂ J_X(f) ∩ ∫ X g and J_{ΣX} (f) ⊂ J^0_X (f) ∩ ∫ X g. Take a neighborhood U of 0 in C^m such that X ∩ U is defined by analytic functions h_1, . . . , h_p in U, and U ∩Σ is defined by analytic functions g_1, . . . , g_n in U. Let H be the ideal sheaf of X ∩ U generated on U by h_1, . . . , h_p, G the ideal sheaf of Σ ∩ U generated on U by g_1, . . . , g_n. Let U be so small that the representatives of the generators ξ^1, . . . ξ^s of O-module D_X are well defined and generate a sheaf denoted by D_X . There is a presentation of D_X as Omodules O^{s π}−→D_X −→ 0 (1.3.5.1) and by tensoring with O_Σ we get

O^s_Σ^π−→D_X ⊗ O_Σ −→ 0 (1.3.5.2)

as O_Σ-modules, where π is defined by π(λ_1, . . . , λ_s) =^s ∑ j=1 λ_jξ^j . Let ∫ G be the sheaf defined by ∫ g and f ∈ ∫ G represents f ∈ ∫ g. Let sheaves J^e_{ΣX} (f), J_{ΣX} (f), J_X(f) and J^0_X(f) be defined by ideals J^e_{ΣX} (f), J_{ΣX} (f), J_X (f) and J^0_X (f) respectively.

Since f ∈ ∫ G, we have ξ^j (f) =^n ∑ k=1 φ_{jk}g_k, with φ_{jk} ∈ O, j = 1, . . . , s, k = 1, . . . n. We get matrices φ = φ_{11} · · · φ_{s1} · · · · · · · · · φ_{1n} · · · φ_{sn} , D^2_f = ξ^1ξ^1(f) · · · ξ^1ξ^s(f) · · · · · · · · · ξ^sξ^1(f) · · · ξ^sξ^s(f) ,

D_g = ξ^1(g_1) · · · ξ^1(g_n) · · · · · · · · · ξ^s(g_1) · · · ξ^s(g_n) .

These matrices define mappings:

φ : O^s_Σ −→ O^n_Σ, D^2_f : O^s_Σ −→ O^s_Σ, D_g : O^n_Σ −→ O^s_Σ.

D^2_f and D_g induce mappings:

d^2_f : D_X ⊗ O_Σ −→ D_X ⊗ O_Σ, d_g : O^n_Σ −→ D_X ⊗ O_Σ. Since for any λ = (λ_1, . . . , λ_s) ∈ O^s_Σ, we have

ξ^j (_s ∑ i=1 λ_iξ^i(f) ) ≡ s∑ i=1 λ_iξ^j ξ^i(f) ( mod g).

-

- ? ? ? ?

QQ QQs QQ QQs ææ ææ¿ O^s_Σ O^s_Σ

D_X ⊗ O_Σ D_X ⊗ O_Σ

O^n_Σ

0 0

D^2f

d^2f π π φ

d_g

D_g

Diagram 1.3.1

It follows that diagram 1.3.1 is commutative, where π(λ) =^s ∑ j=1 λ_j ξ^j for λ = (λ_1, . . . , λ_s) ∈ O^s_Σ, and the vertical sequences are exact. By taking Hom_{OΣ} , we get commutative diagram 1.3.2.

-

- ?

? ?

?

QQ QQs QQ QQQs � �`

Hom(D_X ⊗ O_Σ, O_Σ) Hom(D_X ⊗ O_Σ, O_Σ)

Hom(O^s_Σ , O_Σ) Hom(O^s_Σ, O_Σ)

Hom(O^n_Σ, O_Σ)

0 0

(d^2f)^∗

(D^2f)^∗ π^∗ π^∗

(d_g)^∗

φ^∗ (D_g)^∗

Diagram 1.3.2

Now we mimic Pellikaan’s arguments. Note that (Ker(d_g)^∗) ⊂ (Ker(d^2f)^∗). For P ≠ 0, f has only transversal A_1 singularity at P , hence (Ker(d^2f)^∗)_P = (Ker(d_g)^∗)_P . Let ũ ∈ Ker(d^2f)^∗ ⊂ Hom(D_X ⊗ O^s_Σ, O^s_Σ).

Outside the origin, we have (d_g)^∗(ũ) = 0. Let u = π^∗(ũ), then (D_g)^∗(u) = 0. Namely the composition function:

Σ^u−→ C^{s (Dg)∗}−→ C^n is zero outside the origin. Hence (D_g)^∗(u) = 0 everywhere. This proves Ker(d_g)^∗ ⊃ Ker(d^2f)^∗.

Let ψ = ζ(f) ∈ J_X (f) ∩ ∫ g for some ζ =^s ∑ k=1 u_kξ^k ∈ D_X . Since f ∈ ∫ g, we have ξ^k(f) ∈ g. Since ψ ∈ ∫ g, ξ^j (ψ) ≡ s∑ k u_kξ^j ξ^k(f) ≡ 0 ( mod g).

So if we view u as an element in Hom(D_X ⊗ O_Σ, O_Σ) such that u (_s ∑ k=1 λ_kξ^k ) = s∑ k=1 λ_ku(ξ^k) = s∑ k=1 λ_ku_k, then u ∈ Ker(d^2f)^∗ = Ker(d_g)^∗. So for any t = (t_1, . . . , t_n) ∈ O^n_Σ, we have

0 ≡ (d_g)^∗(u)(t) = u(π(D_g(t))) ≡ u [_s ∑ k=1 (_n ∑ j=1 t_jξ^k(g_j) ) ξ^k ]

≡ n∑ j=1 t_j (_s ∑ k=1 u_kξ^k(g_j ) ) ( mod g).

Hence ζ(g_j) = s∑ k=1 u_kξ^k(g_j ) ∈ g (j = 1, . . . n) and ζ = s∑ k=1 u_kξ^k ∈ D_Σ ∩ D_X .

This proves ψ ∈ J^e_{ΣX} (f).

The other equality can be proved similarly. Since (J_X (f) + h) ∩ ∫ g = J_X (f) ∩ ∫ g + h = J^e_{ΣX} (f) + h, we have g J_X (f) + h ⊃ J_X (f) + h + ∫ g J_X(f) + h = ∫ g J^e_{ΣX} (f) + h . This proves the inequality. □

1.4 Lines on Surfaces with Simple Singularities

Simple (hyper)surface singularities have been known for long time since they occur in several different situations. They have at least fifteen characterizations (see [Du]). One often describes them by the normal forms of their defining equations in a certain coordinate system. This has been done by Siersma [S1 and 2] and Arnol’d (see e.g. [AGV]). The idea is to classify all the surfaces that contain the origin 0 by the right equivalence defined by the group R, consisting of all the coordinate transformations preserving 0. Among the equivalence classes are those without parameters in their normal forms, called the simple surface singularities, or the A − D − E singularities.

In this section, we take a different but similar point of view toward two dimensional hypersurface singularities. Take a line Σ as the x-axis of the coordinate system in C^3 , classify all the surfaces that contain Σ under the equivalence defined by the subgroup R_Σ of R, consisting of all the coordinate transformations preserving Σ. Choosing different lines on a surface X (if there exist) as the x-axis, we look at the normal forms of X. This classifies the lines on the surface X. We give an R_Σ invariant λ to tell the differences between the lines. In our case, this λ is equal to the torsion number, which will be defined and studied in §2.1.

1.4.1 Lines on singular spaces Let Σ be a smooth curve in C^{n+1} . Since locally Σ is isomorphic to a line, we often say that Σ is a line. Let X be a singular space embedded in C^{n+1} . For a singular point O ∈ X_{sing}, if there exists a line (smooth curve) Σ in C^{n+1} such that O ∈ Σ and Σ \ {O} ⊂ X_{reg}, we say that X contains (or has ) smooth curve passing through O. Very often, we say that X contains (or has) a line passing through O.

Let R_Σ be the group of all the automorphisms of C^{n+1} that preserve Σ. Take Σ as the x-axis in C^{n+1} , then the defining ideal of Σ is g := (y_1, . . . , y_n), and R_Σ = {ϕ ∈ R | ϕ^∗g ⊂ g}. It has an action on mg from the right hand side. This defines an equivalence relation on mg. The usual machinery for subgroups of R applies:

a) There is a theorem on the determinacy degree with respect to R_Σ and mg (cf. §1.2.4);

b) A natural concept of R_Σ-codimension.

Moreover, for a germ h ∈ mg, there exists also the next natural R_Σinvariant λ := λ(h) = dimC O J(h) + g , where J(h) is the Jacobian ideal of h. Note that 1 ≤ λ(h) ≤ μ(h), where μ(h) is the Milnor number of h.

Remark We will return to this λ = λ(h) in §2.1. In case Σ is a line on an icis X, we will show that λ is equal to the torsion number ϱ(ΣX) of Σ and X, which is the length of the torsion submodule of the conormal module M of ḡ in the ring O_X . Moreover, λ only depends on Σ and X. Hence very often we denote λ by λ(ΣX), and call it the torsion number.

1.4.2 Lines on singular surfaces On a singular surface X one can not always find a line passing through (not contained in) the singular locus of X. Gonzalez-Sprinberg and Lejeune-Jalabert [GL1,2], by using resolutions of singularities, have proved a criterion for the existence of lines on X (see §3.3.1 for a quotation of this criterion). Especially, on surfaces with A_k, D_k(k ≥ 4), E_6 or E_7 type singularity, there exist lines passing through the singular point. In fact one can find easily lines on this kind of surfaces simply by looking at the defining equations. But it is not easy to tell how many different lines there are on a surface, and what kind of invariants can be used to tell the differences. The hardest thing is to prove the non-existence of smooth curve on E_8 type surface (loc.cit.).

1.4.3 Simple surface singularities Let X be a surface germ with isolated singularity at the origin. The singularity of X is simple if and only if X can be defined in a neighborhood of the origin in C^3 by the following equations(see e.g. [S2]):

A_k : x^{k+1} + y^2 + z^2 = 0 (k ≥ 0) D_k : x^2y + y^{k−1} + z^2 = 0 (k ≥ 4) E_6 : x^4 + y^3 + z^2 = 0 E_7 : x^3y + y^3 + z^2 = 0 E_8 : x^5 + y^3 + z^2 = 0

The left hand sides of the equations are called the normal forms of the simple (or A-D-E) singularities.

1.4.4 Classification of lines on surfaces with simple singularities We are going to prove the main result of this section.

Theorem A surface X ⊂ C^3 with a simple isolated singularity contains a line passing through its singular point if and only if it is of type:

A_k (k ≥ 1), D_k (k ≥ 4), E_6, or E_7.

Moreover, if we choose the singular point of X as the origin and the line Σ on X as the x-axis in C^3 , that is, Σ is defined by the ideal g = (y, z), then the defining equation of X is R_Σ-equivalent to one of the equations in table 1.

Table 1 : Simple Singularities Passing Through x-axis

Type of X

Equations λ Name

A_k (k≥1) xy + z^{k+1} = 0 or x^ly + x^{s+1}z^2 + yz = 0 (k = 2l + s, l ≥ 2, s ≥ 0), or x^ly + y^2 + z^2 = 0 (k = 2l − 1, l ≥ 2)

1 l l

A_{k,1} A_{k,l} A_{k,l}

D_k (k≥4)

x^2y + y^{k−1} + z^2 = 0 or x^2y + xz^2 + y^2 = 0 or x^ly + xy^2 + z^2 = 0 (k = 2l, l ≥ 3), or x^ly + xz^2 + y^2 = 0 (k = 2l + 1, l ≥ 3)

2 2 l l

D_{k,2} D^∗_{5,2} D_{k,l} D_{k,l} E_6 x^2z + y^3 + z^2 = 0 2 E_6 E_7 x^3y + y^3 + z^2 = 0 3 E_7

Proof It is just classifying the simple singularities again by choosing all the coordinate transformations in R_Σ. To see the flavor of the computation, we only give the beginning of it.

All the functions having x-axis Σ in their zero sets and the origin in their singular loci form the ideal (y, z)m of O. The group R_Σ acts on (y, z)m. We consider the classification of germs in (y, z)m under the equivalence defined by R_Σ. For any h ∈ (y, z)m, we consider the 2-jet of h:

j^2h = 2a_{12}xy + 2a_{13}xz + a_{22}y^2 + 2a_{23}yz + a_{33}z^2, a_{ij} = a_{ji}

Let r be the rank of the coefficient matrix A := (a_{ij}) of j^2h. If r = 3, then (a_{12}, a_{13}) ≠ 0, by exchanging y and z, we can assume a_{12} ≠ 0.

Then j^2h^{RΣ}↭ xy + az^{2 RΣ}↭ xy + z^{2 R}↭ A_1

(we still use x, y, z to denote the new coordinates).

If r = 2, there are two cases to be treated.

First case: (a_{12}, a_{13}) ≠ 0. By exchanging y and z, we can assume a_{12} ≠ 0. Then j^2h^{RΣ}↭ xy. We consider higher order jet of h. We find that j^{k+1}h^{RΣ}↭ xy + az^{k+1} which, by theorem 1.2.4, is (k + 1)-R_Σ-determined in (y, z)m, R_Σ-equivalent to xy + z^{k+1}, which in turn is R-equivalent to A_k, if a ≠ 0.

Second case: (a_{12}, a_{13}) = 0. Since r = 2, j^2h^{RΣ}↭ yz. Consider the 3-jet of h:

j^3h^{RΣ}↭ yz + a_1x^2y + b_1x^2z

• a_1b_1 ≠ 0: j^3h^{RΣ}↭ yz + x^2y + x^2z^{RΣ}↭ x^2y + y^2 + z^2, which is 4-R_Σdetermined in (y, z)m, and R-equivalent to A_3.

• a_1b_1 = 0, (a_1, b_1) ≠ 0: by exchanging y and z, we can assume j^3h^{RΣ}↭ yz + x^2y which is not finitely R_Σ-determined in (y, z)m. If we consider higher order jet step by step, we get

j^{k+1}h^{RΣ}↭ yz + x^2y + ax^kz (k ≥ 3)

which, if a ≠ 0, is (k + 1)-R_Σ-determined in (y, z)m, R_Σ-equivalent to yz + x^2y + x^kz which is R-equivalent to A_{k+1}.

• (a_1, b_1) = 0: j^3h^{RΣ}↭ yz, consider the higher order jet of h.

If r = 1, we only find those R-simple germs that are R-equivalent to D_k (k ≥ 4), E_6 or E_7.

E_8 does not appear in the list. An intuitive reason for this is that one can bring the 4-jet of the E_k (k ≥ 7) singularities into the normal form:

z^2 + y^3 + ax^3y.

In case a ≠ 0, one has E_7, otherwise, there is no term x^4, so one can never get E_8.

One can easily calculate the λ(h): λ(h) = 1, l or

[_{k+1} 2 ] when h defines an A_k surface, λ(h) = 2 or [_k 2 ] when h defines a D_k surface, and so on. □

1.4.5 The classification tree In order to give an outline of the classification we include the the classification tree. Note that this table contains only some of the adjacencies.

c_Σ(f) 0

1

2

3

4

5

6

7

8 . .

The Classification Tree

A_{1,1} 6 A_{2,1} 6 A_{3,1} 6 A_{4,1} 6 A_{5,1} 6 A_{6,1} 6 A_{7,1} 6 A_{8,1} 6 A_{9,1} 6_. .

@@I_{A3,2} 6 A_{4,2} 6 A_{5,2} 6 A_{6,2} 6 A_{7,2} 6 A_{8,2} 6 A_{9,2} 6_. .

@@I_{A5,3} 6 A_{6,3} 6 A_{7,3} 6 A_{8,3} 6 A_{9,3} 6_. .

@@I_{A7,4} 6 A_{8,4} 6 A_{9,4} 6_. . @@I_{A9,5} 6_. .

XXXXX

XXXXX

XXXXX XXy D_{4,2} 6 D_{5,2} 6 D_{6,2} 6 D_{7,2} 6 D_{8,2} 6 D_{9,2} 6_. .

@@I_{D∗5,2} 6 D_{6,3} 6 D_{7,3} 6 D_{8,4} 6 D_{9,4} 6_. .

@@I_{E6} AA AA AAK E_7 6

1.4.6 Remarks 1) There is only one class of smooth curves on A_1 (see also example 1 in §1.1.5), A_2, D_4, E_6 and E_7 surface. There exists two classes of smooth curves on D_5 surface with the same λ = 2. In §3.1, we will use the Milnor number of the stable germs to tell the differences between the two classes of smooth curves on D_5;

2) There exist

[_{k+1} 2 ] classes of smooth curves on surfaces with A_k (k ≥ 3) type isolated singularties. On D_k (k ≥ 6) surfaces there are two classes of smooth curves. The number λ tells the differences of the smooth curves on these surfaces.

3) As a corollary of our calculation in the classification, we know the nonexistence of smooth curve on surface with E_8 type isolated singularity.

4) All the normal forms of the germs in table 1 are also R_Σ-simple. And all the R_Σ simple germs with isolated singularities in m(y, z) are contained in table 1. One may expect that the codimension of the germs under the R_Σ action would depend on Σ, this in fact is not the case:

c_Σ(h) := dimC (y, z)m τ_g (h)

does not depend on the position of Σ and X. This is a surprise for us.

5) It should be interesting to classify smooth curves on non-simple surfaces.

1.4.7 About λ(h) For h ∈ (y, z)m with isolated singularity at 0, there exists a deformation of h in (y, z)m such that for generic parameters, the deformed function has only A_1 type critical points. Geometrically, λ(h) is the intersection multiplicity of Σ with the critical locus of h. Is λ(h) a constant with respect to the deformation? The answer is negative in general.

Let λ^′(X) denote the number of A_1 points sitting on Σ of a generic deformation of X. A calculation shows that λ^′(A_{k,1}) = 1, λ^′(A_{2l+s,l}) = 1, λ^′(A_{2l−1,l}) = l, λ^′(D_{k,2}) = 2, λ^′(D^∗_{5,2}) = 1, λ^′(D_{2l,l}) = l, λ^′(D_{2l+1,l}) = 1, λ^′(E_6) = 2, λ^′(E_7) = 3.

We observe that λ(h) is the maximal number of A_1 points of h_s sitting on Σ, where h_s is a generic deformation of h in (y, z)m.

1.5 Classification

Classification of singularities is one of the central topics in singularity theory. Given an equivalence relation on some space of function (map) germs, one wants to know the representatives of the equivalence classes (or the normal forms of the germs in the classes). Under right equivalence and rightleft equivalence, Siersma([S1] and [S2]) has classified the function germs with codimension not greater than 8. At the same time, Arnol’d also gave this classification and extended it later (see e.g. [AGV]). Among the normal forms are those without parameter, called simple germs which are important singularities and enjoy many interesting properties (see [Du]). Dimca[Di] and Lyashiko[Ly] have studied simple function germs with isolated singularities on hypersurfaces (see §3.3.6 for a quotation), and obtained lists of classifications. Tibăr[Ti] has obtained some normal forms of function germs on a hypersurface with A(k) type non-isolated singularities. M. Zaharia [Za] has studied simple function germs with isolated singularities on arrangements of hyperplanes. Goryunov[Go] has classified functions on space curves.

When the space is smooth, Siersma has found all the simple germs with singular locus a smooth curve in [S3], and a plane curve with A_1 singularity in [S4]. A. Zaharia [Z1] has found all simple germs when the singular locus is a smooth manifold of dimension 2 or codimension 2.

The purpose of this section is to generalize a list of Dimca-Lyashiko to the non-isolated case. That is to classify simple functions with a smooth curve Σ as the singular locus, called line singularities, on X when X is A_k, D_k, E_6, or E_7 type two dimensional hypersurface singularity. The smooth curves on these surfaces have been described in §1.4. Especially when λ(ΣX) is minimal, we classify all the simple germs on A_k surfaces in C^3 . We also consider the classifications for functions with singular locus a smooth curve on (higher dimensional) hypersurfaces with simple singularities.

It turns out that there exist no simple germs with singular locus a line Σ on a A_k (k > 4) surface X_k when (k > 4) and 1 < λ(ΣX_k ) <

[_{k+1} 2 ] . We list the germs with minimal codimensions in these cases. They will be used in chapter 3 to determine the homotopy type of the Milnor fibres.

1.5.1 We consider the right equivalence relation defined by R_{ΣX} on germs in ∫ g (as functions on X). A germ f ∈ ∫ g is R_{ΣX} −stable (or stable if no confusion can be caused by this) if c(f) = 0. We call f to be R_{ΣX} −simple (or simple if no confusion can be caused by this) if c(f) < ∞ and any deformation of f f̃ : (C^{n+1} × C^s , 0) −→ (C , 0)

cuts only a finite number of R_{ΣX} −orbits of ∫ g when u is sufficiently small, where f̃(−, u) ∈ ∫ g, and f̃(z, 0) = f(z).

1.5.2 In the computations, the following lemma is used time after time. Even though the statement is standard, we still like to state it in our version. The proof of it is very similar to that of [S2](2.2) and (2.8), we omit it.

Lemma Let f_t = f +tϕ ∈ ∫ X g be a one parameter family of germs defined on (X, 0) for t in a connected domain I ⊂ C . Let f_t ∈ ∫ X g for all t ∈ I, t_0 ∈ I.

1) If ϕ ∈ J_{ΣX} (f_t) + h, then f_t is R_{ΣX} -equivalent to f_{t0} for all t ∈ I; 2) If ϕ /∈ J_{ΣX} (f_t) + h for every t ∈ I, then for any t_0 ∈ I, there exists an ϵ > 0 such that whenever 0 <| t − t_0 |< ϵ, f_t is not R_{ΣX} -equivalent to f_{t0} . Namely f_t is not R_{ΣX} −simple for any t ∈ I.□

1.5.3 Theorem Let X_k ⊂ C^3 be an A_k singularity defined by h = xy + z^{k+1} = 0 and g = (y, z), that is, λ(ΣX) is minimal. Then all R_{ΣX} -simple germs in ∫ g on X_1 are contained in table 2, and all R_{ΣX} -simple germs in ∫ g on X_k (k > 1) are contained in table 3, where d(f) is the determinacy degree of germ f, χ(F ) is the Euler characteristic of the Milnor fibre F of f (see §3.2 or §3.3), and μ(f) is the Milnor number of f, that is, the number of circles in the bouquet decomposition of F .

Note that all the germs are weighted homogeneous. The notations D_∞ and J_{k,∞} has been used by Siersma[S3] where D_∞ and J_{1,∞} are equivalent. In our case A_1J_{1,∞} and A_1D_∞ are not equivalent.

Table 2 : Non-Isolated Simple Germs on A_{1,1} Surface

Name

Normal form of f weights

w_0,w_1,w_2 c(f) d(f) j(f) χ(F ) μ(f) A_1A_∞ y 1,1,1 0 1 0 1 0

A_1A_l y^{l+1} + z^2 (l ≥ 1) 2l,2, 2(l+1)

l l + 1 l + 1 −l − 1 l + 2 A_1J_{l,∞} yz + x^lz^2 (l ≥ 1) 1,2l+1, l+1 l + 1 l + 2 2l + 2 −3l − 2 3l + 3

A_1D_∞ y^2 + xz^2 2, 4, 3 3 3 5 −6 7

Table 3 : Non-Isolated Simple Germs on A_{k,1} Surfaces

Name

Normal form of f

Type of X c(f) d(f) j(f) χ(F ) μ(f) A_kA_∞ y + z^2 A_{k,1} 0 1 1 −1 2 A_kA_l y^{l+1} + z^2 (l ≥ 1)

A_{k,1} l l + 1 l + 1 −l − 1 l + 2 A_2J_{l,∞} y + x^lz^2 (l ≥ 1)

A_{2,1} l l + 2 2l + 1 −3l − 1 3l + 2

A_3D_∞ y + xz^2 A_{3,1} 1 3 4 −5 6

Remark For the computations of χ(F ), we have two ways: using the A’Campo type formula (see [A’C] and [Ti3]) by resolutions of the singularities (see §3.3), and using the formula of §3.2 and Singular, a computer program developed by G.-M. Greuel, G Pfister and H. Schoenemann[GPS]. In fact, we prove in §3.1.13 that the Milnor fibre of a function f with singular locus a line Σ on an A_k surface X_k is homotopy equivalent to a bouquet of circles when λ(ΣX) is minimal and j(f) < ∞. Then one can calculate the Milnor number μ(f) = 1 − χ(F ), or use the results in §3.1.13. (cf. §3.3.7 for more general statement).

Proof Since h = (xy + z^{k+1}) defines a weighted homogeneous icis, by [W] or [BR], we know that D_X is generated as O-module by (see the example in §1.1.1)

ξ_0 =kx ∂ ∂x + y ∂ ∂y + z ∂ ∂z , ξ_1 =x ∂ ∂x − y ∂ ∂y , ξ_2 =(k + 1)z^k ∂ ∂x − y ∂ ∂z , ξ_3 =(k + 1)z^k ∂ ∂y − x ∂ ∂z , ξ_4 =h ∂ ∂x , ξ_5 =h ∂ ∂y , ξ_6 = h ∂ ∂z . Hence ideal J_{ΣX} (f) + h is generated by ξ_0(f), ξ_1(f), ξ_2(f), yξ_3(f), zξ_3(f), and h. Note that ∫ g = (y, z^2) and

m^{l+2} ∩ ∫ g = m^{l+2} ∩ (y, z^2) = m^l(m^2 ∩ (y, z^2)) = m^l(m^2 ∩ ∫ g). So the determinacy condition in theorem 1.2.2 is

m^{l+1}M_2 ⊂ mJ_{ΣX} (f) + h + m^{l+2}M_2 =⇒ f is (l + 2) − determined in ∫ X g. We only give the detailed classification of the germs on A_1 singularity here.

A similar program will do the job for germs on X_k(k ≥ 2) and gives table 3.

It is easy to compute, for every germ f in Table 2 and Table 3, R X g J_{ΣX} (f )+h , the

weights, c(f), j(f) and the degree of determinacy. Notice that all ϕ ∈ R_{ΣX} should take the form (in local coordinates )

j^1ϕ :

x^′ ∘ ϕ = a_{00}x+ a_{01}y +a_{02}z y^′ ∘ ϕ = a_{11}y z^′ ∘ ϕ = a_{21}y +a_{22}z (1.5.3.1) such that ϕ^∗(h) = (h), namely h ∘ ϕ = uh, where u is a unit.

Our proof consists of four steps. Step 1: Let f ∈ ∫ g = (y, z^2). Then f = ay + bz^2 for a, b ∈ O. Take one jet, j^1f = a(0)y.

If a(0) ≠ 0, let ϕ : x = a(0)x^′ y =^1_{a(0)} y^′ z = z^′

q qqq qqqqq qqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqq qqq q q qqq qqqqq qqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqq qqq q q qqqqqq qqqqqq qqqqqq qqqqq qqqqqq qqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqq

y -^y @@ @@ @@ @@ @@ @@

� � � � � � �`

O y = 0 z x = 0

h = 0

Figure 1

then h ∘ ϕ = x^′y^′ + z^{′2}, f ∘ ϕ = y^′ + higher order terms, which is 1-determined (see §1.5.4) . Hence

f^{RΣX}↭ A_1A_∞ (see Figure 1).

If j^1f = 0, we go to step 2.

Step 2 Let j^2f = ay^2 + byz + cz^2. Case I The rank r of the matrix A = ( a^1_2 b 1 2 b c )

is 2, then Δ = 4ac − b^2 ≠ 0:

i) If c ≠ 0, then ϕ : x^′ = cx y^′ = y z^′ = √ cz makes h ∘ ϕ^{−1} = c^{−1}(x^′y^′ + z^{′2}), and

j^2f ∘ ϕ^{−1} = a^′y^{′2} + b^′y^′z^′ + z^{′2} = (a^′ −^{b′2}_4 )y^{′2} + (z^′ +^{b′}_2 y)^2. Let ψ : x^{′′} = x^′−^{b′2}_4 y^′ −b^′z^′ y^{′′} = y^′ z^{′′} =^{b′}_2 y^′ +z^′

Then we have h ∘ ϕ^{−1} ∘ ψ^{−1} = c^{−1}(x^{′′}y^{′′} + z^{′′2}), and j^2f ∘ ϕ^{−1} ∘ ψ^{−1} = (a^′ − b^{′2} 4 )y^{′′2} + z^{′′2 RΣX}↭ A_1A_1 (1.5.3.2)

since Δ ≠ 0 (see Figure 2).

ii) If c = 0, then b ≠ 0 since Δ ≠ 0. Hence j^2f = y(ay + bz)^{RΣX}↭ yz (1.5.3.3) which is not finitely determined (see Figure 3). We shall consider higher order jet of f in step 3.

q qqq qqqqqq qqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqq qqq q q qqq qqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqq q q qqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq qqqqqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqqq qqqqqq qqqqq qqqqq qqqqqq qqqqqq qqqqqq qqqqqq qqqqqq qqqqq

y -^y @@ @@ @@ @@ @@

� � � � � �` O z x = 0

h = 0

j^2f = 0

Figure 2 q qqq qqqqqq qqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqq qqq q q qqq qqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqq q q qqqqqq qqqqq qqqqqq qqqqqq qqqqqq qqqqqqq qqqqqq qqqqqq qqqqqqq qqqqqq qqqqqq qqqqqq qqqqqq qqqqqqq qqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

y -^y @@ @@ @@ @@ @@

� � � � � �`

O yz = 0 z x = 0

h = 0

Figure 3

. .. ....

.......

.............

............................................................. ....... ..... ... .. . .. .... ...... ............

...............................................................

......

.... ... . .............................................................................................................................................................

.............................................................................................................................................................

y -^y @@ @@ @@ @@ @@

� � � � � �` O z x = 0

h = 0 z^2 = 0

Figure 4

. .. ....

.......

.............

............................................................. ....... ..... ... .. . .. .... ...... ............

...............................................................

......

.... ... . ......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.....

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.....

y -^y @@ @@ @@ @@ @@

� � � � � �`

O y^2 = 0 z x = 0

h = 0

Figure 5

Case II r = 1, namely Δ = 0, so

j^2f = (αy + βz)^2.

i) β ≠ 0, let ϕ : x^′ = β^2x− α^2y −2αβz y^′ = y z^′ = αy +βz

Then h ∘ ϕ^{−1} = β^{−2}(x^′y^′ + z^{′2}) and j^2f ∘ ϕ^{−1} = z^{′2} (1.5.3.4) which is not finitely determined (see Figure 4).

ii) β = 0, α ≠ 0 since r = 1, and j^2f^{RΣX}↭ y^2 (1.5.3.5) which is not finitely determined (see Figure 5).

Step 3 We consider three cases: Case I j^2f = z^2. On X we have

f = z^2 + axz^2 + by^3 + b_2y^2z + b_3yz^2 + b_4z^3 + higher order terms. First, z^2 will kill all the degree 3 terms with z^2. Let z^′ = z +^1_2 b_2y^2. Choosing x^′ properly will kill y^2z. Hence f is R_{ΣX} -equivalent to f_1 = z^2 + by^3 + higher order terms.

If b ≠ 0, then f_1 is R_{ΣX} -equivalent to f_1 = z^2 + y^3 which is 3-determined.

In general, if j^{l−1}f = z^2, we know that j^lf is R_{ΣX} -equivalent to either z^2 + y^l which is l-determined, or z^2 which is not finitely determined.

Case II j^2f = yz. On X we can write

f = yz + axz^2 + b_1y^3 + b_2y^2z + b_3xy^2 + b_4xyz + higher order terms which is R_{ΣX} -equivalent to f_1 = yz + axz^2 + higher order terms.

If a ≠ 0, f_1 is R_{ΣX} -equivalent to f_2 = yz + xz^2 + higher order terms.

Obviously, f_3 = yz + xz^2 is 3-determined. Hence when a ≠ 0, f is R_{ΣX} - equivalent to yz + xz^2.

If j^{l−1}f = yz, j^lf is R_{ΣX} -equivalent to either yz + x^{l−2}z^2 which is l-determined, or yz which is not finitely determined.

Case III j^2f = y^2. On X we can let

f = y^2 + axz^2 + b_1y^3 + b_2y^2z + b_3yz^2 + bz^3 + higher order terms which, on X, is R_{ΣX} -equivalent to f_1 = y^2 + axz^2 + bz^3 + higher order terms.

i) a ≠ 0, f_1^{RΣX}↭ y^2 + xz^2 + tz^3 which is 3-determined, and since z^3 ∈ J_{ΣX} (f_1) + h, by lemma 1.5.2, we know that f_1^{RΣX}↭ y^2 + xz^2 which is 3-determined and simple.

ii) a = 0, b ≠ 0, we consider higher order jet of f_1: f_1^{RΣX}↭ y^2 + z^3 + tx^2z^2 which is 4-determined (when t ≠ 0,^1_4 ). Since x^2z^2 /∈ J_{ΣX} (f_1) + h, by lemma 1.5.2, we know that y^2 + z^3 + tx^2z^2 is not simple.

iii) a = 0, b = 0, we consider higher order jet. In general j^lf_1^{RΣX}↭ y^2 + ax^{l−2}z^2 + bx^{l−3}z^3.

If a ≠ 0, then f_1^{RΣX}↭ y^2 + x^{l−2}z^2 + tx^{l−3}z^3 which is l−determined with x^{l−3}z^3 ∈ J_{ΣX} (f_1) + h by lemma 1.5.2, we know that f^{RΣX}↭ y^2 + x^{l−2}z^2.

If a = 0, b ≠ 0, then j^lf_1^{RΣX}↭ y^2 + x^{l−3}z^3 which is not finitely determined, and j^{l+1}f_1^{RΣX}↭ y^2 + x^{l−3}z^3 + tx^{l−1}z^2, when t ≠ 0, which is l + 1-determined, but not simple by lemma 1.5.2 since x^{l−3}z^3 /∈ J_{ΣX} (j^{l+1}f_1) + h.

Hence for l ≥ 4, since

y^2 + x^{l−3}z^3 + tx^{l−2}z^{2 RΣX}↭ y^2 + sx^{l−3}z^3 + x^{l−2}z^2

is not simple and y^2 + x^{l−2}z^2 is in the boundary of a non-simple germ. So it is not simple.

Step 4 j^2f = 0. On X we can write

f = axz^2 + b_1y^3 + b_2y^2z + b_3yz^2 + b_4z^3 + higher order terms.

We first assume that a ≠ 0 and consider the following cases. 1) If b_1b_2 ≠ 0, b_3 = b_4 = 0, then f is R_{ΣX} -equivalent to

f_1 = xz^2 + y^3 + ty^2z

which is 3-determined with c(f) = 5. Since y^2z /∈ J_{ΣX} (f) + h, by lemma 1.5.2, f is not simple.

2) If b_1b_3 ≠ 0, b_2 = b_4 = 0, then f is R_{ΣX} -equivalent to

f_2 = xz^2 + ty^3 + yz^2 (t ≠ 0, − 1 4 ) or xz^2 + syz^2 + y^3 (s^2 ≠ −4)

which is 3-determined with c(f) = 5. Since y^3, yz^2 /∈ J_{ΣX} (f) + h, by lemma 1.5.2, f is not simple.

3) If b_1b_4 ≠ 0, b_2 = b_3 = 0, then f is R_{ΣX} -equivalent to

f_3 = xz^2 + sy^3 + z^3

which is 3-determined with c(f) = 5. Since y^3 /∈ J_{ΣX} (f) + h, by lemma 1.5.2, f is not simple.

4) If b_2b_3 ≠ 0, b_1 = b_4 = 0, then f is R_{ΣX} -equivalent to

f_4 = xz^2 + y^2z + tyz^2 (t ≠ 0) or sxz^2 + y^2z + yz^2

which is 3-determined with c(f) = 5. Since yz^2, xz^2 /∈ J_{ΣX} (f) + h, by lemma 1.5.2, f is not simple.

5) If b_2b_4 ≠ 0, b_1 = b_3 = 0, then f is R_{ΣX} -equivalent to

f_5 = xz^2 + ty^2z + z^3 (t ≠ 0)

which is 3-determined with c(f) = 5. Since y^2z /∈ J_{ΣX} (f) + h, by lemma 1.5.2, f is not simple.

6) If b_3b_4 ≠ 0, b_1 = b_2 = 0, then f is R_{ΣX} -equivalent to

f_6 = xz^2 + tyz^2 + z^3

which is not finitely determined. Since

f_7 = xz^2 + tyz^2 + sy^3 + z^3

is 3-determined (st ≠ 0) and not simple because yz^2 and y^3 /∈ J_{ΣX} (f) + h. Since f_6 is on the boundary of f_7, f_6 is not simple. Hence for a_1 ≠ 0, there is no simple germ.

If a_1 = 0, then j^3f = b_1y^3 + b_2y^2z + b_3yz^2 + b_4z^3

is R_{ΣX} −equivalent to one of the following forms

0, y^3, y^2z, yz^2, z^3, y^2z + z^3, y^2z + yz^2, yz^2 + z^3, y^2z + tyz^2 + z^3.

None of them is finitely determined. If we consider the higher order jet of f, no simple germs. □

1.5.4 In this and the next subsections, we consider germs with line singularities on some (higher dimensional) hypersufaces with A_k (k ≥ 1), D_k (k ≥ 4), E_6 or E_7 type singularities. Let Σ = x − axis in C^{n+1} , defined by g = (y_1, . . . , y_n)(n ≥ 2), and X_k ⊂ C^{n+1} be a hypersurface with isolated singularity at 0 of type A_k, defined by

h_k = xy_1 + y^2 + · · · + y^2_{n−1} + y^{k+1}_n = 0.

Then ∫ g = (y_1) + (y_2, . . . , y_n)^2. And for any f ∈ ∫ g, we have

f = ay_1 + n∑ i,j=2 a_{ij}y_iy_j (a, a_{ij} ∈ O). Theorem Let a(0) ≠ 0.

1) On X_1, f^{RΣX}↭ y_1 which is 1-determined and stable. And there are no other simple germs when n > 2;

2) On X_k(k > 1), f^{RΣX}↭ y_1 + y^2_n which is 2-determined and stable if a_{nn}(0) ≠ 0;

3) On X_k(k > 1), if a_{nn}(0) = 0, then j^2f is finitely R_{ΣX} -determined if and only if α_n := ∑ [a_{jn}(0)]^2 ≠ 0. And when α_n ≠ 0, we can change the order of y_2, . . . , y_{n−1} such that j^2f^{RΣX}↭ y_1 + y_2y_n.

Proof For the case of n = 2 see Theorem 1.5.3. We assume n ≥ 3. Note that D_{Xk} can be generated, as O_{n+1}-module, by

ξ_0 =2kx ∂ ∂x + 2y_1 ∂ ∂y_1 + (k + 1)y_2 ∂ ∂y_2 + · · · + (k + 1)y_{n−1} ∂ ∂y_{n−1} + 2y_n ∂ ∂y_n , ξ_{01} =x ∂ ∂x − y_1 ∂ ∂y_1 , ξ_{0μ} =2y_μ ∂ ∂x − y_1 ∂ ∂y_μ , μ = 2, . . . , n − 1, ξ_{0n} =(k + 1)y^k_n ∂ ∂x − y_1 ∂ ∂y_n , ξ_{st} =2y_t ∂ ∂y_s − 2y_s ∂ ∂y_t , 2 ≤ s < t ≤ n − 1, ξ_{νn} =(k + 1)y^k_n ∂ ∂y_ν − y_ν ∂ ∂y_n , ν = 2, . . . , n − 1, and ξ_{1j} =2y_j ∂ ∂y_1 − x ∂ ∂y_j , j = 2, . . . , n − 1, ξ_{1n} =(k + 1)y^k_n ∂ ∂y_1 − x ∂ ∂y_n , where the last n − 1 derivations ξ_{1μ}(μ = 2, . . . , n) do not preserve g, but the y_iξ_{1μ}’s do.

1) It is easy to check that f = y_1 is 2-determined and codimension 0 in g. A similar calculation to the proof of 2) will prove y_1 is 1-determined and stable.

2) If a(0) ≠ 0, j^1f = a(0)y_1^{RΣXk}↭ y_1 which is not finitely determined in ∫ g. It is obvious that

j^2f^{RΣXk}↭ y_1 + n∑ i,j=2 a_{ij}(0)y_iy_j. In the following, we denote a_{ij}(0) by a_{ij} again. Let

g = j^2f = y_1 + Q with Q = n∑ i,j=2 a_{ij}y_iy_j. We are going to prove that g is 2-determined and codimension 0 under the condition a_{nn} ≠ 0. This is equivalent to expressing y_1 and all y_iy_j(i, j = 2, . . . , n) in terms of the ξ_0(g) and ξ_{kl}(g).

In fact, we have ξ_{01}(g) = −y_1 and

ξ_0(g) + ξ_{01}(g) = (k + 1) n−1∑ j=2 ∂Q ∂y_j + 2y_n ∂Q ∂y_n (1.5.4.1) and ξ_{1j}(g) = 2y_j − x ∂Q ∂y_j , j = 2, . . . , n − 1. Then y_λξ_{1j}(g) = 2y_λy_j − xy_λ ∂Q ∂y_j = 2 n∑ i=2 (δ_{ij} − a_{ij}x)y_iy_λ for j = 2, . . . , n − 1 and λ = 2, . . . , n.

Namely we get n − 2 systems of equations n∑ i=2 (δ_{ij} − a_{ij}x)y_iy_λ ≡ 0( mod J_{ΣXk} (f)), λ = 2, . . . , n (1.5.4.2)_j For every j = 2, . . . , n − 1, we delete the first j − 2 equations from (1.5.4.2)_j. The remained n − j + 1 equations form a system of equations denoted by E^{n−j+1} j . The union of E^{n−j+1}_j is a system of equations, denoted by E_n, with n(n−1) 2 − 1 equations, and {y_jy_λ}_{j=2,... ,n−1,λ=2,... ,n} as unknowns. The number of the unknowns is also^{n(n−1)}_2 −1. The coefficient matrix M consists of 1−a_{ii}x on the principal diagonal which are units in O and a_{ij}x off the principal diagonal. Hence the determinant of the coefficient matrix is a unit in O. Thus we can assume that y_iy_j ≡ λ_{ij}xy^2_n ( mod J_{ΣXk} (f)), i = 2, . . . , n − 1, j = 2, . . . , n. From (1.5.4.1), we have ( a_{nn} + x ∑ a_{ij}λ_{ij} ) y^2_n ≡ 0 ( mod J_{ΣXk} (f)).

Since a_{nn} ≠ 0, y^2_n ≡ 0 ( mod J_{ΣXk} (f)). From this we have y_iy_j ≡ 0 ( mod J_{ΣXk} (f)), i = 2, . . . , n − 1, j = 2, . . . , n. This proves that f is 2-determined and, by lemma 1.5.2, R_{ΣXk} -equivalent to y_1 + y^2_n which is stable.

3) If we add another equation (see (1.5.4.1))

(k + 1) n−1∑ j=2 ∂Q ∂y_j + 2y_n ∂Q ∂y_n ≡ 0 ( mod J_{ΣXk} (f)) (1.5.4.3) to the system E_n as the last equation, we get a new system of equations E^e_n, which is homogeneous if we view xy^2_n as the last unknown. The coefficient matrix M^e of E^e_n is obtained from M by adding the coefficients of xy^2_n as the last colum and the coefficients of (1.5.4.3) as the last raw. j^2f is R_{ΣX} -finitely determined in ∫ g if and only if the determinant of M^e is a unit in O. A calculation shows that

det M^e ≡ α_n( mod (x)O_1). □

1.5.5 Theorem Let Σ = x − axis in C^{n+2} , defined by g = (y, z_1 . . . , z_n). 1) Let X_k ⊂ C^{n+2} be a hypersurface with isolated singularity at 0 of type D_k defined by

h_k = x^2y + y^{k−1} + z^2_1 + · · · + z^2_n = 0 (k ≥ 4),

then ∫ g = (y) + (z_1, . . . , z_n)^2 (1.5.5.1)

and for any f ∈ ∫ g, we can write f = ay + n∑ i,j=1 a_{ij}z_iz_j (a, a_{ij} ∈ O) (1.5.5.2) which is R_{ΣXk} -equivalent to y, 1-determined and stable if a(0) ≠ 0. And if n ≥ 1, there are no other simple germs.

2) Let Y be a hypersurface with isolated singualrity at 0 of type E_6 defined by x^2y + y^2 + z^3_1 + z^2 + · · · + z^2_n = 0,

then ∫ g is the same as in (1.5.5.1), for any f ∈ ∫ g we can write f as (1.5.5.2), f is R_{ΣY} -equivalent to y +tz^2_1 which is 2-determined not stable and not simple with t ≠ 0 a parameter.

3) Let Z be a hypersurface with isolated singualrity at 0 of type E_7 defined by x^3y + y^3 + z^2_1 + · · · + z^2_n = 0,

then ∫ g is the same as (1.5.5.1) and for any f ∈ ∫ g we can write f as (1.5.5.2), which is R_{ΣZ} -equivalent to y, 1-determined and stable. And if n ≥ 1, then there are no other simple germs.

Proof One can prove this theorem in the same way as 1.5.4. □

1.5.6 One may be interested in finding the simple germs on a A_k (k ≥ 3) or a D_k (k ≥ 5) surface X when λ(ΣX) is not minimal.

Theorem 1) Let g = (y, z), and X be a two dimensional hypersurface with A_k or D_k type singularity defined by :

A_{2l−1,l} : x^ly + y^2 + z^2 = 0, A_{2l,l} : x^ly + yz + xz^2 = 0, D_{2l,l} : x^ly + xy^2 + z^2 = 0 (l ≥ 2), or D_{2l+1,l} : x^ly + xz^2 + y^2 = 0 (l ≥ 2).

then germ f = y : X −→ C is stable. Note that λ(ΣX_k ) =

[_{k+1} 2 ] ; 2) For Σ defined by y = z = 0 on A_k (k ≥ 3) type surface X_k ⊂ C^3 with 1 < λ(ΣX_k) <

[_{k+1} 2 ] , there does not exist stable germs in ∫ (y, z) = (y, z^2). However table 4 gives the normal forms of germs with minimal codimension, where t = min{l, s + 1} − 2. □

Table 4: Normal Forms of Germs with Minimal Codimension

Type of X_k

Equations λ

Normal Forms of f c(f) d(f) j(f) A_{5,2} x^2y + x^2z^2 + yz = 0 2 y + bz^2 (b ≠ 0, 1)

1 2 3

A_{6,2} x^2y + x^3z^2 + yz = 0 2 y + bz^2 (b ≠ 0, 1)

1 2 3

A_{7,2} x^2y + x^4z^2 + yz = 0 2 y + bz^2 (b ≠ 0)

1 2 3

A_{7,3} x^3y + x^2z^2 + yz = 0 3 y + bz^2 (b ≠ 0)

1 2 3

A_{8,2} x^2y + x^5z^2 + yz = 0 2 y + bz^2 (b ≠ 0)

1 2 3

A_{8,3} x^3y + x^3z^2 + yz = 0 3 y + bz^2 (b ≠ 0)

2 3 5 A_{k,l} x^ly + x^{s+1}z^2 + yz = 0 (k = 2l + s ≥ 9) l y +^t ∑ i=0 b_ix^iz^2

(b_0 ≠ 0)

t+1 t+2 2t+3

Chapter 2

Conormal Modules and Deformations

2.1 Conormal Modules and Primitive Ideals

The conormal module of an ideal a of a ring R is the R/a-module M := a/a^2. This module is very important both in algebra and in geometry and has been studied by many authors. Vasconcelos has studied when a is generated by a regular sequence in [Va1], and the relationship between “ a is generated by a regular sequence” and “M has finite projective dimension” in [Va2]. If one assumes the former, the later is equivalent to “M is a free R/a-module”. Higher conormal modules and syzygies have been studied by Simis and Vasconcelos in [Si] and [SV]. In his paper [Ku], Kunz has studied conditions that imply M to be torsion free.

However, when R is not regular, the most interesting conormal modules are the ones which are not free, not torsion free. Especially, no generator set of a forms a regular sequence. Then the length (when it is finite) of the torsion part T (M) of M, conditions on freeness of the torsion free module N := M/T (M), and splitting of the exact sequence (2.1.1.1) are very interesting. Also there are some homology and cohomology groups T_i’s and T^i’s associated with M. In this section, we study mainly these questions in a certain geometric environment. For the purpose of this chapter, we pay special attention to the freeness of N. We also give a formula for the generators of the primitive ideal.

2.1.1 Let X be a reduced analytic space germ in (C^m , 0) defined by the radical ideal h of O. Let Σ be the germ of a subspace of X defined by the radical ideal g of O. Denote O_X =^O_h , O_Σ =^O_g , and ḡ =^g_h . Remark that ḡ is also radical. Hence, being viewed as a subspace of X, Σ is also reduced defined by ḡ. The O_Σ-module

M := ḡ ḡ^2

∼= g g^2 + h is called the conormal module (or bundle) of ḡ.

Let M^′ be an O_Σ-module, S ⊂ O_Σ be the set of all the non-zero divisors of O_Σ, Q be the total quotient ring of O_Σ with denominator set S, and M^′_S := M^′ ⊗ Q, the quotient module of M^′. There is a canonical map i : M^′ −→ M^′_S : i(m) =^m_1 for any m ∈ M^′. The kernel T (M^′) := ker(i) = {m ∈ M^′ | ∃s ∈ S, sm = 0} is called the torsion (part) of M^′. If T (M^′) = 0, we say that M^′ is torsion free. The factor module M^′/T (M^′) is torsion free. These fit into the exact sequences 0 −→ T (M^′) −→ M^′ −→ M^′_S, 0 −→ T (M^′) −→ M^′ −→ M^′/T (M^′) −→ 0 (2.1.1.1) Note that M^′ ⊗ Q = 0 if and only if T (M^′) = M^′. If this is the case, M^′ is called a torsion module. If M^′ ⊗ Q is a free Q-module of rank r, we say that M^′ has rank r. M^′ has rank r if and only if there exists a free submodule M_1 ⊂ M^′ of rank r such that M^′/M_1 is a torsion module.

Let g = (g_1, . . . , g_n) and ḡ = (ḡ_1, . . . , ḡ_n) =^g_h . There is an exact sequence: 0 −→ R^α−→O^n_X^g−→ḡ −→ 0 (2.1.1.2) of O_X -modules, where R := ker(g), the module of relations among the ḡ_i’s. Let R_0 ⊂ R be the submodule of R generated by the trivial relations of ḡ_i’s: ḡ_ie_j − ḡ_j e_i, where e_i’s are the canonical basis of O^n_X. Then R/R_0 is an O_Σ-module, denoted by H_1(ḡ, O_X), which is the first Koszul homology of the squence: ḡ_1, . . . , ḡ_n.

Tensoring (2.1.1.2) with O_Σ, we have a presentation of M:

H_1(ḡ, O_X)^ᾱ−→O^n_Σ^ḡ−→M −→ 0 (2.1.1.2)^′

There is a complex, called the Lichtenbaum-Schlessinger complex, of O_Σmodules:

LS : 0 −→ H_1(ḡ, O_X)^{∂2}−→O^n_Σ^{∂1}−→Ω^1_X ⊗_{OX} O_Σ −→ 0 (2.1.1.3)

where Ω^1_X is the module of Kähler 1-forms on X, and the morphisms ∂_1 and ∂_2 are defined by:

∂_1( ∑ a_je_j) = ∑ a_jδḡ_j, and ∂_2([r]) = ∑ r_j e_j, where δ(b̄) = db ⊗ 1 and d : O_X −→ Ω^1_X is the differential of O_X. Notice that ᾱ = ∂_2. Denote by T_0(ΣX), T_1(ΣX) and T_2(ΣX) the homology groups of (2.1.1.3).

Proposition 1) T_0(ΣX) ∼= Ω^1_Σ; 2) T_1(ΣX) = 0 if Σ is a line on an icis X;

3) T_2(ΣX) = 0 when Σ is strongly Cohen-Macaulay in X.

Proof By considering (2.1.1.2)^′, (2.1.1.3) and the second exact sequence (1.1.7.1) together, one finds that δ ∘ ḡ = ∂_1. This proves 1). For 2), one will find that the second exact sequence is also exact on the left (see (2.1.6.2)) if Σ is a line on an icis .

The conclusion in 3) is the proposition 2.4 of Huneke[Hu]. We recall the definition of strongly Cohen-Macaulay subscheme from [Hu]. Let R be a Cohen-Macaulay local ring, Y ⊂ X := Spec(R) be defined by an ideal g = (g_1, . . . , g_n) of R. If the ith Koszul homology groups H_i(g; R) (associated to the sequence g_1, . . . , g_n) are either 0 or Cohen-Macaulay modules, and Y is generically a complete intersection, then we call Y a strongly Cohen-Macaulay subscheme in X. Y is generically a complete intersection means that g_p is generated by a regular sequence for every minimal prime over ideal p of g. □

Remark One can find more discussions about T_2(ΣX) in [SV]. Especially, T_2(ΣX) does not depend on the generators of ḡ. And ḡ is called a syzygetic ideal if T_2(ΣX) = 0.

2.1.2 Let Σ ⊂ X be the same as in §2.1.1. Denote X_{reg} := X \ X_{sing}. Assume Σ is a complete intersection in C^m . Remark that Σ ∩ X_{reg} is a local complete intersection in X_{reg}.

In the remainder of this section, we will stick to the following assumption on Σ ⊂ X of §2.1.1:

(∇) : X_{sing} $ Σ and dim X_{sing} < dim Σ.

Lemma If Σ is a complete intersection in C^m , then

T (M) = T := ∫ g g^2 + h . Proof Let U be an open neighborhood of 0 in C^m in which X and Σ are defined. Let V = Σ \ (Σ_{sing} ∪ X_{sing}). Then V is an open dense subset of Σ since (∇). Then T = 0 on V since Σ is a reduced local complete intersection in X_{reg} (see [P2]). Hence T ⊂ T (M).

For any ā ∈ T (M), let λ̄ ∈ O_Σ be a non-zero divisor such that λ̄ā = 0. By taking representatives we have λa ∈ g^2 + h. So for any ξ ∈ D_X , we have ξ(λa) ≡ λξ(a) ( mod g ). But ξ(λa) ∈ g, hence ξ(a) ∈ g. This tells us that a ∈ ∫ g. □ 2.1.3 Denote N :=^{gR}_g . Under the assumption (∇), we have the exact sequence 0 −→ T (M) −→ M −→ N −→ 0 (2.1.3.1) Proposition Let Σ be a complete intersection in C^m . If one can choose an O-regular sequence g_1, . . . , g_n which is the minimal generator set of g, such that

a) there exists an integer 0 ≤ t ≤ n such that the images of g_1, . . . , g_t are in T (M);

b) The germs (g_{t+1})_z, . . . , (g_n)_z at z ∈ X_{reg} form an O_{X,z}-regular sequence,

then 1) ∫ g = (g_1, . . . , g_t) + (g_{t+1}, . . . , g_n)^2;

2) N is free O_Σ-module of rank n − t, (2.1.3.1) splits and M = N ⊕ T (M).

Proof 1) If f = a_1g_1 + · · · + a_ng_n ∈ g and ξ ∈ D_X then

ξ(f) ≡ a_{t+1}ξ(g_{t+1}) + · · · + a_nξ(g_n) ( mod g). (f) ∈ ∫ g if and only if ξ(f) ≡ 0( mod g) for any ξ ∈ D_X . By the assumption on g_{t+1}, . . . , g_n , we know that (ξ(g_{t+1}), . . . , ξ(g_n)) = d(g_{t+1}, . . . , g_n) is injective at every point on Σ \ (X_{sing} ∪ Σ_{sing}), hence a_{t+1}, . . . a_n ∈ g since (∇) (see [Lo](6.B), or [P2]).

2) Suppose that there exist λ̄_{t+1}, . . . , λ̄_n ∈ O_Σ such that ā = λ̄_{t+1}ḡ_{t+1} + · · · + ḡ_nλ̄_n = 0 in N. By taking the representatives we have

a = λ_{t+1}g_{t+1} + · · · + λ_ng_n ∈ (g_1, . . . , g_t) ∩ (g_{t+1}, . . . , g_n) + (g_{t+1}, . . . , g_n)^2.

Let a = λ_1g_1 + · · · + λ_tg_t + G, where G ∈ (g_{t+1}, . . . , g_n)^2, then

−λ_1g_1 − · · · − λ_tg_t + λ_{t+1}g_{t+1} + · · · + λ_ng_n ∈ (g_{t+1}, . . . , g_n)^2.

Since g_1, . . . , g_n are O-regular, λ_j ∈ g. Hence ḡ_{t+1}, . . . , ḡ_n form a free basis of N.□

Remark Note that in the proof the 2), we only used the fact that g_1, . . . , g_n form an O_Σ-regular sequence and the formula in 1).

2.1.4 Let g be generated by an OCm -regular sequence: g_1, . . . , g_n, and let there exist an integer 0 ≤ t ≤ n and non-zero divisors λ̄_1, . . . , λ̄_t ∈ O_Σ such that λ̄_1ḡ_1, . . . , λ̄_tḡ_t are zero in M as O_Σ-module. Namely λ_1g_1, . . . , λ_tg_t ∈ g^2 + h where λ_ig_i is the representative of λ̄_iḡ_i.

Let h_1 · · · h_p form a minimum generating set of h. Denote h = (h_1, · · · , h_p)^T , g = (g_1, · · · , g_n)^T , G = (G_1, · · · , G_t)^T , Λ = diag{λ_1, · · · , λ_t}, where T means the transposition of the matrix indicated. Let A and B = (B_1B_2) be the matrices such that Λ (g_1, · · · , g_t)^T = Ah + G, h = Bg (2.1.5.1) where A is a t × p matrix, B a p × n matrix, and B_1 is a p × t matrix, B_2 is a p × (n − t) matrix, G_i ∈ g^2.

Let C_1 = AB_1, C_2 = AB_2, by (2.1.5.1), we have

(Λ − C_1) (g_1, · · · , g_t)^T − C_2 (g_{t+1}, · · · , g_n)^T ≡ 0 ( mod g^2) (2.1.5.2) Note that^g_{g2} is a free O_Σ-module. we have Λ̄ = C̄_1, C̄_2 = 0 in O_Σ (2.1.5.3) From this we obtain the following proposition similar to the implicit function theorem.

Proposition Let Σ a complete intersection in C^m defined by g as above. There is an open and dense subset Σ^0 of Σ \ X_{sing} such that for each z ∈ Σ^0, det C_1 = det Λ(z) = λ_1(z) · · · λ_t(z) ≠ 0, and consequently rank(B_1(P )) ≥ t and t ≤ p.

Hence from h_1 = · · · = h_p = 0, one can express g_1, . . . , g_t as functions of g_{t+1}, . . . , g_n in a neighborhood of every point P ∈ Σ^0. □

2.1.5 Freeness of N and the primitive ideal We first quote a theorem of Vasconcelos which is useful for us.

Vasconcelos’ Theorem ([Va] 1.1) Let a ⊃ b be ideals of a ring R. If a is of finite projective dimension, a^2 ⊂ b, and^a_b ∼= (_R a )_{n−t} , then there exists an Rregular sequence a_1, . . . , a_{n−t} such that a = (a_1, . . . , a_{n−t}) + b. Moreover, the elements of a which are eligible for a minimum generating set of the module a b can be taken as the sequence a_1, . . . , a_{n−t}.□

Let X and Σ be complete intersections of pure dimensions in C^m and assume (∇). Let g be generated by O-regular sequence g_1, . . . , g_n. Then we can choose the generators of h such that (with changing of the generators of g if necessary):

h_1 = b_{11}g_1 + · · · + b_{1t}g_t +H_1 · · · · · · · · · · · · · · · h_p = b_{p1}g_1 + · · · + b_{pt}g_t +H_p (2.1.5.1) where t is an integer 0 ≤ t ≤ n, and H_i ∈ g^2, b_{ij} /∈ g \ 0, and for each i, (b_{i1}, . . . , b_{it}) ≠ 0, that is, for all j, there exists an i such that b_{ij} /∈ g (otherwise one could lower t). Denote B := (b_{ij}).

Lemma Under the assumptions above, we have 1) t ≥ p; 2) If Σ is irreducible, then there exists at least one non-zero maximal minor of B.

Proof Since X is a complete intersection, the singular locus of X can be defined by the ideal generated by h_i’s and the p × p minors of the Jacobian matrix J(h) of h := (h_1, . . . , h_p) (see [Lo](1.9)). Since each of these minors, say Δ_{j1,... ,jp} , is the determinant of BG_{j1,... ,jp} modulo g, where G_{j1,... ,jp} is the t × p submatrix of J(g), consisting of the 0 ≤ j_1 < · · · j_p ≤ m columns of J(g), the Jacobian matrix of g := (g_1, . . . , g_n). Suppose t < p, then on Σ, det(BG_{j1,... ,jp} ) = 0. This is in contradiction to the assumption (∇). This proves 1).

2) Suppose that all the p × p minors of B are zero. Then the rank of B (as a matrix with entries in the quotient field Q of O_Σ) will be less than p. Then there are λ_1, . . . , λ_p ∈ Q which are not all zero, such that

λ_1b_1 + · · · + λ_pb_p = 0 ∈ Q^t,

where b_i is the i-th row vector of B. Let λ_0 ∈ O_Σ be a non-zero element such that λ_0λ_i ∈ O_Σ, then

λ_0λ_1b_1 + · · · + λ_0λ_pb_p = 0 ∈ O^t_Σ.

Hence λ_0λ_1h_1 + · · · + λ_0λ_ph_p ≡ 0 ( mod g^2).

From this we have X_{sing} ⊃ Σ, a contradiction.□

Proposition Let Σ ⊂ X be complete intersections satisfying (∇). If in (2.1.5.1) we have t = p and b := det(b_{ij}) is a non-zero divisor in O_Σ, then 1) ḡ_1, . . . , ḡ_p generate T (M) over O_Σ;

2) ḡ_{p+1}, . . . , ḡ_n generate N freely over O_Σ, which implies that (2.1.3.1) splits, so M = T (M) ⊕ N, and rank(M) = rank(N) = dim X − dim Σ = n − p;

3) The sequence ḡ_{p+1}, . . . , ḡ_n is O_X- regular, if ḡ is of finite projective dimension;

3)* For each z ∈ X_{reg} ∩ Σ, the sequence (ḡ_{p+1})_z, . . . , (ḡ_n)_z of the germs at z is O_{X,z}-regular; 4) ∫ g = (g_1, . . . , g_p) + (g_{p+1}, . . . , g_n)^2.

5) When Σ is one dimensional, there is a length formula

ϱ(ΣX) := l_{OΣ}(T (M)) = l_{OΣ} ( O (b) + g ) (2.1.5.2)

We call ϱ(ΣX) the torsion number of Σ ⊂ X. When Σ and X are clear from the context, we write ϱ for ϱ(ΣX).

Proof Since t = p and b is a non-zero divisor, one can see that ḡ_1, . . . , ḡ_p ∈ T (M) by multiplying B^∗ to the both sides of (2.1.5.1), where B^∗ is the adjoint matrix of B.

Since ḡ_1, . . . , ḡ_n generate M over O_Σ and 0 −→ T (M)^i−→M^π−→N −→ 0 (2.1.5.3) is eaxct, π(ḡ_{p+1}), . . . , π(ḡ_n) generate N. If there is a relation:

λ̄_{p+1}π(ḡ_{p+1}) + · · · + λ̄_nπ(ḡ_n) = 0 ∈ N,

then λ̄_{p+1}ḡ_{p+1} + · · · + λ̄_nḡ_n ∈ T (M).

This means there is a non-zero divisor λ̄ ∈ O_Σ such that

λ̄(λ̄_{p+1}ḡ_{p+1} + · · · + λ̄_nḡ_n) = 0 ∈ M.

By taking representatives, this simply means

λλ_{p+1}g_{p+1} + · · · + λλ_ng_n ∈ g^2 + h.

Hence there are μ_1, . . . μ_p ∈ O such that

μ_1h_1 + · · · + μ_ph_p + λλ_{p+1}g_{p+1} + · · · + λλ_ng_n ∈ g^2.

By (2.1.5.1), this becomes

μ^′_1g_1 + · · · + μ^′_pg_p + λλ_{p+1}g_{p+1} + · · · + λλ_ng_n ∈ g^2,

where ( μ^′_1 · · · μ^′_p ) = ( μ_1 · · · μ_p ) B. Since g_1, . . . , g_n form an O-regular sequence, we have λ̄λ̄_j = 0 in O_Σ, note that λ̄ is a non-zero divisor, hence λ̄_j = 0 in O_Σ. This proves 1) and 2).

By using Vasconcelos’ Theorem, we have 3). For each z ∈ X_{reg} ∩ Σ, N_z = g_z( ∫ g ) z is also free with (ḡ_{p+1})_z, . . . , (ḡ_n)_z as basis. By [P1], (∫ g ) z = g^2_z since Σ is a reduced complete intersection in z. Since X is regular at z, O_{X,z} is regular, by Vasconcelos’ Theorem, (ḡ_{p+1})_z, . . . , (ḡ_n)_z is O_{X,z}-regular;

A similar calculation to that in the proof of proposition 2.1.3 will prove the formula for the primitive ideal.

For the length formula, note that

T (M) = ∫ g g^2 + h ∼= (g^1, . . . , g^p) (g_1, . . . , g_p)^2 + (g_1, . . . , g_p)(g_{p+1}, . . . , g_n) + (h̄_1, . . . , h̄_p) ,

where h̄_i = p∑ j=1 b̄_{ij}g_j is the image of h_i in O_Σ under the canonical mapping.

It is easy to see that

M_1 := (g_1, . . . , g_p) (g_1, . . . , g_p)^2 + (g_1, . . . , g_p)(g_{p+1}, . . . , g_n)

is a free O_Σ-module. Since b is a non-zero divisor, the following sequence is exact 0 −→ M_1^{ϕB}−→M_1 −→ T (M) −→ 0 (2.1.5.4) where ϕ_B(ḡ_i) := p∑ j=1 b̄_{ij}ḡ_j . By [F] A.2.6, we have the length formula of T (M). □ The following example shows that it is not necessary for T (M) to be generated by ḡ_i when t > p.

Example Let Σ be defined by g = (g_1, g_2) with g_1 = xy, g_2 = z and X be defined by h = (h) with h = x^2y + yz + z^2 = xg_1 + yg_2 + g^2 . Then O_Σ ∼= C {x, y}/(xy), ∫ g = (x^2y, yz, z^2) and g^2 + h = (x^2y^2, xyz, z^2, x^2y + yz).

So T (M) =

R_g

g2+h

∼= C x^2 y. And N is not a free OΣ-module.

2.1.6 Lines on icis In this subsection, we consider a special pair Σ and X. Let Σ be a line in C^{n+1} . Define_ΣK := R_Σ o C, the semiproduct of R_Σ with the contact group C (see Mather[M1]). This group has an action on the space mgO^p consisting of mapping germs h : (C^{n+1} , 0) −→ (C^p , 0), h_j ∈ mg. For h = (h_1, . . . , h_p) ∈ mgO^p, we define an analytic space X = V(h), where h is the ideal generated by h_1, . . . , h_p. The image of the morphism: O^{n+1 dh∗}−→O^p is denoted by th(h), where dh is the differential of h. Define

λ := λ(ΣX) = dimC O^p th(h) + gO^p . Remark that λ is_ΣK-invariant. The case of p = 1 has been considered in §1.4.

Choose Σ as the x-axis. Then Σ can be defined by g = (y_1, . . . , y_n). Theorem Let Σ be a line on an icis X defined by g and h as above. Then h is_ΣK-equivalent to a mapping germ with components

h̃_1 = b_{11}y_1 +H_1 h̃_2 = b_{22}y_2 +H_2 · · · · · · · · · h̃_p = b_{pp}y_p +H_p (2.1.6.1)

where H_1, . . . , H_p ∈ g^2 and b_{ii} /∈ g. Moreover

ϱ(ΣX) = λ(ΣX) = dimC

O_Σ (b̄) = p∑ k=1 λ_k. where b̄ is the image of b := b_{11} · · · b_{pp} in O_Σ, and λ_k is the order of b̄_{kk} in O_Σ.

Proof Since Σ ⊂ X, h ⊂ g. Then for a given generator set {h_1, . . . , h_p} of h, we have h_k ≡ ∑ b̄_{kj} y_j ( mod g^2), k = 1, . . . , p.

where b̄_{kj} ∈ O_Σ, and for fixed k, b̄_{kj}’s are not all zero since X is complete intersection and X_{sing} = {0} $ Σ (see the proof of the lemma in §2.1.5).

Since O_Σ is a principal ideal domain, by changing the indices, we can assume b̄_{11} | b̄_{kj}. Let

y^′_1 = y_1 + n∑ j=2 b̄_{1j} b̄_{11} y^j.

Then h_1 ≡ b̄_{11}y^′_1 ( mod g^2). Let h^′_k = h_k − b̄_{k1} b̄_{11} h^1, k = 2, . . . , p.

Repeat the above argument will prove the first part of the theorem. Consider the exact sequence O^{n+1 dh∗}−→ O^p −→ coker(dh^∗) −→ 0. By tensoring with O_Σ, we have exact sequence

O^{n+1}_Σ^{d̄h∗}−→ O^p_Σ −→ coker(d̄h^∗) −→ 0.

However by the expression of h_k’s above, this is just O^p_Σ^{d̄h∗}−→O^p_Σ −→ O^p th(h) + gO^p −→ 0. Since b̄ ≠ 0, by [F] A.2.6, we have the formula for λ.□

Corollary 1 Let X be an icis of codimension p in C^{n+1} and Σ a line in X defined by g. Then we can choose the coordinates of C^{n+1} such that g = (y_1, . . . , y_n), ȳ_1, . . . , ȳ_p ∈ T (M) and ȳ_{p+1}, . . . , ȳ_n generate N which is free of rank n − p, and ∫ g = (y_1, . . . , y_p) + (y_{p+1}, . . . , y_n)^2. □

Example Consider the situation in the example in §2.1.5. Denote g_1 = (x, z) and g_2 = (y, z). They define Σ_1 = y-axis and Σ_2 = x-axis respectively. We have g = g_1 ∩ g_2 and Σ = Σ_1 ∪ Σ_2 ⊂ X. Since h = (y + z)z + yx^2, by corollary 1, ∫ X g_1 = (x^2, z). Since h = (x^2 + z)y + z^2, by corollary 1, ∫ X g_2 = (y, z^2). These results tell us that ∫ X g = ∫ X g_1 ∩ ∫ X g_2.

Corollary 2 (This is a generalization of Pellikaan’s example in §1.1.7) Let X be an icis of codimension p in C^{n+1} and Σ a line in X, defined by g = (y_1, . . . , y_n). Then the Second Exact Sequence (1.1.7.1) is exact on the left also (cf. [H]II 8.17):

0 −→ M^δ−→Ω^1_X ⊗ O_Σ −→ Ω^1_Σ −→ 0 (2.1.6.2) Furthermore it is splitting and

T (Ω^1_X ⊗ O_Σ) = T (M), rank(Ω^1_X ⊗ O_Σ) = n − p − 1 (2.1.6.3) These tell us that the torsion number ϱ(ΣX) is independent of the choice of the generator sets of g and h.

Proof As in the example in §1.1.7, we have the following presentation: O^p_X^{dh}−→O^{n+1}_X −→ Ω^1_X −→ 0. Tensoring with O_Σ, we have the exact sequence

O^p_Σ^{dh}−→O^{n+1}_Σ −→ Ω^1_X ⊗ O_Σ −→ 0.

Remark that the map dh is equivalent to a map defined by the matrix (b̄_{ij}). Hence by (2.1.5.4)

Ω^1_X ⊗O_Σ ∼=

O^{n+1}_Σ imdh ∼= O^{n−p+1} Σ ⊕ O^p_Σ im(b̄_{ij}) ∼= O_Σ ⊕N ⊕T (M) ∼= O_Σ ⊕M (2.1.6.4) Then 0 −→ M −→ O^{n+1}_Σ imdh −→ O_Σ −→ 0 is exact. Since Ω^1_Σ is free O_Σ-module of rank 1, by [C] Proposition 6 on page 26 and [F] Example A.2.2, we see that (2.1.6.2) is exact. □

2.1.7 Freeness of N and the primitive ideal (continued) Note that in this subsection, we do not assume (2.1.5.1).

Example Let X be defined by h := x^3 +xy^3 +2x^2z +2z^2 = 0, Σ be defined by g_1 := x^2 + y^3 = 0, g_2 := z = 0. Thus h = (h), g = (g_1, g_2), and Σ ⊂ X. It is easy to check that Σ and X, as germs at 0, have isolated singularity at 0. Notice that X is not weighted homogeneous. So it is not easy to find the generator set of D_X . Then we have the same problem for ∫ g. An observation shows that if we denote g^′_1 = g_1 + 2xg_2 + g^2, then h = xg^′_1 + (2 − x)g^2, where x is a non-zero divisor in O_Σ. By the proposition in §2.1.5, we have:

• T (M) is generated by g^′_1 over O_Σ

• ∫ g = (g^′_1, g^2 ) = (x^2 + y^3 + 2xz, z^2)

• N = (g_2)/(g^′_1g_2, g^2 ) is a free O_Σ-module.

The method used in this example can be used to prove a more general

Theorem Let Σ ⊂ X be complete intersections satisfying (∇). If N is a free O_Σ-module, then

1) there exists an O-regular sequence g_1, . . . , g_n, generating g, such that

• the images in M of g_1, . . . , g_p generate T (M);

• the images in M of g_{p+1}, . . . , g_n form a basis of N;

• rank(M)=rank(N) = n − p = dim X − dim Σ;

2) let the defining ideal h of X be generated by an O-regular sequence h_1, . . . , h_p, then we still have (2.1.5.1) with t = p and b a non-zero divisor in O_Σ; 3) ∫ g = (g_1, . . . , g_p) + (g_{p+1}, . . . , g_n)^2;

Proof Let the images of g_{t+1}, . . . , g_n generate N over O_Σ, where n − t = rankN. By Vasconcelos’ theoreom, g_{t+1}, . . . , g_n form an O-regular sequence. Let h be generated by O-regular sequence: h_1, . . . , h_p.

For z ∈ X_{reg} ∩ Σ near the origin, the stalk N_z is again a free module with generators the images of the germs at z : (g_{t+1})_z, . . . , (g_n)_z. Since O_{X,z} is regular, by Vasconcelos’ theorem, the images of (g_{t+1})_z, . . . , (g_n)_z in O_{X,z} form an O_{X,z}-regular sequence. Hence (h_1)_z, . . . , (h_p)_z, (g_{t+1})_z, . . . , (g_n)_z form an OCm_{,z}-regular sequence.

However

dim{(h_1)_z = 0, . . . , (h_p)_z = 0, (g_{t+1})_z = 0, . . . , (g_n)_z = 0}

≥ dim(Σ, z) = dim{(g_1)_z = 0, . . . , (g_n)_z = 0}.

We have n − t + p ≤ n. Hence t ≥ p.

Extend g_{t+1}, . . . , g_n to an O-regular sequence: g_1, . . . , g_n, such that they generate g. Then ḡ_1, . . . , ḡ_n generate M over O_Σ.

We look for the generator set of T (M). Let π(ḡ_i) = c̄_{it+1}π(ḡ_{t+1}) + · · · + c̄_{in}π(ḡ_n), i = 1, . . . , t. Then

π(−ḡ_i + c̄_{it+1}ḡ_{t+1} + · · · + c̄_{in}ḡ_n) = 0 ∈ N i = 1, . . . , t.

Hence by (2.1.5.3)

ḡ^′_i := −ḡ_i + c̄_{it+1}ḡ_{t+1} + · · · + c̄_{in}ḡ_n ∈ T (M), i = 1, . . . , t. Let g^′_i := −g_i + c_{it+1}g_{t+1} + · · · + c_{in}g_n, i = 1, . . . , t, and g^′_{t+j} = g_{t+j} , j = 1, . . . , n − t. Then g = (g^′_1, . . . , g^′_n), with ḡ^′_1, . . . , ḡ^′_t ∈ T (M). By the proposition in §2.1.4, t ≤ p. We have proved 1).

Since h ⊂ g, we have

h_i = b_{i1}g_1 + · · · + b_{ip}g_p + b_{ip+1}g_{p+1} + · · · b_{in}g_n, i = 1, . . . , p.

For any ξ ∈ D_X , we have

b_{ip+1}ξ(g_{p+1}) + · · · + b_{in}ξ(g_n) ≡ 0 ( mod g), i = 1, . . . , p.

Using the same argument as in the proof of the proposition 1) in §3.1.3, we know b_{ip+1}, . . . , b_{in} ∈ g for i = 1, . . . , p. This proves 2).

The formula in 3) is familiar to the reader now. □

2.1.8 Conclusion Let Σ ⊂ X be complete intersections satisfying (∇). The O_Σ-module N is free if and only if there exists an O-regular sequence g_1, . . . , g_n, generating g, such that ∫ g = (g_1, . . . , g_t) + (g_{t+1}, . . . , g_n)^2.

Proof By the proposition in §2.1.3 2) (see the remark there) and the theorem in §2.1.7.□

2.1.9 Remark If X_{reg} = X\{0}, N is free and the images of g_{p+1}, . . . , g_n form a basis of N. By the proof in §2.1.7, the images of them in O_{X,z} form an O_{X,z}-regular sequence for z ∈ X_{reg}. Note that, in general (see example 2 in §2.1.10) Σ^′ := X ∩ V(g_{p+1}, . . . , g_n) % Σ.

However, outside the origin, Σ is defined locally by g_{p+1}, . . . , g_n, by this we mean: For any point P ∈ Σ \ {0}, there is an open neighborhood U_P of P in X such that U_P ⊂ X_{reg} and Σ ∩ U_P = U_P ∩ Σ^′.

2.1.10 A note on finite projective dimension If N is free and the images of g_{p+1}, . . . , g_n form a basis of N, then the images of g_{p+1}, . . . g_n form an O_X-regular sequence if ḡ is of finite projective dimension: pdḡ < ∞. This implies that h_1, . . . , h_p, g_{p+1}, . . . , g_n form an O-regular sequence. Hence X ∩ V(g_{p+1}, . . . , g_n) is a complete intersection.

Practically, given a complete intersection Σ defined by an ideal g generated by O-regular sequence g_1, . . . , g_n, we have an abundance of complete intersections such that pdḡ < ∞. Here is one of the trivial examples. Take X to be defined by h = (g_1, . . . , g_p), then ḡ, as an ideal of O_X, is of finite projective dimension. One can easily find some not so trivial examples. For example, if one has p = t in (2.1.5.1) and b a unit, then ḡ is of finite projective dimension.

However, pdḡ < ∞ is a too strong condition for our purpose. Σ ∩ U_P = U_P ∩ Σ^′.

Example 1 Let Σ be the x-axis in C^3 defined by g = (y, z), X defined by h = xy + z^2. Obviously, the image of z in N generates N freely over O_Σ. And the image of z in O_X is a non-zero divisor.

However, ḡ , as an ideal of O_X, does not have finite projective dimension. Indeed, it is obvious that the Krull dimension of O_X is 2: dimO_X = 2. As an O_X-module, depthḡ = 2 with z̄, x + y as a ḡ-regular sequence (this involves some calculations).

Suppose pdḡ < ∞, then pdḡ = heightḡ = 1. Then Auslander-Buchsbaum formula (cf. [BH] page 17) would gives

3 = depthḡ + pdḡ = dimO_X = 2. □

Statement Let Σ be a line on a hypersurface X with isolated singularity. Then we can always choose the coordinate system such that Σ is defined by g = (y_1, . . . , y_n) and X is defined by h = ay_1 +^n ∑ i,j=2 a_{ij}y_iy_j = 0. Then the

O_Σ-module N is free with the images of y_2, . . . y_n as a basis. Moreover, the images of y_2, . . . y_n in O_X form an O_X-regular sequence. □

We omit the easy proof of this statement. It indicates that sometimes one can remove the condition of finite projective dimension from Vasconcelos’ theorem. Nevertheless, this statement is not true if X is not a hypersurface.

Example 2 Let Σ be the x-axis in C^4 defined by g = (y, z, w) and X defined by h_1 = xy + z^2 + w^2, h_2 = y^2 + xz − w^2. Obviously, X is an icis and N is generated freely by the image of w.

Σ^′ := X ∩ V(w) = X ∩ {w = 0} = Σ ∪ {w = 0, x^2 − yz = 0},

which is not a complete intersection in C^4 . Hence the image of w in O_X is not regular. And the projective dimension of ḡ in not finite.

2.2 Deformations of Non-Isolated Singularities

Our interest in this section is to find a useful deformation of a function f with non-isolated singular locus Σ on a singular space X for studying the topology of the Milnor fibre of f. When X is smooth, this kind of deformations has been first created by Siersma [S3] for functions with singular locus an isolated line. Pellikaan[P2 or 3] has generalized this to functions with singular locus an icis . In [deJ-vanS], De Jong and Van Straten have developed a deformation theory for non-isolated singularities. Although their main interest there is the deformations of hypersurfaces with non-isolated singularities, but the general theory, especially the parts A and B in §1 are valid in more general cases. We will go straightforward to find useful deformations, and leave the investigation of the general deformation theory for an other moment. Once more, in finding good deformations, we find that freeness of the torsion free module M/T (M) is essential for us.

2.2.1 The relative Tjurina number Dualizing the complex LS in §2.1.1 gives a complex

0 −→ Hom_{OΣ} (Ω^1_X ⊗_{OX} O_Σ, O_Σ)^{∂1∗}−→O^n_Σ^{∂2∗}−→Hom_{OΣ} (H_1(ḡ, O_Σ), O_Σ) −→ 0 (2.2.1.1) Since

Hom_{OΣ} (Ω^1_X ⊗_{OX} O_Σ, O_Σ) ∼= Hom_{OX} (Ω^1_X , O_Σ) = Hom_{OX} (Ω^1_X , O_X ⊗_{OX} O_Σ).

There is a morphism

ϕ : Hom_{OX} (Ω^1_X , O_X) ⊗_{OX} O_Σ −→ Hom_{OX} (Ω^1_X , O_X ⊗_{OX} O_Σ) (2.2.1.2)

defined by ϕ(ξ ⊗ a)(ω) = ξ(ω) ⊗ a. If X is smooth, this is an isomorphism since Ω^1_X is free. In general, one needs the flatness of O_Σ as an O_X-module. However this is not the case in general.

Example (This example is due to Pellikaan) Take X : h = xy + z^2 = 0. And Σ is defined by g = (y, z). Then there is a presentation: O_X^{dh}−→O^3_X −→ Ω^1_X −→ 0, where dh = ( y x 2z )_T as a matrix. Dualizing with Hom(−, O_Σ) gives left exact sequence:

0 −→ Hom_{OX} (Ω^1_X , O_Σ) −→ O^3_Σ^{dh∗}−→O_Σ, where we have dh^∗ = ( 0 x 0 ) as a matrix. Hence Hom_{OX} (Ω^1_X , O_Σ) ∼= O^2_Σ is a free O_Σ-module of rank 2 with^∂_{∂x} and^∂_{∂z} as a basis.

However Hom_{OX} (Ω^1_X , O_X) = D_X is generated over O_X by

ξ_0 = x ∂ ∂x +y ∂ ∂y +z ∂ ∂z , ξ_1 = x ∂ ∂x −y ∂ ∂y , ξ_2 = 2z ∂ ∂x −y ∂ ∂z , ξ_3 = 2z ∂ ∂y −x ∂ ∂z . Then ϕ(ξ_0) = ϕ(ξ_1) = x ∂ ∂x , ϕ(ξ_2) = 0, ϕ(ξ_3) = −x ∂ ∂z , so ϕ is not surjective.□

Nevertheless, let ∂^0 := ∂^∗_1 ∘ ϕ, we have a complex of O_Σ-modules and morphisms:

0 −→ D_X ⊗_{OX} O_Σ^{∂0}−→Hom_{OΣ} (O^n_Σ, O_Σ)^{∂1}−→Hom_{OΣ} (H_1(ḡ, O_Σ), O_Σ) −→ 0 (2.2.1.1)^′ where D_X = Hom_{OX} (Ω^1_X , O_X), and

∂^0(ξ) = ∑ ξ(g_i)e^∗_i , ∂^1(α = ∑ a_ie^∗_i ) : r = ∑ r_ie_i → ∑ a_ir_i. The cohomology groups of (2.2.1.1)^′ are denoted by T^0_{ΣX} , T^1_{ΣX} and T^2_{ΣX} . It is easy to see that

• T^0_{ΣX} = T R^e_{ΣX} ⊗_{OX} O_Σ = {ξ | ξ(h) = h and ξ(g) = g} ⊗ O_Σ, which is the O_Σ-module of the vector fields of X on Σ, the infinitesimal automorphisms of Σ in X. We denote this module by Θ_{ΣX} ;

• T^2_{ΣX} = 0 if Y is strongly Cohen-Macaulay subscheme of X (see §2.1.1).

It is easy to see that the kernel of ∂^1 is the normal module

M^∗ := Hom(M, O_Σ).

Then we have an exact sequence

0 −→ Θ_{ΣX} −→ D_X ⊗_{OX} O_Σ^{∂0}−→M^∗ −→ T^1_{ΣX} −→ 0 (2.2.1.3)

When X is smooth, T^1_{ΣX} is the infinitesimal deformations of Σ, and its dimension dimC T^1_{ΣX} is called the Tjurina number. For a singular space X, we call this dimension the relative Tjurina number, denoted by

τ (ΣX) := dimC T^1_{ΣX} if it is finite.

Proposition Let Σ ⊂ X be a line in (C^{n+1} , O) defined by g = (y_1, . . . , y_n) and (X, O) ⊂ (C^{n+1} , O) an isolated complete intersection singularity defined by ideal h generated by h_1, . . . , h_p given by (2.1.5.1). If h_1, . . . , h_p are weighted homogeneous with respect to the coordinates (x, y_1, . . . , y_n) of (C^{n+1} , 0), then

τ (ΣX) = dimC ( O_Σ (b̄^{n−p}) ) , where b = det(b_{ij}).

Proof From the corollary 1 in §2.1.6, M ∼= T (M) ⊕ O^{n−p}_Σ , M^∗ ∼= O^{n−p}_Σ . It is well known that the trivial derivations of X are given by the (p+1)×(p+1)- minors of the matrix

J(−, h) = ∂ ∂x ∂ ∂y_1 . . . ∂ ∂yn ∂h_1 ∂x ∂h_1 ∂y_1 . . . ∂h_1 ∂yn . . . . . . . . . . . . ∂hp ∂x ∂hp ∂y_1 . . . ∂hp ∂yn .

Let ξ_{j0,j1,...jp} be the derivation given by the minor consisting of the 0 ≤ j_0 < j_1 < · · · < j_p ≤ n-th columns of J(−, h). Let ξ^j = ξ_{1,... ,p,p+j} (j = 1, . . . , n − p). Then ξ^j takes the following form

ξ^j = ξ^j_1 ∂ ∂y_1 + · · · + ξ^j_p ∂ ∂y_p + (b + b^′) ∂ ∂y_{p+j} , where b^′ ∈ g. Let D^′_X ⊂ D_X be the submodule of D_X generated by ξ^1, . . . , ξ^{n−p} freely.

Hence D_X ⊗ O_Σ = {ξ_E}O_Σ + O_Σ{ξ_{j0,j1,...jp} }_{(j0,j1,...jp)≠(1,... ,p,p+j)} + D^′_X ⊗ O_Σ. And ∂^0 is equivalent to

D^′_X ⊗ O_Σ = ξ^1O_Σ + · · · + ξ^{n−p}O_Σ ∼= O^{n−p}_Σ^{bE}−→O^{n−p}_Σ ∼= M^∗,

where E is the (n − p) × (n − p) unit matrix. Since b ≠ 0, by [F] A.2.6

τ (ΣX) = dim(coker(∂^0)) = dim(coker(bE)) = dim ( O_Σ det(bE) ) . □ Remark If Σ is a line, X is a weighted homogeneous icis, then ϱ(ΣX) ≤ pτ (ΣX). Especially, when X is a weighted homogeneous hypersurface with isolated singularity and n = 2, then ϱ(ΣX) = τ (ΣX).

Example Take Σ to be the union of x and y-axis in C^3 (not smooth) defined by g = (xy, z), and X_k the surface singularities of type A_k defined by h_k = xy + z^{k+1} = 0, we have τ (ΣX_k) = 1, (k = 1, 2, . . . , ).

Since ∫ g = (xy, z^2) = g^2 + (h_k), ϱ(ΣX_k) = 0, (k = 1, 2, . . . , ).

2.2.2 The transversal Hessian Following the way of Pellikaan (see [P3]), we make the following construction. Let f ∈ g^2, write f = ∑ h_{ij}g_ig_j for h_{ij} ∈ O with h_{ij} = h_{ji}. Define maps h̃_f : M^∗ −→ M by composing the maps: M^{∗ g∗}−→ O^n_Σ^{(hij )}−→ O^n_Σ^g−→ M (2.2.2.1) and h_f : M^∗ −→ N by composing the maps: M^{∗ h̃f}−→ M^π−→ M^′ (2.2.2.2) where M^∗ := Hom_{OΣ} (M, O_Σ) and M^′ := M/T (M).

A similar argument to [P3] 1.7 gives:

Lemma The map h_f depends only on f and g.□ Definition For f ∈ g^2, define

δ̃_f = dimC (coker(h̃_f )), δ_f = dimC (coker(h_f )).

2.2.3 Lemma (see [P3] 1.10) Let Σ ⊂ X satisfy (∇), and Σ a local complete intersection in X_{reg}. Let f ∈ g^2. Then δ_f = 0 if and only if N is free and one can choose the generators g_1, . . . , g_n of g such that ḡ_{t+1}, . . . , ḡ_n form a free basis of the O_Σ-module N, and

f = f^′ + n∑ i,j=t+1 h_{ij}g_ig_j with f^′ ∈ (g_1, . . . , g_t)g and det(h_{ij}) is a unit in O.

Proof By the lemma in §2.1.2 we have M^∗ ∼= N^∗. Since δ_f = 0, exact is N^{∗ hf}−→N −→ 0, which factorizes as in diagram 2.2.1, where θ is the canonical map, since h_f is induced by symmetric matrix. Hence h_f is an isomorphism and makes the exact sequence (2.1.3.1) split (see diagram 2.2.2). So M = N ⊕ T (M). - - @@ @@ @R 6 0 N^∗ N^{∗∗}

N h^∗_f

θ h_f

Diagram 2.2.1

0 -_{T (M)} -_M -_N -_0 6 O^n_Σ 6 N^∗ 6 O^n_Σ ?_{M ∗} œ

π

g^∗ g h_f

(h_{ij}) ∼=

Diagram 2.2.2

Let O-regular sequence g_1, . . . , g_n be the generators of g such that the projections of g_{t+1}, . . . , g_n are the minimal generator set of N. Let f = ∑ h_{ij}g_ig_j. Let ĥ : O^{n−t}_Σ −→ O^{n−t}_Σ be the map induced by the (n − t) × (n − t)- symmetric matrix (h_{ij} )_{t+1≤i,j≤n} and ĝ : O^{n−t}_Σ −→ N be defined by ĝ(λ_{t+1}, . . . , λ_n) = λ_{t+1}ḡ_{t+1} + · · · + λ_nḡ_n.

It is obvious that the composition ĥ_f of N^{∗ ĝ∗}−→O^{n−t}_Σ^ĥ−→O^{n−t}_Σ^ĝ−→N coincides with h_f . But h_f is an isomorphism. So N is a direct summand of O^{n−t}_Σ . They have the same minimal number of generators, hence N = O^{n−t}_Σ .

Hence (h_{ij} )_{t+1≤i,j≤n} is invertible, and ḡ_{t+1}, . . . , ḡ_n form a basis of the O_Σmodule N. □

Proposition (see [P3] 1.12) Let Σ be a local complete intersection in X, and X_{sing} = {0}. If f ∈ g^2, j(f) < ∞, then

1) h_f is injective; 2) The sequence

0 −→ T (M) −→ coker(h̃_f ) −→ coker(h_f ) −→ 0 (2.2.3.1)

is exact. Consequently δ̃_f = δ_f + ϱ (2.2.3.2)

3) j(f) = c^e(f) + τ (ΣX) + δ_f .

Proof Repeating the argument of [P3] 1.12 and 1.13 with some modification will prove 1) and 3).

Since

im(h_f ) = π(imh̃_f ) = imh̃_f + T (M) T (M) , coker(h_f ) = M imh̃_f + T (M) , we have exact sequence 0 −→ imh̃_f + T (M)

imh̃_f −→ M imh̃_f −→ M imh̃_f + T (M) −→ 0. To prove the exactness of (2.2.3.1), it is enough to prove

imh̃_f + T (M)

imh̃_f = T (M) imh̃_f ∩ T (M)

= T (M)

which is equivalent to imh̃_f ∩ T (M) = 0. Let a ∈ imh̃_f ∩ T (M) and a = h̃_f (b) ∈ T (M), then h_f (b) = π(a) = 0. We get b = 0 since h_f is injective, hence a = 0.□

2.2.4 The computation of δ_f In this subsection, we discuss the relationship of δ̃_f δ_f and ϱ and how to compute them in practice. Let M^′ = M/T (M) be the torsion free factor module.

From the exact and commutative diagram 2.2.3 we have δ̃_f = dimC (cokerh̃_f ) = dimC (cokerh̃′_f ) + ϱ (2.2.4.1)

If we assume (∇) and Σ to be a complete intersection in C^m , then T (M) =

R_g g2+h , M

′ = N and h̃^′_f = h_f . Hence

δ_f = δ̃_f − ϱ = e_{OΣ}(h_f ) + dimC (kerh_f ) (2.2.4.2)

where e_{OΣ} (h_f ) := dimC (cokerh_f )−dimC (kerh_f ), by definition, which has many good properties (see [F] §A.2).

If N is free, then N ∼= M^∗. Moreover, if the determinant of the matrix of h_f under a free basis of N is not zero in O_Σ, then by [F] A.2.6

δ_f = δ̃_f − ϱ = e_{OΣ}(det(h_f )) + dimC (kerh_f ) (2.2.4.3)

where we view det(h_f ) as an endomorphism of O_Σ by multiplying with det(h_f ). Especially when det(h_f ) is not a zero divisor, then h_f is injective, and we have

δ_f = δ̃_f − ϱ = dimC

O_Σ (det(h_f )) (2.2.4.4)

0 0 ? ? 0 0 -_{T (M)} -_{kerq} -_0

? ? ? ?

0 - kerh̃_f - M ∗ -^{h̃f} M - cokerh̃_f - 0 ? ? ∼= ?^p ?^q 0 - kerh̃′_f - M ′^∗ -^{h̃′f} M ′ - cokerh̃′_f - 0

?_0 ?_0 ?_0 ?_0

Diagram 2.2.3

If N is free, then N ∼= M^∗. Moreover, if the determinant of the matrix of h_f under a free basis of N is not zero in O_Σ, then by [F] A.2.6

δ_f = δ̃_f − ϱ = e_{OΣ}(det(h_f )) + dimC (kerh_f ) (2.2.4.3)

where we view det(h_f ) as an endomorphism of O_Σ by multiplying with det(h_f ). Especially when det(h_f ) is not a zero divisor, then h_f is injective, and we have

δ_f = δ̃_f − ϱ = dimC

O_Σ (det(h_f )) (2.2.4.4)

2.2.5 Admissible Deformations Let Σ ⊂ X be a pair of purely dimensional analytic space germs embedded in a neighborhood of 0 ∈ C^m , defined by radical ideals g ⊃ h of OCm_{,0} respectively. Let f : (X, 0) −→ (C , 0) be an analytic function. Let Y = X ∩ f^{−1}(0), and Σ_f be the singular locus of f. Obviously, Y_{sing} = Σ_f .

Let S be a space, a deformation of a space Z over S is a flat morphism Z_S^π−→S such that Z ∼= Z_S ×_S Spec(C ).

A deformation of Σ → X consists of deformations of Σ and X: Σ_S −→ S, X_S −→ S and a morphism Σ_S → X_S such that diagram 2.2.4 is commutative.

Let Σ_S → X_S be a deformation of Σ → X, and f_S : (X_S , 0) −→ (C , 0) be an analytic function. (f_S, Σ_S , X_S ) is called an admissible deformation (see [deJ-vanS]) of (f, Σ, X) if Y_S := X_S ∩f^{−1}_S (0) is a deformation of Y , the restriction f_0 of f_S to the fibre X of X_S is f and the diagram 2.2.5 is commutative, where Σ_{fS} is the singular locus of f_S . - @@ @@ @R 6 Σ_S X_S

S

Diagram 2.2.4

- @@ @@ @R 6 Σ_S Y_S

Σ_{fS}

Diagram 2.2.5

Let (S, 0) be embedded in (C^σ , 0), X_S = X × S ⊂ C^m × C^σ . Denote Õ := OC_{m ×}C_{σ ,0}. Then X_S can be defined by a radical ideal h̃ ⊂ Õ. Let Σ_S be defined by a radical ideal g̃ ⊂ Õ such that h̃ ⊂ g̃. Denote D̃_X = D_X ⊗ Õ. Then (f_S , Σ_S, X_S ) is an admissible deformation of (f, Σ, X) if and only if f_S ∈ ∫ g̃ := { g ∈ g̃ | ξ̃(g) ∈ g̃, ∀ξ̃ ∈ D̃_X } . Define

F : (C^m × C^σ , 0) −→ (C × C^σ , 0) by F (z, u) := (f_S(z, u), u)

Denote f̃ := f_S and J̃_X(f̃ ) := { ξ(f̃ ) | ξ ∈ D̃_X } . If (f_S, Σ_S, X_S ) is an admissible deformation of (f, Σ, X), we sometimes call F , f_S , f̃ or f_u := f_S(−, u) to be a deformation of f.

If we consider F as a map on X_S , then the critical locus of F can be defined by C_F := { (z, u) ∈ X × S | ξ(f̃ )(z, u) = 0, ξ ∈ D̃_X } = V(J̃_X(f̃ ) + h̃).

2.2.6 The Fitting ideals of the Jacobian module Since (Σ_S, 0) ⊂ (C_F , 0). Hence F |_{CF} is not a finite map and we can not expect the discriminant of F to be analytic (see [Te], [BR], [P3] and [DGW]). In fact, the finiteness of F |_{CF} is a characteristic property of isolated singularity (see loc.cit.). There is, however, some well defined subspace of C_F (called residual critical locus) playing the rôle of the critical locus in the isolated case (see [P3]). Let us now describe this subspace. Let

W̃ = g̃ J̃_X (f̃) + h̃,

which is a finitely generated Õ-module. There is a presentation: Õ^q1^ϕ−→Õ^q0 −→ W̃ −→ 0, where, under the canonical basis of the relative modules, ϕ can be taken as a q_0 × q_1-matrix with entries in Õ. The k−th Fitting ideal of W̃ , denoted by F_k(W̃ ), is by definition the ideal of Õ generated by the (q_0 − k) × (q_0 − k)- minors of ϕ, and F_k(W̃ ) = Õ in case k ≥ q_0 and F_k(W̃ ) = 0 in case q_0 > q_1. Note that Fitting ideals do not depend on the choice of the presentation of the module and is stable under base exchange (see [Lo] for details). Especially, F_0(W̃ ) ⊂ Ann(W̃ ), and both of them define Supp(W̃ ).

It is a good exercise to verify that F_0(W ) = R if and only if W = 0 for any finitely generated module W over a commutative ring R with 1.

Proposition If f ∈ ∫ X g and j(f) < ∞, then

dimC^O

J_X (f) + h + F_0(W ) < ∞, where W :=^g_{JX (f )+h} .

Proof Use the Nullstellensatz for coherent sheaves.

2.2.7 Residual critical locus and the Jacobian number We have

Supp(W̃ ) = V((J̃_X(f̃) + h̃) : g̃) = V(F_0(W̃ )) = V(J̃_X (f̃) + h̃ + F_0(W̃ )),

and since (J̃_X (f̃) + h̃)^2 ⊂ ((J̃_X (f̃) + h̃) : g̃)g̃ ⊂ J̃_X (f̃) + h̃, C_F = Σ_S ∪ V(J̃_X(f̃) + h̃ + F_0(W̃ )).

The analytic subspace of X_S :

RC_F := V(J̃_X(f̃) + h̃ + F_0(W̃ ))

is called the residual critical locus of the deformation F of f.

Theorem (see [P2] 2.13) Let f ∈ ∫ X g and j(f) < ∞.

1) The restriction germs

F |_{RCF} : RC_F −→ (C × C^σ , 0)

and the composition p_2 of F |_{RCF} with π : (C × C^σ , 0) −→ (C^σ , 0):

p_2 : RC_F −→ (C^σ , 0)

are finite maps;

2) The residual discriminant RD_F := im(F |_{RCF} ) of F is an analytic space in (C^σ , 0), defined by F_0(F_∗(W̃ ));

3) There exist representatives of all the germs considered such that for all s ∈ S j(f) ≥ ∑ P ∈π^{−1}(s) j(f_{s,P} ), where j(f_{s,P} ) is the Jacobian number of f_s at point P . (^1)

Proof 1) and 2) are obvious by using the proposition in §2.2.6, [Gu] Theorem 5(d) and the finite mapping theorem.

For 3), let

W̄ := W̃ π^∗(mCσ_{,o})W̃

which is an O_{RCF} -finite module with finite length: l(W̄ ) = j(f).

We consider O_{RCF} -finite module W̃ . Still denote by W̃ the sheaf defined by W̃ on RC_F (in a neighborhood of 0). Since p_2 is finite, (p_2)_∗W̃ is a finite

OCσ -module (in fact an ORDF -finite module ). Remark that for any s ∈ C^σ

near 0, we have ( (p_2)_∗W̃ ) s = ⨁ P ∈p^{−1}_2 (s) W̃_P

as OCσ -module. Then

dimC ⨁ P ∈p^{−1}_2 (s) W̄_P = ∑ P ∈p^{−1}_2 (s)

dimC^{(¯}WP^) =^∑_{P ∈p−12 (s)} j(fs,P )

By taking sufficient small neighborhood of 0 ∈ C^σ , we may assume that the minimal generator set of W̃_0 consists of j(f) elements. Since p^{−1}_2 (0) = {0},

1Is it possible to have a equality ?

we have

dimC^((p2)∗^¯W^)_0 = dimC^¯W = j(f) ≥^∑_{P ∈p−12 (s)} j(fs,P ). □

2.2.8 A good deformation Let X ⊂ C^m be a reduced pure dimensional analytic space with isolated singularity at 0, defined by an ideal h ⊂ O, Σ a reduced curve in X with isolated singularity at 0, defined by an ideal g = (g_1, . . . , g_n) ⊂ O. Let f : (X, 0) −→ (C , 0) and f ∈ g^2. We can write f =^n ∑ k,l=1 h_{kl}g_kg_l, h_{kl} = h_{lk}. Let u = (u_{kl})_{1≤k,l≤n} be the coordinates

of C^{n2} . Let U = {u ∈ C^{n2} | ukl = ulk}, and V = C^{mn} with coordinates

v = (v_{jk})_{1≤j≤m,1≤k≤n}. Let s = (u, v) be the coordinates of S = U × V . Define

f_s(z) = f + n∑ k,l=1 ( u_{kl} + n∑ j=0 z_jv_{jk}δ_{kl} ) g_kg_l,

where δ_{kl} is Kronecker’s delta. We call f_s a good deformation of f used originally by Siersma when X is smooth (see [S3-5] and [P2, 3]).

2.2.9 Theorem Let (X, 0) ⊂ (C^{n+1} , 0) be an icis of pure dimension n − p + 1, (Σ, 0) ⊂ (C^{n+1} , 0) an icis of pure dimension 1. If N := M/T (M) is a free O_Σ-module and j(f) < ∞, then there exists a open dense subset S^′ of a neighbourhood of 0 in S such that for any s ∈ S^′

1) on X \ Σ, f_s has only A_1 type critical points, and 2) on Σ \ 0, f_s has only A_∞ and D_∞ singularities.

Proof 1) Write X^1 = X \ Σ, which is a manifold. Consider a map germ Φ : X^1 × S −→ T^∗X^1 by Φ(z, s) = df_s(z) ∈ T^∗_z X^1, where T^∗X^1 is the cotangent bundle of X^1. For any P ∈ X^1, let Z be a neighborhood of P in X^1 on which one of the minors of J(h), for example, the minor consisting of the first p columns Δ_{1,...,p} ≠ 0, where J(h) is the Jacobian matrix of the map h := (h_1, . . . , h_p) : C^{n+1} −→ C^p . By implicit function theorem, we have z_j = ϕ_j(z_{p+1}, . . . , z_m), j = 1, . . . , p from h_1 = 0, . . . , h_p = 0 which are the generators of the defining ideal h of X, where m = n + 1.

Denote ψ_k = ϕ_k when 1 ≤ k ≤ p and ψ_k = z_k when p+1 ≤ k ≤ m. Replace z_1, . . . , z_p in f_s by ϕ_1, . . . , ϕ_p respectively. We have

f̃_s(z_{p+1}, . . . , z_m) = f_s(ψ_1, . . . , ψ_m) = n∑ k,l=1 ( h̃_{kl} + ũ_{kl} + m∑ j=0 ψ_jv_{jk}δ_{kl} ) g̃_kg̃_l.

Notice that z_{p+1}, . . . , z_m are the local coordinates on Z. In this piece of X^1, Φ(z, s) = df_s(z) can be expressed , in the local coordinates, by Φ(z, s) = ( ∂f̃_s ∂z_{p+1} , . . . , ∂f̃_s ∂z_m ) . Then

∂^2f̃ ∂u_{kk}∂z_i = 2g̃_k ∂g̃_k ∂z_i , ∂^2f̃ ∂v_{jk}∂z_i = 2ψ_jg̃_k ∂g̃_k ∂z_i + ∂ψ_j ∂z_i g̃^2_k, 0 ≤ j ≤ n, 1 ≤ k ≤ n. Hence det ( ∂^2f̃_s ∂v_{jk}∂z_i − ψ_k ∂^2f̃_s ∂u_{kk}∂z_i ) i,j=p+1,... ,n, = g̃^{2(m−p)} k , k = 1, . . . , n equals to some n-minors of dΦ. So the zero set V(K) of the ideal K = ( g̃^{2(m−p)} 1 , . . . , g̃^{2(m−p)}_n )

contains the critical set of Φ. However,

V(K) ⊂ V(ψ^∗(g^{2(m−p)}_1 ), . . . , ψ^∗(g^{2(m−p)}_n )) ∩ ψ(X^1) = ∅.

Hence, Φ is a submersion. By [GM] theorem 2.2.3 , there is a dense subset S_1 ⊂ S, such that for any s ∈ S_1, f_s has only A_1 singularities on X^1. Since j(f) < ∞ and the theorem 3) in §2.2.7, S_1 is also open.

2) By the theorem in §2.1.7. We can assume that N = M/T (M) is generated by ḡ_{p+1}, . . . , ḡ_n, define

Δ(z, u, v) = det ( h_{kl} + u_{kl} + n∑ j=0 z_jv_{jk}δ_{kl} ) p+1≤k,l≤n .

Consider the hypersurface H ⊂ C^{n+1} × S defined by Δ(z, u, v) = 0, which is obviuosly reduced(see [P2]), and the projection p : H ∩ Σ −→ S induced by the projection from C × S to S. Since δ_f < ∞, p is a finite map. Then there exists an analytic subset B_1 ⊂ D such that p : p^{−1}(D \ B_1) −→ D \ B_1 is an analytic covering.

Let S_2 = D \ (B_1 ∪ Δ(0, s) = 0), which is open and dense in D. For any s ∈ S_2, the hypersurface Δ_s(x, y_1, . . . y_n) := Δ(x, y_1, . . . y_n, u, v) = 0 intersects Σ \ 0 transversally in δ_f points D_1, . . . , D_{δf} where X is smooth. By [S3] or [P3], f_s has D_∞ singularities in points D_1, . . . , D_{δf} . If we take S^′ = S_1 ∩ S_2, then we get the theorem. □

Corollary The number of D_∞ points of a good deformation of a function f on Σ \ {0} is δ_f . □

2.2.10 An excellent deformation By the assumptions of the theorem in §2.2.9 and the theorem in §2.1.7, we have ∫ g = (g_1, . . . , g_p) + (g_{p+1}, . . . , g_n)^2.

For f ∈ ∫ g, we can define another deformation of f. Write f = p∑ i=1 a_ig_i + n∑ i,j=p+1 h_{ij}g_ig_j. Let f_s = f + p∑ i=1 t_ig_i + n∑ l,k=p+1 ( u_{kl} + n∑ j=0 z_jv_{jk}δ_{kl} ) g_kg_l. We call the above f_s to be the excellent deformation of f, since even if f ∈ g^2, we can find a f_s ∈ ∫ g as the “central type”.

Note that we can assume in (2.1.5.1) that H_i ∈ (g_{p+1}, . . . , g_n)^2. Let

H_i = n∑ k,l=p+1 H^i_{kl}g_kg_l. Define δ^∗ := dimC O det(bh_{kl} − ∑_p i=1 a_iH^i_{kl}) + g . Then we can prove the following theorem in a similar way to the one in §2.2.9.

Theorem Under the assumptions in theorem 2.2.9. If N is free, j(f) < ∞ and δ^∗ < ∞, then there is an open dense subset S^′ of S := {s = ((t_i), (u_{kl}), (v_{jk})) | u_{kl} = u_{lk}} such that for all s ∈ S^′,

1) On X \ Σ, f_s has only A_1 critical points; 2) On X \ {0}, f_s has only A_∞ and D_∞ critical points; 3) δ^∗ is the number of D_∞ points on Σ \ {0}. □

2.2.11 Remark For our purpose, a deformation f_s of a function germ f should at least have the following property (S):

(S): There exists an open dense subset S^′ in the parameter space such that for any s ∈ S^′ small enough, f_s has only isolated critical points of type A_1 on X \ Σ, and on Σ \ {0}, f_s has only A_∞ and D_∞ singularities.

Chapter 3

The Topology of Non-isolated Singularities

3.1 Topological Properties of the Milnor Fibre

For an analytic function germ f : (C^{n+1} , 0) −→ (C , 0), Milnor[Mi] first studied the fibre F of f, called Milnor fibre, and proved, among other things, the homotopy equivalence F ≃ S^n ∨ · · · ∨ S^n (μ copies of the sphere) if f defines an isolated singularity. This is the so called bouquet decomposition of the Milnor fibre. Since the real dimension of F is 2n, this is also called a bouquet of spheres of middle dimension.

After Milnor a lot of authors have been trying to generalize these beautiful results. One direction is to study the Milnor fibre of an analytic function f : X −→ C on an analytic space X. Hamm[Ha] has proved that when X is an icis and f defines an isolated singularity, then F is (up to homotopy) a bouquet of spheres of middle dimension. Lê has proved the existence of Milnor fibration for any analytic function on any space in [Lê6]. He has also proved that F is again a bouquet of spheres of middle dimension when f defines an isolated singularity and X is a complete intersection or has maximal rectified homotopical depth in [Lê1] and [Lê4]. If f and X both have isolated singularity, Siersma[S6] has proved that F is a wedge of the complex link of X and a bouquet of spheres of middle dimension. Tibăr[Ti1] has given a complete answer to this problem by showing a more general bouquet decomposition of F for f defining an isolated singularity on any analytic space.

At almost the same time, some authors began to consider the case where f defines non-isolated singularities on X. Iomdin[Io] has studied the Euler characteristic of F . When X is smooth, Siersma[S2,3 and 4] has proved that

F is again a bouquet of spheres, but the spheres may have different dimensions, when the singular locus of f is an icis or a plane curve and the transversal type is A_1. T. de Jong[deJ] has obtained a similar results when the singular locus of f is a line and the transversal type is A_2, A_3, D_4, E_6, E_7, or E_8. A. Zaharia [Z2] has studied the topology of the Milnor fibre of a function with singular locus a two dimensional icis on a smooth space.

In this section, we study the topology of the Milnor fibre of a function defining non-isolated singularities on a singular space. This is motivated by the work of Siersma.

We start with a special case of Lê’s theorem on the existence of Milnor fibration, and include the proof since this also helps to fix some notations which will be used in the sequel.

3.1.1 Theorem Let X be a reduced complex analytic space with isolated singularity in x_0. Let Σ be a curve on X with isolated singularity in x_0. Let f : X −→ C be a complex analytic function, and the singular locus of f: Σ_f = Σ. Assume that a neighborhood U ⊂ X of x_0 is embedded in C^m . Then there exists an ϵ_0 > 0 such that for any ϵ : ϵ_0 ≥ ϵ > 0, there is an η_ϵ > 0 and for any η : η_ϵ ≥ η > 0, the function f induces a map φ = φ(ϵ, η) from B̄_ϵ(x_0) ∩ X ∩ f^{−1}(Δ̄_η(f(x_0))) onto Δ̄_η(f(x_0)) and its restrictions are locally trivial topological fibrations:

φ_1 : B̄_ϵ(x_0) ∩ X ∩ f^{−1}(Δ^∗_η(f(x_0))) −→ Δ^∗_η(f(x_0)),

φ : B̄_ϵ(x_0) ∩ X ∩ f^{−1}(Δ̄^∗_η(f(x_0))) −→ Δ̄^∗_η(f(x_0)), φ^0 : B_ϵ(x_0) ∩ X ∩ f^{−1}(Δ^∗_η(f(x_0))) −→ Δ^∗_η(f(x_0)), φ̃ : ∂B̄_ϵ(x_0) ∩ X ∩ f^{−1}(Δ̄^∗_η(f(x_0))) −→ Δ̄^∗_η(f(x_0)), where B_ϵ(x_0) is an open ball of radius ϵ centered at x_0, Δ_η(f(x_0)) is an open disk in C with f(x_0) as its center and η as its radius, Δ^∗_η(f(x_0)) = Δ_η(f(x_0)) \ {f(x)}, and Δ̄^∗_η(f(x_0)) = Δ̄_η(f(x_0)) \ {f(x)}.

Proof By the definition of a complex analytic space, there exists a local embedding of a neighborhood U of x_0 into C^m . We assume that the local embedding makes x_0 = 0 and f(x_0) = 0. Let U be sufficiently small such that f|_{(X∩U )\Σ} has rank 1. In the following we still denote X ∩ U by X. Stratify X by {X_0 = {0}, X_1 = Σ \ {0}, X_2 = X \ Σ} which is a Whitney stratification of X (see [LT1, 2]).

By [Mi]2.8 and 2.9 (see also [LT1, 2]), there exists a sufficiently small ϵ_0 > 0 such that for any ϵ : ϵ_0 ≥ ϵ > 0, the boundary ∂B̄_ϵ of the small ball B̄_ϵ ( centered at 0) intersects transversally the strata of {X_i}.

The Whitney stratification {X_i} of X induces a Whitney stratification of B̄_ϵ(x_0) ∩ X whose strata are :

B_ϵ ∩ X_0, B_ϵ ∩ X_1, B_ϵ ∩ X_2, ∂B̄_ϵ ∩ X_1, ∂B̄_ϵ ∩ X_2.

Since f has at most on X \ {0} finite number of critical values (one of them is 0), there exists an η_ϵ > 0 such that for all η : η_ϵ ≥ η > 0, the restriction of f to ∂B̄_ϵ ∩ X_2 ∩ f^{−1}(Δ̄_η) has real rank 2 in every point, where Δ̄_η is the closure of an open disk Δ_η ⊂ C with origin as its center and η as its radius. The surjective map φ := φ(ϵ, η) : B̄_ϵ ∩ X ∩ f^{−1}(Δ̄_η) −→ Δ̄_η induced by f is therefore stratified (see [LT1] [GM]): The restrictions to B_ϵ ∩ X_0, B_ϵ ∩ X_1 and ∂B̄_ϵ ∩ X_1, of f are constant, therefore the restrictions are submersive. Moreover, φ is proper. By Thom-Mather first isotopy lemma (see e.g. [LT1](1.4.3)), we have the following locally trivial topological fibrations: φ_1 : B̄_ϵ ∩ X ∩ f^{−1}(Δ^∗_η) −→ Δ^∗_η, φ_2 : B̄_ϵ ∩ X ∩ f^{−1}(∂Δ̄_η) −→ ∂Δ̄_η.

Thus there is a locally trivial topological fibration: φ : B̄_ϵ ∩ X ∩ f^{−1}(Δ̄^∗_η) −→ Δ̄^∗_η.

The function f also induces a stratified, proper map from ∂B̄_ϵ∩X ∩f^{−1} (Δ̄_η) onto Δ̄_η. By Thom-Mather first isotopy lemma (loc.cit.), f induces local trivial topological fibrations:

φ̃_1 : ∂B̄_ϵ ∩ X ∩ f^{−1}(Δ^∗_η) −→ Δ^∗_η, φ̃_2 : ∂B̄_ϵ ∩ X ∩ f^{−1}(∂Δ̄_η) −→ ∂Δ̄_η.

Hence we have a local trivial topological fibration φ̃ : ∂B̄_ϵ ∩ X ∩ f^{−1}(Δ̄^∗_η) −→ Δ̄^∗_η.

Since φ̃_1 is a subfibration of φ_1, the restriction of φ_1 gives a local trivial topological fibration:

φ^0 : B_ϵ ∩ X ∩ f^{−1}(Δ^∗_η) −→ Δ^∗_η. □

3.1.2 Theorem Let f_s be a deformation of f satisfying (S) in §2.2.11. Let η, ϵ be the same as in §3.1.1. Then for | s |, η and ϵ sufficiently small, the map f_s : B̄_ϵ ∩ f^{−1}_s (Δ̄_η) −→ Δ̄_η has the following properties:

1) For all t ∈ Δ̄_η, f^{−1}_s (t)¯⋔∂B̄_ϵ (as stratified spaces);

2) For every t ∈ ∂Δ̄_η, and hence for every t ∈ Δ̄_η \ {critical values of f_s}, there is a homeomorphism: f^{−1}(t) ∼= f^{−1}_s (t);

3) There is a homeomorphism: f^{−1}(Δ̄_η) ∼= f^{−1}_s (Δ̄_η). Especially, f^{−1}_s (Δ̄_η) is contractible.

Proof Let S_δ be the intersection of a small open ball in the parameter space with the dense open set which satisfies the condition (S) in §2.2.11. The center of S_δ is 0 and its the radius δ is taken so small that all the A_1-points and all the D_∞-points are contained in B_{ϵ/2}.

1) By the assumption on δ, we know that f_s only has A_∞-points on ∂B̄_ϵ in which f_s takes 0 as its value. So it is enough to verify that f^{−1}_s (0)¯⋔∂B̄_ϵ.

For P ∈ f^{−1}_s (0) ∩ ∂B̄_ϵ, if P /∈ Σ ∩ ∂B̄_ϵ, P is not a critical point of f and f^{−1}(t)¯⋔∂B̄_ϵ, so for small s and t, f^{−1}_s (t)¯⋔∂B̄_ϵ. If P ∈ Σ ∩ ∂B̄_ϵ, P is an A_∞ of f_s. Since Σ¯⋔∂B̄_ϵ, we know that f^{−1}_s (0)¯⋔∂B̄_ϵ (see [S3]).

2) Consider the map F (z, s) = (f_s(z), s) : X × S_δ −→ C × S_δ. Define

Z = F^{−1}(Δ̄_η × S_δ) ∩ (B̄_ϵ × S_δ) and F |_Z : Z −→ Δ̄_η × S_δ.

For every s ∈ S_δ, F |_Z defines a map

f_s : f^{−1}_s (Δ̄_η) ∩ B̄_ϵ −→ Δ̄_η. Let W = F^{−1}(∂Δ̄_η × S_δ) ∩ (B̄_ϵ × S_δ) and F |_W : W −→ ∂Δ̄_η × S_δ. Stratify W as follows:

W_1 = F^{−1}(∂Δ̄_η × S_δ) ∩ (B_ϵ × S_δ), W_2 = F^{−1}(∂Δ̄_η × S_δ) ∩ (∂B̄_ϵ × S_δ).

Since for any s ∈ S_δ, f_s has no critical value on ∂Δ̄_η, F |_W is a submersion on W_1. From 1), we know f^{−1}_s (t)¯⋔∂B̄_ϵ. It follows that F |_W is a submersion on W_2. By a relative version of Ehresmann’s fibration theorem (see for example [La] 3.0 ). F |_W is locally trivial topological fibration over ∂Δ̄_η × S_δ. Hence

f^{−1}_0 (t) = F^{−1}(t, 0) ∼= F^{−1}(t, s) = f^{−1}_s (t).

3) Consider the composition:

π := p ∘ F : F^{−1}(Δ̄_η × S_δ) ∩ (B̄_ϵ × S_δ)^F−→Δ̄_η × S_δ^p−→S_δ.

Stratify Z = F^{−1}(Δ̄_η × S_δ) ∩ (B̄_ϵ × S_δ) by:

Z_{1i} = (X_i × S_δ) ∩ F^{−1}(Δ_η × S_δ) ∩ (B_ϵ × S_δ), Z_{2i} = (X_i × S_δ) ∩ F^{−1}(Δ_η × S_δ) ∩ (∂B̄_ϵ × S_δ), Z_{3i} = (X_i × S_δ) ∩ F^{−1}(∂Δ̄_η × S_δ) ∩ (B_ϵ × S_δ), Z_{4i} = (X_i × S_δ) ∩ F^{−1}(∂Δ̄_η × S_δ) ∩ (∂B̄_ϵ × S_δ), where X_i’s are defined in the same way as in the proof of the theorem in §3.1.1 (i=0,1,2). Only seven of the Z_{ij} ’s are not empty. Since {X_i} is a Whitney stratification and for any t ∈ Δ̄_η X_i × {t}¯⋔∂B̄_ϵ × {t} and X_i × {t}¯⋔(F^{−1}(∂Δ̄_η × {t}) ∩ (∂B̄_ϵ × {t})). The stratification of Z given above is also a Whitney stratification. And the restrictions of π to the non-empty strata :

π |_{Z12} :Z_{12} = { (z, s) ∈ ((X \ Σ) ∩ B_ϵ) × S_δ) | (f_s(z), s) ∈ Δ_η × S_δ} −→ S_δ, π |_{Z22} :Z_{22} = { (z, s) ∈ ((X \ Σ) ∩ ∂B̄_ϵ) × S_δ) | (f_s(z), s) ∈ Δ_η × S_δ } −→ S_δ, π |_{Z32} :Z_{32} = { (z, s) ∈ ((X \ Σ) ∩ B_ϵ) × S_δ) | f_s(z) ∈ ∂Δ̄_η } −→ S_δ, π |_{Z42} :Z_{42} = { (z, s) ∈ ((X \ Σ) ∩ ∂B̄_ϵ) × S_δ) | f_s(z) ∈ ∂Δ̄_η } −→ S_δ, π |_{Z11} :Z_{11} = { (z, s) ∈ ((Σ \ 0) ∩ B_ϵ) × S_δ | f_s(z) ≡ 0} −→ S_δ, π |_{Z21} :Z_{21} = { (z, s) ∈ ((Σ \ 0) ∩ ∂B̄_ϵ) × S_δ) | f_s(z) ≡ 0 } −→ S_δ, and π |_{Z10} :Z_{10} = {(0, s) | s ∈ S_δ} −→ S_δ are all submersions. Hence the proper map π is stratified, it follows from Thom-Mather first isotopy lemma that π is a locally trivial topological fibration over S_δ. Then we have

f^{−1}_0 (Δ̄_η) ∼= π^{−1}(0) ∼= π^{−1}(s) ∼= f^{−1}_s (Δ̄_η). □

3.1.3 The additivity of the vanishing homology In studying the Milnor fibre of an analytic function, Siersma ([S3-5]) has introduced the homology direct sum decomposition, the additivity of the vanishing homology, for functions with non-isolated singularities on a smooth space and functions with isolated singularities on a singular space with isolated singularities. Tibǎr [Ti] has observed that this homology direct sum decomposition is also true for an analytic function defining an isolated singularity on any analytic space. In

74 CHAPTER 3. THE TOPOLOGY OF NON-ISOLATED SINGULARITIES

fact, this kind of additivity is also true in our case as indicated by Siersma in

[S6] 2.4.

Usually the Milnor fibration is considered in a small neighborhood of the

interesting point. In this and the following two subsections, we study the

fibration defined by a function in a little bit global situation. The prototype

of the function is the deformed function. And once we choose a ball around

the interesting point, we will not shrink it any more.

Let X be an analytic space with pure dimension n + 1 (n ≥ 1) embedded

in C^m and Xsing = {0}. Let^¯Bϵ be a closed ball in C^m with radius ϵ and center

0, Δ̄_η a closed disc in C with radius η and center 0. Let f : X −→ C be an

analytic function such that f(0) = 0, and the critical values: b_0 = 0, b_1, . . . , b_σ

of f are all contained in the open disc Δ_η. Assume that all the choices satisfy

(∗) f^{−1}(t)¯⋔(∂B̄_ϵ ∩ X) for all t ∈ Δ̄_η

( when t = b_i, this is considered as stratified set )

. . . . . . .. . . . .. .. .. .. .. .. .. .. .. .. .. .. .. ... .. .. .. ... ... ... ... .. ... ... ... ... ... ... ... .... .... ... ... .... .... .... ....

.... .... .... .... .... .... .... .... .....

.... ..... ..... ..... .....

..... .....

..... .....

..... .

. . . . . . .. . . . .. .. .. .. .. .. .. .. .. .. .. .. .. ... .. .. .. ... ... ... ... ... ... ... ... ... ... ... ... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... .... ..... .... ..... ..... ..... ..... ..... ..... ..... ..... ..... .

............

............

..........

........

..... .. ... ......

..........

...........

..............

.................

......................

....................................

.............................................................................................................................................

........................

.................

.............

...........

..........

....... ... .. ....

.......

.........

............

............. .

. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . .. . . . . . .. .. . . .. .

.. .. ... ... .....

.....................

......

....

..... ...

. ... ......

..................... ... .. . .. ....

........................ .. ..q_{c1} . ... ......

..................... ... .. . ... .....

........................ .. . .q_{c3} . ... .....

...................... ... .. . ... .....

....................... ... . .q_{c2} u. . . . . . . . . . . .. . .. .. .. . .. .. .. .. .. .. .. .. .. .. .. .. .. .^......_{.............} ... .. . ... .......

............. Σ

0 X ∩ B̄_0

X ∩ B̄_ϵ

-^f .^{......} .. .. ... ... ... ... ....

....

....

....

.....

.....

......

......

......

.......

.........

.........

...............

.........................

............................................

..............

..........

.........

.......

.......

......

......

.....

..... .....

.... ....

.... ... ... ... ... .. .. .. .. .. .. .. . . . . . . . .. .. .. .. .. .. .. ... ... ... .... .... .... ..... ..... .... ......

......

......

.......

........

.........

............

..................

...............................................................

..............

.........

........

.......

.......

......

......

....

.....

....

.... ... .... ... ... ... .. .. .. .. .. .. .. . . . . . ... ...................... .. ........

..............

..s_0 D̄0

t_0

... ...................... .. ........

..............

..q_{b1}

D̄1 .............

....... ....... ........ ........ ....... . ........ .................

γ_1 t_1 ... ....................... .. ........

...............

..q_{b2} D̄2

γ_2 t_2.....

........ ...... ... ... ...... ................

....................... . ... ....................... .. ........

.............

..q_{b3} D̄3 γ_3 t_3.....

...........

............................ .. .. ... .... ... .

Δ̄_η

Figure 6

We choose (cf. [S3-5]):

1) a system of disjoint closed disc D̄_i around every critical value b_i;

2) points t_i ∈ ∂D̄_i, i = 0, 1, . . . σ;

3) a system of paths γ_1, . . . , γ_σ from t_i to t_0 in a usual way ( see Figure 6); For any subset A ⊂ C and w ∈ C , we take the following notation:

X_A = X ∩ B̄_ϵ ∩ f^{−1}(A), X_w = X ∩ B̄_ϵ ∩ f^{−1}(w).

4) Denote still by f the restrictions of f : f : (X¯_{Di} , X_{ti} ) −→ (D̄_i, t_i). Let Σ_i be the critical locus of f inside X¯_{Di} . Let r_i : X −→ R^+ be an analytic function defined in a neighbourhood of Σ_i with

r_i(z) = 0 ⇐⇒ z ∈ Σ_i. Let T_i(ϵ) = { z ∈ B̄_ϵ ∩ X | r_i(z) ≤ ϵ } . 5) Choose ϵ_1 > 0 such that for any ϵ^′ : 0 < ϵ^′ < ϵ_1, there exists a τ = τ (ϵ^′) such that (see the proof in §3.1.8 or [S5],[Mi] or [Io]) X_{bi} ¯⋔∂T_i(ϵ^′) and X_t ¯⋔∂T_i(ϵ^′) for all t ∈ D̄_i^∗ = {t ∈ C | 0 < |t − b_i| ≤ τ } . Let ϵ^′ be so small that all T_i(ϵ^′)’s and D̄_i’s are disjoint inside B̄_ϵ and Δ̄_η respectively.

Denote

T_i = T_i(ϵ^′), E^i = T_i ∩ X¯_{Di} , F^i = T_i ∩ X_{ti} , E = X¯_{Δη} , F = X_{t0} = f^{−1}(t_0) ∩ B̄_ϵ.

With appropriate deformation retractions and excisions, similar to [S4 and 5], one can prove the following homology direct sum decomposition formula (all homology groups in this section have integral coefficients):

Theorem (Additivity of the Vanishing Homology ) Let f be a function on X. Notations and assumptions on f are the same as above then we have H_∗(E, F ) ∼= σ⨁ i=0 H_∗(E^i, F^i). □

3.1.4 Homology bouquet decompositions If one checks the proof of the additivity of the vanishing homology, one can obtain something more precise under some extra assumptions. First we have a corollary from the additivity of the vanishing homology.

Corollary If E and E^i’s are contractible, then we have a homology bouquet decomposition H̃_∗(F ) ∼= σ⨁ i=0 H̃_∗(F^i). □

Lemma If E and E^i’s are contractible, then we have

H_∗(F, F^0) ∼= σ⨁ i=1 H̃_∗(F^i) (3.1.4.1)

Proof Consider the exact homology sequence of the triple (X¯_{Δη} , X¯_{D0} , X_{t0} ):

· · · −→ H_q(X¯_{D0} , X_{t0} )^{iq}−→H_q(X¯_{Δη} , X_{t0} )^{jq}−→H_q(X¯_{Δη} , X¯_{D0} ) ∂−→H_{q−1}(X¯_{D0} , X_{t0} ) −→ · · · By homotopy lifting property and excision, this becomes · · · −→ H_q(X¯_{D0} , X_{t0} )^{iq}−→ σ⨁ i=0 H_q(X¯_{Di} , X_{ti} )^{jq}−→ σ⨁ i=1 H_q(X¯_{Di} , X_{ti} ) ∂−→H_{q−1}(X¯_{D0} , X_{t0} ) −→ · · · (3.1.4.2) where i_q is the inclusion to the first factor (see [S6]). Since (E^i ∪ X_{ti} , X_{ti} ) and (X¯_{Di} , X_{ti} ) are homotopy equivalent relative to X_{ti} , by taking excision again (loc.cit), · · · −→ H_q(E^0, F^0)^{iq}−→ σ⨁ i=0 H_q(E^i, F^i)^{jq}−→ σ⨁ i=1 H_q(E^i, F^i) ∂−→H_{q−1}(E^0, F^0) −→ · · · (3.1.4.3) Since E^i’s are contractible, we have · · · −→ H̃_q(F^0)^{iq}−→ σ⨁ i=0 H̃_q(F^i)^{jq}−→ σ⨁ i=1 H̃_q(F^i)^∂−→H̃_{q−1}(F^0) −→ · · · (3.1.4.4)

where i_q is the inclusion to the first factor (here we have written i_q, j_q for i_{q+1}, j_{q+1} by abusing the notations).

We have the exact sequence of the pair (F, F^0): · · · −→ H̃_q(F^0)^{iq}−→H̃_q(F ) −→ H_q(F, F^0) −→ H̃_{q−1}(F^0) −→ · · ·

By the corollary above and the fact that i_q is an injection, we have the lemma. □ In the remainder of this subsection we consider a more special case: Let Σ_0 be a curve containing 0. Let Σ_1 = {c_1}, . . . , Σ_σ = {c_σ} be isolated critical points of f and all these c_j’s be contained in the smooth part of X. Assume X \ Σ_0 is smooth, then (see [Mi], [S3, 4 and 6]) for each i = 1, . . . , σ:

H̃_q(F^i) = { Z^{νi}, q = n, 0, q ≠ n. where ν_i is the Milnor number of f at c_i.

By the corollary above, we have

H̃_q(F ) = { H̃_n(F^0) ⊕ Z^ν, q = n, H̃_q(F 0), q ≠ n, (3.1.4.5) where ν =^σ ∑ i=1 ν_i.

And (3.1.4.1) becomes

H_q(F, F^0) = { Z^ν, q = n, 0, q ≠ n, (3.1.4.6) since i_q is an injection.

It is well known that for each i > 0,

F^{i h}≃ S^n ∨ · · · ∨ S^n ( wedge of ν_i copies of the sphere S^n).

These spheres are vanishing cycles, the corresponding (n + 1)-cells e_1, . . . , e_{νi} are the thimbles of the vaninshing cycles. Denote e^i = e_1 ∪ · · · ∪ e_{νi} , e = σ⋃ i=1 e^i, E^+ = X_{D∪Γ}^h≃ E, F^+ = X_Γ^h≃ F.

By attaching these (n + 1)-cells along the vanishing cycles, we get F^+ ∪ e and the inclusion F^0 → F^+ ∪ e.

In the similar way to [S6] (2.6, 2.7, 2.8), we get a homology bouquet decomposition:

Proposition Assume (*) in §3.1.3. If Σ_0 is a curve containing 0, Σ_i = {c_i} ⊂ X_{reg} (i ≥ 1), and X \ Σ_0 is smooth, then { H_∗(F^0 ∨ S) ∼= H_∗(F ) ∼= H_∗(F^+), H_∗(F^0) ∼= H_∗(F^+ ∪ e) (3.1.4.7)

where S =^ν ⋁ i=1 S^n.□ 3.1.5 A Homotopy bouquet decomposition In §3.1.4, we, by using mainly homology excision, proved a homology bouquet decomposition of the fibre F (see (3.1.4.7) ). In this subsection, we are going to prove a homotopy bouquet decomposition for the fibre F under certain assumptions. We want to use Whitehead’s theorem. Some preparations have been done in the last part of §3.1.4.

Recall that F^0 is the fibre of

f : T_0 ∩ X ∩ f^{−1}(D̄^∗_0) −→ D̄^∗_0 (3.1.5.1)

It has been embedded in F . The embedding induces a map i : F^0 ∨ S −→ F .

Proposition Let X be complex analytic space of pure dimension n+1 ≥ 4. Let f : X −→ C be an analytic function. Let Σ_0, Σ_1 = {c_1}, . . . , Σ_σ = {c_σ} be the components of the critical locus of f with critical values: b_0 = 0, b_1, . . . , b_σ, which are all contained in the interior of Δ_η and X \ Σ_0 is smooth. Let f, B̄_ϵ and Δ̄_η satisfy (*) in §3.1.3. Let the Σ_0 be at most one dimensional. If F^0 is simply connected, then we have a homotopy bouquet decomposition of F :

F^h≃ F^0 ∨ S^n ∨ · · · ∨ S^n (3.1.5.2)

where the number of the spheres is the sum of the Milnor numbers of f restricted to some neighborhood of c_i for i = 1, . . . , σ.

Proof By (3.1.4.6) and relative Hurewicz isomorphism theorem, we have

π_q(F^+, F^0) = 0 for q < n, π_n(F^+, F^0) ∼= H_n(F^+, F^0).

Hence in case n > 2, we have

π_1(F^+) ∼= π_1(F^0), so π_1(F^+) ∼= π_1(F^0 ∨ S).

So if F^0 is simply connected, then F^0 ∨ S and F are also simply connected, and i induces the isomorphism on homology in (3.1.4.7).

By repeating the arguments of Siersma ([S6]§4), and Whitehead theorem (loc. cit, and [Wh]) we can conclude the proof. □

Remarks 1) Let X be smooth. When f is a Morsification of a function with isolated singularity, this theorem is a version of Milnor’s bouquet theorem [Mil]. When f is a deformation of a function with isolated line singularity or singular locus a plane curve, the theorem is Siersma’s bouquet theorem (see [S3 , 4]).

2) Let f have isolated singularity on X. By adding some generic linear form l to f, one gets a generic approximation f_s = f + sl of f. Then f_s and f have equivalent Milnor fibrations. If X has isolated singularity at 0. Then f_s has only Morse points on the smooth part of X. In this case, the theorem is part of [S6] where the statement is proved for n ≠ 2.

3.1.6 In the remainder of this section, we consider the following cases: X is an icis with pure dimension (n + 1) embedded in C^m such that the singular point is the origin 0. Σ ⊂ X is a one dimensional icis in C^m with 0 as the singular point. Let analytic function germ f : (X, 0) −→ (C , 0) satisfy the condition j(f) < ∞, that is, f is a transversal A_1 singularity along Σ.

Suppose there is a good (or excellent) deformation f_s : (X ×S, 0) −→ (C , 0) of f : (X, 0) −→ (C , 0) satisfying the property (S) in §2.2.11. And for |s| > 0 small enough, the map, induced by f_s and still denoted by f_s,

f_s : X¯_{Δη} = X ∩ B̄_ϵ ∩ f^{−1}_s (Δ̄_η) −→ Δ̄_η

satisfies the property (*) in §3.1.3.

Proposition Under the assumptions above, if F^0 = f^{−1}(0) ∩ T ∩ B̄_ϵ is simply connected, then we have a bouquet decomposition of the Milnor fibre: F^h≃ F^0 ∨ S^n ∨ · · · ∨ S^n, the number of the spheres is^♯A_1 of f_s.

Proof The critical locus of f_s consists of :

• the one dimensional reduced curve Σ, on which f_s has only local A_∞ or D_∞ type singularities off the origin;

• isolated points c_1, . . . , c_σ (we call them Morse or A_1 points), at each c_i, f_s is locally a Morse function.

We suppose that all the critical values of f_s are different for the sake of notation. The critical value b_0 = 0 corresponds to the non-isolated singular locus Σ.

Let B̄_0, B̄_1, . . . , B̄_σ be disjoint 2m-closed balls around 0, c_1, . . . , c_σ respectively. Note that one can take T_i(ϵ^′) = B̄_i in §3.1.3 for i = 1, . . . , σ. The radii are small enough to make sure that the B̄_i’s are disjoint inside B̄_ϵ and all the D_∞ and A_1 points of f_s are contained in B_ϵ \ B̄_0.

We choose the above objects in such a way that the maps induced by f_s (still denoted by f_s):

f_s : B̄_i ∩ f^{−1}_s (D̄_i) −→ D̄_i i = 0, 1, . . . , σ

are Milnor fibrations over the punctured closed disks D̄^∗_i = D̄_i − b_i.

Let ϵ^′ : 0 < ϵ^′ < ϵ_1 be so small that T := T_0(ϵ^′) = { z ∈ X ∩ B̄_ϵ | r(z) ≤ ϵ^′ } does not contain any Morse points of f_s (see §3.1.3 4), 5) and figure 6). (3.1.4.5) is

H̃_k(F ) = { H̃_n(F^0) ⊕ Z^σ, k = n, H̃_k(F^0), k ≠ n.

Since we assume F^0 is simply connected, by the proposition in §3.1.5, we have the conclusion. □

Remark In §3.1.12, we will prove a sufficient condition for F^0 to be simply connected: n ≥ 3, X and X ∩ f^{−1}(0) to be complete intersection. The n = 2 case is unknown. For the case of n = 1, we consider the following example.

Example Let X = {(x, y, z) ∈ C^3 | h = xy + z^2 = 0}, which has an A_1 singularity in C^3 . Let g = (xy, z), which defines a plane curve Σ on X. All the functions having Σ in their singular locus form the primitive ideal ∫ g = (xy, z^2). Consider function f = xy ∈ ∫ g, which is stable in the sense of §1.5. f has one critical value 0 corresponding to the singular locus Σ. The Milnor fibre of f has the homotopy type of two disjoint one-cycles.

When Σ is smooth and dim X = 2, we have a discussion in §3.1.13.

3.1.7 The situation near the singular set Σ We consider next the situation on Σ but outside B_0. Let Σ^∗ = the closure of (Σ − B_0) ∩ B_ϵ. Since the curve Σ has only isolated singularity at 0, Σ^∗ is a disjoint union of annuli, the number of them is the number of the irreducible branches of Σ. Denote the annuli by Σ^∗_k, k = 1, . . . , λ.

Let Σ be defined locally by g_1, . . . , g_n inside an open neighborhood of X∩B̄_ϵ (see the remark in §2.1.9). Let the r_0 in §3.1.3 4) be defined by r(z) = |g_1(z)|^2 + · · · + |g_n(z)|^2 : X −→ R^+ and T = T_0(ϵ^′) = {z ∈ X ∩ B̄_ϵ | r(z) ≤ ϵ^′}, T^′ := {z ∈ X ∩ B̄_ϵ \ B_0 | r(z) ≤ ϵ^′}. If we take ϵ^′ > 0 small enough, we have the disjoint union:

T^∗ = λ⨆ k=1 T^∗_k , ∂T^∗ = λ⨆ k=1 ∂T^∗_k , where T^∗_k is the component of T^′ which contains Σ^∗_k, and T^∗_k ’s do not contains any Morse point of f_s.

∂T^∗_k = {z ∈ T^∗_k \ (∂B̄_ϵ ∪ ∂B̄_0) | r(z) = ϵ^′} ∪ (T^∗_k ∩ ∂B̄_ϵ) ∪ (T^∗_k ∩ ∂B̄_0).

Lemma T^∗ is diffeomorphic to Σ^∗ × Q^n, where Q^n is a closed ball in C^n . Proof Define G : X −→ C^n by G(z) = (g_1(z), . . . , g_n(z)). Restricted to T^∗, G is a proper map: G : T^∗ −→ C^n and G^{−1}(0) = Σ^∗. We have known that G^{−1}(0)¯⋔∂B̄_ϵ, and G^{−1}(0)¯⋔∂B̄_0.

And when ϵ^′ is small enough, G^{−1}(0)¯⋔{z ∈ T^∗ | r(z) = ϵ^′}, since 0 is a regular value of G (see [Io] or [Ha]). Since G^{−1}(0) ∩ ∂T^∗ is compact, there exists a neighbourhood U of 0 ∈ C^n such that for any u ∈ U, G^{−1}(u)¯⋔∂T^∗. G is obviously a submersion in the interior of T^∗. By relative version of Ehresmann’s fibration theorem ( see [La] for instance ), G is locally a trivial differetiable fibration over an open neighbourhood U of 0 in C^n . We can take U contractable, then this fibration is trivial above U. Take a small closed ball Q^n ⊂ U, we obtain the lemma.□

3.1.8 Lemma There exists an ϵ^∗ > 0 such that for all ϵ^′ : 0 < ϵ^′ < ϵ^∗ 1) f^{−1}_s (0)¯⋔∂B̄_0, f^{−1}_s (0)¯⋔∂T^∗;

2) There exists a τ = τ (ϵ^′) such that whenever 0 < |t| ≤ τ , then f^{−1}_s (t)¯⋔∂B̄_0, f^{−1}_s (t)¯⋔∂T^∗.

Proof We only need to check the transversality at P ∈ ∂T^∗ \ (∂B̄_0 ∪ ∂B̄_ϵ). Since r has finite many critical values when it is restricted to X ∩ f^{−1}_s (0), so there exists a ϵ^∗ > 0 such that for any ϵ^′ : 0 < ϵ^′ < ϵ^∗, f^{−1}_s (0)¯⋔∂T^∗. Since f^{−1}_s (0) ∩ ∂T^∗ is compact, for the chosen ϵ^′, there is a τ = τ (ϵ^′) > 0 such that when 0 < |t| < τ , f^{−1}_s (t)¯⋔∂T^∗ (see [Io]).□

3.1.9 Along Σ, we have 3 type of singularities: A_∞, D_∞ and central type at the origin. Let f^′_s be the restriction of f_s to the transversal slice of Σ off the origin. Then the Milnor fibre pair (F, F^′) of f_s and f^′_s has the following homotopy type:

• at A_∞: (F, F^′)^h≃ (S^{n−1}, S^{n−1});

• at D_∞: (F, F^′)^h≃ (S^n, S^{n−1});

• central type: (F^c, F^′), where F^c = f^{−1}_s (t) ∩ X ∩ B̄_0.

3.1.10 Let B̄_0, T^∗, and D_0 small enough, and t_0 ∈ ∂D̄_0. Denote F^∗ = f^{−1}_s (t_0) ∩ T^∗, F^∗_k = f^{−1}_s (t_0) ∩ T^∗_k , F^c = f^{−1}_s (t_0) ∩ B̄_0, F^0 = F^∗ ∪ F^c.

Inside T^∗ we use the coordinates w_0, w_1, . . . , w_n, and assume that

(w_0, 0, . . . , 0) ∈ Σ^∗ and (0, w_1, . . . , w_n) ∈ Q^n.

Consider the projection

w_0 : T^∗_k −→ Σ^∗_k and w_0|_F ∗_k : F^∗_k = T^∗_k ∩ f^{−1}_s (t_0) −→ Σ^∗_k,

which we can assume to be analytic. w_0|_F ∗_k is singular at points of Γ ∩ Σ^∗_k, where Γ is the polar curve of f_s with respect to w_0, and is defined (in local coordinates) by^{∂f}_{∂w1} = · · · =^{∂f}_{∂wn} = 0 and it intersects with Σ^∗_k exactly at D_∞ points of f_s. Therefore w_0|_F ∗_k is singular in a neighbourhood of D_∞-points of f_s on Σ^∗_k.

Let S^1_k , . . . , S^{αk}_k be small disjoint closed discs around the D_∞-points in Σ^∗_k (see Figure 7) , where α_k =^♯ D_∞ on Σ^∗_k. Let

S_k = α_k⋃

j=1 S^j_k, M_k = Σ^∗_k \ S_k.

Note that w^{−1}_0 (S^j_k) ∩ T^∗_k = S^j_k × Q^n. We assume the disks D̄_0, S^j_k and the ball Q^n are so small that

f_s : (S^j_k × Q^n) ∩ f^{−1}_s (D̄_0) −→ D̄_0

3.1. TOPOLOGICAL PROPERTIES OF THE MILNOR FIBRE 83

is still a Milnor fibration with respect to the polyball S^j_k × Q^n.

Lemma ([S5]) For the diameter of Q sufficiently small, the projection

w_0|_F ∗_k : F^∗_k −→ Σ^∗_k is locally trivial above M_k with fibre homotopy equivalent

to the Milnor fibre of the quadratic singularities: w^2_1 + · · · + w^2_n.□

3.1.11 Let γ^0_k be the boundary circle of S^0_k := Σ^∗_k ∩ B̄_0, s^0_k ∈ γ^0_k . Choose a

system of paths γ^1_k, . . . , γ^{αk}_k inside M_k from s^0_k to s^1_k, . . . , s^{αk}_k in the usual way

(see Figure 7 for the case of α_k = 3).

. . . . . .. .. .. .. .. .. ... ... ... ... ... ....

....

....

.....

.....

....

......

.....

......

.......

.......

........

.........

.............

................

..................................................................................

............

........

........

........

........

......

..... ......

.....

.....

....

.... ... .... ... ... ... ... .. .. .. .. .. .. .. .. . . . . . . . . .. .. .. .. .. .. .. .. ... ... ... ... .... .... ... .... ..... .... ..... ...... ......

......

.......

.......

........

..........

..............

.........................

.....................................................

..............

...........

.........

.......

.......

.......

......

......

.....

....

.....

.... ... ....

.... ... ... ... ... .. .. .. .. .. .. .. . . . . . ... ..........

............. ... .. .....

..................... .. S^0_k γ^0_k .. .......

.................. ... . .....

.......................

..q ...._{.......................................}

...........

.........

.... ... ............

...............

γ^1_k

s^1_k

S^1_k

.. .......

.................. ... . .....

....................... ..q S^3_k

.. .......

.................. ... .. .....

....................... ..q S^2_k

..........

............

............................... . .. ... ... ... ... ..

γ^3_k s^3_k s^0_k

.........

..... ... . . . . . ... .........

............................

..........

.........

.....

γ^2_k s^2_k

Σ^∗_k :

Figure 7

Set Γ_k =^{αk} ⋃ j=0 γ^j_k. Then S_k ∪ Γ_k is a deformation retract of Σ^∗_k and γ^0_k is

a deformation retract of Γ_k. By the local triviality of w_0 and the homotopy

lifting property we have

(F^∗_k , w^{−1}_0 (γ^0_k ))^h≃ (w^{−1}_0 (S_k ∪ Γ_k), w^{−1}_0 (Γ_k)).

If α_k > 0, then

(F^∗_k , w^{−1}_0 (γ^0_k ))^h≃ (w^{−1}_0 (Γ_k) ∪ E_k, w^{−1}_0 (Γ_k)),

where E_k is a disjoint union of 2α_k n-cells attached to the vanishing cycle

S^{n−1} in a standard way. The attachment take place in w^{−1}_0 (s^0_k).

If α_k = 0, then F^∗_k ∪ F^{c h}≃ F^c.

So we have

F^0 = F^c ∪ F^∗_1 ∪ · · · ∪ F^∗_λ

h ≃F^c ∪ w^{−1}_0 (γ^0_1 ) ∪ · · · ∪ w^{−1}_0 (γ^0_λ) ∪ E_1 ∪ · · · ∪ E_λ h ≃F^c ∪ E_1 ∪ · · · ∪ E_λ. The last homotopy equivalence follows from the fact that w^{−1}_0 (γ^0_k ) ⊂ F^c homotopically and w^{−1}_0 (s^0_k) is homotopy equivalent to the Milnor fibre of f^′_s, the restriction of f_s to the transversal slice of Σ, and this fibre is of the homotopy type S^{n−1}.

Proposition F^0 can be obtained from F^c by attaching 2^♯D_∞ n-cells along a transversal vanishing cycle of F^c: F^{0 h}≃F^c ∪ e_1 ∪ · · · ∪ e_2♯_{D∞} . □ Corollary 1) For the Euler characteristic of F , we have

χ(F ) = χ(F^c) + (−1)^n(2^♯D_∞ +^♯A_1) (3.1.11.1)

2) Especially, we have

μ_n − μ_{n−1} = μ^c_n − μ^c_{n−1} + 2^♯D_∞ +^♯A_1 (3.1.11.2)

where μ_q = lZ(H_q(F )), μ^c_q = lZ(H_q(F^c)) are the lengths of the Z−modules, and are called the q-th Bitti numbers of the spaces. μ_n is called the Milnor number of f : (X, 0) −→ (C , 0).

3.1.12 Conclusions The proposition in §3.1.11 can be useful for more precise homology and homotopy results about F . Further investigation about F^c could give some more insight into the homotopy type of F^c and F . In the next subsection, we deal with some special cases where the homotopy type of F^c can be described.

Proposition 1) If F^c is n − 1 connected (n ≥ 3), then F^{c h}≃S^n ∨ · · · ∨ S^n (μ^c_n copies), hence F^h≃S^n ∨ · · · ∨ S^n (μ^c_n +^♯ A_1 + 2^♯D_∞ copies);

2) If X and X ∩f^{−1} (0) are complete intersections and X \f^{−1}(0) is smooth, then F^0 is n − 2 connected. If n ≥ 3, it follows that F^c is simply connected and F^h≃F^0 ∨ S^n ∨ · · · ∨ S^n. Proof 1) is obvious. For 2), Iomdin[Io] proved F^c is n−2 connected. Hence F^0 is also n−2 connected since the attaching of n-cells does not change the n−2 connectedness. The decomposition follows from the proposition in §3.1.6.□

3.1.13 Applications and examples Corollary 1 Let X = C^{n+1} (n ≥ 2) and Σ = x-axis. Since F^c is the Milnor fibre of A_∞, μ^c_n = 0, μ^c_{n−1} = 1, we get a formula of Siersma[S3]: μ_n = 2^♯D_∞ +^♯A_1 − 1.

And when^♯D_∞ > 0 (i.e. f is not of A_∞ type), F is a bouquet of spheres of middle dimension.□

Corollary 2 Let X = C^{n+1} (n ≥ 2) and Σ a plane curve. Since (see [S4]) F^{c h}≃S^{n−1} ∨ S^n · · · ∨ S^n, μ^c_n = 2μ(Σ) (the Milnor number of Σ), μ^c_{n−1} = 1, we have another formula of Siersma (loc.cit.) μ_n = 2μ(Σ) + 2^♯D_∞ +^♯A_1 − 1.

When^♯D_∞ > 0, F is a bouquet of spheres of middle dimension. and when ♯D_∞ = 0, F^h≃S^{n−1} ∨ S^n · · · ∨ S^n. □ Remark 1 The conclusions in §3.1.5 are not applicable to the case dim X = n + 1 = 2, i.e. n = 1. One can check that the proposition in §3.1.4 is valid for n = 1, especially, we have

H_1(F ) = H_1(F^0 ∨ S), H_0(F ) = H_0(F^0 ∨ S) and S = ν⋁ i=1 S^1.

If F^c is 0-connected, then

F^{0 h}≃F^c ∪ e_1 ∪ · · · ∪ e_2♯_{D∞} (3.1.13.1) is also 0-connected, where e_j’s are one cells. So F^0 ∨ S is 0-connected. Hence F is 0-connected and the Milnor fibre of f is 0-connected.

Formula (3.1.11.2) is still true for n = 1. If F^c is 0-connected, then μ = μ^c +^♯A_1 + 2^♯D_∞ (3.1.13.2) where μ is the Milnor number of f (the number of circles in F ).

Examples for F^c not to be 0-connected are available: X = C^2 and f = y^2 is an isolated line singularity with the non-connected Milnor fibre. The example in §3.1.6 is another one to show non-connectedness of the Milnor fibre.

Example 1 We consider the homotopy type of the Milnor fibre of functions with line singularities on a surface with A_k (k ≥ 1), D_k (k ≥ 4), or E_7 type singularity. According to our theory, we need to study the Milnor fibre of the central type.

Let Σ denote the line on X, the surface with singularity type given above. Σ is defined by the ideal (y, z). Let f : (X, 0) −→ (C , 0) be a germ such that j(f) < ∞, f_s be the excellent deformation of f. Let F be the Milnor fibre of f, and F^c the central type of F .

Case I: Σ and X have minimal torsion number. Note that the germs considered in the following are weighted homogeneous.

1) If X is the A_1 surface defined by xy + z^2 = 0 (A_{1,1}), then, at the origin, f_s^{RΣX}↭ y (see §1.5 Th. 1.5.3). Hence F^c = {(x, y, z) ∈ C^3 | xy + z^2 = 0, y = 1}.

which is contractible (see also [SS] and [ST]). Hence F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ copies).

2) If X is an A_k surface defined by xy + z^{k+1} = 0 (A_{k,1} k > 1), then at the origin, f_s^{RΣX}↭ y + z^2 (see §1.5 Th. 1.5.3 ). Hence (see also [SS] and [ST])

F^c = {(x, y, z) ∈ C^3 | xy + z^{k+1} = 0, y + z^2 = 1}^h≃S^1 ∨ S^1, F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + 2 copies).

3) If X is a D_k (k ≥ 4) surface defined by x^2y + y^{k−1} + z^2 = 0 (D_{k,2} k ≥ 4), then, at the origin, f_s^{RΣX}↭ y (see §1.5.5). Hence F^c = {(x, y, z) ∈ C^3 | x^2y + y^{k−1} + z^2 = 0, y = 1}^h≃S^1, F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + 1 copies).

4) If X is the E_7 surface defined by x^3y + y^3 + z^2 = 0, then, at the origin, f_s^{RΣX}↭ y (loc. cit. ). Hence

F^c = {(x, y, z) ∈ C^3 | x^3y + y^3 + z^2 = 0, y = 1}^h≃S^1 ∨ S^1, F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + 2 copies).

Case II: Σ and X have maximal torsion number.

1) If X : x^ly+y^2+z^2 = 0 (A_{2l−1,l}, l > 1), then, at the origin, f_s^{RΣX}↭ y (see §1.5.6). Hence (see [SS] and [ST]) F^c = {(x, y, z) ∈ C^3 | x^ly + y^2 + z^2 = 0, y = 1}^h≃S^1 ∨ · · · ∨ S^1(l − 1 copies), F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + l − 1 copies).

2) Let X : x^ly + yz + xz^2 = 0 (A_{2l,l}, l > 1). then, at the origin, f_s^{RΣX}↭ y. In order to determine F^c, we change the coordinates by y^′ = y + xz or y = y^′ − xz Hence

F^c = {(x, y, z) ∈ C^3 | x^ly + yz + xz^2 = 0, y = 1} = {(x, y^′, z) ∈ C^3 | x^ly^′ − x^{l+1}z + y^′z = 0, y^′ − xz = 1} = {(x, y^′, z) ∈ C^3 | x^l + y^′z = 0, y^′ − xz = 1}, which can be considered as the Milnor fibre of the function g = y − xz on the A_{l−1} surface. Notice that g defines an isolated singularity. By [BR]7.7 (see also [SS] and [ST]), F^{c h}≃S^1 ∨ · · · ∨ S^1(l + 1 copies), F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + l + 1 copies).

3) Let X : x^ly + xy^2 + z^2 = 0 (D_{2l,l}, l > 2). Then, at the origin, f_s^{RΣX}↭ y. Hence (see also [SS] and [ST]) F^c = {(x, y, z) ∈ C^3 | x^ly + xy^2 + z^2 = 0, y = 1}^h≃S^1 ∨ · · · ∨ S^1(l − 1 copies), F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + l − 1 copies).

4) Let X : x^ly + xz^2 + y^2 = 0 (D^∗_{5,2} or D_{2l+1,l}, l > 2). Then, at the origin, f_s^{RΣX}↭ y.

F^c = {(x, y, z) ∈ C^3 | x^ly + xz^2 + y^2 = 0, y = 1}^h≃S^1 ∨ · · · ∨ S^1(l + 1 copies), F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + l + 1 copies).

Case III: ϱ(Σ, X) is not maximal and not minimal. In this case, it is not easy to determine F at this moment. For a complete answer for this case see §3.3. However, in some special cases, we can still give the answer. As an example, we consider f on A_{5,2} surface defined by x^2y + x^2z^2 + yz = 0. At the origin, f_s^{RΣX}↭ y + bz^2 (b ≠ 1, 0). And by [SS],

F^c = {(x, y, z) ∈ C^3 | x^2y + x^2z^2 + yz = 0, y + bz^2 = 1} h ≃S^1 ∨ · · · ∨ S^1(6 copies),

F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + 6 copies).

Summary In this eaxmple, we have proved that for each function that defines a line singularity on a surface X with A_1, A_2, A_3, A_4, A_5, D_k or E_7 type isolated simple singularity (no conditions on torsion number), the Milnor fibre F of f is a bouquet of circles, and the Milnor number μ of f, the number of the circle in F , is given by the formula (3.1.13.2).

Example 2 One may wonder how is the Milnor fibres of functions with line singularities on higher dimensional hypersurface with isolated simple singularities. For the positions of Σ and X considered in example 1, it is easy to answer by suspension.

Let X ⊂ C^{n+2} be defined by h := xy + z^2_1 + · · · + z^2_n = 0, the A_1 singularity, and Σ = x-axis, defined by g = (y, z). Let f ∈ ∫ X g = (y)+(z)^2 and j(f) < ∞.

Let f_s be a generic deformation of f in ∫ X g with the coefficient of y nonzero. Then f_s has only Morse points outside Σ, and A_∞ and D_∞ on Σ − {0}. Near the origin, the central type, f_s is R_{ΣX} -equivalent to y (see §1.5 Theorem 1.5.4). Hence

F^c = {(x, y, z) | xy + z^2_1 + · · · + z^2_n = 0, y = 1} = {(x, 1, z) | x + z^2_1 + · · · + z^2_n = 0}

which is contractible. Hence μ^c_n = μ^c_{n−1} = 0, and

μ_n = 2^♯D_∞ +^♯ A_1, χ(F ) = 1(−1)^n(2^♯D_∞ +^♯ A_1).

In fact, by §3.1.6 proposition and §3.1.11 Corollary, in this case we can have more: F^h≃S^n · · · ∨ S^n. The number of spheres in the wedge is μ_n.

Remark 2 We have seen in §1.4 that there exist two classes of smooth curves on D_5 surface with the same torsion number 2. So the torsion number cannot tell the differences of this two kind of lines. However, if we consider the Milnor fibres of functions on the D_5 surface with different lines as singular loci, we find the differences. Obviously functions f_1 = y : {(x, y, z) | x^2y +y^4 +z^2 = 0} −→ C and f_2 = y : {(x, y, z) | x^2y + xz^2 + y^2 = 0} −→ C are stable and their Milnor fibres have the homotopy type of S^1 and S^1 ∨S^1 ∨S^1 respectively. (see Example 1 above case I 3) and case II 4))

3.2 A Formula for the Euler Characteristic

For an analytic function f : X −→ C defining a non-isolated singularity on X, there is a so called Iomdin-Lê formula (cf. [Lê], [Ti]) which expresses the Euler characteristic of the Milnor fibre of f by that of the series of f with isolated singularities. When X is C^n , the singular locus of f is a one dimensional isolated singularity of complete intersection Σ, and the transversal singularity type of f along Σ is Morse, Pellikaan [P4], by considering also series of singularities, has proved a formula for the Euler characteristic of the Milnor fibre of f. This formula expresses the Euler characteristic in terms of the so called Jacobian number j(f), δ and the multiplicity of Σ. These numbers can be computed directly by counting the dimensions of certain finite dimensional vector spaces. Moreover, these numbers have their geometric meaning: δ is the number of D_∞ points in a generic deformation of (f, Σ), and the Jacobian number is the sum of the number of D_∞ points and the number of Morse points in a generic deformation of (f, Σ). The development of computer algebra makes this kind of algebraic formulae more and more important and popular. In this section, we consider the similar question for a function f : X −→ C with non-isolated singularities. We do get the similar but not exact the flavor of Pellikaan’s. Remark that for a function f with isolated singularity on a weighted homogeneous icis X, Bruce and Robert [BR] have proved an algebraic formula for the Milnor number of f (see §3.2.3).

3.2.1 Let (X, 0) ⊂ (C^{n+1} , 0) be an isolated complete intersection singularity (icis) defined by a radical ideal h = (h_1, . . . , h_p) ⊂ OCn+1 . Let Σ ⊂ X be a one-dimensional icis with the origin as the singular point, defined by a radical ideal g ⊂ O := OCn+1 . There exist admissible linear forms l (see [Lê 5]) such that {l = 0}∩Σ = {0} and {l = 0} intersects both X and Σ transversally, and {l = 0}∩ X ∩ f^{−1}(0) has isolated singularity at the origin. We assume {l = 0} is the first coordinate hyperplane of C^{n+1} , and X is weighted homogeneous with respect to the coordinates chosen.

3.2.2 Let D_X be the set of derivations on X, and ξ_E, ξ^1, . . . ξ^s be the generators of D_X (see [W]), where ξ_E is the Euler derivation. Denote by D^0_X the submodule of D_X generated by ξ_E and those ξ^i such that if we write ξ^i = ∑_n i=0 ξ^i_j^∂_{∂zj} , then ξ^i_0 /∈ g, and by D^1_X the submodule of D_X generated by those ξ^i such that if we write ξ^i = ∑_n i=0 ξ^i_j^∂_{∂zj} , then ξ_0 ∈ g, thus D_X = D^0_X + D^1_X . Denote

J^0(f) := D^0_X (f) = {ξ(f) | ξ ∈ D^0_X }, J^1(f) := D^1_X (f) = {ξ(f) | ξ ∈ D^1_X }.

If f is clear from the context we just write J^0 and J^1.

Lemma (cf. [P4]) Let f ∈ ∫ g, and z_0, z_1, . . . , z_n the coordinates of C^{n+1} such that z_0 = 0 is admissible. The transversal singularity type of f along every branch of Σ is constant at all the points of Σ \ {0} if and only if

dimC^{( O}

g + ((J^1 + h) : J^0) ) < ∞.

Proof The inequality means that Σ ∩ V((J^1 + h) : J^0) = {0}. For ϵ > 0 small enough, let P ∈ Σ ∩ {z_0 = t}, 0 < |t| < ϵ. P /∈ V((J^1 + h) : J^0) if and only if (J^0)_P ⊂ (J^1)_P . Since z_0 = 0 intersects both Σ and X transversally and X is smooth at P , we can choose local coordinates such that locally Σ is the first coordinate axis y = 0. Furthermore, we can arrange the coordinate transformation such that under this transformation D^0_X and D^1_X are preserved. Namely any derivation of X with the first component non-zero at P will remain non-zero at P and any derivation of X with first component zero at P will remain zero at P . We let x = z_0, y_1, . . . , y_{n−p} be the new local coordinates, then at P , (J^0)_P = (_{∂f} ∂x ) O_{X,P} and (J^1)_P = (_{∂f} ∂y_1 , . . . , ∂f ∂yn−p ) O_{X,P} . By [P4], this is equivalent to the transversal singularity type of f is constant.□

3.2.3 Let X, Σ and f be the same as before. There is an integer k_0 such that for all k ≥ k_0, f_k = f +^1_{k+1} x^{k+1} defines an isolated singularity at O. Let μ(f_k) be the Milnor number of f_k, by [BR] 7.7, we have

μ(f_k) = dim ( OC^{n+1}

h + J_X (f_k) ) . By the exact sequence 0 −→ g + J_X (f_k) h + J_X (f_k) −→ O h + J_X (f_k) −→ O g + J_X (f_k) −→ 0 we know that

μ(f_k) = dim ( g + J_X (f_k) h + J_X(f_k) ) + dim ( O g + J_X(f_k) ) (3.2.3.1) Define

e_k := dim O g + J_X(f_k)

, σ(ΣX, 0) := dim ( O_Σ J_X (x) ) , multi_x(Σ) := dim ( O_Σ (x) ) .

Then obviously e_k = σ(ΣX, 0) + kmulti_x(Σ) and g + J_X(f_k) h + J_X (f_k) = g (h + J_X(f_k)) ∩ g . Hence

μ(f_k) = σ(ΣX, 0) + kmulti_x(Σ) + dim ( g (h + J_X (f_k)) ∩ g ) (3.2.3.2) We have

(h + J_X (f_k)) ∩ g = ((ξ_E(f_k)) + J^0(f_k)) ∩ g + J^1(f_k) + h.

where ξ_E is the Euler derivation and ξ^0 ∈ D^0_X .

3.2.4 In this subsection we assume that Σ is a line in C^{n+1} defined by the ideal g=(y_1, . . . , y_n). Since X is an icis defined by h = (h_1, . . . , h_p) ⊂ g, we can write (see §2.1.5)

h_1 = b_{11}y_1 + · · · + b_{1p}y_p + h^′_1 h_2 = b_{21}y_1 + · · · + b_{2p}y_p + h^′_2 · · · · · · h_p = b_{p1}y_1 + · · · + b_{pp}y_p + h^′_p

where h^′_1, . . . , h^′_p ∈ g^2, y_1, . . . y_p are projected to zero or the generators of the torsion part of the O_Σ-module M =^g_{g2+h} (see §2.1.5 ) and y_{p+1}, . . . y_n form a basis of the free part of M since X is a complete intersection. Moreover the determinant b of the matrix B = (b_{ij}) is a non-zero divisor in O_Σ and b̄ȳ_i = 0 in M for i = 1, . . . p.

3.2.5 Lemma If Σ is a line on X, then D_X = Oξ_E + D^1_X and

J_X (f_k) = (ξ_E(f_k))O + I ⊂ (ξ_E(f_k))O + D^1_X (f) + D^1_X (x^{k+1}),

where I = {ξ(f_k) | ξ ∈ D^1_X } ⊂ g.

Proof If we write h_i in the form of §3.2.4, it is easy to check that the trivial derivations on X are just those with the coefficient of^∂_{∂x} in g or b. Since O_Σ is a principal ideal domain and X has isolated singularity at O, b̄ ∈ (x̄). Let b̄ = x̄b̄_1. If ξ0 is a trivial derivation with b as the coefficient of^∂_{∂x}, then ξ̃^0 = ξ^0 − b_1ξ_E has the coefficient of^∂_{∂x} in g. This proves the equality.□

3.2.6 Lemma (cf. [P4]) Let f ∈ ∫ g have transversal A_1 singularity along the line Σ. For k > 0 sufficiently large, we have J̃ := ξ_E(f)g + D^1_X (f) + h = (h + J_X (f_k)) ∩ g (3.2.6.1)

Proof By lemma 3.2.5, we have

(h + J_X (f_k)) ∩ g = (ξ_E(f_k)) ∩ g + I + h ⊂ (ξ_E(f_k)) ∩ g + x^kD^1_X (x) + D^1_X (f) + h (3.2.6.2) For a ∈ (ξ_E(f_k)) ∩ g, a = a_0x^{k+1} + a_0ξ_E(f) ∈ g. Since ξ_E(f) ∈ g, a_0 ∈ g. Hence (ξ_E(f_k)) ∩ g = (ξ_E(f_k))g and

(h + J_X (f_k)) ∩ g = (x^{k+1} + ξ_E(f))g + I + h ⊂ (x^{k+1} + ξ_E(f_k))g + x^kD^1_X (x) + D^1_X (f) + h (3.2.6.3) Since j(f) = dim^g_{h+JX (f )} < ∞, there is a k_1 such that when k > k_1, x^kg ⊂ h + J_X(f) = (ξ_E(f)) + D^1_X (f) + h.

By lemma 3.2.2, there is a k_2 such that x^{k2} ∈ g + ((D^1_X (f) + h) : (ξ_E(f))), and x^{k2} ξ_E(f) ∈ (ξ_E(f))g + D^1_X (f) + h. Hence when k > k_1 + k_2, a_0(x^{k+1} + ξ_E(f)) + b_0x^k ∈ J̃ and (h + J_X (f_k)) ∩ g ⊂ J̃.

On the other hand, there is an integer n_1 >> 0 such that when k ≥ n_1 (see (3.2.3.2)) x^kg ⊂ (h + J_X (f_k)) ∩ g ⊂ J̃ ⊂ g.

Then for k > n_1, by the equality in (3.2.6.3) J̃ ⊂ ξ_E ( f + x^{k+1} k + 1 ) g + x^{k+1}g + I + h + x^kD^1_X (x)

= (ξ_E(f) + x^{k+1})g + I + h + x^k(xg + D^1_X (x)) = (h + J_X(f_k)) ∩ g + x^k(xg + D^1_X (x)) ⊂ (h + J_X (f_k)) ∩ g + x^kg ⊂ (h + J_X (f_k)) ∩ g + x^{k−n1}J̃ ⊂ (h + J_X (f_k)) ∩ g + mJ̃.

By Nakayama’s lemma, (h + J_X (f_k)) ∩ g = J̃.□

3.2.7 Lemma Under the assumption of 3.2.6, we have

1) L := h + J_X (f) J̃ ∼= (ξ^E(f)) (ξ_E(f)) ∩ J̃ ; 2) Ann(L) = g + ((D^1_X (f) + h) : (ξ_E (f))) = ((D^1_X (f) + h) : (ξ_E(f)));

3) L ∼= O Ann(L) = O ((D^1_X (f) + h) : (ξ_E(f))) .

Proof It is an easy exercise in commutative algebra, we omit it.□

3.2.8 From the exact sequence 0 −→ h + J_X (f) (h + J_X(f_k)) ∩ g −→ g (h + J_X (f_k)) ∩ g −→ g h + J_X (f) −→ 0, we have μ(f_k) = j(f) + e_k + dim ( h + J_X (f) (h + J_X (f_k)) ∩ g ) . Notice that σ(ΣX, 0) = multi_x(Σ) = 1, e_k = k + 1. By lemma 3.2.7, we have

μ(f_k) = k + 1 + j(f) + dim ( O ((D^1_X (f) + h) : (ξ_E(f))) ) (3.2.8.1) Let F and F_k are the Milnor fibre of f and f_k respectively.

Iomdin-Lê’s formula ([Lê5], [Ti2])

χ(F ) = χ(F_k) + (−1)^{dim X} (k + 1) (3.2.8.2)

But χ(F_k) = 1+(−1)^{dim X−1}μ(f_k). Since in our case σ(ΣX, 0) = 1, we have proved

Proposition For an analytic function f on a weighted homogeneous icis X with singular locus a line Σ and A_1 as transversal singularity type, the Euler characteristic of the Milnor fibre of f is

χ(F ) = 1 + (−1)^{dim X−1}(j(f) + ν) (3.2.8.3)

where ν = dim ( O ((D^1_X (f) + h) : (ξ_E(f))) ) . □

Remark This is an important formula since it allows us to use a computer program (we use Singular [GPS]) to compute the Euler characteristic.

3.2.9 Example Let X be the A_1 singularity defined by h = xy + z^2. f : X −→ C defined by f = yz + x^kz^2. Then Σ is the x-axis. j(f) = 2k + 2 and ((D^1_X (f) + h) : ξ_E(f)) = (x^{k+1}, y, z), ν = k + 1.

So χ(F ) = 1 − (3k + 3).

See §1.5 Table 2 and 3 for more examples.

3.2.10 Recall that the torsion number defined in §2.1 is

ϱ(ΣX) = dim(T (M)) = dim ( O_Σ (b̄) ) .

Conjecture Let f = ∑ h_{kl}y_ky_l ∈ g^2. Denote Δ = det(h_{kl})_{p+1≤k,l≤n}.

Then ν = dim ( O_Σ (b̄Δ̄) ) . If it is in this case then ν = ϱ(ΣX) + δ_f .

By using a computer program Singular [GPS] we have checked that this conjecture is true for all the examples we know.

3.3 Blowing Up Some Line Singularities

Blowing up singularities is an important topic in geometry and a useful technique in singularity theory. Successively well chosen blowing ups give a resolution of singularities. The resolution data are important input for A’Campo’s formulae on the zeta function and Lefschetz numbers (see [A’C]). Tibăr[Ti3] has observed that these formulae are also valid for functions on any analytic space. Gusein-Zade, Luengo and Melle in [GZLM] have developed an economical way to get the zeta function and Lefschetz number in some special cases by partial resolutions. Gonzalez-Sprinberg and Lejeune-Jalabert[GL1,2] have given a criterion on the existence of smooth curves on singular surfaces (see §3.3.1). A. Zaharia[Z3] has given a blowing-up characterization of simple isolated line singularities.

We first recall a result of Gonzalez-Sprinberg and Lejeune-Jalabert[GL1, 2]. Then we consider the blowing ups of some line singularities on surface with A_k singularity. We characterize the simple line singularities on A_1 surface by the behavior of their liftings under the resolution of the surface, which is a generalization of [Z3]. We give some examples to show how to get a normal crossing divisor by partial resolution, since this also helps us to get the zeta function and Euler characteristic, and to know the connectedness of the Milnor fibre.

3.3.1 Let X be a reduced pure dimensional surface embedded in some smooth space S, O a singular point of X. Let p : X̃ −→ X be a resolution of X. The maximal cycle Z~_X = ∑ m_ie_i is a divisor in X̃ defined by the partie divisorrielle of m_X O~_X, where m_X is the maximal ideal of O_{X,O}, the e_i’s are different irreducible components of the exceptional divisor p^{−1}(O), and the m_i’s are non-negative integers. If X is a rational singularity, the maximal cycle coincides with the fundamental cycle.

Theorem ([GL1] Proposition 1.1 and Proposition 3.1, see also [GL2]) Assume that p^{−1}(O) has no isolated point. Then

1) X has a smooth curve if and only if Z~_X has a reduced component, namely, m_i = 1 for some i;

2) If Γ is a smooth curve on X, x is an exceptional point of the strict transform Γ̃ of Γ, then in a neighborhood of x, m_X O~_X is locally principal. Any such a point is a smooth point of p^{−1}(O) and belongs to some reduced irreducible component of Z~_X . Conversely, for every point x on a reduced irreducible component of Z~_X in which p^{−1}(O) is smooth, there exists a smooth curve Γ such that x ∈ Γ̃;

3.3. BLOWING UP SOME LINE SINGULARITIES 97

3) Consequently, to every reduced irreducible component e of Z~_X there corresponds a family L_e of smooth curves on X, and for different reduced irreducible components e ≠ e^′, L_e ∩ L_e′ = ∅.□

Remark As a consequence, there exist k, 3, 2 and 1 families of smooth curves on A_k (k ≥ 1), D_k (k ≥ 4), E_6 and E_7 surfaces respectively. And there are no smooth curves on the E_8 surface. In our classification of smooth curves on A − D − E_6 − E_7 surfaces in §1.4, there exist [_{k+1} 2 ] , 2, 1 and 1 class(es) smooth curves on A_k (k ≥ 1), D_k (k ≥ 4), E_6 and E_7 surfaces respectively. The reason for this is the symmetry property of the simple singularities.

Let us consider A_k surfaces defined by xy + z^{k+1} = 0, Z_{Ak} = e_1 + · · · + e_k. A calculation shows that the k families of smooth curves can be represented by L_{ei} : x = ut^i, y = −vt^{k−i+1}, z = t (i = 1, . . . , k), where uv = 1. We can arrange the indices of e_i’s, so that any successive pair of e_i’s has a normal crossing and draw the dual graph of Z_{Ak} , in which every vertex represents a component of Z_{Ak} and each edge indicates a normal crossing of the two components represented by its end points. The graph is symmetric with respect to the dashed line in the middle. The line passing through the vertex e_i is the set L_{ei} . For every i, and every Σ_i ∈ L_{ei} , we have ϱ(Σ_iX) = ϱ(Σ_{k−i+1}X) = i. Hence they belong to the same class in §1.4. This simply tells us that smooth curves on A_k surface with the same torsion number are symmetric.

. . . . . . . . . . . . . . . . . . . . . . Le_1 Le_2 Le_{l−1} Le_l Le_{l+1} Le_{2l−2} Le_{2l−1}

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . Z_{A2l−1} : v_{e1} v_{e2} · · · v_{el−1} v_{el} v_{el+1} · · · v_{e2l−2} v_{e2l−1}

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . Le_1 Le_2 Le_l Le_{l+1} Le_{2l−1} Le_{2l}

. . . . . . . . . . . . . . . . . . . Z_{A2l} : v_{e1} v_{e2} · · · v_{el} v_{el+1} · · · v_{e2l−1} v_{e2l}

In blowing-up an A_{2l−1} surface, we find the following phenomenon: after first blowing up, we can see that each line in L_{e1} ∪ L_{e2l−1} has a normal crossing with the exceptional divisors appeared. After i-th blowing up, we can see that each line in L_{ei} ∪ L_{e2l−i} has a normal crossing with the new exceptional divisors. And after the last blowing up, we see that each line in L_{el} and the last exceptional divisor e_l have normal crossing. A similar phenomenon happens to A_{2l} surfaces.

3.3.2 We recall the blowing up process. Let (X, 0) be the germ of a surface in (C^3 , 0) with isolated singularity at 0, (Σ, 0) ⊂ (X, 0) a curve. Let f : (X, 0) −→ (C , 0) be a function with singular locus Σ_f ⊃ Σ, H = f^{−1}(0). Let X be defined by h = 0. Let p : M −→ X be the blowing up of X with center 0 and

M = {(x, y, z, u_1 : u_2 : u_3) | xu_2 − yu_1 = xu_3 − zu_1 = yu_3 − zu_2 = h = 0} .

M ⊂ C^3 × P^2 is covered by three charts: M_1 = {(x, y, z, u, v) | y = ux, z = vx, h = 0} (u_1 ≠ 0); M_2 = {(x, y, z, u^′, v^′) | x = u^′y, z = v^′y, h = 0} (u_2 ≠ 0); M_3 = {(x, y, z, s, t) | x = sz, y = tz, h = 0} (u_3 ≠ 0). Let X̃, H̃ and Σ̃ be the strict transform of X, H and Σ respectively: X̃ = closure of {(x, y, z, u_1 : u_2 : u_3) ∈ M | (x, y, z) ≠ 0}; H̃ = closure of {(x, y, z, u_1 : u_2 : u_3) ∈ M | (x, y, z) ≠ 0, f(x, y, z) = 0}; Σ̃ = closure of {(x, y, z, u_1 : u_2 : u_3) ∈ M | 0 ≠ (x, y, z) ∈ Σ}. Let Ẽ = π^{−1}(0), the exceptional divisor of M and Ẽ^′ := π^{−1}(0) ∩ X̃, the exceptional divisor of X̃.

3.3.3 In this subsection, we blow up all the simple germs with line singularities on the surface X_1 with isolated A_1 singularity at 0 defined by h = xy +z^2. In this special case we have

M = {(x, y, z, u_1 : u_2 : u_3) | xu_2 − yu_1 = xu_3 − zu_1 = yu_3 − zu_2 = xy + z^2 = 0 } . X̃_1 is smooth and covered by three charts:

• X̃_{11} = {(x, y, z, u, v) | u + v^2 = 0, y = v^2x, z = vx} with x, v as local coordinates;

• X̃_{12} = {(x, y, z, u^′, v^′) | u^′ + v^{′2} = 0, x = v^{′2}y, z = v^′y} with y, v^′ as local coordinates; • X̃_{13} = {(x, y, z, s, t) | st + 1 = 0, x = sz, y = tz} with z, t as local coordinates.

Theorem Table 5 gives a summary of the descriptions of H̃, Σ̃ and the exceptional divisor Ẽ^′_1 in X̃_1, where e is the multiplicity of Ẽ^′_1, σ is the multiplicity of f̃ along Σ̃. The descriptions are in a neighborhood of Ẽ^′_1. A_0 means that one component of H̃ is a smooth curve which intersects Ẽ^′_1 transversally, and A_∞ means that a line, with multiplicity 2, intersects Ẽ^′_1 transversally.

Table 5

Name H̃ on X̃ σ e ζ_f (t) Λ_− A_1A_∞ one A_∞ 2 1 (1 − t)^{−1} 1 A_1A_1 one A_∞, two A_0’s 2 2 1 − t^2 0 A_1A_l(l > 1) one A_∞ one A_{l−2} 2 2 1 − (−t)^{l+1} 0 A_1J_{l,∞} one J_{l,∞}, one A_0 2 2 1 − t^{3l+2} 0 A_1D_∞ one D_∞, 2 2 (1 + t^2)(1 + t^4) 0

The proof of this theorem is an easy exercise of blowing up, we omit it. For the zeta function ζ_f (t) and Lefschetz number Λ_− see §3.3.6. □

3.3.4 The properties of H̃, Σ̃ and Ẽ^′_1 listed in the table above are sufficient to characterize the simple germs with line singularities on X_1.

Let f : (X_1, 0) −→ (C , 0) be a function with singular locus Σ defined by the ideal g = (y, z). Then ∫ g = (y, z^2). Let f ∈ ∫ g, then

f = a_0y + ay^2 + 2byz + cz^2 with a_0 ∈ C , a, b, c ∈ O Let A = ( a(0) b(0) b(0) c(0) ) .

Theorem Let f ∈ ∫ g = (y, z^2).

1) If e = 1, then f^{RΣX}↭ y (A_1A_∞) 2) If e = 2, rank(A)=2 and H̃ has one double lines (A_∞) and two lines (A_0’s) intersecting with the exceptional divisor transversally, then

f^{RΣX}↭ y^2 + z^2 (A_1A_1);

3) If e = 2, rank(A)=2 and H̃ has J_{l,∞} type singlarity and a smooth line on X̃_1 intersecting with the exceptional divisor transversally, then

f^{RΣX}↭ yz + x^lz^2 (A_1J_{l,∞});

4) If e = 2, rank(A)=1 and H̃ has A_{l−2} type singularity on X̃_1, then

f^{RΣX}↭ y^{l+1} + z^2 (A_1A_l)(l > 1);

5) If e = 2, rank(A)=1 and H̃ has D_∞ type singularity on X̃_1, then

f^{RΣX}↭ y^2 + xz^2 (A_1D_∞).

6) If f does not satisfy any of the above five conditions, then f is not simple.

Proof This is just re-do the classification of §1.5 using the conditions here. □ 3.3.5 If we blow up the singularities successively in a clever way, we can get an resolution: p : (X̃, p^{−1}(H)) −→ (X, H) such that p^{−1}(H) is a normal crossing divisor. The strict transform H̃ of H can have several components with multiplicities: H̃ = σΣ̃ + ∑ h_jH̃_j . S = p^{−1}(0) = ∑ λ_jE_j . So we have a decomposition of p^{−1}(H) into irreducible components with multiplicities:

p^{−1}(H) = σΣ̃ + ∑ h_jH̃_j + ∑ λ_j E_j in X̃.

Let (see [A’C] and [Ti3])

S_i = { s ∈ S | local equation of p^{−1}(H) in s ∈ X̃ is z^i = 0 } . Then the zeta function ζ_f (t) of the monodromy of the Milnor fibre F_f of f, the Lefschetz number Λ(h^k_f ) of the monodromy transformation and the Euler characteristic χ(F_f ) are given by the following formulae which have been proved by A’Campo [A’C] for smooth X and generalized to the general case by Tibăr [Ti3]:

ζ_f (t) = ∏ i≥1 (1 − t^i)^{−χ(Si)}, Λ(h^k_f ) = ∑ i|k i · χ(S_i) (k ≥ 1), χ(F_f ) = ∑ i≥1 i · χ(S_i).

3.3.6 Partial resolution and normal crossing divisor In order to produce the p in §3.3.5, one should first resolve X such that the exceptional divisor is a normal crossing divisor. Then one should resolve the lifting of the divisor f = 0 into a normal crossing divisor. In some special cases, one will not need the second resolutions (or part of them) if one can derive the zeta function ζ_f (t) from the lifting of f. This is called partial resolution (see [GZLM] ).

In this subsection, we give the resolutions of some line singularities on an A_k surface. We denote by • the exceptional divisor of p, by ∘ the divisor H_i, and by double circle the divisor Σ̃. The number attached to each divisor is the multiplicity of f ∘ p along the divisor. If two divisors intersect each other, we draw a line connecting them. Then we get a graph G_f of p^{−1}(H), called the total resolution graph of f : (X, 0) −→ (C , 0). This kind of graph is not standard but has some advantages. For example, we can see clearly the normal crossing divisors of the blowing up and get easily the Euler characteristic and zeta function. Also in some cases, G_f can be obtained by partial resolution. We give some examples to explain this.

Example 1 Let X = C^2 .

1) For plane curve with A_k type singularity defined by f_k = x^{k+1} + y^2, successive blowing ups give the following graphs. In doing this, one finds that the strict transform of A_k(k > 2) after one blowing up is of type A_{k−2}. So one can get G_{Ak} from G_{Ak−2} by just puting an extra exceptional divisor with multiplicity 2 to the left hand side of G_{Ak−2} , and adding 2 or 4 to the multiplicities of G_{Ak−2} .

G_{A2l−1} : s 2 s 4 · · · s s_{2l−2} s_{2l}� � �^{c 1} @@ @@_{c 1} ζ_{A2l−1} =^{1−t2l}_{1−t2}

G_{A2l} : s 2 s 4 · · · s s_{2l} s_{4l+2} s_{2l+1}

c^1

ζ_{A2l} =^{1+t2l+1}_{1−t2}

G_{D2s} :

c^1

u 3 s 5 s 7 · · · s s_{2s−3} s 2s−1� � �^{c 1} @@ @@_{c 1}

ζ_{D2s} = 1 − t^{2s−1}

G_{D2s+1} :

c^1

u 3 s 5 s 7 · · · s s_{2s−1} u_{4s} s_{2s}

c^1

ζ_{D2s+1} = 1 + t^{2s}

2) After one blowing up of D_k(k ≥ 6) type singularity f_k = y^{k−1} + x^2y, one finds that the strict transform of f^{−1}(0) consists of an A_{k−5} type singularity and a smooth line intersecting the exceptional divisor transversally, and the exceptional divisor has multiplicity 3. One can get the total resolution graph G_{Dk} from that of A_{k−5} by adding 3 (or 6) to the multiplicities of the exceptional divisor and additional exceptional divisor ( denoted by a bigger bullet in the graph ) with multiplicity 3 at the left hand side.

Example 2 Let X_k be an A_k surface.

We recall a list from [Di] or [Ly]. All the R-simple functions with isolated singularity on A_k surfaces are contained in the table 6.

Table 6

Name Type of X Normal form μ ζ_f (t) Λ C_{p+1} A_1 : xy + z^2 x + y^p (p ≥ 1) p (1 − t)^{−1}(1 − (−t)^{p+1}) 1 B_3 A_2 : xy + z^3 z 1 1 0 F_4 A_2 : xy + z^3 x + y 2 (1 − t)^{−2}(1 − t^3) 2 B_{k+1} A_k : xy + z^{k+1} z (k ≥ 3) 1 0 1

The the followings are the total resolution graphs of the normal forms in table 6. We use Λ_− to denote the first Lefschtez number, and ζ_− to denote the zeta function:

G_{C2l} : u 1 s 3 · · · s s_{2l−1} s2l+1� � �^{c 1} @@ @@_{c 1}

Λ_{C2l} = 1

ζ_{C2l} =^{1−t2l+1}_{1−t}

G_{C2l+1} : u 1 s 3 · · · s s_{2l−1} s_{4l} s_{2l}

c^1

Λ_{C2l−1} = 1 ζ_{C2l−1} =^{1+t2l}_{1−t}

G_{B3} : u

c^1

1 u 1

c^1

Λ_{B3} = 0 ζ_{B3} = 1

G_{F4} : u 1 s 3 u 1

c^1

Λ_{F4} = 2 ζ_{F4} =^{1−t3}_{(1−t)2}

G_{Bk} (k ≥ 4) : u 1

c^1 u 1 · · · u u_1 u_1

c^1

Λ_{Bk} = 0 ζ_{Bk} = 1

Example 3 Let X_k be an A_k surface, and f : X_k −→ C an analytic function with singular locus Σ a line in X_k. Assume that Σ and X have minimal torsion number, and f is a simple function in Table 2 and 3. We give the total resolution graph of f.

First we consider the case k = 1.

Since the strict transform of A_1A_l under the resolution of X_1 consists of a double line (Σ̃) and an A_{l−2}, we have (compare G_{A1Al} with G_{Al−2} , the bigger bullet denoted the exceptional divisor coming from the resolution of X_1):

G_{A1A∞} : da^2 t 1 Λ_{A1A∞} = 1

ζ_{A1A∞} =^1_{1−t}

G_{A1A2l−1} : da^2 t 2 s 4 s 6 · · · s s_{2l−2} s_{2l}� � c_1 @@ @ c_1

Λ_{A1A2l−1} = 0

ζ_{A1 A2l−1} = 1 − t^{2l}

G_{A1A2l} : da^2 t 2 s 4 s 6 · · · s s_{2l} s_{4l+2} s_{2l+1}

c^1

Λ_{A1A2l} = 0

ζ_{A1A2l} = 1 + t^{2l+1}

G_{Jl,∞} : s_3 s_6 · · · s s_{3(l−1)} s_{3l}�

�^{c1} @@ @ da_2

Λ_{Jl,∞} = 0 ζ_{Jl,∞} =^{1−t3l}_{1−t3}

G_{A1Jl,∞} : c^1 t 2 s 5 s 8 · · · s s_{3l−1} s 3l+2� � c_1 @@ @ da_2 Λ_{A1Jl,∞} = 0 ζ_{A1Jl,∞} = 1 − t^{3l+2}

For A_1J_{l,∞}, the strict transform of it under the resolution of X_1 has a smooth line intersecting the exceptional divisor transversally and a singularity J_{l,∞} : y^2(x^k + y). If we blow up J_{l,∞} with (0, 0) as center, we have G_{Jl,∞} . From this we know G_{A1Jl,∞} .

G_{A1 D∞} : t_2 s

c^1 s 5 8

2da Λ_{A1D∞} = 0

ζ_{A1D∞} = (1 + t^2)(1 + t^4)

For f_l = y^2 + x^lz^2 on X_1 (note that this germs is not simple), the lifting of f by the resolution of X_1 is x^2v^2(v^2 + x^l). From G_{Al−1} we get:

G_{f2l} :

da^2 t 2 s 6 s 10 · · · s s_{4l−2} s 4l+2� � c_1 @@ @ c_1

ζ_{f2l} =^{(1−t4l+2)2}_{1−t2}

G_{f2l−1} : da^2 t 2 s 6 s 10 · · · s s 4l−2 s 8l s 4l+1

c^1 ζ_{f2l−1} =^{1−t8l}_{1−t2}

Next, we consider k ≥ 2 cases.

In the same way, for A_kA_l : f_l = y^{l+1} + z^2 on X_k : xy + z^{k+1}, we get their graphs, where the bigger bullets denote the exceptional divisor “coming from ” the resolution of X_k, the number of them is k. Note that the Euler characteristic of the Milnor fibre and the zeta function of an A_kA_l-type germ do not depend on k, but the total resolution graph depend on k.

G_{Ak A2l−1} : da^2 t · · · 2 t t 2 s 4 · · · s s_{2l−2} s_{2l}� � c_1 @@ @ c_1 Λ_{Ak A2l−1} = 0, ζ_{AkA2l−1} = 1 − t^{2l}

G_{Ak A2l} : t · · · 2

da^2 t t 2 s 4 · · · s s_{2l} s_{4l+2} s_{2l+1}

c^1

Λ_{Ak A2l} = 0, ζ_{AkA2l} = 1 + t^{2l+1}

G_{A2A∞} : t_1 t_2�

�^{c1} @@ @@ da_2^{GA3A∞ : t}1^t

c^1 t 2 2

da^2

G_{Ak A∞} : (k≥4) t 1 t · · · 2 t t c^1 t 2 2

2da Λ_{Ak A∞} = 1 ζ_{Ak A∞} = 1 + t (k≥2)

G_{A2Jl,∞} : t_1 t_3 s_5 · · · s s_{3l−1} s_{3l+2}�

�^{c1} @@ @ da_2 Λ_{A2Jl,∞} = 1 ζ_{A2Jl,∞} =^{1−t3l+2}_{1−t}

G_{A3D∞} : t_1 t_2 t_3 da 2 � �^{c1} @@ @@_{c1}

Λ_{A3D∞} = 1

ζ_{A3D∞} =^{(1−t3)2}_{1−t}

3.3.7 Remark In the total resolution graphs in §3.3.6, we find that each graph has at least one reduced component, the component with multiplicity 1. This fact tells us that the Milnor fibre F of f is 0-connected. In general, if the multiplicities in the total resolution graph do not have common divisor except 1, then F is 0-connected. This is useful when dim X = 2, since this tells us that F is a bouquet of circles. Hence the only question is to know the number of the circles, the Milnor number of f, but this follows from the Euler characteristic. In order to know if the maximal common divisor of the multiplicities is 1, one can also use partial resolution. Especially, if one can find a reduced component of f^{−1}(0), then F is 0-connected. This can be seen even without blowing up.

Example If X is the E_6 surface defined by x^2y −y^2 +z^3 = 0, at the origin, f_s^{RΣX}↭ y + tz^2 (t ≠ 0) (loc. cit. ). From the equations, we find that H can be defined by y + tz^2 = 0 and z^2(z − tx^2 − t^2z^2) = 0, there is a reduced component in H. Hence F^c is a bouquet of circles. By the formula in §3.2, we know that χ(F ) = −3,

F^c ={(x, y, z) ∈ C^3 | x^2y − y^2 + z^3 = 0, y + tz^2 = η,

|x|^2 + |y|^2 + |z|^2 ≤ ϵ}^h≃S^1 ∨ S^1 ∨ S^1 ∨ S^1, and

F^h≃S^1 ∨ · · · ∨ S^1 (μ =^♯A_1 + 2^♯D_∞ + 4 copies).

If we use the similar method to the germs in table 4 in §1.5, we find the Milnor fibre of each of the germs is a bouquet of circles.

Theorem Let X be a surface with isolated singularity of type A_k (k ≥ 1), D_k (k ≥ 4), E_6, or E_7. Let f be a function on X defining a line singulariy with line Σ as its singular locus (no conditions on torsion number). If the transversal singularity of f along Σ is of type A_1, then the Milnor fibre F of f is homotopy equivalent to a bouquet of circles. And the number of the circles is μ = μ^c +^♯ A_1 + 2^♯D_∞.

where the central Milnor number μ^c is the Milnor number of the stable germs (if there exist) or that of the germs with minimal codimensions.□

References

[A’C] A’Campo, N.: La fonction zeta d’une monodromie, Comment. Math. Helvetici, 50 (1975)233-248.

[AGV] Arnold, V. I., Gusein-Zade, S.M., Varchenko, A.N.: Singularities of differentiable Maps, Vol. I, II, Birkhäuser, 1985.

[AM] Atiyah, M. F. , MacDonald, I. G. : Introduction to commutative algebra, Addison-Wesly Publ. Comp. 1969.

[B] Brodmann, M.: Some remarks on blow-up conormal cones, Commutative algebra, Proc. Trento Conferenc, Lecture Notes in Pure and Appl. Math., Vol.84 (Marcel Dekker, New York, 1983) 23-37.

[BH] Bruns, W., Herzog, J.: Cohen-Macaulay rings, Cambridge studies in advanced mathematics 39, Cambridge University Press, Cambridge, New York, 1993.

[BR] Bruce, J.W., Roberts, R.M.: Critical points of functions on analytic varieties, Topology, Vol.27 No. 1(1988)57-90.

[C] Chern, Z. M.: Introduction to homological algebra (in Chinese), Fujian Tec. Press China 1984.

[D1] Damon, J.: Topological triviality and versality for subgroups of A and K, Memoirs Am. Math. Soc., Vol.389.

[D2] Damon, J.: Topological triviality and versality for subgroups of A and K : II, sufficient conditions and applications, Nonlinearity, 5 (1992) 373-412.

[Di] Dimca, A. : Function germs defined on isolated hypersurface singularities, Compositio Math., 53(1984)245-258.

[Du] Durfee, A. H.: Fifteen characterizations of rational double points and simple critical points, Ens. Math., 25 (1979) 131-163.

[F] Fulton, W.: Intersection theory, Ergeb. Math. Grenzgebiete, 3. Folge 2, Springer-Verlag, Berlin,1988.

[GL1] Gonzalez-Sprinberg, G. , Lejeune-Jalabert, M. : Courbes lisses, cycle maximal et points infiniment voisins des singularités de surface, Prepub. de L’Institut Fourier (Grenoble) No. 196 1992.

[GL2] Gonzalez-Sprinberg, G. , Lejeune-Jalabert, M. : Families of smooth curves on surface singularities and wedges, Ann. Polonici Math., LXVII.2 (1997) 179-190.

[GM] Goresky, M., MacPherson, R.: Stratified Morse theory, Ergebnisse der Math. 14, Springer-Verlag, Berlin, 1988.

[Go] Goryunov, V.: Functions on space curves, Preprint, Toronto,1997. [GPS] Greuel, G.-M., Pfister, G., Schoenemann, H.: Singular , A computer algebra system, ftp:helios@mathematik.uni-kl.de

[GR] Gunning, R., Rossi, H.: Analytic functions of several complex variables, Prentice-Hall, 1965.

[Gu] Gunning, R. : Lectures on complex analytic varieties II. Finite analytic mappings , Princeton University Press,1970.

[GWPL] Gibson, C. G., Wirthmüller, K., du Plessis, A. A., Looijenga, E. J. N.: Topological stability of smooth maps, L.N.M. Vol.552, Springer -Verlag, Berlin, 1976.

[GZLM] Gusein-Zade, S.M., Luengo, I., Melle, A.: Partial resolutions and the zeta-function of a singularity, Comment Math. Helv., 72 (1997) 244- 256.

[H] Hartshorne, R.: Algebraic geometry, Graduate texts in mathematics, 52, Springer-Verlag, 1977.

[Ha] Hamm, H: Lokale topologische Eigenschafen komplexer Räume, Math. Ann., 191 No.3(1971)235-252.

[Hi] Hironaka, H. : Resolution of singularities of an algebraic variety over a field of characteristic zero, Annals of Math., (2) 79 (1964) 109-326.

[Hu] Huneke, C.: Strongly Cohen-Macaulay schemes and residual intersections, Trans. Ams. Math. Soc., Vol.277 No.2 (1983)739-763.

[Io] Iomdin, I. N.: Local topological properties of complex algebraic sets, Sibirskii Mat. Z., Vol.15 No.4 (1974)784-805 (English version: 558-572).

[deJ] de Jong, T.: Line singularities with transversal type A_2, A_3, D_4, E_6, E_7, E_8, Math. Z., 198(1988)493-517.

[deJ-vanS] de Jong, T., van Straten, D: A deformation theory for nonisolated singularities, Anh. Math. Sem. Univ. Hamburg, 60(1990)177-208.

[Ku] Kunz, E: The conormal module of an almost complete intersection, Proc. Amer. Math. Soc., 73 No.1 (1979) 15-21.

[La] Lamotke, K.: The homology of complex projective varieties after S. Lefschetz, Topology , Vol. 20 (1981) 15-51.

[Lê 1] Lê, D.T.: Le concept de singularité isolée de fonction analytique, Adv. Stud. Pure Math., 8(1986)215-227.

[Lê 2] Lê, D.T.: Sur les cycles évanouissants des espaces analytiques, C. R. Acad. Sci. Paris, Série A, 288(1979)283-285.

[Lê 3] Lê, D.T.: Calcul du nombre de cycles evanoissants d’une hypersurface complex, Ann. Inst. Fourier (Grenoble), 23(1973)261-270.

[Lê 4] Lê, D.T.: Complex functions with isolated singularities, J. Algebraic Geometry, 1 (1992)83-100.

[Lê 5] Lê, D.T.: Ensembles analytiques complex avec lieu singulier de dimension un (d’après I.N. Iomdin), Publ. Math. de l’Un. Paris VII, ed. Lê D.T.,(1980)87-94.

[Lê 6] Lê, D.T.: Some remarks on relative monodromy, in: P. Holm, ed., Real and Complex Singularities, Oslo 1976 (Sijthoff and Noordhoff, Alphen aan den Rijn 1977) 397-403.

[LT1] Lê, D.T., Teissier, B.: Cycles évanescents, sections planes et conditions de Whitney. II, Proc. Symp. Pure Math., 40(2) (1983) 65-103.

[LT2] Lê, D.T., Teissier, B.: Variétés polaires locales et classes de Chern des variétés singulières, Ann. Math., 114 (1981)457-491.

[Lo] Looijenga, E. J. N.: Isolated singular points on complete intersection, London Math. Soc. Lecture Notes Ser. 77, Cambridge University Press, Cambridge, 1984.

[Ly] Lyashiko, O.V.: Classification of critical points of functions on a manifold with singular boundary, Func. Anal. Appl., 17 (1983) 187-193.

[Ma] Massey, D. B.: Hypercohomology of Milnor fibres, Topology, Vol.35 No.4 (1996) 969-1003.

[M1] Mather, J. N.: Stability of C^∞-mappings III: Finitely determined map germs, Inst. Hautes Études Sci. Publ. Math., 35(1968)127-156.

[M2] Mather, J. N.: Stability of C^∞-mappings IV: Classification of stable germs by R-algebra, Inst. Hautes Études Sci. Publ. Math., 37(1970)223-248.

[Mat] Matsumura , H. : Commutative algebra, Math. Lecture note Series, Vol.56, Benjamin/Cummings Publ. Company 1981.

[Mi] Milnor J.: Singular points of complex hypersurfaces, Ann. Math. Studies, Vol.61, Princeton Univ. Press, Princeton (1968).

[P1] Pellikaan, R.: Finite Determinacy of functions with non-isolated singularities, Proc. London Math . Soc., (3)57(1988) 357-382.

[P2] Pellikaan, R.: Hypersurface singularities and resolutions of Jacobi modules, Thesis, Rijksuniversiteit Utrecht. 1985.

[P3] Pellikaan, R.: Deformations of hypersurfaces with a one-dimensional singular locus, J. Pure and Applied algebra, 67 (1990)49-71.

[P4] Pellikaan, R.: Series of isolated singularities, Contemporary Math., Vol.90 (1989)241-259.

[PGW] du Plessis, A., Gaffney, T., Wilson, L.C.: Map-germs determined by their discriminants, in: Trotman, D. and Wilson, L. C. ed. Stratifications, singularities and differential equations, Hawaii-Province Proceedings, Vol.1, Hermann (1996) 1-40

[S1] Siersma, D.: The singularities of C^∞-functions of right codimension smaller or equal than eight, Indag. Math. , Vol.35, No. 1 (1973) 31-37.

[S2] Siersma, D. :Classification and deformation of singularities, Amsterdam University Thesis, 1974.

[S3] Siersma, D. : Isolated line singularities, Proc. of Symp. in Pure Math., Vol.40 Part 2 (1983) 485-496.

[S4] Siersma, D. : Hypersurfaces with singular locus a plane curve and transversal type A_1, in : Singularities, Banach Center Publications, 20 PWN- Polish Sci. Publishers, Warsaw (1985), 397-410.

[S5] Siersma, D. : Singularities with critical locus a 1-dimensional complete intersection and transversal type A_1, Topology and its Applications, 27 (1987)51-73.

[S6] Siersma, D. : A bouquet theorem for Milnor fibre, J. Algebraic Geometry 4 (1995)51-66.

[SS] Siersma, D. Smeltink, J.: Classification of singularities at infinity of polynomials of degree 4 in two variables, Preprint nr.945, Department of Mathematics, Utrecht University, 1996.

[ST] Siersma, D. Tibăr, M.: Singularities at infinity and their vanishing cycles, Duke Math. J., Vol.80, No.3(1995)771-783.

[Si] Simis, A .: Koszul homology and its syzygy-theoretic part, J. Alg., 55 (1978) 28-42.

[SV] Simis, A., Vasconcelos, W. V.: The syzygies of the conormal module, Amer. J. Math., Vol.103, No.2 (1981)203-224.

[Te] Teissier, B.: The hunting of invariants in the geometry of the discriminant, in: P. Holm, ed., Real and Complex Singularities, Oslo 1976 (Sijthoff and Noordhoff, Alphen aan den Rijn 1977)565-677.

[Ti] Tibăr, M.: A note on simple germs, Rev. Roumaine Math. Pures Appl., 37 (1992), no. 4, 345-352.

[Ti1] Tibăr, M.: Bouquet decomposition of the Milnor fibre, Topology, 35, No.1 (1996) 227-241.

[Ti2] Tibăr, M.: Embedding non-isolated singularities into isolated singularities, Preprint 1996.

[Ti3] Tibăr, M.: The Lefschetz number of a monodromy transformation, Thesis Rijksuniversiteit Utrecht. 1992.

[Va1] Vasconcelos, W.V.: Ideals generated by R-sequences, J. Alg., 6 (1967) 309-316.

[Va2] Vasconcelos, W.V.: On the homology of I/I^2, Comm. Alg., 6(17) (1978) 1801-1809.

[W] Wahl, J. M. : Derivations, automorphisms and deformations of quasihomogeneous singularities, Proc. of Symp. in Pure Math., Vol.40 Part 2 (1983) 613-624.

[Wa1] Wall, C. T. C.: Finite determinacy of smooth map-germs, Bull. London Math. Soc., 13(1981)481-539.

[Wh] Whitehead, J. H. C.: Combinatorial homotopy I, Bull. Amer. Math. Soc., 55 (1949) 213-245.

[Wh1] Whitney, H.: Complex analytic varietites, Addison-Wesley, 1972. [Z1] Zaharia, A.: On simple germs with non-isolated singularities, Math.

Scand., 68 (1991) 187-192.

[Z2] Zaharia, A.: A study about singularities with non-isolated critical locus, Thesis Rijksuniversiteit Utrecht. 1993.

[Z3] Zaharia, A.: Characterizations of simple isolated line singularities, The Fields Institute Preprint, Toronto, 1997.

[Za] Zaharia, M. I.: Function germs defined on the arrangement of coordinate hyperplanes, Mathematical Reports, 47 (1995) 271-282.

Acknowledgements

I am especially grateful to my advisor Prof. Dr. Dirk Siersma for his continuous attention to the subject, his ideas, suggestions, stimulating remarks and questions which have been great help for me during not only the preparation of this thesis, but also the last 6-year study of singularities.

I wish to thank Prof. Guo Weizhong for introducing me to the field of singularities from whom I have learned a lot about singularity theory and its applications.

I am much indebted to Ruud Pellikaan for his ideas in his work on nonisolated singularities. After leaving the singularity field for many years, he is still very kind to talk with me, to read the drafts of the thesis and to give me suggestions and ideas.

During the preparation of this thesis, many people have helped me in one way or another. Here are a few among them: Gusein-Zade, S. M., de Jong, T., Lê, D. T., Simis, A., Steenbrink, J.H.M., Strooker, J. R., Tibăr, M, Vosegaard, H., and Zaharia, A.. I would like to thank all of them.

This work has got financial support from: State Education Commission of China, National Nature Science Foundation of China, Science Foundation of Education Commission of Liaoning Province of China, European Singularity Network, Utrecht University, the department of mathematics at Utrecht University and NUFFIC of the Netherlands.

I appreciate very much Jinzhou Normal University for understanding my activity in Jinzhou and Utrecht, and the Mathematical Institute at Utrecht University for offering me very good work conditions and warm hospitality.

Special thanks to my wife, Feng Kuanxin, and my son, Jiang Bingyin, for their loving, understanding and patience during the years of seperating.

Samenvatting in het Nederlands

Dit proefschrift is een studie van functies op complexe singuliere ruimten met waarden in C . In het bijzonder behandelt het functies met niet-geïsoleerde singulariteiten. Het bouwt enerzijds voort op het werk van Dimca, Bruce- Roberts, Wall en Tibăr over functies met geïsoleerde singulariteiten op singuliere ruimten en anderzijds op het werk van Siersma, Pellikaan, Van Straten, de Jong en Zaharia over functies met niet-geïsoleerde singulariteiten op gladde ruimten. Centrale onderwerpen in het proefschrift zijn:

• classificatie,

• deformatie en Morsificatie,

• topologie van de Milnorvezel.

De methoden zijn afkomstig uit de algebra, analyse, meetkunde en topologie.

Het proefschrift is een eerste verkenning op het gebied. Daarom worden veelal speciale gevallen onderzocht. Meestal heeft de complexe ruimte X zelf een geïsoleerde singulariteit en de functie f : X → C een 1-dimensionale singuliere locus Σ. Soms is Σ een gladde complexe lijn.

Hoofdstuk 1 behandelt oa. de classificatie van functies met eindige codimensie en de equivalente karakterisering: transversale A_1-singulariteit. Daarnaast wordt ingegaan op de verschillende posities van lijnen op oppervlakken van type A-D-E.

Hoofdstuk 2 behandelt de deformatietheorie. Hierin speelt de relatieve positie van Σ in X een belangrijke rol. Dit vertaalt zich in vragen rond het conormale moduul, betreffende torsie, en het bestaan van reguliere rijtjes, die Σ definieren en zich goed gedragen ta.v. de definiërende vergelijkingen van X. Voor diverse gevallen wordt de existentie van een ‘Morsificatie’ bewezen, oa. voor het lastiger geval Σ een gladde lijn.

Hoofdstuk 3 behandelt de topologie van de Milnorvezel. Met behulp van de Morsificatie worden allereerst in de homologie bouquetstellingen bewezen met in speciale gevallen een homotopieversie. Daarnaast zijn er formules voor de Euler-karakeristiek en tenslotte een beschrijving van de monodromie met behulp van de A’Campo-methode.

Summary in Chinese

Curriculum Vitae

The author was born at Dalin, Liaoning of China, on 23 July, 1959. He went to schools during the “ cultural revolution”, and became a farmer in August 1977.

At the end of 1977, he passed the first entrance examination to the universities in China after the “revolution”. Between March, 1978 and January 1982, he studied mathematics at the department of mathematics of Jinzhou Normal University. After his graduation, he became a teaching assistant at the same department.

He began his graduate studies in September 1983 at the department of mathematics of Northeast Normal University. He learnt topology and singularity theory and its applications (catastrophe theory). He got master degree in July 1986 when he finished his graduate study.

Since August 1986, he has been a teacher in Jinzhou Normal University. Between Feburary 1992 and August 1993, he made his further studies at the department of mathematics of Utrecht University, the Netherlands. He joint the first master class of Mathematical Research Institute to study geometry, and was awarded the master class certificate.

From September 1993, he started to prepare his Ph.D. thesis on singularity theory with Prof. dr. Dirk Siersma as supervisor. The preparation took place partly in Jinzhou and in Utrecht.

Index

(X, 0), 5 (Σ, 0), 5 A_k, 22 A_kA_L, 29 A_kA1, 29 A_kD1, 29 A_kJ_{l,}1, 29 A_{k,l}, 23 D_X , 6 D_k, 22 D_{k,l}, 23 E_6, 22 E_7, 22 E_8, 22 F^0, 75 F^c, 82 J_X (f), 7 J_{ΣX} (f), 7 M , 2, 42 N , 44 T (M ), 42, 43 Σ_f , 10 δ_f , 58 R g, 9 λ(ΣX), 22 λ(h), 22 ν, 95 τ (ΣX), 56 δ̃_f , 58 ϱ(ΣX), 47 c(f), 11 c_Σ(h), 26 j(f), 11 k-determined, 12 k − R_Σ-determined, 13 k − R_{ΣX} −determined, 12

O, 5 R_{ΣX} -equivalent, 12 R_{ΣX} −simple, 27 R_{ΣX} −stable, 27 O_X , 6 O_Σ, 6 R, 5 R_Σ-equivalent, 13 Singular , 3 icis, 2

Isolated singularity, 1

A-D-E singularity, 22 Additivity of the vanishing homology, 2, 73, 75 Admissible deformation, 62 Analytic functions, 1 Analytic space , 1 Analytic vector field, 6

Bitti number, 84 Blowing up, 3

Central type, 2, 82 Codimension, 11 Conormal bundle, 42 Conormal module, 2, 41, 42 Critical ideal, 8 Critical locus, 7

Deformation, 2, 61, 62

Euler characteristic, 2, 3, 28, 69, 84, 100 Excellent deformation, 67 Exceptional divisor, 98 Extended codimension, 11

120 INDEX

Finitely determined, 12 Fitting ideal, 8, 63 Fundamental cycle, 96

Good deformation, 65

Holonomic, 8 Homology bouquet decomposition, 77 Homotopy bouquet, 78

Infinitesimal deformation, 56 Isolated singularity, 8

Jacobian ideal, 7 Jacobian module, 11 Jacobian number, 2, 11, 64

Kähler one-form, 8, 42

Lefschetz number, 99, 100 Lichtenbaum-Schlessinger complex, 42 Line on a surface, 21 Line singularity, 2, 8, 27 Local complete intersection, 43 Logarithmic stratification, 7, 8 Logarithmic vector field, 6

Maximal cycle, 96 Milnor fibration, 69 Milnor fibre, 2, 3, 28, 69 Milnor number, 29, 84

Non-isolated singularities, 8 Normal crossing, 97 Normal crossing divisor, 100 Normal form, 22, 28 Normal module, 56

Partial resolution, 3, 101 Primitive ideal, 1, 9

Quotient module, 42

Rank, 42 Relative Tjurina number, 2, 56 Residual critical locus, 2, 63 Residual discriminant, 2, 64 Resolution, 3

Resolution of the surface, 3

Simple singularity, 22 Singular space, 21 Smooth curve, 21 Strict transform, 98 Strongly Cohen-Macaulay subscheme, 43 Surface with simple singularity, 2

Tangent space, 11 Tjurina number, 56 Torsion, 42 Torsion free, 42 Torsion free factor module, 2 Torsion module, 42 Torsion number, 21, 47 Torsion submodule, 2 Total quotient ring, 42 Total resolution graph, 101 Transversal A_1 singularity, 15

Weighted homogeneous icis, 3, 6

Zeta function, 3, 99, 100